THE PROJECTION CONSTANT FOR THE TRACE CLASS

A. DEFANT, D. GALICER, M MANSILLA, M. MASTYLO, AND S. MURO

ABSTRACT. We study the projection constant of the space of operators on n-dimensional Hilbert spaces,
with the trace norm, .#; (n). We show an integral formula for the projection constant of A (n); namely
A(yl(n)) =n f% [tr(U)|dU, where the integration is with respect to the Haar probability measure
on the group %, of unitary operators. Using a probabilistic approach, we derive the limit formula
lim A(A()/n=Vrl2.

INTRODUCTION

The projection constant is a fundamental concept in Banach spaces and their local theory. It has
its origins in the study of complemented subspaces of Banach spaces. If X is a complemented sub-

space of a Banach space Y, then the relative projection constant of X in Y is defined by
AX,Y) =inf{|P|l: P€ £(Y,X), P|x = Idx}
=inf{c>0: YT e £(X,Z) 3 anextension T € £(Y,Z) with |T| <c|TI},
where Idx denotes the identity operator on X and as usual £ (U, V) denotes the Banach space of

all bounded linear operators between the Banach spaces U and V with the uniform norm. In what
follows £ (U) := £ (U, U). We use here the convention that inf @ = oco.

The (absolute) projection constant of X is given by
A(X):=sup A(I(X),Y),
where the supremum is taken over all Banach spaces Y and isometric embeddings I: X — Y.

It is well-known that any Banach space X embeds isometrically into ('), where I is a nonempty
set depending on X (and ¢, (I') as usual stands for the Banach space of all bounded scalar-valued

functions on I'), and then
(1) AX) =AX, ().
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Thus finding A(X) is equivalent to finding the norm of a minimal projection from ¢,,(I') onto an

isometric copy of X in £, ().

Let us recall a few concrete cases relevant for our purposes - for an extensive treatment on all of this
we refer to the excellent monographs [6, 16, 19, 23, 24]. We use standard notation from (local) Banach
space theory, and note that, all over the article, all Banach spaces are supposed to be complex. As
usual Z(X) denotes the Banach space of all (bounded) linear operators T on X together with the
operator norm. For 1 < p < co and n € N the symbol ¢}, indicates the Banach space C" endowed the

Minkowski norm || x|, = ( 1 kalp)l/p and [ x|lco = SUpP <<, | Xk|, TEspectively.
A well-known simple application of the Hahn-Banach theorem shows that
AL)=1.

The exact values of A (¢ g) and A (¢ ’f) were computed by Griitnbaum [8] and Rutovitz [22]: If do stands
for the normalized surface measure on the sphere S, (C), then

v oon!

2 T(n+d)

2) A(ég):nfS 1l do =

On the other hand, if dz denotes the normalized Lebesgue measure on the distinguished boundary

T"in C" and J is the zero Bessel function defined by J,(#) = % Jo cos(tcosp)de, then

3) ey =f y Zk‘dZZfooomdt.

T =1 tz

Moreover, Konig, Schiitt and Tomczak-Jagermann [14] proved thatfor1 < p <2

A0
4) lim ( p) = ﬁ
LS \/ﬁ 2

Let us turn to the non-commutative analogs of these results. The operator analog of /2 is the

Banach space Z(¢}). By [7, Theorem 5.6] it is known that

n  n?
Al L)) ==—-—.
The space of Hilbert-Schmidt operators #(n) on ¢4 is a Hilbert space, and we may deduce from (2)
that

VT n?
AA(n) = - ———,
2 T(n?+1)

which in particular leads to the two limits

AL AL}
n—00 n 2 n—oo n 4

Finite dimensional Schatten classes form the building blocks of a variety of natural objects in non-

commutative functional analysis. Recall that the singular numbers (sk(u))Z:1 ofue 2([’2“) are given
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by the eigenvalues of |u| = (u* w2

, and that the Schatten p-class #,(n), 1 < p < oo by definition is
the Banach space of all operators on ¢} endowed with the norm [u| , = (Zzzl | st (1) Ip)l/p (for p=o00
we here take the maximum over all 1 < k < n). It is well-known that the equalities %, (n) = £ (¢})
and % (n) = 4 (n) hold isometrically. We remark that the space .#1 (n) is usually referred to as trace

class.

For the non-commutative analogue of (3) in case of .# (n), the best known estimate seems

(6) <A(Am) < n.

w3

The lower bound was proved by Gordon and Lewis in [7], while the upper bound is a consequence of

the famous Kadets-Snobar inequality [13].

As pointed out in (3) there is a useful integral formula for A(¢}'). Our main aim is to show a non-
commutative analogue for A(# (n)), and to employ it to get the missing limit from (5). More pre-

cisely, we prove that

A(Am) = nf ()| dU,
Un
where tr(U) denotes the the trace of the matrix U and the integration is with respect to the Haar
probability measure on the unitary group %,; and then we apply a probabilistic approach (within

the so-called Weingarten calculus) to derive

We finish this introduction with a few words on the technique used. An important tool to calculate
projection constants, and more generally to obtain minimal projections, is due to Rudin [20] (see
also [24, Chapter III.B]). This technique is sometimes called Rudin’s averaging technique, and it for

example may be used to prove (2) as well as (3).

