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Abstract

Given an idempotent operator F in a complex Hilbert space H, one can associate to it
two orthogonal projections:

e The polar decomposition 2E—1 = (2P—1)|2E—1| provides an orthogonal projection P.
That the unitary part in the decomposition of 2F — 1 is of this form, i.e., a selfadjoint
unitary operator, is a remarkable observation done by G. Corach, H. Porta and L.
Recht (see references below).

e The question of which, among all orthogonal projections, is the one closest in norm to
E, provides another projection, the so called matched projection m(E), which answers
this question. It was found by X. Tian, Q. Xu and C. Fu (see references below).

In this paper we show that these projections coincide. Moreover, we show that there exists a
unique minimal geodesic of the Grassmann manifold of H (the manifold of closed subspaces
of H) that joins R(F) and R(E*). The orthogonal projection onto the midpoint of this
geodesic, also coincides with m(FE).
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1 Introduction

Let E be an idempotent in B(#), which written as a 2 x 2 matrix in terms of the decomposition
H = R(E) ® R(E)* is of the form
1 B
E = 1
(o 0) 0

where B : R(E)* — R(E). If S C H is a closed subspace, denote by Ps the orthogonal projection
onto S. In this note we study the position of the projections Ppg) and Pgrg+) = Pﬁ(E) as

points in the Grassmann manifold P(#), of all orthogonal projections in H. The points Pr(g)
and Pp(g+ lie at distance strictly less than 1, namely (Theorem 3.4)

| B
P — Ppipn|| = —m———.
| Pr(k) r(E) |l 1+ B2
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In [11] H. Porta and L. Recht, introduced a natural linear connection in P(#), and proved that
two projections P, @ € P(H) such that |P — Q|| < 1 are joined by a unique geodesic of P(H)
(up to reparametrization), which is minimal for the Finsler metric given by the usual norm of
B(H) at very tangent space. It follows that Pgr(py and Pp(g«) are joined at times ¢ = 0 and
t = 1 by a (unique, minimal) geodesic §g, which is of the form dg(t) = X~ Pry( E)e_itXE, for
X% =Xg, | Xg| < /2, co-diagonal in the above 2 x 2 matrix representation.

In [12] X. Tian, Q. Xu and C. Fu introduced the matched projection m(E) of an idempotent
operator . Among the many remarkable properties, they prove that m(FE) is the orthogonal
projection which is closest in norm to E:

Im(E) — E|| <||P — E||, forall P P(H).

In [7], G. Corach, H. Porta and L. Recht studied the inmersion P(H) < Q(H), of P(H) into
the larger space Q(H) = {E € B(H) : E? = E} of idempotent operators, or oblique projections.
For instance, they prove that the C'°°°-map

m:Q(H) = P(H),

is a retraction, where 2E — 1 = (2n(E) — 1)|2E — 1] is the polar decomposition of 2F — 1.

In this paper we show that

m(E) = 55(3) = 7(B).

The contents of the paper are the following. In Section 2 we give basic properties of R(E) and
R(E*). In Section 3 we compute the spectrum (and norm) of Prg) — Pr(g+). In Section 4
we characterize the geodesic dg, by giving an expression of the exponent Xg in terms of the
operator B of (1). In Section 5 we consider the matched projection m(E) of E [12], and show
that m(E) = g(3). In Section 6 we use Dixmier’s theory for two subspaces [9] (see also [10])
and Davis’ results on the difference of orthogonal projections [8], to give further descriptions of
m(E). In Section 7 we study an example: E, = %(Fa —1), where I'; is the composition operator
Tof = foyp, acting in H = L?(T, dm) (T the unit circle, dm the normalized Lebesgue measure),
and @q(z) = £==, for |a] < 1. In Section 8 we consider the retraction 7 : Q(H) — P(H) and
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prove that m(E) = 05(5). We also examine certain metric properties of m(E).

2 Preliminaries

We say that an operator C is a reflection if C? = 1; a symmetry S is a selfadjoint reflection.
We identify a closed subspace & C H with the orthogonal projection Ps onto S, and with the
symmetry 2Ps — 1 which equals the identity on S and minus the identity on S*. The set of
subspaces, projections or symmetries will be denoted P(H). Similarly, we denote by Q(H) the
space of idempotents () or reflections 2Q) — 1.

When considering a pair of subspaces S, T C H (or projections Ps.Py) as points in P(H), a
key geometric fact are the intersections SN7+ and ST N7 the necessary and sufficient condition
for the existence geodesics of P(H) joining Ps and Pr is that these intersections have the same
dimension; the geodesic is unique (up to reparametrization) iff these intersections are trivial.
The geodesic § which joins 6(0) = S and §(1) = T (S and T satisfying the above condiion)
takes the form of a one-parameter group of unitaries acting on S. The infinitesimal generator



of this group is a bounded selfadjoint operator X, which can be chosen with norm ||X|| < 7/2,
and its 2 x 2 matrix with respect to S @ St = H (and also with respecto to T @ T+ = H) is
codiagonal. The geodesic is then, as a curve of subspaces

5(t) = XS,

or
5(t) — eitXPge_itX, 5(75) — eitX(QPS _ 1)e—itX

as projections or symmetries. Regarded as symmetries, it has the useful computational feature,
that since X is codiagonal with respect to SES+ = H, X anti-commutes with 2Ps—1. Therefore
0 takes the alternative forms

5(t) = e*"*(2Ps — 1) = (2Ps — 1)e *"*¥.

These facts were shown in [11].
In our case,

R(E)NR(E*)* = R(E)N N(E) = {0} and R(E)* N R(E*) = N(E*) N R(E*) = {0},

so that there exists a unique geodesic joining Prg) and Pg(g+).
Also note that
R(E) N R(E") = {f € R(E) : B'f = 0} = N(B"), (2)

and
R(E)Y*NR(E"* ={g € R(E)* : By=0} = N(B). (3)

Two subspaces S, T are in generic position [9], [10] if SNT = SNT+ = StNT =S+tNT+ = {0}.
In general, we call generic part of S and T the subspace

1
Ho = (SmT@SmTL@SLmT@SLmTL) .

In our case R(E) and R(E*) are in generic position iff B has trivial nullspace and dense range.
The generic part of R(E) and R(E*)

Ho = (R(E) NR(E*) @ R(E)* N R(E*)i)l — (N(B) & N(B*))*

is trivial iff B = 0, i.e. £ = E* is an orthogonal projection. Since E and E* coincide in Hj,
in order to characterize the unique geodesic between Ppgy and Pg(g+), we must focus on the
subspace Hp.

