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Abstract. We extend the study of normal projections in Krein spaces to the
unbounded case. We characterize both weakly normal and normal projections,
and prove that every normal projection admits a decomposition as the sum of
a selfadjoint projection and a closed projection with neutral range. We show
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projection and parametrize the set of normal projections onto S using the notion
of normal companions.
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1. Introduction

This work continues the study of normal projections in a Krein space started in [15],
where bounded normal projections were characterized. A bounded operator 7" acting
on a Krein space (H,[ , |) is normal if T#T = TT#, where T# stands for the
adjoint of 7. Unlike the situation in Hilbert spaces, a bounded projection in a Krein
space can be normal but not selfadjoint. The range of a bounded normal projection is
a pseudo-regular subspace, i.e. a closed subspace S such that S+SH is also closed,
for SIH the orthogonal companion of S in # [13]. Conversely, every pseudo-regular
subspace is the range of a bounded normal projection. This projection is unique if
and only if the subspace is regular (and in this case the projection is selfadjoint).

Normal projections appear naturally considering the spectral theory for (pos-
sibly unbounded) definitizable operators. If A is a definitizable operator acting on
a Krein space H, it can be shown that the Riesz projection onto a bounded spectral
set of A is always a normal projection, and it is selfadjoint if and only if the spectral
set is symmetric with respect to the real line, see [15, Example 1]. Spectral theory
for definitizable operators was precisely one of the initial topics in Heinz Langer
brilliant career.
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Throughout this paper we study normal projections without assuming bound-
edness. A densely defined operator 7" is normal if 7" is closed, dom 7' = dom T%#
and

[Tz, Tz] = [T#z, T#x|

for every x € dom T, see [4]. In particular, if T is normal then 7" is weakly normal,
in the sense that T#T = TT#. The converse does not hold, see Example 3, for
a weakly normal projection which is not normal. Given a closed densely defined
projection (), we show that () is weakly normal if and only if ker Q% Q = ker QQ¥,
and it is normal if and only if both @ and I — ) are weakly normal projections.

If @ is a bounded normal projection then it can be decomposed as Q = E+ P,
where £ = QQ7 is a selfadjoint projection and P = Q(I — Q%) is a neutral
normal projection i.e. it satisfies P# P = PP# = 0, see [15]. More generally, in
Theorem 3.10 we show that a closed projection @ is normal if and only if dom Q) =
dom Q7 and there exist a selfadjoint projection E and a closed projection P with
PP#|domQ = P#P|domQ = 0ldom @ such that Q = E + P. In this case, £ =

QQF and P = Q(I - QF).

Only closed non-degenerated subspaces of a Krein space are ranges of (densely
defined) selfadjoint projections [12], but it is easy to check that every closed sub-
space is the range of a unique selfadjoint multivalued projection. Multivalued pro-
jections were introduced in [6] and later studied in [14]. They are a class of linear
relations which preserve many properties of single-valued projections, for instance,
they are fully described by their ranges and kernels. In particular, a multivalued
projection F is selfadjoint if and only if ran E is closed and ker E = ran E[t].

If Es is the selfadjoint multivalued projection onto a closed subspace S, we
show that the completely singular part is determined by the isotropic part S° of S,
and the restrictions of normal projections onto S to S + S provide a family of
operator parts of E's which are projections.

The paper is organized as follows. In Section 2, we collect key concepts on
Krein spaces, as the notions of weak and strong dual pairs. Section 3 is devoted to
describe normal projections. In particular, it is shown that every normal projection
admits a unique decomposition into the sum of a selfadjoint projection and a closed
projection with neutral range. In Section 4, we introduce the notion of a normal
companion for a closed subspace and give a description and parametrization of the
set of normal projections with a fixed range. To this end, we show that every closed
subspace is the range of a normal projection and that all such projections can be
constructed using normal companions. Section 5 deals with multivalued projections:
we recall the framework of linear relations and prove that every closed subspace S of
a Krein space is the range of a unique selfadjoint multivalued projection Es. Finally,
we show that E's admits a decomposition into an operator part and a singular part
determined by S°. The operator part is not unique, but the set of normal projections
onto S provides a family of operator parts for Es that are projections.
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2. Preliminaries

We assume that all Hilbert spaces are complex and separable. If # and /C are Hilbert
spaces, L(H,K) stands for the space of bounded linear operators from H to K.
When H = KC we write, for short, L(#). The direct sum of two subspaces M and
N of H is indicated by M 4+ A, and M & N if M C N+, In addition, if N' C M,
M & N means M NNt Given T an operator from # into K, dom T, ran T and
ker T' denote the domain, range and kernel of 7', respectively.

Lemma 2.1 ([17, Eq. (1.1)]). Let T and S be operators from H to K, R be an
operator from K to € and U be an operator from &€ to ‘H. Then

R(S+T) 2 RS+ RT and (S + T)U = SU + TU. 2.1)

A densely defined operator P in H is said to be a projection if P?> = P. That
is, ran P C dom P and P2z = Pz for every x € dom P. We denote by Ppyjyn the
projection with range M and nullspace . By [16, Lemma 3.5], dom Py, n =
M + N and Py, /A 1s a closed operator if and only if M and N are closed sub-
spaces. Moreover, if Py is densely defined then (Pu//n1)* = Prnrjjpqe- So
that, if also (Ppq/ar)” is densely defined then P/ = Prg /-

Lemma 2.2. Let P and Q) be (densely defined) projections such that P 4+ @ is

also apr0j€Cli0n- Then PQ|d0m PNndomQ — QP|domPﬂdomQ = O|d0mPﬂdom Q>
ran(P 4+ Q) = ran P 4 ran Q and ker(P + Q) = ker P Nker Q.

