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ABSTRACT. The primary aim of this work is to develop methods that provide new insights into the rela-
tionships between fundamental constants in Banach space theory-specifically, the projection constant,
the unconditional basis constant and the Gordon-Lewis constant-for the Banach space 2;(X},) of mul-
tivariate analytic polynomials. This class consists of all polynomials whose monomial coefficients van-
ish outside the set of multi-indices J, and it is equipped with the supremum norm on the unit sphere
of the finite-dimensional Banach space X,, = (C", | - ||). We establish a general framework for proving
quantitative results on the asymptotic optimal behavior of these constants, which depend on both the
dimension of the space and the degree of the polynomials. Using the tools developed, we derive as-
ymptotic estimates of the Bohr radius for general Banach sequence lattices. Additionally, we apply our
results to the asymptotic study oflocal constants and the Bohr radius within finite-dimensional Lorentz
sequence spaces, which requires a refined analysis of the combinatorial structure of the associated

index sets. As a consequence, we obtain optimal results across a broad range of parameters.

INTRODUCTION

The study of local properties of infinite-dimensional Banach spaces, which are intricately linked
to the structure of finite-dimensional subspaces, is fundamental to both the local and general theory
of Banach spaces. This area of research is driven by various aspects of modern analysis. One of the
core challenges in local Banach space theory is understanding the asymptotic behavior of certain

fundamental constants that have significant applications.

The goal of this work is to establish estimates for key constants in Banach space theory-specifically
the projection constant, the unconditional basis constant, and the Gordon-Lewis constant-within
the context of the finite-dimensional Banach spaces 22;(X},) of polynomials. In this setting, 22;(X},)
denotes the Banach space of multivariate analytic polynomials P defined on finite-dimensional Ba-
nach spaces X, = (C", | - ||), where the monomial coefficients of P vanish outside the set of multi-
indices J. This space is equipped with the supremum norm over the unit sphere of X,,. Addition-
ally, we explore the relationships between the involved constants. Furthermore, we aim to unify
these concepts in the study of the Bohr radius for unit spheres of finite-dimensional Banach spaces
and demonstrate the application of our general results to a significant class of finite-dimensional
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spaces generated by the scale of Lorentz spaces. To accomplish these objectives, we will employ
techniques from various fields of analysis, including local Banach space theory, probability theory,

complex analysis, Banach lattice theory, and combinatorics.

To clarify these aims, we will present key definitions and essential technical tools that naturally

arise in our investigation.

The projection constant. The projection constant, in particular, is one of the most significant con-
cepts in modern Banach space theory, closely related to the classical problem of describing comple-
mented subspaces of Banach spaces—a problem that has been extensively studied since the incep-

tion of abstract operator theory.

Recall that if X is a closed subspace of a Banach space Y, then the relative projection constant of
X in Y is defined by

AX,Y)=inf{|P|: Pe £L(Y,X), Plx =idx},

where id x denotes the identity operator on X, and £ (U, V) represents the Banach space of all bounded
linear operators between Banach spaces U and V with the supremum norm. Here, £ (U) := £ (U, U),

and we adopt the convention that inf& = co.
The (absolute) projection constant of X is expressed as:
A(X):=sup A(I(X),Y),

where the supremum is taken over all Banach spaces Y and isometric embeddings I: X — Y. Note
that if X is a finite-dimensional Banach space and X is a subspace of some C(K)-space isometric to
X, then (see, e.g., [60, III.B.5 Theorem]):

A(X) = A(Xy, C(K)).
Thus, determining A (X) is equivalent to finding the norm of a minimal projection from C(K) onto Xj.

General bounds for projection constants of various finite-dimensional Banach spaces have been
studied by many authors. The most fundamental general upper bound is due to Kadets and Sno-

bar [38]: For every finite-dimensional Banach space X, we have

1) A(X) = VdimX.

Regarding the Kadets-Snobar estimate (1), we also mention a remarkable result of Pisier [53, Corol-
lary 10.8], who constructed an infinite dimensional Banach space X such that || P|| = § vrank P for
some J € (0,1) and all finite rank projections P: X — X. Konig [41] proved that the Kadets-Snobar

estimate (1) is asymptotically best possible. More precisely, he showed that there exists a sequence



LOCAL CONSTANTS AND BOHR’S PHENOMENON FOR BANACH SPACES OF ANALYTIC POLYNOMIALS 3

(Xn )32, of finite-dimensional real Banach spaces such that dim(X,,) = ni, where ny — oo as k — oo,

and AXo)
lim T~ 1
k—oo /N

Another surprising result in this direction is due to Figiel, Lindenstrauss and Milman [31]. It states
that there is a universal constant c € (0, 1) such that every n-dimensional Banach space E contains
a subspace F such that A(F) = c¢/n.

The unconditional basis constant. The unconditional basis constant of a basis (e;);c; of a Banach
space E is given by the infimum over all K > 0 such that for any finitely supported family (a;);cs of
scalars and for any finitely supported family (¢;);e; with |e;| =1, i € I we have

Zsiaiei’ < K” Zaiei
iel

iel

We denote the unconditional basis constant of (e;)ie; by x((ej)ier) = x((ei)ier; X). We also write
x((e;)ier) = +oo, whenever (e;) ¢ is not unconditional, and say that (e;) ;¢ is a 1-unconditional basis,
whenever x((e;);er) = 1. The unconditional basis constant x(X) of X is defined to be the infimum of

x ((e;)ier) taken over all possible unconditional basis (e;) ;e of X.

The Gordon-Lewis constant. A significant milestone in the study of unconditional basis constants
was achieved by Gordon and Lewis in [35], who introduced the constant now known as the G-L con-
stant. In light of our study of this constant for the space of polynomials, we need to introduce some
additional concepts to properly present the original definition of this important concept in the con-

text of local Banach space theory.

Given Banach spaces X, Y and 1 < p < oo, an operator u € Z£(X,Y) is said to be p-factorable
whenever there exist a measure space (2, %, u) and operators v € £ (X, L,(1), w € £L (L, (W), Y*,
satisfying the following factorization xy u: X — Ly(u) — Y**; here, as usual, ky: Y — Y** is the

canonical injection. In this case the y,-norm of the p-factorable operator w is given by
) ypw) =inflviliwl,

where the infimum is taken over all possible factorizations. We are mainly interested in the norms y,
for operators acting between finite dimensional Banach spaces X and Y. In this case, the infimum
in (2) is realized considering all possible factorizations of the more simple form

u

> Y,
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where 7 is arbitrary. An operator u € Z(X,Y) is said to be 1-summing if there is a constant C > 0
such that for each choice of finitely many x;,...,xy € X one has

N N

Y lluxjlly = Csup{ Y- 1x" (el Ix"lxe <1},

j:l ]:1
By m1(u: X — Y) we denote the least such C satisfying this inequality. It is known that for any n-

dimensional Banach space X, we have
AX)m(Gdy) =n,

and if X has enough symmetries (i.e., any operator u: X — X which commutes with all isometries

on X, is a multiple of the identity map), then
A(X)ﬂl (idx) =n,

see, e.g., [34, 42]. A Banach space X has the Gordon-Lewis property if every 1-summing operator
u: X — ¢, is 1-factorable. In this case, there is a positive number C such that for all 1-summing
operators u: X — ¢,

Y1(w) = Cmy(u),

and the best such C > 0 is called the Gordon-Lewis constant of X and denoted by gl(X).

We can further clarify the aforementioned comment about the crucial role of the Gordon-Lewis
constant in the study of unconditionality in Banach spaces. Specifically, Gordon and Lewis [35]
showed that for every Banach space X with an unconditional basis (e;);e; the following estimate
holds

3) gl(X) = x(X) = x((eien)

It is worth noting that in contrast the unconditional basis constant, the Gordon-Lewis constant has
the useful (ideal) property that gl(X) < ||ullllv|| gl(Y) whenever u: X — Y and v: Y — X are op-
erators such that idx = uv. In particular, if Xj is an isometric subspace of X, we get the following
estimate

gl(Xo) < A(Xo, X) gl(X).

The projection constant of a Banach space X can be formulated in terms of the co-factorization
norm of the identity operator idx. More precisely, if X is a Banach space and Xj is any subspace of

some Lo, (1) isometric to X, then

4) A(X) =Yoolidx) = A(Xo, Loo (1)) -
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In the general case of finite-dimensional spaces, determining these constants, or even finding
their optimal asymptotic behavior as a function of the dimension of the space, is indeed a challeng-

ing problem.

Summary of key results. Our focus is on spaces of polynomials defined on n-dimensional Banach

spaces.

We mention three fundamental examples for projection constants of multivariate polynomials.
The first one is a theorem of Lozinski and Kharshiladze (see [60, IIIB. Theorem 22] and [49]), which
shows a precise estimate of the projection constant of Trig_,, (T), the space of trigonometric polyno-

mials on the torus T c C of degree at most m equipped with the sup-norm:

4
5) Afﬁgsmﬂﬁ):gzbg0n+1y+oﬂl

The second result is a beautiful formula from the 1980s, due to Ryll and Wojtaszczyk [56] (see
also [60, ITIIB. Theorem 15]), which provides the exact value of the projection constant for the space

P (£7) of all m-homogeneous polynomials on the n-dimensional complex Hilbert space 7'

F'n+mT 1+ %)
T(1+m)(n+2)

6) AP (e])) =

This result was a key step in addressing several open questions of the time in the context of Hardy
and Bloch spaces on the complex ball, including one posed by Rudin, who asked whether there ex-
ists an inner function on the open unit ball of Hilbert spaces (see, e.g., Rudin’s monograph [55] and

Aleksandrov’s article [1]).

Motivated by the study of multivariate variants of Bohr’s famous power series theorem, Defant
and Frerick [16] (see also [25, Section 22.2]) provided (implicitly) the following asymptotically sharp

estimate

m l—m
(7) AP (€])) ~cm (1 + %) ( { 2})

)

where 1 < r < oo and ~¢m stands for equivalence up to C™ with a constant C only depending on r.

We note that the cases involving polynomial spaces on real and complex Hilbert spaces, Boolean
cubes, as well as Dirichlet polynomials, have been explored in [19],[21], [18], and [20], respectively.
These works, authored by Defant, Galicer, Mansilla, Mastylo, and Muro, are part of a recent system-

atic study that also includes an analysis of the projection constant for the trace class [22].

We now provide a brief overview of some of the main results of the present article. In Section 1, we

review the key definitions and notation used throughout the paper.
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In Section 2, we establish the relationships between the Gordon-Lewis constant gl(2?;(X,)), the
the unconditional basis constant xmon(g’](Xn)) (that is, the unconditional basis constant of the
monomials (z%)qey in 227(X,,)) and the projection constant A(2?;(X,,)) in the case that X, = (C", | - ||)

is a Banach lattice and J an index set. The main results here are Theorem 2.6 and Theorem 2.7.

Applying a famous theorem of Lozanovskii, we derive new upper estimates for A(2;(X,)) in the
setting of Banach lattices X;,, = (C",| - [). We draw attention to Theorem 2.19 and Corollary 2.20.
These results allow us to systematically extend estimates like (7) to a wider range of spaces X,, and
index sets J. To obtain lower estimates for xmon(QI(Xn)), we use probabilistic methods. An appli-
cation of the obtained estimates is Theorem 2.16, which states that in a class of 2-convex Banach
lattices X, for a large class of index sets J, the lower and upper bounds of the aforementioned con-

stants Ymon(27(Xy)) and A(2?;(X,,)) are asymptotically correct.

We also revisit and expand on various results from the literature concerning Bohr radii in high
dimensions in this section. Recall that given an n-dimensional Banach lattice X,, = (C",| - 1), the
Bohr radius K(By,) of its open unit ball By, is the largest 0 < r < 1 such that for every holomorphic

function f: Bx, — C, the following holds:

sup Y.

Z€rBx, aeNg\')

0*f (0
Lz“ < sup |f(2)|.

ZEBXn

Bohr’s famous power series theorem in [11] shows, for the unit ball D of the Banach space C, that
K(D) = % . As usual, the Banach space of all bounded holomorphic functions f: Bx, — C is denoted
by Hy(Bx,). We will focus on a more general setting. Fixing an n-dimensional Banach lattice X;, =

(C™ I - ) together with an index set J N(()N), we consider the closed subspace
H/ (Bx,):=1{f € H®(Bx,): ca(f) =0for a ¢ J}

of the Banach space of all bounded holomorphic functions H,(By,), and define

a
0 Cj: '(0) e

®) K(Bx,,J):= sup{r €(0,1): sup ¥

ZETBXn ae]

< flleo forall fe HgO(BXn)},

the Bohr radius of By, with respect to /, and K(By,) := K(Bx,,N{").

Based on our findings, we describe the behavior of Bohr radii with respect to the unconditional ba-
sis and projection constants of characteristics "homogeneous’ index sets, as well as the characteristic
"Homogeneous building blocks’ HZ, (Bx,). Additionally, we explore their relationship to the convex-
ity of the underlying Banach sequence lattices. The key result in this section is Theorem 2.34 which
shows for a large class of Banach sequence lattices X and sets of indices J that K(Bx,,, J) / Viogn/in—

1 as n — oo. This result is inspired by the remarkable work of Bayart, Pellegrino, and Seoane, who in
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[5] established that the preceding limit holds for X = ¢, and the full set of multi-indices, with the

asymptotic order initially determined by Defant, Frerick, Ortega-Cerda, Ounaies, and Seip in [17].

In Section 3, we focus on polynomials defined on finite-dimensional Lorentz spaces ¢ ; and sup-
ported on a given finite index set J of multi-indices. We provide asymptotically accurate estimates
for the projection constant and the unconditional basis constant of 22;(¢7 ), which depend on both
the dimension n and the structure of J. In particular, we show in Theorem 3.3 that for the set of
tetrahedral indices, the estimates for the space of homogeneous polynomials on ¢/ (as given by (7))
remain valid for 27;(¢} ) and for more general sets of indices /, independently of the second pa-
rameter s. To establish similar results for more general index sets (see the Theorems 3.5, 3.8, 3.9,
and 3.19), we overcome subtle technical challenges that are more complex than those encountered
in the case of ¢/, requiring the use of most of the techniques previously developed. Finally, we apply
this to prove Theorem 3.22 on asymptotic estimates of Bohr radii in finite-dimensional Lorentz se-
quence spaces. Specifically, assuming that the index set J has a certain mild structure (including the

tetrahedral indices), we provide the optimal asymptotic order of K(By» , J) for (almost) all r and s.

For the entire index set J = I\Ig\') , this problem was addressed in [27, Corollary 10]. The results pre-
sented here significantly advance those findings by proving the limit in certain cases and providing
a new asymptotically optimal result over a range of parameters, thus making a relevant progress on
an open problem in the field. Our research contributes to the extensive recent literature on both
one-dimensional and multidimensional Bohr radii. For the one-dimensional case, see, for example,
(2, 6,8,12, 36, 39, 40, 51, 52], and for the multivariate case 3, 5, 9, 16, 17, 23, 27, 10].