3 The distance between R(E) and R(E™)

Let us first recall a result by D. Buckholtz [6]:

Remark 3.1. [6] Let S,7 C H be closed subspaces. Then the following are equivalent:
L S+T =H.
2. ||Ps+Pr—1| <1.



3. Ps — Pr is invertible.
As an immediate consequence we get
Corollary 3.2. ||Pg) — Prp)ll < 1.
Proof. Put S = R(E) and T = N(E) = R(E*)‘. Then the first condition is verified, and
therefore the second says that
| Pre) + Pney — 1| = [1Pree) — Pyeyell = 1Pre) — Pres |l < 1.
O

Let us now estimate this distance in terms of the operator B = Bg : R(E)* — R(E) of (1).
To this effect, it will be useful to have formulas of Pp(g) and Pgr(g+). In [1], it was shown that
(note that E + E* — 1 is invertible)

Prpy=E(E+E*—1)7", (4)

and
Pppy = E*(E*+E—1)"". (5)

Therefore
Pr(p) — Prpsy = (E— E*)(E+ E* —1)"".

Let us write this expression in terms of B (see (1)). To compute (E + E* — 1)~!, note that

pre-1=( g 5

B* -1
and
. e [ 1+BB 0
(E+E"—1) _< 0 1+BB
Then ( ) .
. 1 [ A+BBY)" 0 1 B
(E+ B —1)7 = ( 0 1+BB)" )\ B 1
_( (1+BB*)' (1+BB*)"'B
“\ (1+B*B)"'B* ~(1+B*B)7!
Therefore
P p _( BO+B*B)™'B* —-B(1+B*B)! (©)
R(E) = TR(E) =\ _B*(1+ BB*)"! —B*(1+BB*)"'B )’
Since B*(BB*)* = (B*B)¥B* for any k > 0, we get that
B*(1+BB*)"'B=(1+B*B)"'B*B=B*B(1+ B*B)".
Similarly,
B(1+B*B)"'B*=(1+ BB*)"'BB* = BB*(1+ BB*)"\.
Then we have also
P p _ ( BB*1+BB*)™' —-B(1+B*B)"! @)
R(E) = “R(E*) =\ _PB*(1+4 BB*)~! —B*B(1+ BB*)"!

We shall need the following result by G. Corach, H. Porta and L. Recht [7] (Corollary 1.7):



Remark 3.3. [7] Put #; = R(E) N N(E)*, Hy = R(E)* N N(E), H3 = R(E) © H; and
Hy = R(E)*t © Hs. Then, in the decomposition H = H1 @ Ha @ Hz © Hy, E is written

_ 1 —Q*(1-Q)"*D
E_1@0@<0 0 )

Here @ is a positive contraction in Hz with N(Q) = 0 and 1 — @ invertible, and D : Hq — H3
is an isometric isomorphism.

Denote by R the selfadjoint operator

Ri=-Q'2(1-Q)' (8)
. Then, with these notations, we have
Theorem 3.4. Suppose that R(E) and N(E) are infinite dimensional. Then

t
V1412

o(Pr) — Pre+) \ {0} = {= 1t €o(R),t #0}.

In particular,
| Pr(Ey — Pree+ll = Bl .
(1+||BJJ?)*/*

Proof. Case 1. Suppose first that H = £ x £ and B : L — L satisfies B* = B. Then, using (7)
we have

B B2(1 +B2)71 —B(l _i_BZ)fl
PR(E) - PR(E*) - —B(]_ + BQ)—l —32(1 + BZ)—l

We can factorize Pr(g) — Pr(g+) = ST, where

g B(l +BQ>71/2 _(1 +B2)71/2 ol T — B(l +B2)71/2 0
“\ @+ BY) V2 B+ B2 - 0 B(1+ B2)~1/2

The operator S is a symmetry: S* = S and S? = 1. Also it is clear that S and T commute.
Consider A the (commutative) C*-algebra generated by S and T. The spectrum o(Pgg) —
Pg(g+)) can be computed

0(Pr(gy — Pre+)) = {¢(S)p(T) : ¢ is a character in A}.

Since S is a symmetry, ¢(S) = £1. On the other hand ¢(T') takes (all possible values) in the
spectrum of T, i.e., o(T) = o(B(1 + B?)~1/?) = {\/li_j 1t € o(B)}. Since Prp) — Prg+)
is a difference of orthogonal projections, its spectrum is symmetric with respect to the origin
(see for instance [8]): save for £1, which may or may not belong to this spectrum - and in
this case they do not, because the norm of the difference is strictly less than 1, we have that

A € 0(Pr(py — Pr(g+)) iff =X\ € 0(Pp(g) — Pr(g+))- Therefore we have that in this case

U(PR(E)_PR(E*)):{:E ZtEO‘(B)}.

¢
V1412



In particular, since the continuous function f(t) = t(1 + t2)~/? is increasing for all ¢ € R, and
B is selfadjoint (which implies that either +||B| or —||B|| belong to o(B)) we have that

IB(1+ B*) 72| = sup{|f(t)| : t € o(B)} = max{~f(~|IBI|), f(IBI)} = f(| BI)

1Bl
(1+ 1B 72

B s
It follows that ||Pggy — Pr(e+)ll = (H”HB% in this case.