Krein Spaces

Although familiarity with operator theory on Krein spaces is presumed, we include
some basic notions. Standard references on Krein spaces and operators on them are
[11, [3], [5] and [11]. We also refer to [7] and [8] as authoritative accounts of the

subject.
Consider a linear space H with an indefinite metric; i.e., a sesquilinear Her-
mitian form [ , ]. A vector € H is said to be positive if [x,2] > 0. A subspace

S of H is positive if every x € S, x # 0, is a positive vector. Negative, nonnegative,
nonpositive and neutral vectors and subspaces are defined likewise.

Two closed subspaces M and N are orthogonal if [m,n] = 0 for every m €
M and n € N. Denote the orthogonal sum of two closed subspaces M and A/ by
M 4] N and M [H N if MAN = {0}.

An indefinite metric space (M, [ , |) is a Krein space if it admits a decompo-
sition as an orthogonal direct sum

H=H, [+ H, 2.2)

where (H,[, ]) and (H_,—[, ]) are Hilbert spaces. Any decomposition with
these properties is called a fundamental decomposition of H.

Given a Krein space (H, [ , ]) with a fundamental decomposition like in (2.2),
the (orthogonal) direct sum of the Hilbert spaces (H4,[ , ])and (H_,—[, ])isa
Hilbert space, (#, ( , )). Notice that the inner product ( , ) and the corresponding
norm || || depend on the fundamental decomposition.
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Given any subspace S of H, the orthogonal companion of S in H is defined

as
SH .= {r € H :[x,s] =0forevery s € S}.

The isotropic part of S, §° := SN S, can be a non-trivial subspace. A sub-
space S C H is non-degenerate if S N S = {0}. Given a closed non-degenerate
subspace M of H, E, denotes the densely defined selfadjoint projection onto M
with nullspace M.

Lemma 2.3 ([5, Ch.I Lemma 5.1]). Given a closed subpace S of a Krein space H,
if§ = M+ 8° then S = M[+]S° and M is non-degenerate.

Lemma 24. Let S, N and M be closed subspaces of a Krein space H, such that
M is non-degenerate and N is neutral. If S = M[+|N then N = S°.

If H is a Krein space, L(#) stands for the Banach algebra of all the linear
operators on H which are bounded in an associated Hilbert space (#,( , )). Since
the norms generated by different fundamental decompositions of a Krein space H
are equivalent (see, for instance, [3, Theorem 7.19]), L(#) does not depend on the
chosen underlying Hilbert space.

A subspace S of a Krein space H is regular if it is itself a Krein space in the
indefinite metric of . A subspace S is regular if and only if H = S [+] SI.

A closed subspace S of a Krein space H is pseudo-regular if the algebraic
sum S[+]SH is closed. Clearly, S is (pseudo) regular if and only if SI* is (pseudo)
regular. The following proposition compiles several conditions which are equivalent
to pseudo-regularity, see for instance [13].

Proposition 2.5. Let S be a closed subspace of a Krein space H. Then the following
are equivalent:
i) S is pseudo-regular;
i) S =8+ 8H;
ii1) There exists a regular subspace M such that S = M[+]S°;
w) IfS =T + S8° with T closed then T is regular.

From now on, H is assumed to be a Krein space. In the following we recall
two useful notions, those of weakly and strongly dual pairs [3, 10].

Definition. Let S and 7 be two closed subspaces of H. We say that S and 7 are
skewly linked (or in weak duality) if S N T = S N T = {0}, and we write
S#7T. We say that S and T are in strong duality or form a strongly dual pair if
S+TH =4.

Note that S and 7 are skewly linked if and only if H = S 4 71, and that S
and 7 form a strongly dual pair if and only if S and 7T form a strongly dual
pair. It is straightforward that a closed subspace S is regular if and only if it is in
strong duality with itself, and S is non-degenerate if and only if it is in weak duality
with itself.

Every fundamental decomposition of H as in (2.2) has an associated signature
operator: J := Py — P_ with Py := Py, /5, . We denote by J the set of signature
operators for (H,[ , ]). The indefinite metric and the inner product corresponding
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to a fundamental decomposition of H with signature operator J are related to each
other by

(z,y)=[Jz,y] xz,yeH.

Since J = J~! = J* (where T* stands for the adjoint of 7" with respect to (-, - )),
it can be checked that, given a subspace S C H,

SH = st = (18)*,

where S+ denotes the orthogonal complement of S with respect to { -, - ) . The sym-
bols @ and © are defined accordingly.

Also, if .J is any signature operator of H, since (JS) = S* then S and
JS form a strongly dual pair. But there are subspaces S and 7 that form a strongly
dual pair but S # J7T for any signature operator J of H, see [10, Example 2.3].
However, if S and T are neutral subspaces, it is always possible to find such a
signature operator, see [10, Theorem 4.2].