1. BACKGROUND AND NOTATION

We will require significant notation from (local) Banach space theory, as used in the monographs
[29, 44, 53, 59]. Unless otherwise specified, we consider complex Banach spaces. The dual Banach
space of X is denoted by X*.The symbol By (resp., Bx) denotes the open (resp., closed) unit ball of
X.

If X and Y are isomorphic spaces, that is, there is an invertible operator from X onto Y, we write
X =Y. We use the notion X = Y whenever X and Y may be identified isometrically. To indicate

injective bounded mappings T: X — Y, we sometimes write T: X — Y.

For isomorphic Banach spaces X and Y, the Banach-Mazur distance between X and Y is defined
to be
dX,Y):=inf{|T| | T71|: T anisomorphism of X onto Y}.

If X and Y are not isomorphic, we let d(X,Y) = +oo.
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Given two sequences (a,) and (b,) of non-negative real numbers we write a, <c by, if there is
a constant C > 0 such that a;,, < C b, for all n € N, while a,, ~¢ b,, means that a,, <¢ b,, and b,, <¢ ay
holds. In the case that an extra parameter m is also involved, for two sequences of non-negative real
numbers (ay,,) and (by, ), we write a,,,» <cm by, when there is a hypercontractive comparison,
that is, there is a constant C > 0 (independent of n and m) such that a;, ;,, < C"b,, ;,, for all n,m e N.

Of course, if a,, i, <cm by,m and by, <cp Gn,m We simply write a;, ;, ~cm by, m-

We denote the set of all sequences a € l\l%‘ with finite support as I\I(()N). As is customary, we refer to

these sequences a as multi-indices. It is clear that

N = UG,

neN

where N is interpreted as a subset of I\ION. We say that Njj forms the set of all multi indices of length

n. For each multi-index a = («;) € I\Ig\'), we define the order of a as

lal=) a;.
Using this notion, for m, n € N, we define
Alm,n) ={aeNy: |a| = m},
A= m,n)={aeNy: |a|l < m},
as well as
A(m):={JA(m,n) and A(sm):=JA=m,n).
7 7

The following formula and estimate

n+m-—1 n\m
©9) IA(m,n)Iz( )sem(1+—)
m m

for the cardinality of A(m, n) is crucial for our purposes.

For simplicity of notation and presentation throughout the paper, a subset of I\IS\D is called an
index set. If ] is an index set and m, n € N, then we will frequently consider the following four building
blocks of J:

Jm,n):=JnA(m,n) and J(=m,n):=JnA(=m,n).

Jm):=JnA(m) and J(=m):=JnA(=m).

An index set ] is said to have degree at most m whenever J = J(< m), thatis, |a| < m for all a € J.

Moreover, ] is called m-homogeneous if J = J(m), so |a| = mforall a € J.
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A multi-index a = (a;) € I\I(()N) is called tetrahedral if each entry a; is either 0 or 1. We denote
the index set of all tetrahedral multi-indices by Ar. The preceding definitions also provide precise

meanings for Ar(m, n), Ar(< m,n), Ar(m), and Ar(< m).
Given J c A(m, n), we need to consider the index set
P cAm-1,n),

which consists of all @ € A(m — 1, n) for which thereis 1< k<nand fe Jsuch §; =a; forall1<i #
k<nand By =ar+1. Wecall J? the reduced index set of J. Note that A(m, n)’ = A(m—1, n).

We point out that it will sometimes be convenient to use an equivalent description of A(m, n). To

describe it, let us denote
Mmyn):=1{1,....m}" and Zm,n);={j=1,....Jm) €MLMn): 1 <...< jm},

and observe that there is a canonical bijection between _¢ (m, n) and A(m, n). Indeed, assign to j €
#(m, n) the multi-index a € A(m, n) given by a, = |{k: jx = r}|,1 = r < n, and conversely for each

a € A(m, n) the index j€ _¢(m, n), where

h=.=ju =L Ja+1=. = Jayra, =2 o Jay 41 = o = Jayva, = 1

On ./ (m, n) we consider the following equivalence relation: i ~ j if there is a permutation o on
{1,...,m} such that (iy,...,ix) = (ig),---, icom))- The equivalence class of i € .# (m, n) is denoted by
[i], and its cardinality by |[i]|. Provided that j is associated with a, we have that

. m!
|[O$]|I=|[]]|=E-

Note that, given an index set /] ¢ _#(m, n) = A(m, n), the reduced set J’ in terms of the j-mode is

described as follows:

(10) P =1{je #m-1,n):31<k<n suchthat (j,k).€J},

where we associate to each i € .4 (m, n) the unique element i, € _#(m, n) for whichie€ [i.].
By 22(C") we denote the vector space of all finite polynomials

P@)= ) caP)2% z=(z1,...,20)€C",

n
aeN

where ¢, (P) € C for each a € Njj. More generally, for any nonempty finite index set /, we define
P;(C

to be the subspace of all P € 22(C") for which ¢, (P) =0 for all « ¢ J. Clearly, 22;(C") = ?}’]n,\,g (c".
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For m € N, we denote by Z-,,(C") the space of all polynomials P € 22(C") which have degree
degP := max{|a| : @ € J} < m, and by £2,,(C") the space of all m-homogeneous polynomials. Note
that under the above notation 2, (C") = 2 (<m)(C") and 2,,,(C") = P () (C™).

Given a nonempty finite index set J and a Banach space X, := (C", || - ||), we equip £2(C") with the
sup norm

IPllBy, := sup [P(2)l,

ZEan

and denote the resulting Banach space by 2?;(X;,). This is, in fact, the main object of our interest.

We also need a few facts on polynomials defined on arbitrary Banach spaces X (and not only X, :=

(C™ I - 1D). For all relevant information we refer to [15, 25, 30, 32].

Let X be a Banach space X over the field [, where K € {R,C}, and m € N. A mapping P: X — K is
said to be a (bounded) m-homogeneous polynomial if there exists a (bounded) m-linear form T: X x
-+ x X — K such that P(z) = T(z,...,z) for all z€ X. In fact, given a (bounded) m-homogeneous

polynomial P on X, by the usually called polarization formula

! Y e1...emP

11) TizW,..., 2" =
mi2™m g;==+1

m .
Z €iZ(l) ,
i=1

there is a unique symmetric (bounded) m-linear form T with the property that P(z) = T(z,..., z) for
all z € X. We as usual denote this unique form by 1\3 = T. The space of all bounded m-linear forms
over X is denoted by £Z,,,(X), whereas we write 22, (X) for all bounded m-homogeneous polynomials
on X. Endowed with the norms
ITI= sup IT(",...,2")| resp., [Pl = sup|P(z)l,
zWeBy zeBx

each gets a Banach space. Furthermore, we need the notion of a polynomial of degree less than
or equal to m on a given Banach space X. By &,,(X) we denote the linear space of all functions
P: X — K having the form P = Py + ;" | Pi, where Py € 2 (X),1 < k < mand P, € C. As before,

P~ n(X) together with the supremum norm (of P on By) leads to a Banach space.

We recall the notion of usually called polarization constants, which appear naturally when relating
homogeneous polynomials with their associated symmetric multilinear forms. From (11) we easily

obtain the following polarization inequality

m

v m
IPIl <= —IPll, PePn(X).
m!
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Given a finite dimensional Banach space X, we at a few occasions need to represent £,,(X) and

2,,(X) as injective tensor products. Recall that in this case the canonical identities
Ln(X)=0,X" and Pp((X)=e; X"

hold algebraically as well as isometrically, where ®" stands for the mth full injective tensor product
and ®;! for the mth symmetric injective tensor product (see, e.g., [32]). We also need the mth full
projective tensor product ®7' (resp., the mth symmetric projective tensor product ®;'), which is

dual to ®;" (resp., ®;").

Important geometric concepts from the theory of Banach lattices will be used, and we will repeat

some of them here. For more details, we refer to [44, 45].

A Banach function lattice X over a measure space ({2, </, 1) is said to be p-convex, 1 < p < oo,
respectively g-concave, 1 < g < oo, if there is a constant C > 0 such that for every choice of finitely

many xi,...,xy € X

(5 )], =[5 vt

resp.,

N 1/q N l/q
(X 1et) " = e (X 1)
k=1 k=1

(with the usual modification whenever p = co or g = co). We define the p-convexity constant M) (X)
(resp., g-concavity constant M(,) (X)) to be the least constant C > 0 satisfying the above inequality. In
case that X is not p-convex (resp., not g-concave), then we write M P (X) = oo (resp., M4 (X) = o0).
Clearly, every Banach function lattice X is 1-convex and co-concave (with constants 1). We also
note that, if r < p < s and X is p-convex (resp., p-concave), then X is r-convex (resp., s-concave)
with MT(X) = M7 (X) (resp., M(5)(X) < Mp)(X)). For details we refer to [44, Proposition 1.d.5]. If
a Banach lattice is r-convex, for some 1 < r < oo, then it is p-convex, respectively r-concave implies

g-concave, forevery 1 < p <r < g < oo (see [44, Theorem 1.£.7]).

(Quasi-) Banach sequence lattices X are of special interest for our purposes. We recall that a
(quasi-) Banach function lattice over the counting measure space (Q,ZQ, 1) is called a (quasi-) Ba-
nach sequence lattice over Q2. A Banach sequence lattice X is said to be maximal (or X has the Fatou

property) whenever the closed unit ball of X is closed in the topology of pointwise convergence.
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We are mainly interested in the case Q := {1,...,n} and Q := N. The fundamental function of

a (quasi-) Banach sequence lattice X is defined by

k
ox 0= Y e kea.
4 X
j=1
A (quasi-) Banach sequence lattice X is said to be symmetric whenever we have that (x4(,)) € X with
lxsllx = lIxllx for every x = (x,) € X and every permutation o : N — N.

Notice that if X is a separable Banach sequence lattice over N, then the Banach dual X* can be

identified in a natural way with the Kéthe dual X’ of X, that is,
X'= {(xk) : Y Ixgykl <oo forall (yi)e X}
k=1
equipped with the norm
Il =sup{ Y- 1xeyel: Iollx <1}
k=1

Clearly, X’ is a maximal Banach sequence lattice. We also note that a Banach sequence lattice X is

maximal if and only if X = X”.

Given two (quasi-) Banach sequence lattices X, Y, one may define the pointwise product xy = (xyx)

of x = (xx) € X and y = (y¢) € Y. This leads to the definition of the pointwise product space
XoY:={xy: xeX, yeY},

equipped with the (quasi-) norm |zl xoy := inf{lxlxllylly : z=xy, x€ X, ye Y}. By M(X,Y) we
denote the space of all multipliers from X to Y, that is, all sequences ¢ such that {x € Y forall x € X,

equipped with the (quasi)-norm ||l p(x,v) := sup{lIéxlly @ Ixllx < 1}).

If X is a (quasi-) Banach sequence lattice over N and n € N, then

Izl :=

n
Y |Zk|ekn , z=(21,...,2) €C"
k=1 X

defines a lattice (quasi-) norm on C”, where e stands for kth standard unit vectors of ¢;. This defines
the (quasi-) Banach sequence lattice
Xn = (Cny ” . ”))

which we call the nth section of X. Obviously, the collection {e};_, of all unit basis vectors forms

a 1-unconditional basis of X;,.

Note that the projection constant is bounded by the Banach-Mazur distance to 2, i.e. A(X},) <

d (Xn, zgo), for any n-dimensional Banach lattice X, so it follows that
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provided that [|id: X,, — ¢ || <1, or equivalently |lekllx, <1, 1 < k < n. Conversely, Schiitt proved in
(58] that

(13) @x, (M) =V2|id: ) — X, | A(X,).

2. UNCONDITIONALITY, PROJECTION AND GORDON-LEWIS CONSTANTS

Given a Banach sequence lattice X, := (C", || - |I) and a finite index set J c I\I(N), our goal in this
section is to estimate the projection and unconditionality constant of the Banach space 27;(X},).
These estimates will be expressed as functions of the dimension 7 of the space X,, and the degree
m = max{|a| : @ € J} of the set J. To achieve this, we will explore the relationships between the

invariants of the local theory of Banach spaces as discussed in the Introduction.

2.1. Building blocks. We start by examining how the projection constant varies when considering

subspaces derived from corresponding subsets of indices.

Let X,, = (C", || - ) be a Banach space. Then for each pair of (finite) index sets I, ] I\Ig withIcJ

we define the projection

(14) Q)1 2)(Xp) = P1(Xp), P— ) ca(P)2".

ael

This projection annihilates the coefficients of a polynomial in 27;(X,,) whose indices are in the

complement of 1.

Remark 2.1. Given I,] c I\Ig with I c J and a Banach space X;, = (C", | - ||), we have
A21(Xn) < 1Qy,1 1A (25 (X)) -
Indeed, factorize idg,(x,) = Qj,r° j1,; through the canonical embedding j; ;: 221(X;) — 2?;(X,) and

the projection Qj ; : 22;(X,,) — 21(X,), and use (4).

We will start with a simple but crucial case for further discussion

Proposition 2.2. Let ] = N[ be an index set of degree m. Then, for each 0 < k < m and each Banach
space X, = (€", |- 1),
1Q/,700: 21(Xn) = Py (Xn) | =1,
so in particular
AP0 (X)) < A(21(X) .-

Proof. Given P € 2;(X,,) consider P = ¥/ /Q; j)(P), the unique Taylor expansion of P. Cauchy’s
inequality gives the bound [|Q;, ;) (P)|| < | P| for all 0 < k < m (see, e.g., [25, Proposition 15.33]). U
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Less standard is the result we now prove for subsets of tetrahedral indices «, i.e., @« € A7 (< m, n).
The following tool is crucial for our purposes and is essentially due to Ortega-Cerda, Ounaies and
Seip. Since this result appears in the unpublished manuscript [50] and we need a slight improve-
ment, we provide a detailed proof for completeness. For clarity, we will first define the relevant con-

stant

K= (/ﬁl sincplk)_l ~2.209...,

where (p,)$, stands for the sequence of prime numbers and sinc x := (sin x)/ x.

Theorem 2.3. Let X = (C", || -||) be a Banach lattice and ] = N} an index set of degree at most m. Then
||Q],]TZ P1(Xn) — P (X)) || <x™,
where JT = JN Ar(sm,n). In particular,

M2, (X)) < kMA(P1(X0).

Proof. As usual, we write 7 (x) for the counting function of the prime numbers. Now, given
r= (tlr ceey tﬂ(m)) € R = [O) l]n(m) )

define

(N 53 Lr(m)
rm(t)=c exp(2m(—+_+...+ )),
" " 2 3 pn(m)

where X

w(m) i
Pr (= )
= 2= ferk —1
Cm kl:[1 (2711’ (e )
Note that the function r, : R — C has the following properties:

@) [rrm(®)du®) =1,
(ii) f[prk(t)du(r) =0 foreach 2<k<m,
(iii) |r;;(6)| <« forall t€R.