Case 2. (General case): by the result of Corach, Porta and Recht (Corollary 1.7 in [7])
recalled in Remark 3.3, we have that in certain orthogonal decomposition H = H1 DG HoDH3DHy4,

FE can be written

1 RD
E_1690@<0 0 >

where R = —QY?(1 — Q)~/? is selfadjoint in H3 (as in Remark 3.3), and D : Hy — Hz is
a unitary transformation. Denote by E’ the idempotent ( (1) ROD > in Hy @ H4. Clearly, it
suffices to establich our claim for £’ (on Hy & Ha, E is selfadjoint, and therefore coincides with
E*, Ppg) and Pp(g-)). Consider the unitary operator D : H3 @& Ha — Hz x Hg given by

D(f+g)=(f,D"g).

Then DE'D* is a idempotent in Hg x Hz, given by

DE’D*(f,g):DE’(f+D*g):D<1 RD)( f ) Hs :D(f—I—RDD*g> s

0 0 D*qg ) Ha 0 Ha
= (f + Rg,0),

. 11 * 1 R : : ITY* ) * 1\ *T)*

ie., DE'D* = 0 o )™ Hs x Hs. Since (DE'D*)* = D(E')*D* and

Prprp) — Pro(ey+) = D (Prsry = Prieyr) D7,

we have, by the previous case,

t
U(PR(E’) — PR((E’)*) = {:t ,71 +t2 1t e O'(R)},
and thus y
U(PR(E) - PR((E)*) \ {0} = {im te J(R)7t # 0}
And also

IRl 1B
P - P * — P N — P AT — = R
1Pree) = Primn) | = I1Pre) = Praenoll = @ mp 2 = @1 (B2

because ||B|| = ||RD|| = ||R|. O



Remark 3.5. We can write the spectrum Ppg) — Pr((g)+ in terms of Q (instead of R). Note
that
R(l + R2)—1/2 _ _QI/Q-

Thus we get
o(Prpy — Prep):) \ {0} = {s: s> € 0(Q), s # 0}.

Remark 3.6. The value 0 may or may not lie in the spectrum of Pr(g) — Pr(p+). Indeed, since
Pr(g) = Prig+) = (E— E*)(E+ E* —1)7!

it follows that Prp) — Pr(g+) is invertible if and only if £ — E™ is invertible. Note that

., ( 0 B
E—E(_B* 0)

is invertible if and only if B : R(E)* — R(E) is an isomorphism.

The geodesic distance dy(P, Q) between two projections P and @ is defined as the infinum
of the lengths of all piecewise smooth curves joining P and @ inside P(#), where the length
£(~y) of a piecewise smooth curve v parametrized in the interval I is measured by

7 = /I o

using the usual norm of B(H). It has been shown that (see for instance [2]), that dy(P,Q) =
arcsin [|P — Q.

1 B

Corollary 3.7. Let E = < 0 0

), with R(E) and N (FE) infinite dimensional. Then

dg(PR(E)va(E*)) = arctan HB”
Proof. Denote d = dy(Pg(g), Pr(p+))- Note that 0 < d < 7r/2 We know that || Pr(g) — Pr(g+ || =

IBI__ — sin(d). Then cos(d) = (1 — sin(d)?)¥/2 = Thus tan(d) = ||B]. 0

(+[1B]%)1/2 (1+IIBII)1/2

4 The geodesic between R(F) and R(E™)

Since HPR( B)— Pr(e+ |l <1, there exists a unique operator X g, the velocity vector of the geodesic
dp at t = 0, such that 0g(0) = Pr(p) and 6g(1) = Pp(g-). The operator Xp thus satisfies

Xt =Xp, |Xg| <7/2, Xgis R(E)® R(E)* co-diagonal,

(meaning that its matrix with respect to this decomposition is co-diagonal, or equivalently,
Xg(R(E)) € R(E)* and Xg(R(E)*) C R(E)) and

¢ XER(E) = R(E").

The geodesic si of the form g (t) = e!X# Pry pye”"XE (and this last condition is
e"XE Ppigye” B = Ppg+y (see [7])).



For certain computations, it is useful to consider symmetries instead of projections: to the
closed subspace & C H the symmetry 2Ps — 1, which equals the identity in S and minus the
indentity in S*. This is the standpoint in [11]. The fact that Xp is co-diagonal tranlates to
the fact that Xp anti-commutes with 2Ppg) — 1. It follows that e“XE(QPR(E) —1) = (2PgE) —
1)e~ X5, Thus the geodesic €(t) = 26(t) — 1 is given by (see[11])

6(t> = e?itXe (2PR(E) — 1) = (2PR(E) — 1)6_2itXE.

Let us compute the exponent Xp associated to E (with R(E) and N(E) infinite dimensional).
First we analize the case when H = £ x £ and B : £ — L is selfadjoint.

Lemma 4.1. If H=L X L and E = < (1) g >, with B : L — L selfadjoint, we have that
X 0 iarctan(B)
E=\ —iarctan(B) 0 '

Proof. In view of the above comment, we have that e2iXe(2PR(E) —1) =2Pp~ — 1, ie,

o2 XE (2P — 1)(2Pr(py — 1) = (2E*(E+ E* — - 1) (2Pr(p) — 1)

-1
o R o 1 —B 1 B 1 0
=(E"—E+1)(E+E" - 1) (2P 1>—(B 1 )(B —1) (0 —1>

() ) ()

-1
. 1 B (1 B (1+ B%)~1 0 . :
using that ( B 1 ) = < B 1 > ( 0 (1483 ) Since the right hand

two matrices in the product above commute, we have

e ()3 )6 ) ()
_ (=B +B)7" —2B(1+B%)"
< 2B(1+B%)~!  (1-B*(1+B%! )

Note that C' =: (1 — B%)(1 + B%)~! and S := 2B(1 + B?)~! are selfadjoint operators, with
—14+d<C<1—-d,-14+d<S<1-dforsome0<d<1,and C>+ S? = 1. Then there
exists Z* = Z in B(L), ||Z]| < 7/2 such that C = cos(Z) and S = sin(Z). Thus

o= (G ) ) e xe=(L4, i)

Finally, note that $Z =  arcsin(2B(1 + B?)) = arctan(B), by the functional equality

1 in
— arcsin
2

T t2) = arctan(t)

valid for all ¢ € R.