Theorem 2.6. Let S and T be two closed neutral subspaces of H. Then the follow-
ing are equivalent:

1) SandT are a strongly dual pair;
it) S+ T is a regular subspace;
i11) There exists a signature operator J of H such that S = JT .

By [3, Remark 1.30], if S and 7 are neutral then S and 7 are skewly linked
if and only if S + 7 is non-degenerate. See [3, Example 1.33] for an example of a
non trivial weakly dual pair that is not a strongly dual pair.

3. Normal projections in Krein spaces

In this section, we study normal projections. Bounded normal projections were stud-
ied in [15]. For a densely defined operator 7" in H, T# stands for the adjoint of T
with respect to [, -] .

The notion of normal operators in Krein spaces was given in [4]. We also
consider a weaker notion of normality inspired by [17, Proposition 3.25]. Both def-
initions coincide if T € L(H).

Definition. We say that a densely defined operator 7" is weakly normal if T#T =
TT# and that T is normal if T is closed, domT = domT# and [Tz, Tx] =
| T#z, T#x | for every x € domT.

If T is normal then 7% and I — T are normal. Following the lines of the proof
of Proposition 3.25 in [17], it can be proved that if 7' is normal then 7" is weakly
normal. Also, if T"is weakly normal and closed then T# is weakly normal.

Example 1. Let S and 7 be two neutral subspaces of H, such that S#7T . Then
Q= PTU-]//.S is weakly normal.
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In fact, Q is densely defined with Q7 = Pgi1y /7 and then, since Sand T are
neutral, 7 C THI = 7—[l} and
domQ*Q=S+TH N SH+T) =S+ T+ 7H nsH
domQQ* =T +SH NS+ TH) =T + S+ SH n7TH.

So that dom Q#Q = dom QQ#*.If z € dom Q#Q thenx =t + s+ y witht € T,
seSandy € S NTH 50

Q*Qr=Q%(t+y) =y=Q(s +y) = QQ%=x
and @ is weakly normal. But if S is not closed, then @) is not closed, and there-

fore not normal. See [3, Example 1.33] for an explicit pair of subspaces S and T
satisfying these conditions.

Example 2. Consider H such that dimH, = dimH_, where H = H [+]H_ is
a fundamental decomposition. If (S, 7T) is any pair of hypermaximal neutral sub-
spaces in H (i.e. S = S and T = T, see [3, Definition 4.15]) with S#7T
then P := Ps//7 is normal. In fact, since SH =Sand7TH =7, P#=1-P,
P is closed, dom P = dom P# andif ¢ = s+t withs € Sandt € T then
[Pz, Pz] = [s,8] =0 = [t,t] = [P¥x, P¥z].

From now on we assume that S and 7 are closed, skewly linked subspaces of
‘H. In this case, Pg /T and Pr /sl are closed densely defined projections, and
(Ps ) = Prysiu.
Proposition 3.1. Let Q = Pg//111. The following are equivalent:
1) Q is weakly normal;
i) ker QQ7 = ker Q7 Q;
i) dom Q#Q = dom QQ# = SN T[+HSH N TH[H](S° +T°).
Proof. The implication 7) = %) is trivial.
If i) holds then
SH £ 7° = ker QQ# = ker Q#Q = 8° + 7M.
Therefore, S = S°[H]SH N 7 and T = 7°[4]SMH N T, Taking or-
thogonal companions, it follows that S N 7°H = 7N 8°H and then S N 7o) =
TNnSH = SN7T. In particular, S N7 = S N (T + 7). Then, since
dom Q% = T + S = §° 4 (T + T, it follows that
dom Q#Q = T + S N dom Q*
—TH 48NS+ T +TH)
=TH 4+ 8 +8nNT =8N THSH nTH[H(S° + T°).

In the same fashion, S°™ N7 = SN T = (S + SH) N T, and dom Q#Q =
dom QQ7 so iii) follows.

Finally, if #44) holds, let z € dom QQ# = dom Q¥ Q then z = x1 +s9+2+
towithz, € SNT, 50 € 8°, 29 € SHNTH and ¢y € T°. So that Qz = 1 + s
and Q#x = 1 + to. Hence Q% Qx = 21 = QQ%x. O
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Corollary 3.2. Ps /111 is weakly normal if and only if
SH = 8118 N TH ang T = T[S 0 T,
It follows from Lemma 2.4 and Corollary 3.2 thatif Pg /51 is weakly normal
then M := S N T is non-degenerate and
SH = M[+])8° and TH = M[+]T°. (3.1)
Also, S°#7T°. In fact,
(0} =8nTH = M nsHynm+7°) =8H 7o,

where we used that S° + 7° C MLl Likewise, 7°H nS° = {0}. Conversely,
the following holds.

Proposition 3.3. Suppose that N1 and N3 are closed neutral subspaces, N1#N5>,
and there exists a non-degenerate subspace M such that M[+|N7 and M[+|N>
are closed. If S = M NN and T .= MY 0 N then the projection
P /T8 is weakly normal.