Here p denotes the Lebesgue measure on R. Indeed, (i) and (ii) are trivial and follow by the definition

of the function, and (iii) holds because |r;,(t)| = |¢;;| and

nm) pZ | o 2 wm) -
leml 2= 1] sz ePt —1| = [] sinc® —.
= (2m) k=1 Pk

Given a polynomial P € 27;(X,,), note that by the properties (i) and (ii) we have the representation

QmP(z)=fRnP(zlrm(tl),...,znrm(t”))du(tl)---du(r"), z€Xy.
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Since X, is a Banach lattice we by (iii) deduce that | P(z1 7, (1), ..., z, 7 (™) < k™| P 2, (x,) for every
Z € By,, and therefore

1Q,7: (P, (x) < K™ Pl x,,) -
This proves the first statement, the second one is an immediate consequence of the observation from

Remark 2.1. O

Observe that by the Kadets-Snobar theorem from (1) we know that for any Banach space X, =

(C", 1l ) and any finite index set / = N we have
A2y (X)) = V< Vm+1 max /1] (k).

We can now provide estimates of the projection constant of 22;(X,,) from above or below by the pro-

jection constants of its ’homogeneous building blocks’ 221 (X)), 0 < k < m.

Theorem 2.4. Let X,, = (C", |- ) be a Banach space, and let ] = Nij be an index set of degree at most
m. Then
max A(2;)(X,)) < AP)(Xp) < (m+ 1) max A2y Xy).
sK=m

O0<k=m
In particular, for any Banach sequence lattice X

VAP (X))
lim sup

7% neN r{/maXOSkSm /’l(@k(Xn))

=1.

Proof. Note first that by Proposition 2.2 for all 0 < k < m it holds A(Z4) (X)) < A(2)(Xn)), so
that it remains to check the second estimate. We use that each P € 27;(X},) has a unique Taylor series
expansion P =} ]’;”:0 P with Py € Zj(1) (X,), and from the Cauchy inequality we know that || Pr|l < || Pl

for all 0 < k < m. Consequently, the two operators

U: 2/(Xn) = D Pj(Xn), P— (PO,

m

Vi D2 (Xn) — 25(Xn), QT — Y Qr,
1 k=1

both have norms less than or equal to 1. Now fix some € > 0, and choose for each 1 < k < m an

appropriate factorization

id
Py (Xn) — Py (Xn)

g /

M
0ok
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such that [ugll < 1 and [|vkll < (1 + €)A(P))(Xn)). Then we arrive at the following commutative

diagram
P (Xn) P (Xn)
UL T v
Do Pk (Xn) D120 (Xn)
@wl T@w
Do o' D1 o

where ® stands for the identity map which here obviously has norm < m + 1. But

| €D x| < maxjucl <1,
as well as
|| EB vk” <max| vl < (1+¢) Or<r}€a<>§n/'l(?}’](k) (X,)).

This finally gives
A(21(X0) < U | @ ure| M(D XF) 101 | D vee| 1V = (m+ 1) max () (X)),
(0,0] ==

the conclusion. O

2.2. The Gordon-Lewis bridge. In this subsection, we use the Gordon-Lewis constant to bridge the
gap between the unconditionality and projection constants. We start with the following result which
relates the Gordon-Lewis constant gl(2?;(X,)) with the unconditional basis constant ¥mon(2?(X»))
of the monomial basis (z%) 4 of 227(X},).

Theorem 2.5. Let X,, = (C", || - ||) be a Banach lattice, and let ] c I\Ig be a finite index set of degree at
most m. Then

8l(2/(Xn) < x(21(Xn)) < Xmon (P (X)) < 2" gl(2) (X))

When J = A(m, n), we recover the result stated in [16, Proposition3.1]. Theorem 2.5 extends The-
orem 21.11 from [25] to any index set J with degree at most m; its proof can be adapted almost
verbatim from the one provided there. Note that the first estimate in Theorem 2.5 follows directly

from the Gordon-Lewis inequality (3), while the second estimate is straightforward.

The following result estimates the Gordon-Lewis constant of 22;(X},), where J is a finite index set

of degree m, in terms of the projection constants of the spaces Py Xn), 1 = k<m.

Theorem 2.6. Let X,, = (C",| - ||) be a Banach lattice and let an index set ] € A(m, n). Then

gl(2;(Xn) < ellQaunnm, sl A(Pp(Xn).
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Moreover, if ] = N[} is an index set of degree m, then

gl(2;(Xp) <e(m+1) max [|Qag,n ol max A(L) ;i (Xy)).
1<k<=m 1<k<m

The case J = A(m, n) was previously established in [16, Proposition 4.2], and a detailed alternative
presentation of the proof for this homogeneous case is provided in [25, Proposition 22.1]. In this
context, we will show how to adapt those arguments to tackle the general situation, as it involves

more complex technical subtleties.

We start with an elementary observation taken from [25, Lemma 22.2], which up to polarization
covers the case J = A(2,n) of Theorem 2.6 (take Y = X™): For every finite dimensional Banach lat-

tice X, and every finite dimensional Banach space Y one has

(15) gl(L X, V)= A((Y).

We now proceed with the proof of Theorem 2.6. For the first part of the statement, we will factorize
the identity of 22;(X,,) through £ (X, Pp(X »)) and apply the previous inequality. In the second part,
we will decompose into homogeneous indices and use the factorization from the first part for each

homogeneous piece.

Proof of Theorem 2.6. To see the first statement, we consider the following commutative diagram:

(16) P(X,) i P)(X,)

l Um Qaimnm,s ]
z(an@]b (Xn)) I_> z(Xnn@m—l(Xn)) T> m(Xn),

m

where I, is the canonical inclusion map and
(Un(P)x)(w) := P(u,...,u,x) for Pe2P;(X,) and x,ucX,,
V(D) () := (Ty)y for T € L(Xn, Pm-1X,)) and y€ X,.

We show that U,,, as an operator from £?;(X},) into £ (Xn, P (Xn)), is well-defined. Indeed, define

. G(P) . -
ai(P)zl[Tl forje #(m,n)andice [j].
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Then, given P € 27;(X) and x, u € X,

Pu,...,u,x) = Y ai(P)uj, ... u;, X

ie.d (m,n)
n . n .
= > Y ain@Puxe= Y. Y. agnPuixe
ie(m—1,n) =1 je £(m-1,n)i€fj] ¢=1
1 « CG,0), (P)
= Y > Y agnPuixe= ), I.Tuixz
jej(m—l,n)/:l i€[j] je#(m—1,n) £=1 iclj] I, €)+11
3 0. (P) . cG0). (P )
- 16,0071 10 = [ZI[( g tie
jej(m ln)ﬁ 1110, JEJ(m 1,n) )

cj,0,(P) . G0, (P)
= —————|[jllxe |u; = ———|ljllxe |y,
]Ej(%ln)[lin |[(],€) ]l ] : 'X]‘L[ls;én H(J’[)*]l ] :
G,0) €] G.0)«€]
which shows that Uy, (P)x € 2 (X,) for every x € X,,. By the Harris polarization formula (see, e.g.,
[25, Proposition 2.34]) we have | U, |l < e, and moreover trivially ||V, || < 1. Hence by the ideal prop-

erties of the involved ideal norms we see that
gl(:@](Xn)) =e ”QA(m,n),]” gl(g(Xn; @]b (Xn))) =e ”QA(m,n),]” A(,@]b (Xn)) ,
where for the last estimate we use (15). This proves the first claim.

For the second claim we have to handle an index set J of degree m, and consider the following

commutative diagram

idg; (x;,)
P;(Xy) P1(Xn)
LOEBEBQ]J(k) ¥ T
idce®idg, (x,) idc @ D Qak,n), 7 (k)
C ®co Doo Py (Xn) Co1 D1 P (Xn) Co, D) Pe(Xn)
Lid@@@Uk idc@@‘/k]

DI
€ 8o Boo Z (X0 P 1 (X)) e € @0 B0 L (X, Pt (X)) —r €0y @1 L (X, P 1 (X))

Let us explain our notation in this diagram: Here Uy, Vi and I for 1 < k < m are the operators
from (16). If P = ag + Z,T:l Py is the Taylor decomposition of P € 2;(X},), then O(P) = ay, and hence
(0eBQy, i) (P) = (ao, (PYL,). Additionally, 3" is the mapping which assigns to every (ao, (Pt)}",)
the polynomial P = ag + Y.} | Px, and @ stands for the identity map - whereas the notation for the

rest of the maps is self-explaining. Obviously, this gives that

gl(P;(Xp) <e(m+1) max. 1QA®,n), 7k I lg}cél);gl(@g()(m«@](k)b (X)),
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so it remains to prove the following claim
gl(@g(‘xn”@](k)" (X)) < max A(p (Xn)).
Indeed, using standard properties of €- and n-tensor products, we have
@==C£(Xm32’1(lc)b (Xn)) — @f(Xn’ @‘@](k)b (Xn))
=058 [ X, ® @‘@](k)b (Xn)]
=[5 ®: X %@%k)b(xn)
= (7" ®x Xp)" ® @‘@](k)b (Xn) = Z (01" (Xn), @97’1(1& (Xn),

where the first space in fact is 1-complemented in the second one, and all other identifications are

isometries. Then we deduce from (15) that
8D L (X, Py (X)) < gUL (7" Xn), D Py 10 (X)) = A(D P10 (X))
Since obviously

7‘(@9’ 1 (X)) = Yoo (e 2, 00 ) < MaX Yoo(idap, ), 0x,)) = max AP (X)),

the proof is complete. 0

From the Theorems 2.5 and 2.6, the following result follows.

Theorem 2.7. Let X, = (C", ||-|) be a Banach lattice, and let ] c I\Ig be an index set of degree at most m.
Then

Xmon(@](Xn)) <e(m+ 1)2m 125?5” ”QA(k,n),](k)” 1r<rllcélxm/1(<@](k)b (Xn)) .
In addition,
xmon(y](xn)) = ezm ”QA(m,n),]” /"(gjb (Xn))»

whenever ] € A(m, n).

Corollary 2.8. Let m € N with m =2 and let X,, = (C", || - ||) be a Banach lattice. Then
Xmon(@m(xn)) = Xmon(ysm(Xn)) < e(m+1)2" 1<rlcrian)1(—1A(g@k(Xn)) )
and
Xmon(gZAT(m) (Xn)) = Xmon(@AT(sm) (Xn)) < e(m+1)2"x™ max 1A’(@AT(]C) (Xn)) .

l<k=m-

The previous results, comparing Gordon-Lewis constants, unconditionality constants, and pro-
jection constants, allow us to transfer the bound provided by the Kadets-Snobar theorem (1) for the

projection constant to the unconditionality constant.
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Corollary 2.9. Let X be a Banach sequence lattice, and let (J,,) be a sequence of index sets, each with

degree at most m. Then the following estimates hold:

m
2

17) A2, (Xw) <cm (1+ %)

and

m-1

2

Kmon(,, (X)) <cm (14 ) 7,

where C > 0 is universal.

Proof. Using (9), a simple calculation shows that
nym
Ul <A< m,m)] <cm (14— .
m

Then estimate (17) follows from the Kadets-Snobar inequality (1). Hence, using Corollary 2.8, we

conclude that

m-=1

Xmon(27,, (X)) < Xmon(P=m(Xp) < e(m+ 12" max A(Pk(Xn) <cm (H%) .

2.3. Convexity and concavity. Assuming that the Banach sequence lattice is 2-convex, we can demon-
strate that the previous estimate provides the correct asymptotics. Before presenting and proving this
result, we introduce general estimates that relate the unconditional basis constants ¥mon(2?;(Xy))
and ¥mon(2?/(Yy)), provided that X and Y satisfy certain general lattice properties, such as convexity
and concavity. These results, combined with those discussed in the previous subsection, often en-
able us to obtain accurate asymptotic estimates for the local constants under consideration for the

space of analytic polynomials on finite-dimensional Banach lattices.

Much of what we prove below is grounded in Lozanovskii’s profound factorization theorem [46].
Since we will need to reference it again later, we prefer to state it explicitly here. It states that for any
maximal Banach function lattice X over a complete and o-finite measure space (Q, </, 1), we have
supp X = Q, we have X o X' = Ly (u). More precisely, for every f € L;(u), there exist g€ X and h € X’
such that

f=gh and |flliL,w=18IxIhlx.

Clearly, g and & can be chosen positive whenever f is positive. Moreover, if || |7, () = 1, then we can
find ge Sy and he Sx.

The following lemma serves as our starting point.

Lemma 2.10. Let X,, = (C",||-||) and Y,, = (C", | - |I) be two Banach lattices such that

lid: Xp — Yyo M(Yy, Xp)l < 1.
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Then, for any index set ] c N[, we have
Xmon(y](xn)) = Xmon(@](yn)) .

Proof. Fix some z € Bx,. Then by assumption there exist ¢, v € C" such that z = v¢, |[vlly, < 1, and
|De: Yy, — Xpll < 1. Hence, for every P € 22;(X;,), we have

Y leaP) 2% = | lea(PoDe)| v¥| < Xmon (221 (Y)) IIP o Dell o, (v,
ae] ac]
< Xmon (21 (Y)) 1Pl (x,) »
which completes the proof. ]

An immediate consequence is the following result, which shows that for any set J < N/Y, the min-
imum (resp., maximum) value of the unconditional basis constant xmon(@](X)) for the class of all

n-dimensional Banach lattices is attained by ¢7 (resp., £).

Corollary 2.11. Let X, = (C", || - |) be a Banach lattice. Then, for any index set ] < N[}, the following

estimates holds:
Amon(Z27(€1)) = Xmon(P7(Xn)) < Xmon (P (€1L)).

Proof. We apply Lemma 2.10. Clearly, ¢7. o M(¢]., X,,) = X,,, which gives the second inequality. On

the other hand, from Lozanowski’s theorem, we obtain
XnoM(Xy, 07) = Xpo X, =07,

which leads to the first estimate. |

Under the assumptions of convexity and concavity of the underlying Banach lattice, the previous

results can be further improved.

Theorem 2.12. Let X, = (C", |- |) and Y, = (C", |- II) be two Banach lattices such that M (X,) =

MWY(Y,) =1, wherel < r < oco. Then, for any index set ] cN!, we have

Xmon(@](Xn)) = Xmon(@](yn)) .

In view of Lemma 2.10, the proof is an consequence of [57, Theorem 3.8,(i)] which implies that
Xn=YnoM(Yy, Xp).

Corollary 2.13. Let X;, = (C", || - |) be a Banach lattice such that M(y(X,) = 1, wherel < r < oco. Then,

for any index set ] <N, we have

Xmon(yj(Xn)) = Xmon(e@]w;l)) .
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As already shown in Corollary 2.11, this result also holds for r = co (note that M) (X;) =1 for
any X).

Corollary 2.14. Let Y, = (C", |- |l) be a Banach lattice such that MY (Y,) =1, wherel < r < oco. Then,

for any index set ] < N!, we have

Xmon(e@](gf)) =< Xmon(@](yn)) .

Since MY (Y},) = 1 holds for any Yy, the case r = 1 is again covered by Corollary 2.11.

Finally, we show that, if in the above corollaries the concavity constant of X,, and the convexity
constant of Y,, differ from 1, then, at least in the homogeneous case (i.e., /] € A(m, n) for some m),
the estimates hold up to a constant C"’, where C depends on the r-concavity and the r-convexity

constants.