We analize now the general case. Again we invoke the result by Corach, Porta and Recht
[7] (Remark 3.3 above): in the orthogonal decomposition H = Hi & Ho & Hz @ Hye, E =
1 RD

1e0® ( 0 0 ), where R is selfadjoint in Hs and D : H4 — H3 is a unitary transformation.

Then, using this decomposition,

. 1 0
B =1000 ( Ly )

and thus .
?XE — (B* — E+1)(E+ E* — 1) (2Pp(g) — 1)

=la@le (F) —E+1)(F+(F) -1)"(2Pgm) - 1),

, (1 RD\ (1R
=0 )= (o 0P
for the unitary D : Hs & Hy — Hz X Hs, D(f + g) = (f,D*g). Then ((E')* — E' + 1)(FE' +

(E')* — 1) (2Pr(py — 1) equals

.( A=R)»1+R»' —2R(1+R»)7!
D ( 2R(1+ R?)™! (1-RY)(1+ RY)! > D.

where again

Therefore we have

Corollary 4.2. Let E be an idempotent with R(E) and N(E) infinite dimensional. Then, with
the current notations, the exponent Xg of the unique geodesic in P(H) joining Prp)y at =10
and Prp+) att =1 1is

Xp=0006 < ) 0 iarctan(R)D > '

iD* arctan(R) 0

Proof. In Hq @ Ha, X7 equals the identity, so X = 0 there. The rest of X is deduced from
Lemma 4.1:

D* 0 iarctan(R) D - 0 iarctan(R)D
—iarctan(R) 0 ~ \ —iD*arctan(R) 0 '

O]

Remark 4.3. We can therefore compute de midpoint 7(%) of the geodesic joining Pp(g) and
Pp(g+). We choose to write the corresponding symmetry 27(%) —1=¢Xp (2Pr(g) — 1). Note
that in the decomposition H = @?:1 H; given in Remark 3.3, we have that

0 —arctan(R)D )

¢Xe 11 EBe( D* arctan(R) 0

which after elementary computations, equals

cos (arctan(R)) — sin (arctan(R)) D ) '

lole ( D*sin (arctan(R)) D* cos (arctan(R)) D

9



Since cos(arctan(t)) = \/117 and sin(arctan(t)) = \/1';7 we get that this expression above

equals

Le1 o ( (1+R%)~Y2  —R(1+R»7Y2D > .

D*R(1+ R*)~Y2 D*(1+ R*)~'2D

Therefore we get

1 B (1+ R2)~1/2 R(1+ R?)~2D
27(5) —l=1819 < D*R(1+R)~Y2 _Dp*(14+ R2)~/?D )" (9)
In the special case when H = L x £ and B : L — L is selfadjoint, we have
1 _( (1+B»)H7V2 B(1+B%)71/?
27(5) 1= < B(l +BQ)_1/2 _(1 +B?)—1/2 : (10)

5 The matched projection
In [12], X. Tian, Q. Xu and C. Fu defined the matched projection m(E) associated to an idem-
potent E. It has remarkable properties with respect to the operator order (see also [13]). For

E = ( (1) ﬁ ) in the decompostion H = R(E) @ R(E)*, m(E) is defined as

1/ (T+1)7! T-'B

= o x\1/2
m(E) 5 < Bl B (T(T+1))"' B ) , for T:=(1+BB*)"/~. (11)
Remark 5.1. Let us state some of the properties of m(E) (see [12]).

1. For any orthogonal projection P,

Im(E) — E|l < [P = E[| < ||t —m(E) - E.

2. |m(E) - E| = 3{|E| -1+ VIEI? - 1}.
3. m(E)=m(E*), m(1—-FE)=1-m(E).

4. If K is a Hilbert space and ® : B(H) — B(K) is a *-homomorphism, then m(®(E)) =

The matched projection has the following geometric interpretation:

Theorem 5.2. Let E be an idempotent, and vg the unique geodesic of P(H) such that vg(0) =
Prg)y and vg(1) = Pgg+). Then
1

m(E) = 75(5).

Proof. As before, we consider first the case H = £ x £ and B : L — L selfadjoint. Then the
symmetry 2m(FE) — 1 associated to m(E) is

(1+BHY2+1)1+B*) -1 (1+B»~'B
B(1+ B?)~! B((1+B)V2((1+B)Y2+1)) ' B-1

10



which after elementary computations equals

(1_‘_32)71/2 B(l +B2)71/2
B(1+ B?)7Y/2 —(1+ B%)~1/2

which is precisely the expression of 2§ E(%) — 1 given in (10) in Remark 4.3.
Consider now the general case, and again the decomposition H = @?:1 ‘H; in Remark 3.3. In
H1 @ Hz, E is an orthogonal projection, and thus m(E) = E = Prgy = Pr(g~). Let us analize

Hs @ Hy, and denote by E’ the reduction of E there. Here E' = ( (1] ROD >, and according to
(11) (see [12]): for T := (1 4+ BB*)'/2, after elementary computations
N ((T+1)T -1 T-'B
2m(E) — 1= ( BT B*(T(T+1)"'B-1
[ (1+BB)? (1+ BB*)~1/2
“\ Ba+BB)2 B ((14+BB)2((1+BBY24+1)) " —1 )"

Note that for any k > 0, (BB*)*B = B(B*B)¥, and thus for any continuous function g in the
spectrum of BB* and B*B, one has g(BB*)B = Bg(B*B). Therefore the 2,2 entry of the
matrix above equals

B* ((1 + BB*)1/? ((1 + BBY)Y? 4 1))71 1

-1
=B"B ((1 + B*B)/? ((1 +B*B)"/* + 1)) —1=—(1+B*B)"'/2,
after elementary computations. That is

n_ . ( (+BB")7Y2 (1+BB*)YB
2m(E) —1= ( B*(1+ BB*)™/? —(14 B*B)~!/2

On the other hand, in Hz @ Ha (using the unitary D above)

0 iarctan(R)D

—iD* arctan(R) 0 > (2Pgpy — 1)