Proof. First, notice that SH = M[+N; and TH = M[HN5. So that, by
Lemma 2.4, N] = (SM)o = 8°, Ny = T°. Also,
SNTH = ME A M A (MIHN,) = MET N M = {0},
because N7 € MU, N #N5 and M is non-degenerate. Likewise, 7TNSH = {0}.
Set Q := Ps//711) then Q is a closed densely defined projection. It holds that
SH A TH = (MFM) 0 (MFN,) = M,

because (M[+N1)NNz € VAN, = {0}. Then, by Corollary 3.2, Q is weakly
normal. Il

Note that the weak normality of @ in Example 1 follows immediately from
Proposition 3.3, taking M = {0}.

Theorem 3.4. The projection Ps /1) is weakly normal if and only if
st cse e T e s (3.2)
and
sH a7t = 7l n gt (3.3)

Proof. If Pg /71 is weakly normal, by Corollary 3.2, St = THINSMHI[4]s° €
8° 4 7°M) The inclusion for 71+ is similar. Since, by the remark before Proposi-
tion 3.3, S°H#T°,
S A7l = (T[L] A S [+]S°) N qoltl — il A gl

The other equality follows in the same fashion.

Conversely, suppose that (3.2) and (3.3) hold. Then S = S°[4]SH N
7ol = 8o L SN T, Likewise, T = 7° + S AT Then, by Corollary
3.2, Ps//T[J_] is weakly normal. O
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The following result characterizes normal projections.

Theorem 3.5. Let Q = Pg//11). The following are equivalent:

1) Q is normal;
it) Q and I — Q are weakly normal;
i) dom @ = dom Q# = SN T[+|SH N THI[F)(S° + T°).

Proof. 1f @) is normal then @) and I — ) are weakly normal.
If 4¢) holds, by Corollary 3.2,
S=8NTHS°, T = W A 7T,
T =8NT[HT°, and SH =sH T8

then #i7) follows.
Finally, assume that ¢i7) holds. If z € dom @) then x = 1 + s¢ + x2 + to with
21 €SNT, s0€S8° x9 e S NTH and ¢, € T°. So that

[Qz,Qz] = [x1 + S0, 21 + s0] = [71,21]
=[xy +to, 21 +1o] = [Q#I,Q#ﬂ .
Also, @ is closed and dom @ = dom Q#. Therefore, @ is normal. O

Corollary 3.6. The following are equivalent:
i) Ps /1) is normal;
i) S+T°=8°+Tand SH +7° = 8° + 71,
S=8nTHS°, TH = S A 7T,

. . (3.4)
T=8NTHT®, and SH =SH T80,

If Ps /T is normal, it follows from Corollary 3.6 that
S+TH =8 4 (T+TH) =7° 4 (5 + sH). (3.5)
Definition. Given S and T skewly linked closed subspaces of H, we say that S and
T form a normal pair, and denote it by S#,, T, if
S+sHcse M and T+ 7 C 70 8o (3.6)
Remark 1. If S#,,7 then S°#7°. In fact, from (3.6) we get that S+ 71+ C S° +
T and 7+ S € 7° + 8. Since S#7, it holds that H = S° + 7o =
T° 4 8o, Therefore S°#7°.
For neutral subspaces it is easy to check that S#,,7 if and only if
S+TH =7 48,
Corollary 3.7. Let S and T be neutral (closed) subspaces of H and P := Pg /(1.

Then, the following conditions are equivalent:

i) P is normal;
it) P is weakly normal;

iii) S#nT:
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i) K: =8+ T is a Krein space and S, T are hypermaximal neutral in K;
v) P+ P# = Egr= € L(H), the selfadjoint projection onto S + T,
SFTnSH =8 and SFTNTH=T.

Proof. The implication ¢) = %) is straightforward; #4) = ¢i¢) follows from Corol-
lary 3.2, considering that S + 71 = 7 4 S| so that S#,, 7. If 744) holds, then
SHI = S[HSH n 7 and TH = T[HSH N 7. Since S is pseudo-
regular, S N 7T is regular, or equivalently S + 7 is regular. Also, taking or-
thogonal complement to both sides of the equality SH = S[+]SH N T, we get
that S = S+ 7 NSH = KN SH and S is hypermaximal in K. Likewise, 7 is
hypermaximal in K. Then iii) implies 7v). If iv) holds, Sk = KNS = S. Tak-
ing orthogonal complement, S = S N TH 4+ 8§ = SH 0 T[S, because
S F T is regular. In the same way, 71 = T[+]SH 0 T, The equalities for S
and 7 in (3.4) are automatic because S and T are neutral. Then, by Corollary 3.6,
P is normal and 4v) implies 7). The equivalence iv) < v) is straightforward. ~ [J

The following is an example of a closed weakly normal projection which is
not normal.

Example 3. Let {e; };>1 be the standard basis of £2(N) and consider the shift oper-
ator S € L(¢*(N)) given by Se; = e;41 for j > 1. Also, consider the Krein space
H = 2(N) @ ¢?(N) endowed with the form
[(U,’U),(lﬂ,y)} = <U,£L’> - <Uay>

for (z,y),(u,v) € H.Let S and T be the neutral (closed) subspaces given by
S:={(z,87) :z € *(N)}and T := {(S%x,2) : x € >(N)}.

Notice that S = {(S*y,y) : y € £2(N)} = S[+] span{(0, e;)} and T+ =
{(2,8*%2) : z € £2(N)} = T[+] span{(e1,0), (e2,0)}.