To understand this, we recall the usually called renorming theorem of Figiel and Johnson (see,
e.g., [45, Proposition 1.d.8]): If a Banach function lattice X on (Q, </, 1) is p-convex and g-concave
for some 1 < p < g < oo, then on X there is an equivalent lattice norm || - ||p such that both the p-

convexity and g-concavity constants are equal to 1, and furthermore the following inequality holds
Ixllx < Ixllo < MP(XOMg(Xllxllx, x€X.

Corollary 2.15. Let X and Y be Banach sequence lattices such that X is r-concave and Y is r -convex

forl <r <oo. Then, for any index set ] < A(m, n), we have

Amon (21 (Xn)) = (M (X)M” (Y)™ Xmon(P(Yn)).

Proof. Observe first that if E:= (C", |- ||g) and F := (C", || - | ) are n-dimensional Banach lattices such
that for some y > 1

lzlg < llzllp <7ylzlg, zeC”",

then for any polynomial P € 22;(C"), we have y~"" IPllo, &) < 1P,y < IIPllo, ). Clearly, this yields

Y_meon(@](E)) = Xmon(ga](F)) = Ym Xmon(e@](E)) .

Applying the renorming theorem mentioned above, we conclude that there exist equivalent lattice
norms |- [z and || - [ly on X and Y, respectively, such that the Banach lattices X=X - %) and
Y := (Y, - Iy) satisfy Mgy (X) = M7 (Y) =1 as well as

Ixllx < lxllg < MnyXllxllx, xeX, and lylly <lyly =MOWlyly, yeY.
The above facts combined with Proposition 2.12 yield

M (X)_meon(@](Xn)) = Xmon(@](jzn)) = Xmon(@](?n)) = M(r)(Y)meon(@](Yn))
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and this completes the proof of the claim. U

We are now prepared to prove the result concerning the correct asymptotic estimates stated in

Corollary 2.9.

Theorem 2.16. Let X be a 2-convex Banach sequence lattice, and let (],) be a sequence of index sets,

each with degree at most m. Then, for all m such that At(m) c J,,, we have

ny%
1 X)) ~em (142
(18) A2, (X)) ~c (+m)
and
(19) (2, (Xw) (1+£)mTl
Xmon Im n cm m )

where C > 0 only depends on the 2-convexity constant of X.

Proof. The upper bounds are a special case of Corollary 2.9. To prove the lower bounds, we start with
that of (19). From Corollary 2.15 with r = 2, it follows that for all m with Ar(m) < J,,

Kmon(Parm () = MP (X)™ ¥ mon(Parim) (X)) < MP(X)™ xmon (2, (Xn)),

Consequently by Proposition 2.26 (in the Hilbert space case) for m < n, we obtain

n\%t aan\%
(1+E) ’ <2 (E) ’ <cm Xmon('@AT(m)(gg)) <cm Xmon(e@]m(xn))-

Clearly, for all m = n, we have

m—1
m-1

(20) (1+ =) 7 =2 <co Xmon(@,, (X)),

so the lower bound in (19) follows.

Finally, it remains to check the lower bound in (18). We apply Theorem 2.7, Theorem 2.3 (twice),

and Proposition 2.2, which all together prove that for m with Ar(m) c J,,,, we get
Amon(Parm+1)(Xn)) < €2 M NQam+1,m,arm+1,m Il A(Parim (X))
1) < 2™ M APy Loy (X))
< MU AL (r (X)) < 2™ EMTIA () (X)));

for the third estimate note that that Ar(m) = J,,(m) n Ar(< m). Then for m with Ar(m) < J,;,, we
obtain the lower bound in (18) from (19). O

2.4. Estimates by norms of coefficient functionals. In this subsection we introduce another useful
technique to estimate the projection constant of spaces 2?;(X,) of multivariate polynomials on finite

dimensional Banach lattices X;, supported on a finite index set J.
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Given an index set J = Njj and Banach space X, = (C", || - ||), we define the isometrical embedding
I: 2;(X;) — ¢ (Bx,) by
I(P):= PIBXn, PeZ(X,).

Foreacha € J letc): 22;(X;) — Cbe thelinear functional, given, for any polynomial P =}, ;cq (P)eq
by c; (P) := cq(P). From the Hahn-Banach theorem, it follows that for any c;, we can find a norm-
preserving extension

Ca € loo(Bx,)",
that is, for all P € 22;(X},), we have ||c, || = lIc; |l and ¢, (P) = cq (P).
Consider the following obvious factorization of the identity map id: 22;(X,) — 22;(X,,),
id: 2(Xp) — loo(Bx,) ~= P5(X,),
where the finite dimensional operator Q is given by the formula
(22) Qf =) Gfea, fEeluo(Bx,).
ae]
Clearly, this implies that
A(21(Xn) = || Q: €oo(Bx,) — loo(Bx,) | -

Although determining the norm of this projection Q is generally a challenging task, we find upper
estimates which, under certain restrictive assumptions on the index set J and the Banach space X,
lead to asymptotically optimal bounds for A(2?;(X,)). More precisely, we introduce what we call the
polynomial projection constant:

A(2;(Xn) = sup Y. ex, (@)|z°],

ZEBXn ae]

where cy, (@), the characteristic of the multi-index a, is the reciprocal of the norm of the monomial

z% in 2;(X,), that is,
1

SUp g, 12°]

An interesting fact is that we can actually bound the projection constant of the space 22;(X,,) by this

cx, (@) :=

quantity, as shown in Theorem 2.18. Therefore, having accurate upper bounds for the characteristic
cx, (@) is crucial for our purposes. In fact, it turns out that the polynomial projection )Al(e@](Xn)),
facilitates the systematic and comfortable extension of estimates such as (7) to wider ranges of index
sets J and spaces X,. At the same time, it adheres to a reasonable abstract theory. In many con-
crete situations, this estimate is sufficient; the advantage here is that this new parameter is more

manageable compared to A(2;(Xp)).

The norm of the functional ¢, can be bounded by the characteristic of the index a. Indeed, the

following lemma is just a rephrasing of the Cauchy inequalities.
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Lemma 2.17. Let X, = (C",||-||) be a Banach lattice and ] < Nj. Then, for every P € 22;(X,,) and a € ],

we have
lca(P)| = cx, ()| Pl (x,) 5

in other terms, || Co ”%(Xn)* <cx,(a).

Coming back to the discussion from the introduction of this chapter, we get an estimate of the
projection constant by the polynomial projection constant.
Theorem 2.18. Let X,, = (C",| - ||) be a Banach lattice and ] Ng. Then

A(2(X0) < A(25(X).

Proof. As noted above, the mapping Q: ¢« (Bx,) — ¢~(Bx,) defined by the formula (22) is the pro-
jection of ¢, (By,) onto 1(2?;(X,,)). Then by Lemma 2.17, it follows that

T DYy PR AL T
- zséléfn ag l ca||g,](Xn)* 129 < Zilggn %CXn(a)lz |
= A(@](Xn)),
and since A(2;(X,,)) < [Qll, the desired estimate follows. O

It is well-known that for every @ € A(m, n) and 1 < r < 0o, we have

m™\1/r
(23) cp@=(—) "
for an elementary proof see [30, Lemma 1.38]. Observe as an immediate consequence that for tetra-

hedral indices a € Ar(m, n) with m < n, we get
(24) cen(@)=m

By Theorem 2.18 accurate upper bounds for cx,(a) provide good upper bounds for the projection
constant of 22;(X,,).

We will explore how to derive general variants of the estimates mentioned above. As in the previ-

ous subsection, we will apply Lozanovskii’s theorem discussed earlier.

Theorem 2.19. The following statements are true for any Banach lattice X,, = (C", || - || x,,), any J = N[,

and any a € A(m, n):

(i) cx, (@) cxr (@) < 2.

(i) cx, (@) < ”a”i‘”
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Proof. (i) Clearly, X, has the Fatou property because it is finite-dimensional. Lozanovskii’s factoriza-
tion theorem (summarized in Equation (2.3)) implies that for every z € Sy, we can select u € Sx, and

ve Sy such that |u||v| = |z|. Thus, we have:

(@) evr (@) < 1 - 1 - m'm
cx, (@) cx (@) < < <
" n sup |u“| sup |[v* ~ sup [z~ a?’
ueSx, VESy/ zeS[iz
n

where the last inequality holds taking z = &

pol
(ii) For z € Sg{l letue Sy, ve Sx! be positive and such that |z| = uv. Since

(voc)l/m — (vin Va'n)l/m

1
n <—(aiv+...+a,vy),
m

it follows that
1 1
1
(V" < @y, an)lix, 1w, va)llg, = — @, an)lix,
and hence -
1 [v%] 1 ”(al;---;an)”Xn
cx (@) < = <
" lu®  |z% m™ |z]|*

Then taking the supremum in z € S on, We obtain

mm ”(al»---»an)”?gn

a® a?®

1 m
cx (@) = e I(a1,...,an)lx,

Corollary 2.20. Let X;,, = (C", || - ||) be a symmetric Banach lattice and ] < Ar(m,n) some index set,

wherem < n. Then
¢x;,(n) )m

A(2) (X)) = em(cpr -

Proof. In case a is tetrahedral, [|[(ay,..., an)llx, = ¢x(m) = m/@x (m) and thus by Theorem 2.19,

lal? 1 oml 1
cx, (@) = —— = — —sel————.
a a® gx (m) al gpx (m)

Thus, we obtain that

—~ 1 m!
A(9?;(X,)) <e™— su — |29
( S ) (Px;l(m)m zeBEn aXe:] al

m

/(}’l) m
<e sup (|z1|+---+|zn|)m:em((pxn—) . O

@x (M)™ zepy, px (m)

We conclude this subsection with a result that is interesting in its own right. It is motivated by the

surprising fact noted in [56] (as a simple consequence of (6)) that
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A(Pm))) <21, m,neN.

In fact, the sequence (Xm)m21 with X, := &, ([%) was the first known nontrivial example of a se-

quence of finite-dimensional Banach spaces for which lim,,_.», dim X,,, = co, even though
sup A(X;,;) <oo.
m

It is worth mentioning that Bourgain [13] gave an affirmative solution to a problem considered in
(561, showing that the sequence (d(X,n, 9™ *"(C))),  of Banach-Mazur distances is bounded.

Theorem 2.21. Let X be a Banach sequence lattice. Then the following statements are equivalent:

1
(i) SUp,,  A(P<m(Xp))™ <o0.
1
(ii) sup,, , A(Pm(Xp))™ <oo.
(iii) X, =" uniformly.

(iv) X = ¢, whenever X is separable.

Proof. By Theorem 2.4 the first two statements are equivalent. Again Theorem 2.4 combined with
the well known estimate A(22,,(¢])) < e yields A(P<,,(¢7)) < (m +1)e™. Thus we need only show

that (ii) implies (iii). Under the assumption (ii) we have that

3=

supy1(Xy,) = SupYoo(X;;) =sup A(X;) < C:=sup A(Pp,(Xp))™ < oco.
n n n

m,n

We prove that there is K > 0 such that for any diagonal operator D, : X, — ﬁ%, (e;) — (A;e;) we have
supmi(Dy: X, — €3) <KDyl
n

Indeed, take a factorization id = uv, where u: X,, — L;(u) and v: L;(u) — X,, for some measure u

and |[ullllv]| <2y,(X},). From the classical Grothendieck’s theorem, it follows that
mi(Drov) = KgllDyovll,
and hence
T (Dy: Xp— 03) =m(Dyovou) <mi(Dyov)|ul
< Kl Dalllvillull = Kell Dall2y:1(Xn) < 2KgClIDall .

Then we deduce from [59, Proposition 33.6] (a result which essentially goes back to Lindenstrauss
and Pelczynski) that
lid: X, — 71l < K = 2KgC)?,

and this completes the proof. U
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Determining whether, in Theorem 2.21, the projection constant of 22,,(X;,) can be replaced by the
unconditional basis constant of the monomial basis remains an open problem, known as 'Lempert’s

problem’ in [25]. Specifically, it is unknown if X = ¢, if and only if sup,,, , Xmon (£ (Xn)) < o0.

We recall a significant partial solution provided in [3] (see also [25, Theorem 20.26]), which essen-
tially shows that in this case X is very similar to ¢;: there is D = D(¢) > 0 such that [|id: X, — 7] <
D (loglogn)¢ for all n.

As we have observed, the projection constant and the unconditional basis constant are closely
related. This indicates that, in a certain sense, the results of Theorem 2.21 can be viewed as a solution

to a weaker version of Lempert’s problem.

2.5. Probabilistic estimates. For future reference, we establish several probabilistic lower bounds
for the unconditional basis constant of the monomial basis (z%)4¢; in the space 2;(X},) of multi-
variate polynomials supported on /. These bounds are derived under specific conditions on the

underlying Banach sequence lattice X, and the index set / = N.

We closely follow the methods from [3], [9], [24], [26], and [48], which primarily address the ho-
mogeneous case J = A(m,n). In particular, we will rely on two key theorems from Bayart’s work in
[3], which we enclose below for completeness. It is important to note that the subtle proofs of these
results utilize different techniques: the "coverage method" and the "entropy method." For all the
necessary preliminary tools and proofs of these results, we refer to [25], specifically Corollary 17.5
and Corollary 17.22.

Theorem 2.22. Givenl < r < 2, there is a constant C > 0 such that for each m = 2, for every Banach
space X, = (C", |- ), and for every choice of scalars (cq)acnim,n) there exists a choice of signs €, =
+1, @ € A(m, n) such that

sup | Y. €qCa2”

zZ€Bx, ' aeA(m,n)

1

< C(nlogm)7 sgp(wcx'(%) )

m
T

(£ 1]

Z€Bx, k=1

Theorem 2.23. Given 1 < r <2, there is a constant C > 0 such that for each m = 2, for every Banach
space X, = (C", || - 1), and for every choice of scalars (cq)acnm,n) there exists a choice of signs €, =

+1, @ € A(m, n) such that

m—1

1 —_—

sup ) Z eacaz“’sCm(logn)H% sgp(lcal(%)?) sup (élzklr) '

2€Bx;,  acA(m,n) Z€By,

n
sup Z |z .
Z€Bx, k=1

We present some lower bounds for Xmon(z@](Xn)), where X,, is the nth section of a Banach se-

quence lattice X and the index set J c I\I(()N) contains all m-homogeneous tetrahedral multi-indices



LOCAL CONSTANTS AND BOHR’S PHENOMENON FOR BANACH SPACES OF ANALYTIC POLYNOMIALS 29

of length m < n. The proofs of these estimates are based on Theorem 2.22, Theorem 2.23 and the

following lemma.