L (
205 (5) — 1= e (2P — 1) =€
( 0 iarctan(R)D )
_D* —iD* arctan(R) 0 D(2Pp 5 — 1),
1 0
0 —1

1 o { Q+R» Y2 (Q+R)R 1 0
2w (y)=1=D (—R(1+R2)_1/2 (1+R2)‘1/2><0 —1>D

Note that D(2Ppgy — 1) = ( > D. Then, using the first case

(13)

- (1+R2)_1/2 (1 —|—B2)_1/2RD
-\ D*R(1+R»)™Y/2 —D*(1+R*7'?D )~

Since B = RD, we have

11



o (1+BB*)"Y/2=(14+RDD*R)™1/? = (1+ R?)~V/2,

e (1+BB*)"'/2B = (1+ R?)"'?RD;

e B*(1+ BB*)~'/2 = D*R(1+ R?)~"/2; and

e —(1+B*B)"Y2=—(1+D*R*D)"Y/2 = —D*(1+ R?)'/?D.

Therefore (12) equals (13). O
Remark 5.3. Recall the properties of the matched projection cited in Remark 5.1. For instance,
if g is the unique minimal geodesic such that d5(0) = Pr(gy and dp(1) = Pg(g-), then §5(t) =
1 — g(t) is the unique minimal geodesic joining 6%(0) = 1 — Prp) = Py(g+) and 65(1) =
1-— PR(E*) = PN(E) It follows that the midpoints 5E(%) of PR(E): PR(E*) and (5JE‘(%> of PN(E)a
Py gy, satisty
1 1
(3) ~ Bl < 1P~ E|l < v (3) — .

for all P € P(H).

Note also that the properties m(F) = m(E*) and m(1 — F) =1 — m(F) are (geometrically)
evident. Indeed, in the first case, m(F) is the midpoint of the unique geodesic between Pr(g)
and Pp(g+), which is the same as the midpoint beween Pr(g+) and Pggy, i.e., m(E£*). In the
latter, m(1 — E) is the midpoint beween Pr_g) = PnE) = P]%(E*) and Pr_p+) = Pﬁ(E).
Now the geodesic between P and Q' is 1 — §, where ¢ is the geodesic between P and Q. The
asssertion follows.

Finally, if ® : B(X) — B(K) is a unital *-homomorphism, and 6(t) = €"X Pppe "X is the
geodesic joining §(0) = Pgr(g) and 6(1) = Pg(g-), then

D(6(t)) = q)(eitXPR(E)e,itX) — eit(b(X)(I)(PR(E))efité(X)'

Note ®(0) is also a geodesic: ®(X) is selfadjoint and ®(Pr(g))-codiagonal. And also, due to the
formulas (4) and (5),

®(Pr(z)) = ®(E(E+ E* =1)7") = ®(E)(®(E) + ®(E)* —1)"" = Pr(a(s));
and similarly ®(Pg(g+)) = Pr(a(rg)«)- So that ®(m(E)) = (5(3)) = m(®(E)).
6 Computation of the midpoint in terms of Dixmier’s theory
and Davis’ symmetry

J. Dixmier [9] (see also [10]) proved that given two projections P, @ in generic position in a
Hilbert space H, there exists a unitary isomorphism between H and a product space £ x £, and
a positive operator X in £ with N(X) = {0} and || X|| < 7/2 such that, the projections are
carried (via this isomorphism) to

10 c? CS
P—(o o> and@_(cs 52>’
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where C' = cos(X) and S = sin(X). In terms of this description (and modulo this spatial
isomorphism) the unique geodesic between P and @ is easy to describe. Indeed, note that

(65 @)=(8 ) a5 e)

and
0 —-X , 0 X
C—S_(X 0>_Z<—¢X 0>
(¢ 5)- . |
Therefore
, 0 X
c S\ [(C -S *_Z(ix o)
<—s c)‘(s c)‘e '
. 0 X \. . .
That is, ( X0 > is the exponent of the unique geodesic

0 X

| (0 X
5(t):e”( —iX 0 )<(1) 8>€”( —iX 0 )

joining 6(0) ~ P and 6(1) ~ Q. Therefore, if one writes the curve 20 — 1 of symmetries ,
associated to the geodesic 4, it takes the form
0 1 X

(2 ) oy (2 T
U 5 G 1 0\ "\ —ix o
20(t) —1=2e <OO>€ -1
L0 X L 0 X i 0 X
. L iX 0 <2<1 0>_1>e —iX 0 )_ T\ —-iX 0 <1 0)
- 00 - '

0 —1
Then
i 0 X
25(1)_1_6’2 —iX 0 1 0\ [(C =S 1 0\ [(C S
27 T 0o -1 /) \s C o -1) \s —C )
Therefore:

Theorem 6.1. Let P, Q be in generic position. Then, modulo the Dixmier isomorphism, the
midpoint of the geodesic bewteen P and Q) is

1 1/ C+1 S
‘5(2>—2( s 1—0)'

In our case, P = Pr(g) and () = Pp(p~) may not be in generic position. The relevant
decomposition to describe the position of R(E) and R(E*), in terms of Dixmier’s approach
(recalling that R(E) N R(E*)* = {0} = R(E)* N R(E¥)) is

H = R(E)N R(E*) & R(E)* N R(E*)* & Ho, (14)

13



where H, is the generic part. Then, the exponent X, of the geodesic between Pr gy and Pr(g+),
in terms of the decomposition (14) is, modulo the Dixmier isomorphism

0 1X
XE—O@OEB< X 0 >

This is because in the first two subspaces, Pr(g) and Pgr(g+) act, respectively, as the identity
and zero.