It holds that 7 N S = SN 7T = {0}. In fact, let (u,v) € T NSH then

(u,v) = (S*v,v) = (u, Su) + (0, ey)
for some a € C. Then
u=S% = S?(Su+ aey) = S*u + aes.

Ifu=73", Brer € ¢?(N) then

ZﬁkekJrB +aez = SPu+ ey =u = Zﬁk@«

k>1 k>1
Thus 81 = B2 =0, 83 = a, and S, = Bg—3, for k > 4.
Sothatu = a(}_ -, €e35) € ¢2(N) and then a = 0. Therefore TNS* = {0}.
The equality S N 71+ = {0} follows in the same manner.
If P:= Ps /1) then P is a densely defined closed projection. Note that

SH T =(S+7) 4 span{(0,e1)}
and

S+ TH = (S +7) +span{(e1,0), (e2,0)}.
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It is easy to see that S + T # S 4+ T and P is not weakly normal, see Propo-
sition 3.1. But, since ker(I — P) is neutral, by Example 1, I — P is weakly normal.
Hence, by Theorem 3.5, I — P is weakly normal but not normal.

Also it holds that S N 71 = {0}. Then, S and T are neutral subspaces

such that S + 7 is a Krein space but S and 7 are not hypermaximal subspaces in
K.

In the general case, an extra condition should be added in order to get normality.

Proposition 3.8. The projection Ps /(1) is normal if and only if S#,,T and
snTt =7nsH. 3.7)

Proof. 1f Q := Ps/711) is normal, by i) of Theorem 3.5, S#, T and (3.7) follows.

Conversely, suppose that S#,,7 and (3.7) holds. Then S = S°[+]S N T and
T = T°[+|S N T and, by Corollary 3.2, I — Q is weakly normal. Then S + 7° =
T -+ &°. Therefore, S N 7o = 714 A 8o ang, by Theorem 3.4, () is weakly
normal. Then, by Theorem 3.5, @ is normal. O

Next, we give a decomposition that characterizes normal projections, simi-
lar to the one given in [15, Theorem 3.1] for the bounded case. We start with the
following proposition.

Proposition 3.9. Let Q) := Pg /(1) be a weakly normal projection. Then

QQ* = Psryryyriuipsi-

If Q is normal then QQ¥ is essentially selfadjoint with QQ# = Esn7 and
Q(I — Q#) = Pso//To[L].
Proof. Since @ is a weakly normal projection then (QQ%)? = QQ7 and is easy to
check that ran QQ# = S N T . From the proof of Proposition 3.1,
SH §7° =8°+ TH = ker Q*Q, (3.8)

therefore, ker QQ# = T + S,

If Q is normal then QQ# is symmetric. Therefore QQ7# is closable with
QQ#* = EsnT.

Finally, since @ is normal, dom Q(I — Q%) = dom @, so that Q(I — Q%) =
Q-QQ"=Q—-Q7"Q = (I - Q%)Q.Hence Q(I — Q%) = Pso jyry7111- Since
S°H#HT°, Q(I — Q%) is closable with Q(I — Q#) = Pgo jyqotu. O

Theorem 3.10. Let Q = Pg//ri1). Then Q is normal if and only if dom @ =
dom Q¥ and there exist a selfadjoint projection E and a closed projection P with
PP#|4om@ = P#Plaom @ = Oldom ¢ such that

O=E+P (3.9)
In this case, E = QQ# = Esny and P = Q(I — Q#) = Pgo /70111
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Proof. Suppose that Q is normal. Then dom @ = dom Q#, and it is straightforward
to see that

Q = QQ" + QU — Q%) = Psqrysitip7isl + Psoyraqis.

From Proposition 3.9, QQ# = Esn7 = E and Q(I — Q#) = Pso jyo1) := P.
Then
Q" = (QQ™ + QU — Q") 2 QQF + P*.

Since dom QQ# = dom @ and dom @ C dom P# then dom(QQ# + P#) =
dom @ = dom Q¥ and equality holds, ie., Q¥ = QQ% + P#. Then Q =
(@")* D E+ P 2 QQ¥ + Psoyyryri1 = Q and Q = E + P where E is
a selfadjoint projection and P is a closed projection. It is straightforward to see that
PP#'domQ = P#P‘domQ = 0|domQ-

Conversely, on the one hand, Q = F + P implies that dom @) = dom FE N
dom P. Also Q# D E# 4+ P# = E + P#. On the other hand, the condition
PP#|domQ = 0ldom ¢ implies that dom ) C dom P# ., and then dom Q# =
dom Q C dom(E + P#). Therefore

Q" = E + P7. (3.10)

Now, let us show that £ D W In fact, since @ = E + P is a projection, by
Lemma 2.2, PE|dom @ = EP|dom @ = 0|dom ¢ Likewise, since Q% = E + P# is
a projection, EP#|4om 0 = P# Eldom @ = Oldom ¢- Then QQ# = (E + P)(E +
P#) :_> E|domQ + PE|d0mQ + EP#‘domQ + PP#|domQ = E‘domQ- Then
E D QQ# because dom QQ# = dom Q and QQ# = Eldom ¢- In a similar way,
Elaomg = Q7 Q and Q is weakly normal. Since ran @ C dom @ = dom Q7%
then dom Q#@Q = dom Q. So that, since [Qx, Qx| = [Q¥x, Q¥ x] for every x €
dom Q#Q = dom @, Q is normal. Then, by Proposition 3.9, QQ# is essentially
selfajdoint. Hence, taking adjoint to E D QQ#, it follows that £ = QQ#.