Lemma 2.24. For each 1 < r < 2, there is a constant C > 0 such that for every Banach lattice X, =
(C™, - 1) and for each m < n one has

1 |Ar(m,n)|

lid: X = £71™ o (ymp m~ %

< Cer (log m) ”r,xmon (P m) (X)) -

Proof. Clearly, taking z = (px,(n)"},...,px, (1)) € By, , we get

Yo 2%

— <
¢x,(n) z€Bx, ' aeAr(m,n)

Ar(m,m)l _

Then, it follows from Theorem 2.22 that we find signs €4 = +1,a € Ar(m, n) for which forallm=<n

n

/ al\1l/r mlr
< C (nlogm)*"™  sup (—) sup ( > Izklr)
aehr(mm) \MY  zeBy ‘(21

sup) Y gq2”

Z€Bx, ' aeAT(m,n)

n
/ / _
< C (logm)''" nV'" m!™V'" sup ( Yzl
Z€Bx " k=1

= C (logm)"'" n"" mi7V" 1id: X, — €™,

)m/r

where C > 0 is a constant only depending on r . Using that m™ < e ml!, we finally arrive at

Ar(m,n
Ms sup‘ Y €q€qi”

m
¢x,(n) Z€Bx, " aeA7r(m,n)

< Xmon(Par(m,m) sup ( Y £q2®

Z€Bx, ' aeAr(m,n)

< X¥mon(Parimm) Clogm)'" n!'" (m)~V"id: X, — 7™

< xmon(,@AT(m,n))Ce%(logm)”r'n“',(m!)_m/'|| id: X,, — 7™, O

We are now ready to prove the aforementioned lower bounds.

Proposition 2.25. Let1 < r <2, and let X be a Banach sequence lattice such that ¢ x(n) < n''”. Then,
for any sequence (] ,,,) of index sets, each with degree at most m and A (m) < J,, the following estimate
holds:

1 m-—1

n\=7
lid: X, — £7n|m ( ) < C" Xmon(%,,(Xn),
* r

m
where C = 1 is a constant depending only on X.

Proof. We only have to consider the case /] = Ar(m, n). Note first that

(25) (ﬁ)’" <

m

n
=|Ar(m,n)|.
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1/r

Combining this with the assumption ¢ x(n) < Cn''", we get
|Ar(m,n)| n n\%t 1
T o w1 m (_) 1
ox,(mMMmnTm- 7  CMnrprme M Cmmi
and hence the claim is an immediate consequence of Lemma 2.24. 0
Proposition 2.26. Let X be a Banach sequence lattice such that
. .
(26) px,(Mex (n)<n and |lid: X, — 03 < ﬁ lid: X, — £71l.

Then, for any sequence (J,) of index sets, each with degree at most m and At(m) < J,,, we have:

n m—1

(E)T <cm Xmon(2,,(Xn)),

where C = 1 is a constant depending only on X.

Proof. Since for x = H;ﬁ one has ||x||x =1, it follows that

. 1 3
Y= S||1d:Xn—>f’21||<ﬁ”1d:xn_’€?”'

1
leillx

Using the estimate ¢x, (n) ¢ x: (n) < n, we get

1 1
)/<—n||id: X, — 07 =—¢@x (n) <

vn vn

and hence @y, (n) < y/n. This combined with the above estimate (25) yields

ox,(n)’

1 [AT(m,n)| o I’l% (ﬁ)m 1 Nan_l —L(E)Tl
lid: X = C50™" gy (mmnzm=%  @x, (WM prpy ymmeE omT o omzm ’
and hence the conclusion follows (as in the preceding proof) from Lemma 2.24. L]

Applying Theorem 2.23, we obtain an additional lower bound that will be crucial later on.

Proposition 2.27. Let1 < r <2, and let X be a Banach sequence lattice X such that ¢ x,(n)¢x (n) < n.

Then, there exists a constant C = C(r, X) such that for each m < n, the following estimate holds:

(%) e (Ilid:Xn—%?Il

Cm(logn)“l/r’e% mm/r \lid: X, — €}

m-—1
) = Xmon(ngT(m) (Xn)) .

Proof. Note first that for each m,neN

mit’r |AT(m, n)|
27 < 124 X)),
(27) Cim (lOg I’l)1+1/r, [id: X, — €?||m_l(ﬂxn(”)m<l’x;l (n) Xmon( AT(m)( n))
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where C; = C;(r) only depends on r. Indeed, choose signs ¢, = +1, @ € Ar(m, n) such that

sup | Y eq2%| = Comllogm)" Y mi 7V id: X, — €71 id: X, — €71

Z€Bx, ' aeAr(m,n)

where C; = Cy(r) is the constant from Theorem 2.23. Since |lid: X, — ¢7] = ¢x/ (n), we may now

proceed exactly as in the proof of Lemma 2.24 to get (27). We use now Stirling’s formula,
12
V2rn"ie < nl < ﬁ\/Znn’”%e_”, neN,

in (27) to conclude that there is a uniform constant y = 1 such that foreach m< n

|AT(m,n)|:(Z)ZY(%)m(nilm)n_m /—ﬁ

Estimating now (27), we get with C, = C,/y thatforallm<n

1 T Ly
mit’r n-m m(n—m)

Com(logm)' V" m™m|lid: X, — €7 1" Lox, (M) M@y (n)

Xmon(ngT(m) (Xn)) =

Finally, since

n! _ (nid: wa’fn)’"‘l
lid: X, — €M™ 1px (m)™1  \[lid: X, — 7|

and 1 < we have

___n
Pxp (n)q)xh (n)’

(nfm)n—m\/% (||id5 Xn—>[’11||)m—l

P Xn)) =
Xmon( AT(m)( n)) Cm(logn)l-'_l/r,mmm!_l/r ” id: Xn _’[;—l”

m

m m
r r

1
where now C = 1 depends on r and X. Since m'” < e m!, we have that (m!)"r <e , and so the

proof is complete. O

2.6. Impact on Bohr radii. In this section, we focus in the study of multivariate Bohr radii. As al-

ready defined in the introduction in Equation (8), K(Byx,, /) stands for the Bohr radius of the open

unit ball B, of a Banach lattice X,, = (C", | - ||) with respect to an index set J I\I(()N).

It is immediate that K(By,,J) = K(Bx,,J nN[}) for any index sets /, and for J, J < Nj satisfying

J < J', the following monotonicity estimate holds:

(28) K(Bx,,J') < K(Bx,,)).
Moreover, for any Banach lattice X, = (C", | - ||) and index set J, we have
(29) K(Bgn,]) = K(Bx,,]).

To see the proof of this inequality, one only needs to follow the argument in [25, Proposition 19.2].
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We write K, (Bx,) := K(Bx,,A(m)), and call this number the m-homogeneous Bohr radius of
Byx,. Note that in this case J = A(m), so in (8), we only consider m-homogeneous polynomials
fePu(Xy) = HY™ (Bx,).

Typically, X, = (C", | - |I) will be the n-th section of a Banach sequence lattice X with a specific
geometrical structure (e.g., a 2-convex space), or a concrete spaces X (e.g., a Lorentz spaces ¢,).
Additionally, we focus on various index sets J in with particular structures (e.g., index sets which
consist of indices of degree at most m, or index sets formed by tetrahedral indices, or sets of multi
indices a generated by the prime number decompositions n = p® of certain subsets of natural num-

bers).
To illustrate our objectives, we recall a couple of results that serve as motivation for what follows.

From [16] (see also [25, Theorem 19.1]) we know that foreach 1 <r <oo

in{l1
K(Bgr) ~c (loin)mm{z,r,}.

This result is intimately connected with the topic of the previous section — the asymptotic determi-
nation of A(2;(X,))) and Xmon (27 (X»)).

In fact, in Theorem 3.22, we will integrate many of the results obtained so far to characterize the
asymptotic decay of K (Bg;fs, J) as n tends to infinity. This will cover (almost) all possible values of

r and s, and as well as a broad class of index sets J.

2.6.1. Bohr radii vs unconditionality and projection constants. We begin this subsection by pre-
senting two results that generalize the cases for the entire index set / = N, first noted in [23] (see
also [25, Proposition 19.4 and Lemma 19.5]). The proofs of these results are straightforward exten-
sions. They are crucial for studying multidimensional Bohr radii in Banach spaces and demonstrate
a close connection with the study of unconditionality in spaces of multivariate polynomials on Ba-

nach spaces.

Proposition 2.28. Let X, = (C", |- ) be a Banach lattice and ] < I\Ig an index set. Then for each m, we

have
1

Xmon(gj(m) (Xn))”m -

Km(BXny]) =

Theorem 2.29. Let X, = (C", || - ) be a Banach lattice and ] < Nij an index set. Then

1
~ inf Ky (Bx,, /) < K(Bx,,J) < inf Kyu(Bx,, ).
3 meN meN
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We now present a direct relationship between Bohr radii and the projection constants of spaces of
homogeneous polynomials, which will be crucial for the proof of Theorem 2.32 (and subsequently
for Theorem 3.22).

Given I, ] = Njj with I c J, recall the definition of the projection Q; ;: 22;(X,) — 271(X},) from (14),
and from (10) the definition of the reduced index sets J.

Theorem 2.30. Let X be a Banach sequence lattice. Then, for every n and each index set ] < N, it
holds that

1 1 1
KBy, )=~ inf ( ).
6 M2 el Quimy o | 3/ Ay (X))

Observe that on the right side of this inequality we take the m-root, even though J(m)" is by defi-

nition contained in A(m -1, n).

Proof. From Theorem 2.29 we deduce that for all n

1.
o lnf Km(BXn,]) =< K(BXW)]) .
3 meN

On the other hand, by Theorem 2.7 for all m and n

Xmon(Z)im) (Xn)) < €2™(|Qam,m,jom || ML)y (X))

The proof is then completed by taking the m-th root and using Proposition 2.28. U

As an application, we establish both upper and lower bounds for multivariate Bohr radii in the
tetrahedral case. First, let us note the following fact, which will be repeatedly used in the subsequent

results.

Remark 2.31. Given n € N, the function f;, defined by f,(#) = ﬁ for all ¢ > 0 attains its maximum

at t =logn. In particular,
1
max f,(m) ~c —.
meN Julm) ~c logn

Theorem 2.32. Let X be a symmetric Banach sequence lattice. Then

1 -1 mT_l
inf (M) <c K(Bx,, A7),
m<n (pX,(n)
andforl<r<2,
1
(logn)r .
K(Bx,, A7) <¢ —22—|lid: X, — "]
px(n)

Proof. Let us start with the proof of the first claim. From Theorem 2.3 we know that for all m, n

| Qam,m, A7 0mm) : Paimm (Xn) = Papim,m (Xn) | <™.
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Moreover, by Theorem 2.18 and Corollary 2.20, we have

~ px:(n) ym-1
-1 n

M@y X)) < APy (X)) < €™ (<Px;,(m - 1)) ’

where the last equality holds as m < n (recall that A7(m,n) = @ when m > n). Implementing the

preceding two inequalities into Theorem 2.30, yields the assertion.

For the proof of the upper estimate, note first that by Theorem 2.29 and Proposition 2.28
1

K(Bx,,Ar) = in&K(an,AT(M, n)) = 1m*
me SUP;eN Xmon(gAT(m,n) (Xn))

But applying Lemma 2.24, the fact that ¢ x (n)¢p x’(n) = n by the symmetry of X and (25), we see that

1 1 |Ar(m, n)|!'™
sup Xmon(t@AT(m,n) (Xn)) "< . n T N
meN ” ld' X}’l_)gr ” meN (pX(n)nWm_F
px (n) n px(n) 1
- id- n s 1 1 = id- n Sup 1 1’
nlid: Xp = €7 meN iy 11d: X = €7 meN jymr v
so that the conclusion again follows using Remark 2.31. 0

2.6.2. Bohr radii and convexity. We now use the geometric concept of convexity in Banach se-
quence spaces to provide estimates of Bohr radii. For 2-convex spaces, we present an explicit char-

acterization of the asymptotic growth of the Bohr radius for a broad class of index sets.

Theorem 2.33. Let X be a 2-convex Banach sequence space and ] an index set such that At < J. Then,

with a constant C = 1 only depending on X,

m-1

Kn(Bx, ) ~c (——] "

Moreover, with a constant C = 1 only depending on X,

logn
K(Bx,,]) ~c p

Proof. The first claim follows using Proposition 2.28 and the fact that, by Theorem 2.16 for all m, n

m—1

n
(HE) © ~cm Xmon(Pyim (X).

Note that this in particular means that

m-1

my st
Km(BXn,])~C(;)2 forms=n and Kn(Bx,J)~cl form=n.
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As a consequence, we deduce from Theorem 2.29 that for some constant C = 1

%min{l, inf (E)g_;"l

m<n\p

1
} < —min{ inf K,,(Bx.,J), inf Ky, (Bx ,])}
3 nsm n m<n n

1
= = inf Ku(Bx,, J) < K(Bx,, J)
3 meN

my s
< inf Kpn(Bx,, )< C inf (=] 7" .
meN m=<n\np
m—1 1

Using the fact that (%) 2m ~C (mZW ) , we conclude from Remark 2.31 and the first statement of the

D=

theorem (already proved) that

logn
K(Bx,,)) ~c Kiogn) (Bx,, ) ~c n O

For the rest of his section the aim is to establish a far reaching extension of the remarkable result

by Bayart, Pellegrino, and Seoane [5] which states that

K(Bn
(30) lim < Bez)

n—oo logn
n

We prove that this limit formula is valid for a class of Banach lattices X, distinct from ¢/.. More-
over, we consider more general sets of indices beyond the full set J = NV, including all tetrahedral
indices. In particular, we will demonstrate that a limit analogous to (30) holds for a class of Lorentz

sequence spaces (see Theorem 3.22).

Theorem 2.34. Let X be a Banach sequence lattice such that
1
(Moex(n)<n and |id: X, — 07| <—|id: X,, — ¢7|.
Px Px ” n 2 ” \/ﬁ ” n 1 “

Then, for every index set ] for which At c ], one has

K(Bx,,
lim—( X"]):l

n—oo logn
n

Proof. Combining (29) and (30) with the monotonicity of Bohr radii in the index set, yields

. KBm) . K@Bx,) .. . _.KBx,)) .. K(Bx,,])
1= lim = liminf <liminf <limsup ———

n—oo  /logn n—oo /logn n—oo /logn n—oo /logn
n n n n
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. : K(Bx,,A
and this is less than or equal to limsup,,_ = 2wAr)

T Thus to complete the proof, it remains to show

that the last term is < 1. To do so we apply Proposition 2.27 with r = 2, and get foreach m < n

3=

1
1 (e%mm/Z)m

(z25)"")* (/i)

m-— 3
<(Ilid:Xn~£g||)71 (Cm(logn)z)

1 = \:Aa. —n

meH('@AT(m,n) (Xn)) m ” id: Xn [1 ||

)

3|~

and consequently foreach m < n

L _m-1 (Cm(logn)%)%(e% mm/z)%
<n 2m
Xmon(ngT(m’”) (X”))% ((nfm)n_m)%( m(nn_m))%

" " ( m(nn—m))%
1
3\m
(2 -2 g )
( m(nn—m))

Taking m = [log n], the last factor in the previous chain of inequalities tends to 1 as n — co. Since

1 1
lim p2Mogn ei(l -
n—oo

[logn] )m

11 _4
=eZeze " =1,
n

we from Theorem 2.29 and Proposition 2.28 deduce

n n
. X, . \/ logn . \/ logn
limsup =limsup — <limsup — =<1,
e loin 7% sup ¥mon (Pm(Xn)) ™ "% Xmon(Priogn) (Xn)) TE™
meN

which completes the proof.

Note that with a similar proof, but applying Proposition 2.26 instead of Proposition 2.27, we can
establish the following, more general result for the entire index set.