In [8], Chandler Davis established the relation between decompositions of a selfadjoint
contraction A as a difference of two orthogonal projections P,Q (i.e., A = P — @), and
symmetries V such that VAV = —A. Specifically, in the case when P and () satisfy that
R(P)NN(Q) = N(P)n R(Q) = {0}, there is a special symmetry Vy, given by

Vi:=D2(P+Q-1), (15)
where D :=1— (P — Q)% Note that N(1 — (P — Q)?) = R(P) N N(Q) & N(P) N R(Q) = {0},
but 1 — (Pg)? need not be invertible, and thus D~1/2 might be unbounded. Nevertheless, V

turns out to be a symmetry, satisfying V;AV; = —A. In [3], we proved the relation between Vj;
and the geodesic joining P and @ (which in this case is unique), namely

Vy=eZ (2P - 1), (16)

where Z is the (selfadjoint) exponent of the (unique) geodesic § joining P and @, or through

Dixmier’s isomorphism
V) ~ c -5 1 0
i=\s c 0 -1 )

Corollary 6.2. The midpoint 5(%) of the geodesic ¢ joining P and Q is

In other words:

5(5) = 5(Va+ 1),

ie., Vg=28(3)—1.

Proof. We emphasize that in our case, P = Pr(g) and Q = Pg(g-), the condition R(P)NN(Q) =
N(P)N R(Q) = {0} holds. O

Let us write down the symmetry V; in our special case. I turns out that it has a nicer
expression in terms of reflections: write C = C = 2E —1 (so that C* = 2E* —1). After routine
computations, we obtain that

Prpy=(14+C)(C+C*)™" and Prpy = (1+C*)(C+C*)~L (17)

Notice that in our case, D = 1 — A? is invertible (i.e., D~! is bounded), because ||A| =

||PR(E) — PR(E*) < 1.

Theorem 6.3. With the current notations, we have that for Prgy and Pr(g«, the Davis sym-
metry Vy is the unitary part in the polar decomposition of C' + C*.

14



Proof. We compute first
D=1-A*=(1-A)(1+A4)
={1-+oO)(C+CHrra+on(CHCH) HiI+ A +O)(CH+CH) T -0 (CH+CHTH
=40*(C+CcHtoc ol
Then ) ) 1
D l= 1(CHCNCC+CTC" = 22+ C°C+CC7) = 1(C+ C*)?,

and therefore )
D72 = FUC+ CHHVE = |0+ C.

On the other hand,
Prp)+ Prpey —1=(14+C)(C+C) '+ (1+CHC+C) T —1=2(C+C*)"1.
Thus,
Vy=|C+C*(C+C*)7L, ie, C+C*=V,C+C¥

is the (unique) polar decomposition of the invertible element C' + C*. O

7 An example

Let us consider the following example:

Example 7.1. Let # = L? = L?(T) (with normalized Lebesgue measure), and for a € D,
consider the map ¢, (z) = fb;f. This map satisfies ¢, (D) =D and |p,(2)| = 1, so that it also
—az
is a map from T onto T, and is its own inverse: ¢, (pq(2)) = z. Therefore it induces a reflection
in L?,
Tof = foa, feL”

Clearly I'2 = 1. The idempotent E, = £(I', 4+ 1) associated to I', has range R(E,) = N(I'; — 1),
with R(E}) = N(I'y + 1)*. These subspaces were studied in [4]. There it was shown that
N(I'y, —1) and N(I'y + 1) are in generic position (Theorem 6.3). Also it was shown (Theorem
3.2) that N(Iy — 1) = T, (€), where w, = (1 — /1 —a]?) is the (unique) fixed point of ¢,
inside DD, and £ is the subspace of elements in H which have only even powers in their Fourier
series:

E={fel®: f= i F2k)z*Y,

k=—o00

so that

00 2k
E)={gel?:g= o Z )y
mE)=foe o= 3 a(f55) )

Accordingly, N(T',+1) =T, O, for O the subspace of elements which have only non nil Fourier
coefficients for odd indices, and then

00 R 2k+1
R(E;):{heLQ:h:Zak< 2 > .

1 — gz

k=—o00
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Let us compute the polar decomposition of I, + I';. It is easy to see that I'; = My, 2I'y =
Lo M jjy, 12, Where 1,(2) = % is the normalized Szego kernel. Then

‘Pa + FZ|2 = (Fa + F:)2 = (Fa + MWQ‘QPQ)(FG + FaMl/Wa\Q) =2+ M|¢a|2 + M1/|wa|2,
and then |I'y +I7| = M., where

%=@+mf+mmmmzlwﬁﬁ

Then
‘/d = |Fa + ]‘_‘Z|(Fa + FZ)_I = M'Ya (Fa + FaMl/‘d)alQ)_l = M’YG {Fa(l + Ml/‘¢a|21—‘a)}_1
= My, (a4+1/1pal?) Lo = My, La-

Then. the midpoint 6(3) of the geodesic between Pr(g,) and Prgs) is

5(35) = 5(Myy, Ta+ 1)

Using the formula in [1] for Pg(g) ((4) above), for the idempotent (I'q + 1) that projects onto
N(Tq — 1) and for 1 — 3(I'y 4 1) that projects onto N(I'q + 1), it is easy to see that

PN(Fa—l) = (1 + FG)M(1+|1ZJ@|2)*1 and PN(Fa—I—l) = (1 — FQ)M(l_i_WalQ)fl (18)
Then
Pnr,—1) — Pﬁ(raﬂ) = Pnr,-1) + Pnao+1) — 1 = My,
where kg = 2(1 + [.]?)"1 =1 = L—leziz An elementary calculation shows that the image

{Kka(2) : z € T} of this map is [—|al, |a|]]. Therefore, in particular,
|Pygra-t) — P, ell = lal (19)

The operator B, : N(I'y — 1)+ — N(I'; — 1) in the matrix representation E, = 1(I'y + 1) =

( (1) Boa ) in terms of H = N(I'y, — 1) ® N(I', — 1)* has trivial nullspace and dense range (this
is a consequence of the fact the eigenspaces of T, are in generic position, see Section 2). Also

B, can be explicitely computed:
1 1
B, = §PN(Fa71)(1 +Ta)(1 = Py(r,)) = 5 Mra (Fa —1).

From Theorem 3.4 and (19) above, it follows that
o
V1—|al?