Note that Plgomg = @ — Eldomg = Q — QQ* = Q(I — Q%) because
dom Q(I — Q%) = dom Q. Therefore P O Q(I — Q#). By (3.10), P#|qomg =
Q* — Elaoma = Q* — QQ¥ = Q* — Q¥Q = Q*(I - Q) because dom Q¥ (1 —
Q) = dom Q7. So that P# D Q#(I — Q). Taking adjoint and using Lemma 3.9,
it follows that P C (Q#(I — Q))* = QU — Q#). Then P = QI — Q#). O

Corollary 3.11. Let Pg /T8 be normal. Then
SrrenT M =70 and e+ 7° NS = &0,
S° T T° is non-degenerate and if P := Pso jygorsy then P+ P# = ST
Proof. By Proposition 3.8 and Corollary 3.6,
S+SH=s4+snT+SHnTH c s st nget gl

Taking orthogonal companion, S° 2 S NS FT° > &° and equality holds. In
a similar fashion, we get that S° + 7° N 7°H = 7°. Since S°#7°,

Wﬂ (To[“ mSO[L]) — T mSo[L] — {O}

Then §° + T° is non-degenerate.
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Finally, dom(P + P#) = 8° + 7° + 8°H n 7o and
P + P# = Pso_;_To//SO[J_]mTo[J_]
is densely defined. Therefore (P + P#)# O P + P#. Hence P + P7# is closable

WlthP‘f‘P#:EW |:|

Remark 2. Following the lines of the proof of Corollary 3.11, we get that, if
Ps /7121 is normal then the subspace S N T [+]SH N T is non-degenerate and

Esnt + Estinrin = Esnrmsmnror
Proposition 3.12. If Ps /711 is normal, the following are equivalent:
1) Pso/ﬂ—om is normal;
i) SN T[HSH N TH is regular;
iii) SO = 8°[HSNT + SHINTH or 7o = To[HS N T + SHI N T
In this case, S°H N T = SN T + SHT AT,

Proof. If Pg /1) is normal then by Corollary 3.6,
S+SH =s°[HsnTHSH n T,
and by Corollary 3.11,

goltl — go H—]SO[J‘] N 7ol
Set P := Pgo /70111 Suppose that P is normal, then by 1) of Corollary 3.7,
SolH ngeltl g regular. Since SNT +SHNTH C 8° (L] 7o it follows that
M =8 SN T + SN TH C se[Hs* M net = golH,
Then

SNT +8SH N TH = st ol
is regular and %) follows.
Suppose that 74) holds, then since S N 7 [+]SH] N THI is regular
S = S+ S = 8°[HSNT + SH A THI.

In the same way, 7° = T°[HSN T + SET 0 71,
If i) holds, suppose for example that S°™ = S°[+]S N T + ST N T
then

Then
s = s s a7,

Therefore S°I*1 724 s regular, or equivalently, S° + 7 ° is a Krein space. Since
by Corollary 3.11, §° and 7° are hypermaximal in §° + 7° by iv) of Corollary
3.7, P is normal. O
Proposition 3.13. Let Ps /711 be normal. The following are equivalent:

i) S is pseudo-regular;

it) T is pseudo-regular;
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i) SN T[HSH N TH is regular:

In this case, Pso//TO[L] is normal.

Proof. i) < i1): If S is pseudo-regular then, since S = §°[+]S N T then, applying
Proposition 2.5, S N T is regular. Therefore, applying again Proposition 2.5, 7 =
T°[4]S NT is pseudo-regular. By the same arguments, the converse holds.

1) < iii): If S is pseudo-regular then S [L] is also pseudo-regular. Then, from
(3.4), we get that SN'T and S N T are regular orthogonal subspaces. Therefore
SNT[+]SHNTH is regular. The converse follows from the general fact that given
M, M; and M5 closed subspaces such that M = M [+]Ma, then M is regular
if and only if M7 and M, are regular.

The final assertion follows applying Proposition 3.12.

4. The set of normal projections onto a fixed range

Let Ps//T[L] be a normal projection. By (3.5),

S+sHcse oM
Also, since S 7ol 70 = 714,
StrenTH=T=snTM 17
Likewise,
S+ 7o n 7o = 71 = gl gold] 4 7o, @1

These properties motivate the following definition.

Definition. Let S be a closed subspace of 7. We say that a neutral closed subspace
N of H is a normal companion of S if S°H#HN,

S+ SH c s+ NI (4.2)

and

STNNNH =snNH 4+ N,

4.3)
SE 4+ N AN = SHIn AT 4 A

Remark 3. i) By definition, if Pg J/iv) is normal then 7° is a normal companion
of S and S° is a normal companion of 7. 7i) Let S be a closed subspace of H
then, for any J € J, N := J&° is a normal companion of S. In fact, since H =
S+SH N =8°H g A, 8° and NV form a strongly dual pair and (4.2) holds
trivially. Finally, the subspaces S + A and S 4+ A are closed, (4.3) holds and A/
is a normal companion of S.