. id: X,—07
Theorem 2.35. Let X be a Banach sequence lattice such that w < ﬁ foreach n. Then

. K(By,)
lim ——=1.
n—oo logn
n
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We conclude by presenting a class of Banach sequence lattices X for which (30) holds when ¢, is
replaced by X, and the entire index set is replaced by any arbitrary index set that includes all tetra-
hedral indices. To achieve this, we show how to construct Banach sequence lattices that satisfy the

assumptions of Theorem 2.35.

First, we note that the 2-convexification X := E® of any Banach sequence lattice E is 2-convex
with M@ (X) = 1. If, in addition, X satisfies

oxM)ex(n)<n,

then X isindeed an example we seek. This estimate clearly holds whenever E is symmetric. However,
it is important to point out that it is straightforward to show that this estimate for X := E® is valid
even when E is an arbitrary Banach sequence lattice satisfying ¢ g (n) ¢ (n) < n, which includes non-

symmetric spaces E.

3. APPLICATIONS FOR POLYNOMIALS ON LORENTZ SPACES "ﬂ?,s

In this section, we concentrate on polynomials equipped with supremum norms on unit spheres
within a significant class of symmetric finite-dimensional Banach spaces, specifically Lorentz se-
quence spaces. We provide some essential definitions and properties that will be used throughout
without further reference. For a more in-depth exploration of Lorentz sequence spaces, we refer to
(14, 37, 44, 54].

For 1 < p,q < oo the space ¢, 4 consists of those (complex) sequences z for which (we use the
convention é :=0)
. « 1l oo
I2le,,, = | (zns o)L, <oo,
where z* = (ZZ) as usual denotes the decreasing rearrangement of |z|. Observe that, in general, this

is a quasi-norm and only defines a norm for 1 < g < p <oo. For z€ ¢, ; we define

1/

Izl fﬂ‘”f*qq

Z = nr — < .
o'~ | & 1 k

k=1

It should be noted (see [7, Lemma 4.5]) thatfor 1 < p,g<ocoand z€ ¢}, 4, it holds

< <y
Izlic,, =Nz, =pPlzle,,-

Thus, we can consistently work with the quasi-norm || - ||gp, g and treat (£,,4,1 - I, » q) as a Banach
sequence space, albeit with the trade-off of p’ (the conjugate exponent of p) as a cost each time we
do so. Henceforth, if X = ¢, 4, then X, is denoted by ¢ Z, g
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1
The fundamental function for ¢, ; satisfies the equivalence ¢,,  (n) ~c n?. Note thatif 1 < g < p,

then ¢, ; is a symmetric Banach space.
We heavily use the fact that the spaces ¢, ; are ordered lexicographically:

Cpg—lrs, for p<r
lpg—"Lrs, for p=r and g<s.

It is easy to check (see, e.g., [28, Lemma 22]) that, for 1 < 7,5, f < oo

(31) id: €2, — ¢, || <¢c max{1,(1 +logn)s~1}.

Moreover, notice that for 1 < g < p < oo it holds that

(32) lid: €y, — €pll = 1.

Indeed, since (k%_l) k is a decreasing sequence, then

gL n . 1/q
1/ K 1
zin p:(n(zf,)qnp) S(Z(Z}Z)qk” ) =lzle,,
k=1

hence for z € B[p .

q_
Iz17 =Y (2P =Y (9P 7= Y (z;)7nr ' < 1.
S| n=1 nx=1
Also we will need the fact that ¢, ; is 2-convex whenever 2 < p <oo and 2 < g <oo, and ¢) 4
is 2-concave whenever 1 < p <2 and 1 < g < 2. We refer to [37], where explicit formulae for the

g-concavity constant of the Lorentz spaces.

Focusing on the projection constant for polynomials on Lorentz spaces ¢} , it is essential to first

address the case of 1-homogeneous polynomials. This case corresponds to the projection constant
of the scale of finite-dimensional Lorentz spaces themselves. The following result encapsulates the

current state of knowledge on this topic.
Proposition 3.1. Foralll <r <oco and 1< s<oo one has
pmin{3 4 , r#£2

Aer) ~{ nz, r=22<s<oo

__n_
log(e+logn) )

Proof. As explained above, ¢, ; is 2-concave (then its dual is 2-convex) for r <2 and 1 < s < 2. Thus the

statement follows from Theorem 2.16. For the proof of the case r <2 and 2 < s < oo see Theorem 3.3.
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The case r =2, s = 2 and the case r > 2 follow from (12) and (13). The last equivalence is a remarkable
1
result due to Kwapien and Schiitt [43], which states that A(¢} ) ~ (n/loglogn)?, n=5. O

It should be noted that, to the best of our knowledge, the optimal estimate for the projection con-
stant of ¢} ; with respect to the parameters r and s remains an open problem in general. Even in the
specific case where r = 2 and 1 < s < 2—a scenario not covered by Proposition 3.1—the asymptotic
behavior of )l([’zl' ) as a function of the dimension n remains unknown. This presents a challenge,
particularly when extending the problem to the more complex issue of determining the optimal es-

timates for the projection constant of polynomials on Lorentz spaces £} ; in a general setting.

We conclude with the following observation, which is deduced from combining standard esti-

mates involving Banach-Mazur distances.

Lemma 3.2. Foreveryl < s< 2, it holds that

1
, ( . )z 1< 4
s<3
A'(én )> (1+1Ogn)1‘% log(e+logn) ) 3
2,8
S/ — fos<a,
(1+10gn)§’§

Proof. Recall that for any pair of isomorphic Banach spaces E and F one has
A(E) < d(E,F) A(F).
Thus, for each n € N, we have the estimates
Al =dly, b3 AUy ), Ay ) <d(ly,,l3 )ALy ),

and hence

AL A7)
Al )= max{ z__ . }
25 ey, ep ) aws,, ez,
By (31), it follows that
aiy, 05 )< +logn)%‘%, Ay, o8 )<a +10gm1—§.

The above inequalities, combined with the asymptotic behavior A(¢}) ~ \/n and the asymptotic for

A([’Zq'l) from Proposition 3.1, provide the necessary estimates. L]

3.1. Tetrahedral index sets of multi indices. As previously noted, understanding the unconditional
basis constants and projection constants for the space 22;(¢ ), where J is a tetrahedral index set, is

in fact crucial.

We will first show the upper estimates in the tetrahedral case.
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Theorem 3.3. Let1 <r <oo andl < s < oco. Then, there exists a constant C = C(r, s) > 0 such that,
for any sequence (J,,) of tetrahedral index sets, each with degree at most m, and every n the following

estimates hold:

Xmon(@]mw%) =C

) m(_)(m 1)m1n~{2 77
m

and A2, (7)) < Cm(%)

Proof. For 2 < r < oo both claims follow from Corollary 2.9.

For 1 < r <2, we begin with the upper bound for the projection constant. Using Theorem 2.18 and

Corollary 2.20, we obtain
A2, (€79) = A2, (€7)
< sup ) cm(@)|z¥l< sup Y cen (@)]2%

ZEB[n acjm zeBln acAr(sm)

m mo (e, (0 )\
<) sup ) cp @iz} e ( T

k=02€Ben - aeAr(k) k=0 \9e, 0

=

1/7'

. n
However, since Pe, S,(n) ~n''", we need to provide a bound for the sum Z ( ) Notice that

O<k<m

t— (?)t is increasing in the interval (1, 2) and has a maximum at ¢ = 2, hence

33) 2 (%]ﬁ < (m+1)( max (f)k)% < (m+1)max{elf.(£)%}’

0<kem O<k=m\k m

and the claim follows. To prove the upper bound for the unconditional basis constant, note that by

Corollary 2.8 (and by our previous results), it follows that

Xmon(=@]m ([ZS)) = Xmon(@AT(sm) ([’r?,s))

k
ny.s
<C™ max /19’ X max (—)’,
1<k<m- (Parun (X)) < 1<ksm-1\k
hence the claim is again a consequence of the elementary estimate from (33). 0

Proposition 3.1 shows that the upper estimates mentioned above, specifically for r =2 and s = oo,

do not provide the correct asymptotic behavior. We now turn our attention to the lower estimates.

Theorem 3.4. Assume that

A:2<r<o0,2<s<oo0 or B:2<r<oo,1<s<2 or C:l<r<2,r<s.
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Then, there is a constant C = C(r, s) > 0 such that for every sequence (] ,,) of index sets, each with degree

at most m and such that Ar(m) < J,,, and for each n the following estimate holds:

n (m—l)min{%,%}
()

n

< C" Xmon(21,, (1)) and (-~ < CmA (2, (0")).

Moreover, in the case2 < r < oo and r < s, we (only) know that for all n and m with Ar(m)  J,,

1 1]
W(E) " <cm Xmon(z@]m ([Ir’l,s))
and 1 )
ny.
W(a) <cm A2, (€1)).

Proof. In case A both claims are consequences of Theorem 2.16 as ¢, ; is 2-convex.

In case B, we first address the unconditional basis constant using Proposition 2.26. To proceed,

we need to verify that the hypotheses are satisfied. First, recall that

|~

1
-

(34) @er (M) ~nr and @ry(n) ~ P, S,(n) ~nr,

hence the first assumptions is satisfied. For the second assumption of this proposition note that,
using equation (32), we obtain
lid: €7 — €51 < llid: €7 — €71l -1lid: €7 — €3]]
1 .
nl=7r _ llid: 0t — 07|
ni Vi

Consequently, we deduce from Proposition 2.26 that, for m < n, it holds

-1
-

DNI—

<|id: 7 - ¢F)=n

m—1
n\"z
(E) <cm Xmon(@AT(m) (érr‘l,s)) .
Since the case n < m is anyway obvious, as the index set would be empty, the claim for the lower

bound of the unconditional basis constant is proved.

Let us consider case C, so 1 < s < r < 2: For the unconditional basis constant, this is an immediate

consequence of Proposition 2.25 and equation (32):
m-—1

n mr,I _ 1 n\=7 n
(E) lid: O — CFm (E) <cm Xmon(‘@AT(M) ([r.s))'

It remains to show the claims for the projection constant in the cases B and C: We apply Theo-
rem 2.7 in conjunction with Theorem 2.3 (note that Ar(m) = J,,,(m) N Ar(< m)) and Proposition 2.2.
This shows that

(35) Xmon (P rm+1)(€19) <cm MProm (€19) <cm MPy,,om (1) = M2, (€1) .-
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This provides the lower bound for the projection constant, using the bounds obtained for the uncon-

ditional basis constant.

Finally, it remains to prove the last statement of the theorem. The estimate for the unconditional
basis constant follows from Proposition 2.25, and for the estimate on the projection constant we

again repeat the argument from (35). U

3.2. Arbitrary index sets of multi indices. Having discussed the tetrahedral case, we now turn to
more general index sets. A natural question that arises is whether variants of the estimates estab-
lished for the spaces ¢/ in [4, 16] remain valid for Lorentz spaces ¢ ? s» regardless of the parameter s.
Theorems 3.3 and 3.4 indicate that this is indeed the case when we restrict ourselves to tetrahedral
indices, at least for r > 2. However, there are subtle differences in more complex scenarios. It turns
out that the case of r > 2 can be treated with methods similar to those used for tetrahedral index sets.

In contrast, the case where 1 < r < 2 is significantly different and technically much more challenging.

3.2.1. Thecase2<r <oo andl < s <oo. We present a theorem that summarizes our results for the

case of general index sets.

Theorem 3.5. Let2 <r <ooandl < s <oo. Then, there exists a constant C = C(r,s) > 0 such that

for any sequence (],,) of index sets, each with degree at most m, and for any n, the following estimate
holds:

n\%t .
Xmon(@]mwzs))ﬁcm(l_ya) 2 and A(@Jm(fzs))fcm(1+a)2-

Moreover, in each of the casesA:2<r <oo,1<s<ooorB:r =2,1<s<2 the preceding estimates are

optimal for all n and all m for which At(m) c J,, (in the sense that under this assumption that the

inequality is replaced equivalence ~cm).

Proof. The upper estimates are special cases from Theorem 2.16. The lower one for the uncondi-

tional basis constants follows from Theorem 3.4, since for all m with Ar(m) c J,;, clearly

Xmon(gZAT(m) ([ZS)) = xmon(‘@](m) (gqu,s)) i

It remains to show the lower bound for the projection constant: By what was proved in (21), we then

for all m with Ar(m) < J,,, have

Xmon(@AT(mH) w?,s)) <cm A’(‘@]m w;fs)) ’

hence the claim follows from the result on the unconditional basis constant. O
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We already indicated that the case r = 2 is somewhat special — at least for s = oo (see again Propo-
sition 3.1). For a better overview, we collect our knowledge for r = 2 in the following corollary. The

statements are all covered by Theorem 3.5 and Theorem 3.4

Corollary 3.6. Let 1 < s < oo. Then, there exists a constant C = C(s) > 0 such that for any sequence
(Jm) of index sets, each with degree at most m, the following estimates hold:

m-1 m
2

7 and A(@,mwgs))sc'"(H%) ,

2

n
n m i
and for 1 < s < 2 these estimates are optimal for all n and m with Ar(m) C J,,.

For?2 < s < oo and for all n and m with At(m) c ], we have that

1 ny2t
(log )(m_l)(%_l)(l—ka) ’ <cm Xmon(g’]m(fg,s))
ogn s

and

BB

(36) <cm A2, (04 ).

n
(logn)m(g—g) m

3.2.2. Thecasel <r <2 ands<r. Notice that estimates of the characteristic cx, («) for all « in the
given index set J will play an essential role in the estimates of the polynomial projection. The follow-

ing remark regarding estimates of characteristics will be useful in what follows.

Remark 3.7. Let X,, = (C", | -llx,) and Y, = (C", | - lly,) be two Banach spaces, and a € I\I(()N). Then the
following estimate holds:

cy, (@) < [id: X, = Yul"cx, ().

Moreover, for every 1 < r < 0o, we have

m mm 1/r
an(a)s||m‘”'(a}",...,a}l”)||xn(F) i

The first estimate is immediate from the given definitions. The second one follows by normalizing

—1/ral/r

the vector m in X, and using it to estimate cx, (a).

In the study of the estimates of polynomial projection and unconditional basis constants of 22;(¢7' ),
we consider two subcases, each requiring different techniques: the first subcaseisfor1 < s<r <2,

and the second subcaseisforl1 <r<2withr<s.
The subcasel <s<r<2:

The following result describes the asymptotic behavior of the polynomial projection constant of

;L7 ) for a broad range of index sets J, subject to mild restrictions on m and n.
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Theorem 3.8. Let1 < s <r < 2. Then, there exists a constant C = C(r,s) > 0 such that for alln = m
with

r' rd-1
(37) logm+ —(logm) s~ 7’ <logn,

r

and for all sequences (J,,) of index sets, each with degree at most m, the following estimates hold:

m-—1

n\ -
Xmon(gzjm ([’rl,s)) =Cc" (E)

m
Py

and A(2,(Lr))=C" (%)

Moreover, these estimates are optimal for all n and m with Ar(m) c ], (without restricting to (37));

19

in particular, whenever m'*° <c n for some 8 > 0 in the case (r,s) # (2,1), or m? <c n in the case

(r,8)=(2,1).