Consider the polar decomposition B, = U,|B,|, with U, : N(I'; — 1)+ — N (T, — 1) isometric.
Then, with the similar computations as in Lemma 4.1 and Corollary 4.2, we have that the

[1Ball =
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exponent of the geodesic v joining v(0) = Pr(g,) = Pnr,-1) and ¥(1) = Pr(g:) = PJ#(IHH) is
(in terms of the decomposition H = N (T, — 1) @ N (T, — 1)1)

X — 0 iU, arctan(|Bg|)
“ \ —iarctan(|B,|)UZ 0 '

Let us compute |B,| and U, explicitely. Recall that

(Bat E; =1 —1= ( Bali 0 >

0 BB,

On the other hand
(B, +E-1?-1=E,E +E'E, -~ E, — E}

1 o1 . 1 1 AU D 1
= 1(1 +To)(1+T%) + Z(l +IT)(1+T,) — 5(1 +Ta) — 5(1 +T%) = ZFaFa + ZF“F“ b
1 1 1
= -Myp+-M_1 —==DMgq.p2_12.
4 Wal> Ty W ) (‘ﬁﬁfaﬂ‘lp
Then
|BX| 0 ) 1
= My, 2_1-
( 0 ’Ba’ 2 Hwﬁ//"a\ .

It follows that |B,| is the compression of $M,, 2, with Pﬁ(r _1)- Note that
[Yal ¢

Prra—1) =1 = Pyw,—1) = 1= (14 Ta)Mqjy, )1 = Mi_(14jge2)1 = TaM(14pp,p2)--

Clearly T'o M|y, 1241)-1 = M 4,2 T'a. Then

1+[¢al?

PIJ\T_(Fafl) =M 2 (1-Ta).

1+[val?

Thus

1
|Bal = 5M _juy2 (1 =Ta)M ez M 2 (1-Ta),
1+|val? [¥al? 1+|val?

which after straightforwad computations (involving I'y M F(al2) = My /ppa)?)Las for f continuous
in (0, +00)), give
|Ba| = M‘w 2 21y (1 —=Ta). (20)
A (1+[val?)?
To complete the computation of the exponent X,, we must describe the isometry U, : N(T'y —
1)+ — N(I'y — 1). That is

1
M, (T,—1)= UaM,, o ivap—y (1—T,) restricted to N(I'y —1)*.
“y

2 1+[val?)?
Since I', — 1 is an isomorphism when restricted to N(I', — 1)+, this amounts to

lMﬁa — UM

5 - llal2=1l D the range of 'y, — 1‘N(Fa—1)iv ie,on N(I'y +1).

(1+]9a2)2
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This implies that the (non invertible) operator le 2 Ilval2-1  TADS N(T'y + 1) onto a dense
1 (1+lval®)?

subspace of S C N(I'y — 1) = R(B). It follows that on this subspace S, we have

Ua s = MHGM(H\waI?)Q

I1-Ival?]

s = Magn(-gal) My (141pa2) |

t/Itlift #0

0ift—0 . Since the right hand operator is

where sgn(t) is the sign function: sign(t) = {
bounded, it follows that

U, = Msgn(1—|wa|2)M%(1+|"/’a‘2) ‘N(Fa—l)'

Note that Mg, (1-|y,|2) s @ global symmetry: the set {t € [~m, 7] : [t)s| = 1} has measure zero:
it consists of two points (for instance, for a = r € (0,1), it is {arccos(r), —arccos(r)}). This

implies that M%(lea\?) B is isometric.

8 A retraction from idempotents onto projections

In [11] it was noted that the unitary part R in the polar decomposition C' = R|C/| of a reflection
C, is a symmetry. In [7], G. Corach, H. Porta and L. Recht studied the geometry of the map from
the set Q(H) = {C € B(H) : C% = 1} of reflections onto the set P(H) = {S € Q(H) : S* = S}
of symmetries:

71 Q(H) = P(H), (C) =R =C|C| ™. (21)

Notice that in Example 7.1, the symmetry Vy = M|y, I's also coincides with the unitary part in
the polar decomposition of I'y:

FZFG — M(17|a|2 FaFa — lea|2,

[1—az|2

and thus |T'y| = (M W,a‘z)l/ 2= My, |- Therefore the unitary part R, of the polar decomposition
Ly = Ra|Ta| is Ry = T[Ty = My, T'a = V. Tt is fair to ask if this is always the case.

Proposition 8.1. Let C be a reflection, then the unitary part in the polar decomposition of
C + C* coincides with the unitary part of the polar decomposition of C.

Proof. Let C = R¢|C| and C + C* = Rcyc+|C + C*| be the polar decompositions of C' and
C + C*. We must show that

clo)™t = (Cc+ e+
This is equivalent to the equality of the inverses |C]|C = |C + C*|(C + C*)7 1, i.e.,
|IC|C(C+ C*) =|C+ C¥. (22)
Both terms in (22) are positive:

|C|C(C +C*) = |C|(14 CC*) = (CC*)~V2 (1 + CC¥)
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is positive. Then it suffices to prove the equality of the squares in (22):
(IC|(1 + CC*))? = |C + C*>.
The left hand term equals (again, since |C| and 1 + CC* commute)
C*C(14 CC*)? = C*C(1 4 2CC* + (CC*)?) = C*C + 2+ CC*,

which coincides with
IC+C*? = (C+C*?=24CC*+C*C.

We have then yet another characterization of the midpoint between R(E) and R(E*):

Corollary 8.2. The midpoint 5E(%) between Pr(py and Pgrgp+) is the unitary part Rg in the
polar decomposition 2Pp(py — 1 = Rg|2Ppg) — 1|.
In other words,

1 1
In [7], a Finsler metric was introduced in Q(H): for C € Q(H) and X € (TQ(H))c,
| X|c = [llC] 72X |C 2. (23)

Note that in P(H) C Q(H), this is the usual norm of B(H). Among the facts proved in [7], it
was shown that (7'7)¢ is contractive at every point @ € Q(#H). Also, that the metric behaves as
a non positively curved metric when restricted to the fibers 7=1(S), for S in P. In particular,
any two points in the fiber 7=1(S) can be joined by a unique geodesic, which is minimal along
its path. The geodesic C(t) joining C(1) = C with C(0) = S = 7(C) inside 7~1(S) is

c@t) = S|Clt = |C|728|C? = |C|7tS, t e R. (24)

Remark 8.3. Note that the following maps in Q(H) are isometric for the Finsler structure of
[7]:

1. The map E — 1 — FE between idempotents, at the reflection level is C' = 2E — 1
2(1—-FE)—1=—C, and is clearly isometric.