Proposition 4.1. Let S be a closed subspace of H. If N is a normal companion of
S then Pgsi1inniti4n is normal.
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Proof. Let N be any normal companion of S. From (4.2), S = §° + SN N and
S = §° 4+ S N N From (4.3), the subspace T := N + S N A is closed
and, TH = N + SH NNV,

It holds that SNT = SN (N + S NN = SN N In the same way,
S AT = sl n (N+S[J-] ﬂN[J‘]) = S A AL

Also, SNTH = {0}. In fact, if 2 € SNT ) then © = 59+ 5 = ng +n with
sp € 8°, s € SANM ng e Nandn € SHINNHL. So that sy = ng+n—s € S°N
N = {0}. Hence sp = 0 and s = ng+n,song = s—n € NN(S+SH) = {0}.
Therefore ng = 0and s = n € SNNHNSH = §° NN = {0}. Then 2 = 0.
Finally, 7NTH = W+ SANIYNTH = N+ SnNHEH N T = A Thus,

T°=N. 4.4)

Since S = 8°+8NT,SH =8+ SHNTH T =T7°+8NT and

TH = 7° 4 SH N TH by Corollary 3.6, Ps /. is a normal projection. [
Corollary 4.2. Every closed subspace S of H is the range of a normal projection.

Proof. Take N := JS° for any J € J and apply Proposition 4.1. (]

Corollary 4.3. The projection Pg ;1) is normal if and only if T° is a normal
companion of S, 8° is a normal companion of T and S° L A7) = s el

Proof. 1f Pg /1) is normal then the conditions follow from Remark 3 1), and tak-
ing orthogonal complement to the equalities in i) of Theorem 3.5.

Conversely, since S° is a normal companion of 7, it holds that 71 = 7° 4+
SelH A7l = 70 4 Sl A 7ol | S0 that, since T° is a normal companion of S,
by Proposition 4.1, Ps /1) is normal. (]

Corollary 4.4. Let S and N be neutral subspaces of H. Then the following are
equivalent:

i) Ps /) is normal;

ii) N is a normal companion of S;
iit) S is a normal companion of N'.

Proof. Let N be a normal companion of S. Then, by Proposition 4.1, 7 := N +8N
N C N+ SH NN = T Therefore, by (4.4), T = 7° = A and Ps /pris)
is normal. The converse follows from Remaark 3 4). Hence 7) < ). Finally, since
Pg j/nr11) is normal if and only if Pyr//si1) is normal, the equivalence i) > i)
follows from i) < 7). O

By Corollary 4.2, the set Qs of normal projections onto S is not empty for
any closed subspace S. Moreover, by Propositions 4.1 and Remark 3 7),

Qs = {Ps/sstriantuipin N is a normal companion of S} 4.5)

Proposition 4.5. Consider S and T closed subespaces such that () = Pg yTIn €
L(H). Then Q is normal if and only if there exists J € J such that T° = JS° and

sSn7°H =75 (4.6)
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Proof. Since Q) € L(H), if @ is normal then, by Proposition 3.8, condition (4.6)
holds. Also, if P := Q(I — Q#) = Ps. /70111, then
P+ P# = PSo_i_To//So[L]ﬂTo[L] S L(H)

So that §° + T° is closed. Therefore S° + T° is regular and, by Theorem 2.6, there
isaJ € J such that 7° = JS&°.

Conversely, if 7° = JS&°, by Theorem 2.6 again, S° + 7° is regular and
H = (8° + 7°)[+)(S°H n7°H). Then

S =sH Ny =8° 4 sH (70 4 8o n oty ¢ so 7ot

In the same fashion, 714 C 8° 4+ 7°M) and (3.2) holds. Since (4.6) holds, by
Theorem 3.4, () is weakly normal and then, since () is bounded, () is normal. [

Following the notation introduce~d in [15], consider the set Qg of bounded
normal projections onto S, i.e. Qs = Qs N L(H).

Proposition 4.6. The set Qs is not empty if and only if S is pseudo-regular. In this
case,
Qs ={Ps//s1t1ns(s%) 1t [1]15°} JET -
In particular, if S is neutral
Qs ={Psyss)t1}taeg-
Proof. Use Proposition 4.5 and (4.5). U

5. Multivalued projections

A classical result for Hilbert spaces is that every closed subspace of a Hilbert space
is the range of a (unique, linear operator) selfadjoint projection. The next paragraphs
are devoted to show that every closed subspace of a Krein space is the range of a
multivalued selfadjoint projection.

A linear relation in a vector space H is a subspace of H x H. The set of linear
relations in H is denoted by lr(#). Given T' € Ir(H), dom T, ranT and ker T’
denote the domain, range and kernel of T', respectively,

domT ={x e H: (x,y) € T forsomey € H},
ranT = {y € H: (x,y) € T for some z € H},
kerT ={z e H:(z,0) T}
The multivalued part of T is defined by mulT := {y € H : (0,y) € T}. If
mul T = {0} then T is (the graph of) a linear operator.

For T,S € Ir(H), T + S stands for the sum of 7" and S as subspaces. The
product ST is the linear relation in A defined by

ST :={(z,y) : (x,2) € T and (z,y) € S for some z € H}.

If H is a normed space, the closure T of T is the closure of T in H X H
endowed with the product topology. The linear relation 7" is closed whenT' = T'.
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Multivalued projections in Hilbert spaces were introduced by Cross and Wilcox
in [6] and later studied by Labrousse in [14].