For the homogeneous case /,,, = A(m) the following theorem presents an upper bound that applies
to the entire range, which will be essential in deriving asymptotically optimal bounds for the Bohr

radius in Lorentz spaces.

Theorem 3.9. Let1l<s<r<2and0<x < 1. Then, there exists a constant C = C(r, s) > 0 such that for
all n = m, we have

mK
n 2r’

A i m({-}
A&z <cm(2)" max{l,logL}.

To establish the upper estimates in the preceding theorems, we will isolate the following upper

estimates for the polynomial projection constants of 22;, (¢7), in light of Theorem 2.18.

Theorem 3.10. Let1 < s < r < 2. Then there exists a constant C = C(r, s) such that the following results
hold true:

(a) For any sequence (J;,) of index sets, each with degree at most m, and for each n = m that

satisfies the condition in (37), we have

3

- n
A2, 7)) = Cm(a)
(b) Foralln<m

K
nar’

~ . AT log(m)m(%_%)
)l((@m(ém))sC (%) max{1l, ——— 3.

Before we proceed to the proof of Theorem 3.10 (a), we want to ensure that it, along with our
findings in Section 2, actually proves Theorem 3.8. Additionally, note that Theorem 3.10 (a), when

combined with Theorem 2.18, leads to Theorem 3.9.
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Proof of Theorem 3.8. We distinguish the cases n < m and n = m. In the first case, n < m, we can

immediately conclude from Corollary 2.9
Xmon(t@]m([’:'s)) ~cm 1 and /\,((@]m ((ﬁs)) ~Ccm 1.

For n = m, the lower bound for the unconditional basis constant follows directly from Proposi-
tion 2.25. Meanwhile, the lower estimate for the projection constant relies on Theorem 3.4, Theo-
rem 2.3 (note that we by the assumption on J,,, have Ar(m) = J,,,(m) N Ar(< m)) and finally Propo-

sition 2.2, which all together shows that

n\%
(E) " <cm A'(‘@AT(m) ([;l,s)) <cm A’(‘@]m(m) M?,s)) <cm A’(‘@]m w;l,s)) .

Obviously, the upper bound for the projection constant is a consequence of Theorem 2.18 and The-
orem 3.10 (which remains to be proved). For the upper bound of the unconditional basis constant
we may apply Corollary 2.8 and the upper bound for the projection constant (already shown) to con-
clude that

Xmon(e@]m (ff,s)) = Xmon(ysn(g;lys)) <cm Xmon(t@m(ﬁzs))
m-1

<cm max /\(:@m_l(fn )) <cm (2) : . O
1 m

k<m- s

We begin the proof of Theorem 3.10 and first note that, without loss of generality, we may assume
that J,, = A(m). Indeed, if we establish this homogeneous case, we can then consider an arbitrary

Jm of degree at most m, and observe that

m
(38) A2, 1)) <1+ Y A(Ppw(L}).
k=1
The hypothesis on n and m from (37) implies that log k + %(log k)r(%‘%) <lognforalll <k<m,and
hence
~ LN n\%
n o m =7
) A ) <o $ (7) <cn (2)7.

where the last estimate is a straightforward consequence of the following technical remark, which

will also be utilized later.

Remark 3.11. Given a > e, define f (1) := (%)t for all r = 1. Then f is increasing on [1,a/e] and

decreasing on [a/e,00). Moreover, f reaches its maximum value at ) = a/e, where f(fy) = ee.
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After this reduction of the proof of Theorem 3.10 to J = U,,, A(m), the idea is to leverage the flexi-

bility in the definition of X(WA(m) (7). Specifically, we break down the sum
Y con (@)lz”]
a€jm

into smaller components. This decomposition relates to the number of variables involved in each
monomial. The key insight is that if an index & involves a large number of variables, then c,» (a)
closely resembles ¢, (a), placing us in a classical scenario. Conversely, if the number of variables
in a is limited, we encounter a troublesome logarithmic term in cen (@) compared to c¢yz(a). To
address this, we analyze the number of monomials associated with a fixed number of variables. The
underlying philosophy is that the indices leading to poor estimates are relatively few, allowing for a
compensatory effect. However, managing all these elements simultaneously introduces significant
technical challenges, requiring a great deal of subtlety. The primary difficulty lies in balancing the
number of indices with the estimates obtained and ensuring that all components can be cohesively

integrated.

To accomplish this, we need to consider specific sets of multi-indices that define subspaces of
polynomials based on the number of variables involved in each monomial. We define, for 1 < L <
m < n, the set of indices

Am,n):={ae Aim,n): [{i:a; 20} =L}.

In other words, @ € AL (m, n) whenever the monomial z% involves exactly L variables. Given a Banach
space X, = (C", |- II), we denote
‘@m,L(Xn) = @AL(m,n) (Xn) .

With this notation, the set of tetrahedral m-homogeneous polynomials can be denoted by 22,,, ,,, (X},).

The following estimate for the cardinality of the sets A (m, n) is crucial.

Lemma3.12. Forl <L <m < n, we have

|AL(m, n)| ~cm (%)L ~cm (Z)

Proof. Any multi-index a € AL(m, n) can be expressed as the sum of a tetrahedral index 8 € Ar(L, n)
and another multi-index whose support is contained within the support of §. Furthermore, if @ has
L - k coordinates equal to 1, then the remaining k non-zero coordinates of a are at least 2, and so

L-k+2k<m, or, k<m-L.Thus, the decreasingreordering of a can be expressed as

a*=p"+@@-p=01,...,1,0,..0+ (] —1,...,a;. - 1,0...).
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Therefore, as any a* can be decomposed as a sum of f* € Ap(L,n) and a* — f* € A(m—L,m—L), we

have

AL om, )| < 1AL )| - IA(m—-Lm—L)| < | " (1+m_L)m_L< m(f)L
PR ’ =L m—1L Tl

The lower bound follows from the fact that we can define an injection from
Ar(L,n) — AL(m, n), a— @ +m-La,...,a,).
Therefore, |AL(m, n)| = |Ap(L, n)| ~cm (%)L, which completes the argument. O

As already mentioned, to prove Theorem 3.10 (a), we may concentrate on the indexset J = U,, A(m).

Now, observe thatfor1 < L<m<n,

k
Arm,n) < | Ak, n),
k=0

implying
o~ m ~
(40) A(Pnll)) <Y AP (L])).
L=0
So, given 1 < L < m, our next goal is to provide upper estimates for
AP (01)), 1=L=m.
From Lemma 3.12 we obtain a first simple bound.

Remark 3.13. Foralll<=L=<=m

|~

i(gm,L(g,’Zs)) <cm (%) '

(log mymGr.

Proof. Observe that for a given a € AL(m, n), using Remark 3.7, (31) and Lemma 3.12, we obtain
m (m™
r,S aa

=1/r  1/r 1/r

(@), ..oa |

1/r
con (@) < | m ) <cm (logL)m(%—%)HaH”’.
Thus, applying Holder’s inequality along with the binomial formula, we have
1

-~ 1_1 /,
A(Pns(€1)) <cnlogm)™S =) | sup Yl | [ALom,m)]""

Z€B L
ot aeN(m,n)

e~

r

<cn ogm™ D sup 1217 Ao, <cn (2)7 dogmmtP. O

Z€Byn
rs

Unfortunately, the bound given in the previous remark is inadequate for proving the two bounds

from Theorem 3.10. A more precise estimation is required - in fact, we for all index sets need precisely
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the estimate given in Theorem 3.10, (a), thatis: Let 1 < s<r <2, and 1 < m < n such that logm +
! (-1
~(ogm)"s™ 7’ <logn. Then, forany0 < L<m
41) At ) <o (Z)7
T m

To achieve this, we divide the interval of all possible L’s into three subintervals:

m m 1
[1,—], [—,sm], [sm,m], where s, = (1 - —11)

2 2 (log m)r(;—;)

and handle each of these three cases separately.

We now proceed to the proof of (41), which requires some additional preparation. In fact, this
lemma directly follows from Lemma 3.15, Lemma 3.17, and Lemma 3.18, which are presented below.
We start by examining the case when L is considered 'big’—that is, when the polynomials are "almost
tetrahedral’.

Lemma3.14. letl <s<randl<L<m with % < L. Then, there exists a constant C = C(r, s) > 0 such

that, for each a € Ap(m, n), the following estimate holds:

(m—1L)

1/r 1 1 m
con (@) <cm (( ) log(m—L)s 7 +1| [[a]l'".
Proof. Before starting, let us recall that | M -Llr ﬁ” "ll¢, =1forany f € A(M, N), and if f is tetrahedral,
then by (34)

(42) [M=raltr|, = ||M‘1”(1,R..,.,_11,0,...)||m ~c1.

M
Given a € AL(m, n), for 1 < L < m with % < L, note a has at least 2L — m coordinates which are equal
to 1. Indeed, if k denotes the numbers 1’s then a has L — k coordinates which are greater than or
equal to 2, so that m = 2(L — k) + k. Thus,

* * *
a =(ay,...,a,_;,1,...,1,0,...).
m—L
2L-m

Since the degree of (a7,...,a; ;) equals 2(m— L), it follows from (42) and (31) that

[m= " @), oa N, = | m @' g Y+ I m T, 0,00

2L-m

(Z(m—L))l/

= ” (Z(m_L))_I/r((aik)l/r"--!(a;kn_L)”r)”r rlog(m_L)%_%

+|eL-m™"q,...,1,0,..0]
——

2L-m

ns

(2(m—L))1/r

<c log(m—L)s7 +1.
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—l/ral/r

USil’lg that z = M%Tllgn € B[;ﬁs, we obtain
1/r m
_ m'™ 2(m—L)\1/r 1.1
con (@) < ||m 1/r(a%/r,...,a}/r)||':fs(F) <cm ((T) log(m—L)s™ 7 + 1) e )M, O

Lemma3.15. Letl<s<r<2,andassume2<m<nandL=m (1 - 1 ]). Then, there exists a

1_1
(logm)" 5~ 7
constant C = C(r, s) > 0 such that, the following estimate holds:

AP ill79) <cm (%)% <cm (%)ﬂ

Proof. The case m = L is the tetrahedral case which is contained in (the proof of) Theorem 3.3. We

may thus assume 1 < L < m. Since m— L < M Lemma 3.14 yields
(logm)" (57
1/r L
cen (@) <cm |[a]l™", aeA“(m,n).

Therefore with an application of Hélder’s inequality and Lemma 3.12 we obtain,

sup Y co @z <em sup Y. 12%[allt"

z€Bn - qeAL(m,n) Z€Bn - qeAL(m,n)
1/r
L /7
IA™(m, n)|

< sup( Y 12 el

z€Bn  \aeAL(m,n)

=
3

L /7 n n
< sup Nzl IAEGm, w1 <em (5) 7 <em (=
ZEB[?S L m

Lemma 3.15 provides a bound for /'/i(?}’m L& f S)) when L is 'big, meaning that L is comparable to

m. The following two lemmas offer bounds for the 'middle’ values of L.

Lemma 3.16. letl <s<r<2andl< % <L< m(l - m) Then, there exists a constant
(ogm) sTT

C = C(r, s) > 0 such that, the following estimate holds:

> nymir 1 1m mr—,L m—1L
A('@miw?.s)) <cm (E) log(m—L)m(s r)(;) ( )

1/r
Proof. Note first that our hypothesis on L implies that (M) log(m—1L) s >c 1. By Lemma 3.14,

m
forany a € AL(m, n)

m-L

mlr
c[;z’s(a) <cm ( ) log(m—L)m(%_%)I[aH”r-
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Combining Hélder’s inequality with the binomial formula and Lemma 3.12, we obtain
m-—1L

mlr
) logim—0)"6"" sup Y [lal]V7|z%

ZEB[QS acALl(m,n)

i(e@myL([;.l's)) <cm (

<gm ((mT_L)m/rlog(m—L)m(%_%) |AL(m, ””Ur,)zi‘éﬁ, Izl
<on (L) togm— 1y (%)W Zzgp 121,
b
L
- (2)"" ogm - - (2) 7 () 0

The next lemma consists of two parts. The first part will be instrumental in proving (41) (which, as
mentioned above, is necessary to complete the proof of Theorem 3.8), while the second part will be

used to prove Theorem 3.9.

Lemma 3.17. [letl <s<r<2andl< % <L< m(l— 1 ) Then there exists a constant

(logm)’(%‘T)
C = C(r,s) > 0 such that the following statements are true:

; ! 1.1
(i) Forlogn =logm+ r7(1ogm)r(s 2}

~ % 1_+)
A(QM,L(B;}’S)) <cm (%) ( (logm)r(s %) .

In particular, this holds for n = m'*%, provided § > m /)2
r(logm

(ii) Forlogn <logm + r;(logm)r(E‘?) andm<n,0<x<1,

- m ] m(5=1)
A(@ni(ll) <en (2] max{%; 1} |

mK

n2r’
Proof. By Lemma 3.16,

~ n nymir' m(%—%) ﬂ mr—‘,L m-—1L %
APurl}) <en () loglm -1y~ (=) 77 | ==

Denote now m — L = tm, with (logm)~ G- <t< % Then, taking the m-th root and rearranging,
—~ n 1/m ﬂ 1/r %_% % ﬂ tlr!
(43) AP )" . | dogmyr s <c e+ ( . .

Let f(f) := 1log(¢) — 5 logZ for all £ > 0. Then, f has a global maximum at fy = (5 log%)_l. Now,

since we are looking for the maximum of f for (logm) """ < r < 1, we have three possibilities:
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(a) ty> %, in which case we consider t* := % This is the case when n < ez_;’ m.

(b) log(m)'r(%'%) <t < %, in which case we consider t* := t;. This is the case when mezTr’ <n
and logn <logm + %l(logm)r(%—%).

(c) th < (log m)_r(%_%), in which case we consider t* := (log m)_r(%_%). This is the case when

/ 11
logn <logm+ = (logm)" =7,

Replacing ¢ by t* in (43), (c) gives us the bound stated in (7). In the other two cases, replacing t by ¢*

in (43), gives us:
(a) for e_%n =m<n,
j(3“_7’;11,L(€;l,5)) <cm (log m)mG.
(b) form < e_2r_7n and logn <logm + r%(logm)r(%—%),

~ . n\% (logm)m(%_7
Anater) <or (1) Lo

Let 0 < x < 1. Then, for both cases (a) and (b) above, we have n <¢ m?, which implies nar <cm 1.

Therefore, we deduce the bound stated in (ii) for both cases. O

It remains to prove the case L < 7%'. The key point in this scenario is that, although we do not have

a strong bound for ¢, (7 ), the cardinality of AL(m, n) is sufficiently small to compensate.