2. The adjoint map C +— C* is also isometric. Indeed, for X € (T'Q(H))c (using that
C*|=lC17h)

|Xcx = NIC 12X 07| 72) = o1 2X |01 2 = (e 2 X127
= JICI"2X[C172) = X]c.

We may combine these facts, with the norm inequalities proved by X. Tian, Q. Xu and C.
Fu in [12], to obtain:

Corollary 8.4. Let E be an idempotent (with infinite rank and nullity). Then, for any orthog-
onal projection P and any t € R we have that

lm(E) = P|| < [|2E = 1|*m(E)]2E - 1|'* - P|.
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Proof. Let C = 2E — 1 and C(t) = |C|7/?7(C)|C|"/? the geodesic joining C with 7(C) =
2m(E) — 1. Then using Remark 5.1.1, for the idempotent $C(t)

Im(5(C() + 1)) = PI| < |5 + 1) - P,

for all ¢t € R. Note that

1 1. il _
S(CH+1) = S(C72r(O)|CI2 +1) = |C]7 2 (n(C) + 1)|C2 = |C| /2 B|C|2.

Also note that all elements in the fiber 771(S) project onto S: 7(C(t)) = 3, i.e., m(3(C(t)+1) =
3(S+1). Then the norm inequality above reads

I5(8+1) ~ Pl < I5(CH) + 1) - P,

which proves our claim. O

Remark 8.5. With the same argument, it can be shown that for any idempotent F' such that
2F — 1 belongs to the fiber 7=1(S) of S = 2F — 1, one has that for any projection P € P(H),

[m(E) = Pl < [|FF = P||.

Remark 8.6. Also the property that the tangent map (7'7) of 7 is contractive can be used.
Denote by d the Finsler metric in Q(H):

d(E, F) = inf{{(v) : v is smooth and joins E and F in Q},

where, for v joining vy(a) = E and v(b) = F

b
() = [ B
Therefore, for F, F € Q we have that
d(x(E), 7(F)) < d(E, F).

For any curve v in Q joining vy(a) = F and v(b) = F, we have that 7(v) is smooth and joins
m(E) and 7(F), and since (T'7) is contractive,

TV ey = [T 7O iy < 1FE)o)-

It follows that £(7m(7y)) < £(y), and the assertion follows.

In particular, for any orhogonal projection P (in the same connected component as 7(E),
i.e., with the same rank and nullity as E), one has that

d(P,m(E)) < d(P, E). (25)

We may describe the situation with the following figure:
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Figure 1

Regarding this figure we have that

Proposition 8.7. Identifying an idepotent E with its associated reflection 2E — 1, and a pro-
jection P with the symmetry 2P — 1 .

1.
A(E,m(B)) = d(E*,m(E)) = || 1og |2 ~ 1]]|
and
1B~ m(B)] = |B° ~m(B)]| = 5 (VIBIE—1+]B]).
2.
A(Pagey, m(E)) = d(Pr(g-), m(E)) = § arctan(|| B])
and

.1
1 Pr(z) — m(E)|| = || Preg+) — m(E)|| = sin(; arctan([| B]))-

Proof. The first part of assertion 1 is from [7]: the unique minimal geodesic v joining (1) =
C = 2E -1 and 7(0) = n(C) = 2m(E) — 1 is »(t) = w(C)|C|", and thus |§(t)|,
|llog |C|||. The second assertion is Theorem 3.17 of [12]: there it was shown that |m(E) — E|| =

L (IEN =1+ /TEIP 1), and clearly | E|| = /[BJZ + 1.

For the second assertion, note that d(Pg(g), m(E)) = 3| Xg||, and || Xg|| = arctan | B|. O

Remark 8.8. We may compute explicitely d(E,, m(E,)) = ||log(Ty)| for I, of Example 7.1
in Section 7. Since log(|C|) = 3log(|C|*) = —3log(|C*|72) and |T;|? = T.I} = My g2 =
M, _;.2, we have that

1=a]?

IOg(‘FZF) = Mlog(\lfdzp)'

1-[a|?
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[1—az|?

the function log( T—Tal? ) takes values between log(1 — |a|?) — log(1 + |a|?) and log(1 + |a|?) —
log(1 — |a|?). Tt follows that

1 1+ |al
E,.m(Ey)) = = log [ =19} |
Ew () = oz (110
Notice that the (unique, minimal) geodesic T'(¢) of Q(H) which satisfies I'(0) = n(T'y) and
(1) =Ty is (see [7]) T'(t) = 7([4)|Ta|'. Then (since m(T',) is selfadjoint)

P(=1) = 7(Fa)[Ta| ™ = La|m(Fa) = (7(Ta)|Tal)” = T

That is, I'}, 7(['y) and T’y (in that order), belong to the same geodesic in the fiber of 7. In

particular, this implies that
1+ |al

d(l'q,Tq) = log(m

).

The fact that C*, 7(C) and C (or E*, m(F), E) belong to the same geodesic, at times ¢ =
—1,t =0 and t = 1, holds in general, with the same proof:

Corollary 8.9. Let C € Q(H). The geodesic C(t), t € R with C(0) = n(C) and C(1) = C,
satisfies C(—1) = C*. In other words, C and C* belong to the same fiber of w, and w(C) =
2m(E) — 1 is the midpoint of the unique geodesic of this fiber joining C' and C*.

This valids the scheme at Figure 1: we already have proved that Pgr(gy, m(E) and Prg-)

belong o the same (unique. minimal) geodesic of P(H) C Q, at times t = 0,¢ = % and t = 1.
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