Definition. Let E' € Ir(#H) such that ran £ C dom E. We say that E is a multival-
ued projection if E is idempotent, thatis E? = E.

Given a subspace M of H, we denote by I := {(u,u) : ©v € M}. The
following characterization can be found in [6, 14].

Proposition 5.1. Ler E € Iv(H). Then, E is a multivalued projection if and only if
E = Lang + (ker E x {0}).

Thus, given subspaces M and N of H, we write
Prw = Iy + (N x {0}),

for the multivalued projection with range M and kernel V. It is easy to check that
dom Py = M + N and mul Pygpr = M NN

Given a Krein space (H, [+, -]), endow H x H with the usual indefinite inner
product:

[(x1,91), (x2,92) | = [w1, 22 ] + [y1, 2], (z1,91), (22,92) € H x H.

Given T' € Ir(H), the adjoint of 7" (in the Krein space sense) is the linear relation in
‘H defined by

T#:={(z,y) € H x H:[g,z] = [ f,y] forall (f,g) € T}.

We say that T € Ir(H) is selfadjoint if T = T7.

If J € L(H) is any signature operator for H, it is straightfordward to see that
T# = JT*, where J(z,y) := (Jx,Jy), for every (z,y) € H x H. Using this
property and the well known properties of T* [2], the operator 7% is a closed linear
relation, T? = T# and T## .= (T#)# = T. Also, mul T# = (dom T)!* and
ker T# = (ran T,
Proposition 5.2. Given subspaces M and N of a Krein space H,, it holds that

P/\#/El,/\/ = PN[J_]’M[J_].

Proof. For multivalued projections in Hilbert spaces it holds that Py, v = P+ aqt,
see e.g. [6, 14]. Then P/ﬁ,/\/ = jPXA,N = jP_/\/‘J.yMJ_. But
JPyi pr = {(J(u+v),Ju) :u € Nt v e M}
:{(U+U,U):UGN[L],'UGM[l]}:PN[L]’M[L]. O

Proposition 5.3. Let E be a multivalued projection in H. Then, E* = E if and
only if ran E is closed and ker E = ran E[1].

Proof. By Proposition 5.2, if £ = Pa, g ker £ then E# = PkerE[L]Jan piu. Since
a multivalued projection is uniquely determined by its range and its kernel, E# = E
if and only if ker E = ran ) and ran E = ker B, O
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An immediate consequence of the above result is that every closed subspace of
a Krein space is the range of a selfadjoint multivalued projection. Moreover, differ-
ent properties of the subspace translate into conditions on the selfadjoint multivalued
projection.

Corollary 5.4. Given a closed subspace S of a Krein space H there exists a unique
selfadjoint multivalued projection Es onto S. Moreover,

dom Es =S+ S, mulEs =8°, (5.1)
and the following conditions hold:
1. S is pseudo-regular if and only if Es is a continuous multivalued projection.

2. S is non-degenerated if and only if Es is a (densely defined) linear projection.
3. Sisregularif and only if Es € L(H).

Proof. If S is a closed subspace of H, consider Es := Pg g11. Then, by Proposi-
tion 5.3, Es is the unique selfadjoint multivalued projection onto S. By the remarks
above, dom Es = S + S and mul Es = S°.

Since Es is closed, S is pseudo-regular if and only if dom Es = S[+]SMH is
closed. But the closedness of dom Fg is equivalent to the continuity of Fg, see e.g.
[6, Theorem 3.2].

Note that S is non-degenerated if and only if mul Es = S§° = {0}. This
implies that Fs is a linear operator with dom Es = (S°)H = #. Conversely, if
Es is a linear operator then, by (5.1), S° = mul Es = {0}.

Finally, by (5.1), if S is regular then dom Es = S[+]SM* = H and mul Es =
{0}, i.e. Es is a closed operator with domain /. Then Es € L(H). Conversely, if
Es € L(H) then mul Es = S° = {0} and S[+]SM*] = H = dom Es. Therefore,
S is regular. O

To conclude this section, we show that for any closed subspace S of H, Es
can be decomposed in terms of the normal companions of S°.

Proposition 5.5. If S is a closed subspace of H, then
Es = Psystinnist [+ ({0} x 8°),

where N is any normal companion of S°.

Proof. If N is any normal companion of S° then, from Proposition 4.1, SC#N,
S = S°[HIS NNt and S = Se[H]SH N NI So that S N SH N N =
S°NNH = {0} and S+ SHINNH = S° + SANTH - S AN = S-S

It holds that Es C Ps/st1nnia [H] ({0} x 8°). In fact, if (s +t,5) € Es
with s € Sand t € S we have that t = so+n with sy € S° andn € SHINANTH.
Sothat (s +t,s) = (s+s0+n,s+s0) + (0, —s0) € Psysitinnie + ({0} x 8°).
But since both relations have the same domain and multivalued part, equality holds,
[2,2.02].

Itis easy to see that Pg /si1iqar0 [L] ({0} X 8°). If (2,y) € Ps)/sitiqnie N
({0} x S°) theny = sp and x = g+t = 0 with t € SHI NN and sy € S°. So
that sg = —t € S° N Nt = {0}. Hence, t = s¢9 = 0 and the sum is direct. (]
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