Lemma3.18. letl<s<r=<2andl< % Then there exists a constant C = C(r, s) > 0 such that for
each n = mlog(m)2"' 5=, we have

m
By

A(Pm1(01) <cm (%)

Proof. Since s < r, it follows from the Remark 3.13 that

n

2(9%”1([Z9)<Cm10gU3n“%_%)(%)LH’:(;E)M/ﬂﬂogLyn&—%)( m™ )%

nm-LIL
For n = m(logm)?”'s~7) and L < 2 (and hence 2(m — L) = m), so

N nmir' 1.y m"™ %

A@nitr9) <cn (1) togD" P 2y )

1

)~2m=D(5=3)

< (%)m/r,]og(m)m(%‘%)(m)r (logm

namir' rmy £ nmlr
() () = () 2
m L m

We are now in position to prove (41) (still needed to complete the proof of Theorem 3.8).
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Proof of Equation (41). For m =1 (and thus L = 1) we have ¢,z (a) = 1, then

3

~ n 1 n
APy l1)) < sup Y |zjl =g, (1) <¢ n? <cm (—)

z€Bn  j=1 m
In the case 2 < m and 1 < L < m, all desired estimates follow from Lemma 3.15, Lemma 3.17(i), and
Lemma 3.18. O

As explained above, this completes the proof of Theorem 3.8. We conclude this subsection by

presenting the

Proof of Theorem 3.10. , second estimate] Returning to (40), we observe that it suffices to show that
AP, 1(£1))) satisfies the bound in Theorem 3.10 (b) for all L < m.

m

Lemma 3.15 implies the bound for L = m(1 — 1/(logm)r(§‘%)). For I <L<m(1- 1/(logm)’(%‘%))
mt
<

we use Lemma 3.17(ii). Finally, for L < 7, note that since L< 3 < m n, it holds

=5,

o))<l )

Thus, by Remark 3.2.2, for every z € C", we have

1/
1.1 2n
Y e (@)]z%|<cm(logm)™ Y . Izl
aeAL(m,n) ‘ [m —m*/2] '

11 n m-mX/2 1/7",
<Cm(10gm)m(g r)((m) ) ||Z||ZZ

n\mir' L1y m—m~/2\ 2 m m,
=1a1 () g™ (=) ()
Iz, m (logm) n m—mx/2

1.1
m (7 m/r' (log m)m(3_7)
<omlaly (S)"" (FEEL).

K
nar’

To achieve our goal in this subsection, only one subcase remains.
Thesubcasel<r<2andr<s:

We follow a different method. Instead of partitioning the Banach spaces 22;(¢ ﬁ ¢) into smaller
pieces as previously, we use a specific decomposition of multi-indices. This approach allows us to
control the expression 2(9’](2 “ ,)) expressing it as a product of terms involving monomials of lower

degrees, for which we can establish suitable bounds.
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Theorem 3.19. Let1 <r <2 andr < s. Then, there exists a constant C = C(r, s) > 0 such that for any

sequence (] ) of index sets, each with degree at most m, and any n the following estimate holds:
1 n m ﬁ %
Ay, =cm(=)"

provided that m and n satisfy the condition
n
e(log G
In particular, we have:

m-1

n T
Xmon(@]m([ﬁs)) <cm (E) '

m
Y

and A(2,,(£79) <cm (%)

We start by noting that, regarding the first estimate on the polynomial projection constant, we
may assume without loss of generality that J,, = A(m). This follows as in the first subcase of Sec-

tion 3.2.2; indeed, the hypothesis on m and n implies that ——-—+— = k for all 1 < k < m. Hence

k-1
the argument again follows like in (38) and (39) using Remaiﬂo?f.nl)l.

Since for all s=r and a € J, we have Cf?,s(“) < cpn(a) <cm |la] |7 Thus to prove Theorem 3.19 we
need to show proper bounds for the sum

Y lzl%altr.
aeA(m,n)

To do this, we will analyse smaller components of this sum: the tetrahedral and the even part, and
use the bounds obtained for each of these parts to conclude something about sums which involve
general monomials. As mentioned, this technique was developed by Galicer, Mansilla, Muro, and
Sevilla-Peris [33] (see also [47]) for studying 'sets of monomial convergence. Additionally, this de-
composition method was employed in [18] to investigate the projection constant of Boolean cube

function spaces.
Recall that for each m, n the set of even multi indices is given by
Ap(m,n)={aeA(m,n):a;isevenforl<i<n}.

Clearly, m is even whenever a € Ag(m, n). Then for every @ € Ag(m, n) there is aunique € A(m/2, n)
such that a = 2. Given a € A(M, N), the tetrahedral part and the even part are defined as,
1 ifa;isodd
(ar); = and ap=a-ar.
0 ifa;iseven
If 0 < k = M denotes the number of odd entries in «, then ar € Ar(k,N) and ag € Ag(M — k,N).

Since (ag); < a; for every i, it follows that ag! < a!. On the other hand, because a 7! = 1, we have
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ar'ag! < a!. Therefore,

(44) Ii 1|—M M M KM= _IM e < 2Mitar ez
a aT'aE (M k)'k'aT aE' k arT agpll = arT agl|.

We are now ready to prove a key lemma which play a key role in the proof of Theorem 3.19.

Lemma 3.20. Let1l <r <2andr < s. Then, there exists a constant C = C(r, s) > 0 such that for allm, n

and all z € C", the following estimates hold:

1
a 1 m m n"\v
(45) Yo 2%l =C"M izl — >
ns m'
aeAT(m,n)
1 m
(46) Y 12allT <28 |20 < ™zl dogm) Y
aeANg(m,n)
(ﬂ)m/r’ f0rm< n
- r1_1
(47) Y el <" ellogn”" 7~
aeAp(m,n) (logn)™G=5) else.

Proof. We start with the first estimate, which is straightforward when n = 1. Thus, we can assume

n=2. Given a € Ar(m, n), note that a! =1 and |[a]| = m!. Then

1 1 /
Yool = Y 2% (Z|zk|) < "y —,

aeAr(m,n) aceAr(m,n) [[a]|"” r’ m'r ml+’

where in the last estimate (34) is used. For the proof of the second inequality let us recall first that for
each a € Ag(m, n) there is a unique g € A(m/2, n) such that @ = 2. Applying an obvious inequality

2k < (Zk—{cz)' < 22k tryue for each positive integer k, we obtain

m! _( (m/2)! ) Hﬁ, 1Bi!
arl-ay \Bil-e B! (m/2)'(m/2)' (2,6)'

<2M2|18]2.

[[a]l =

This implies that
m! ,31 ﬁz m 1 m/2
<2 =2
(m/2)!(m/2)! ;_ H 1 2B lHl 2Bi

Since 2/r = 1, the /;-norm bounds the ¢,,,-norm), so we get

m m 2/r
Y el =2E Y I@AANBIFT=25 Y (IHgl)

aeNg(m,n) BeA(m/2,n) BeA(m/2,n)
m 2/r m (& mir
<2%( Y @) =2 () 12l
BeA(m/2,n) =1

m 1.1
<cm 22r ||z||’,77rs(logn)(r Sm

where we for the last inequality used (31). This concludes the proof of the first two inequalities.
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To prove the third estimate we apply (44) and estimates (45) and (46) to get
2@ |[ay + )|

~I—

>

a L &
Yo el =) )
k=0areAr(k,n) ageAg(m—k,n)
1
IZ%II[aT]Ir)( >
ageEANg(m—k,n)

aeN(m,n)
m m
<27y [ )
k=0 a’TEAT(k,I’l)
’ 1 —lt=1 -
(nk” 121§, — | (dogm ™RGS2y )
Tkl ’

3m m
27 )
k=0
3m ' Bl
<272 ||z||}' m max nk!r —k(logn)(’" KG-5)
nS o k=1,,m kv
S we have that for m < a/e, the maximum value in the previous

|

|zg| gl

IA

yeoey

n
T 1
1

r s

U3

Using Remark 3.11 with a = -
(logm)" ¢
estimate is attained when k = m. Therefore,
a 1 m mlr
Y 12%1all <cm lzll, n
ns ’71 e
ale /
) <e?? < e, and consequently

aeA(m,n)
) =5
EE —_—
ale

k
__l%

k=1,...m
<cm || Z” [le (lOg n)m( r s

For m > a/e we have that max
1 m / _i_1
Yo 12%IlallT <cm 27 |lzl)) m max nk'r —(lognm)™ R
ns k=1,,m s
k
))

1_1, n
s max
k=1 -5
=L.m\ k(logn)" s

1/r'

acA(m,n)
<cm llzllgm, (logm)™

This completes the proof.

mm 1/r mm
=C
(]:ll

n| ———

Proof of Theorem 3.19. We start proving the first estimate of the theorem. Since s = r, it follows from
1/r
) Scem/rl[a]lllr.
cx(x

the second part Remark 3.7 and (31) that
my1l/r
_) SC”m—I/rallr” r(

con (@) < lm™" a7 ( —
Additionally, for each a € A(m, n) there is a pair (i, j,,), withie #(m-1,j,) and j, € {1,...,n}, so
Yozt

12%|[a]|V" = C™
Jj€Z(m,n)

that z% = z;, z;. Therefore,
Y oco@lzl<em Y
aeA(m,n) aeA(m,n)
n 1
=C" Z 1Zj,,| Z [Zil| [, ju)I7
m=1 i€ Z(m—1,jm)
ol
|zil[[i]] ",

n
<cm ) lzj,l )
i€j(m—l,jm)

Jm=1
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where the last inequality is due to the fact that |[(i, j»)]| < m|[i]| for everyi€ #(m—1, j,). Recall that
@, (k)= k'™ and so

n 1
Y 1zl < lzlen 0,
Jm=1

Combining with Lemma 3.20, in the range I

— 1 1. = m,we obtain
e(logn)” (7~%)

- . m—1 - n mr71 m-1("1 :_r’l
Y izl Y lallillr <en 2P Y |zjm|(E) <m izl (E)
jm=1 i€ Z(m-1,jm) Jjm=1
1 ny\% n\%t n\%
<C"m7 200, (—) (—) Tzl (—) .
rs\m m rs\m

The final assertions follows from Theorem 2.18 regarding the projection constant, and Corollary 2.8

concerning the unconditional basis constant. U

In similar manner, we obtain the following result.

Theorem 3.21. Let1 <r <2 andr < s. Then, there exists a constant C = C(r, s) > 0 such that for any

sequence (],) of index sets, each with degree at most m, and for any n, the following estimate holds:
A(2),(€19) = C™logm™G ),

provided that m and n satisfy the condition

n
———— T =m.
e(logn)” =%

In particular, we have:

Xmon(2,,(01)) <cm (logm)™~5  and  A(2;, (07 ) <cm (logm)™G 9,

3.3. Bohr radii. Finally, we apply our previous results to derive asymptotic estimates for the Bohr
radii of the space of multivariate analytic polynomials on finite-dimensional Lorentz spaces ¢ ;. The

following theorem provides a strong improvement over [27, Corollary 10].

Theorem 3.22. Let1 <r <oo,1=<s<o00,and let ] be an index set for which Ar(m) c ] for all m. Then
the following statements are true:

logn

“n -
~ K(Bgr,))

lim ——=1

n—oo logn
n

() If2<r<ooandl <s<oo, then K(Ber,]) ~c Moreover, if 2<r <ocoandr < s, then

1-1
(i) If 1<r<2andl<s<r,thenK(B ,J]) ~c (IOg”) o

n
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1-1 1-1
(iii) If 1<r<2andr <s, then (lo%) <c K(Bgr,J) <c (logln—_)l.
, -1

For the full index set J = I\Ig\') statement (i) of Theorem 3.22 was first presented in [27, Corollary
10, (i)], though without the assertion about the limit. The other two cases in Theorem 3.22 improve
the results in [27, Corollary 10, (ii) and (iii)]. Notably, (ii) of Theorem 3.22 is asymptotically optimal,
which contrasts with [27, Corollary 10, (ii)]).

By the monotonicity property as described in (28) it suffices to prove the upper bounds in the
‘tetrahedral case’, and the lower bounds in the ’full case’. However, the lower estimate in the tetra-
hedral case appears to be technically less complex than the lower estimate in the full case. This

motivates us to provide, up to a certain extent, two separate proofs for these two situations.

Proof. Proof of (i). Recall that ¢, s is 2-convex whenever 2 < r < 0o, 2 < s < co. Hence in this situa-
tion the result is a special case of Theorem 2.33. But in the case 2 < r < o0, 1 < s < 2 we also know
from Theorem 2.16 that (1 + %)mT_l ~cm Xmon (2?1, (Xy)), for all m, n, and so exactly the same argu-
ments as in the proof of Theorem 2.33 work. To get the the limit formula, it suffices to note that the

assumptions of Theorem 2.34 are satisfied in the case of 2 < r < s.

Proof of (ii) and (iii) (the upper bounds). We show them for the tetrahedral case only, the general

case follows by monotonicity from (28). In fact, both cases are immediate from Theorem 2.32, since
under the assumption of (ii), we have | id: [ﬁs — /|| = 1, and on the other hand assuming (iii) it
follows [lid: ¢ — €71 <c (logn)%_%.

Proof of (ii) and (iii) (the lower bounds in the tetrahedral case): By Theorem 2.32 we have that

-1

m=-1 —
((pif,,s,(m—l)) m (m— 1)%'"71

K(Byn ,AT) >c inf
(zm ) >c in oo 0D

msn

1\ 77
. mnm 1 . 1\
~c inf =—in (mnm) ,

m<n n

hence minimizing the last infimum (using Remark 2.31) leads to the claim.

Finally, given r and s like in (ii) or (iii), it remains to prove the lower bounds for K (ngs, J), for any
index set J c I\I(()N) for which Ar(m) c J for all m. But, again looking at (28), we may assume that
J= I\IE)N). To achieve the bounds we are looking for, it is central to use Theorem 2.29 and good bounds
for the unconditional basis constant for the space of m-homogeneous polynomials in each of these

cases.
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l1<r=2andl1=<s<r:ByTheorem 3.9 with x =1/2 and Theorem 2.7, sinc

ny\m-1/r' log(m)"\1/1'
Xmon(@m(“ﬂl’?,s)) <cm (E) max{( ng\/ﬁ—l ) ’1}

- 1/r’( 1 )l/r’ ( logm )
cm|n —mnl/m max —n(\/ﬁ—l)/m

1
€5

~ |~

< %, we know that,

/7! m
1)

- (nl/r’max{(ni?j/n;m)l/r’,(m;”m)urf})m

1/r' 1 r! 1
<cm [n''" max (\/ﬁn”m) ’(mn”m

n )I/r’

Optimizing with Remark 2.31 shows sup Xmon (Zn (" )™ <¢ (_
m ’ logn

!

1/r
gives (@) <¢ K(Bx,), as desired.

l1<r<2andr<s: By Theorems 3.19 and 3.21, for m < n, we have

mir' n
—n__ <
(mnllm) m= e(logﬂ)r,(

Xmon(gm(ézs)) <cm .
(logn)™=s)  otherwise.

n

Choose now some ng = ny(r, s) such thatlogn < — for all n = n,.

e(logn)” (r=s)
n

eachn=ngand m < , we have

e(logn)r,(%_%)

)m(l—%)

Xmon(@m(g;’zs)) <cm (logn

On the other hand, for all n and every m > ﬁ, it holds
e(logn)” ‘775

i

, and hence Theorem 2.29

11,
7S

Then by Remark 2.31, for

1_1 n m(1-3)
Xmon(Pm(l} ) <cm (log )™ <om ( ) .

logn

Combining both estimates, Proposition 2.28 and Theorem 2.29 complete t
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