Given an isometric subspace X of Y, we sketch the most important steps of this strategy to find the
relative projection constant A(X,Y): Select a possible 'natural candidate’ P: Y — X for a minimal
projection; Find a topological group G acting on £(Y), that is, every g € G defines operators Ty
which acts in a’compatible way’ on Y; Show that P in fact is the unique projection, which commutes
with all operators Tg, g € G; Consider an arbitrary projection Q : Y — X, and average all operators
Ty 1QTg with respect to the Haar measure on G. Then this average commutes with all operators
Ty, g € G, and so it must coincide with P; Use a simple convexity argument to show that A(X , Y) =
IP:Y — X|; Analyze |[P: Y — X||, in order to refine the formula for A(X, Y).
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Thus, if here Y = £,(I"), then (1) shows that these steps may lead to a formula/estimate of A(X).
Let us see, how our object of desire .# (n) naturally embeds in some reasonable ¢, (I'). It is well-

known that £ (¢}) and .#; (n) are in trace duality, that is, the mapping
@ A - L))", u—[v—tr(uv)]

defines a linear and isometric bijection. To go one step further, we may compose this mapping with
the restriction map 55(6’27)* — C(%y), u— uly,, where %; stands for the group of all unitary n x n
matrices, and in fact this leads to an isometric embedding .#; (n) — C(%,) (see Proposition 2.11). So

our aim in the following will be to analyze the relative projection constant }L(yl (n),C (%n)).

In order to apply Rudin’s avaraging technique we need to develop what we call "unitary harmonics’
on the unitary group %, which (roughly spoken) are harmonic polynomials in finitely many 'ma-
trix variables’ z and z from the unitary group %,. All this is deeply inspired by the classical theory
of spherical harmonics (see, e.g., [21]), that is, the study of harmonic polynomials in finitely many
complex variables z and z on the n-dimensional euclidean sphere S,,. Unitary harmonics and their

density in C(%},) are described in Section 1.

In Section 2 we formulate and prove our main Theorem 2.1. And although this is the sole focus
of this work - structuring the proof of Theorem 2.1 carefully, shows that parts of it extend to a more

abstract version given in Theorem 2.6.

1. UNITARY HARMONICS AND THEIR DENSITY

We need to extend a few aspects of the theory of spherical harmonics on the sphere S, (as devel-
oped for example in [21, Chapter 12] and [1, Chapter 2]) to what we call unitary harmonics on the

unitary group %;,.

1.1. Unitaries. Denote by M,, the space of all n x n-matrices Z = (zx¢) with entries from C. The
group %, of all unitary n x n matrices U = (u;j)1<;, j<n endowed with the topology induced by £ (¢})
forms a non-abelian compact group. It is unimodular, and we denote the integral, with respect to

the Haar measure on %, of a function f € L,(%,) by

f fau.
Un

Integrals of this type form the so-called Weingarten calculus, which is of outstanding importance
in random matrix theory, mathematical physics, and the theory of quantum information (see, e.g.,
[4, 15]).
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Basically, we will only need the precise values of two concrete integrals from the Weingarten cal-

culus. The first one is
. 1
(8) f Ui jUgedU=—6;16;,¢
U, n
for all possible 1 < i, j, k, ¢ < n, and the second one
1
©) f Itr(AU) 2dU = ~tr(AA®)
U, n
for every Ae M, (see, e.g., [3, p. 16], [4], or [25, Corollary 3.6]).

Every operator T: M,, — M, that leaves %, invariant (i.e., T%, < %), defines a composition
operator
Cr: Ly (%) — Lo (%), f'—>fOT.

There are in fact two such operators T, leaving %, invariant, of special interest — the left and right

multiplication operators Ly and Ry with respect to V € %, are given by
Ly(U):=VU and RyU):=UV, UeM,C".

A subspace S c Ly (%) is said to be %, -invariant whenever it is invariant under all possible compo-

sition operators Cr,, and Cg, with V € %, .

For any closed subspace S c L, (%), we denote by ns: Ly (%,) — L2(%,) the orthogonal projection
on Ly (%) with range S.

1.2. Spherical harmonics. The symbol 22(R") stands for all polynomials f: RN — C of the form

(10) f@x) =) cax%

ac]
where J c I\I{)V is finite, and (c4) o7 are complex coefficients. Moreover, given k € Ny we write 2. (RN)
for all k-homogeneous polynomials f of this type, that is, f has a representation like in (10) with

la|:=Y a;=kforeach a € J.

Observe that in (10) one has ¢, = 0% f(0)/a! for each «a € J, which in particular shows the unique-
ness of the coefficients for each f € 2(RY) (in the following we often write ¢, = c,(f)). A particular
consequence is that the linear space 22(R") carries a natural inner product given by

(11) (f.8)p =2 alca(flcalg), [ 8 PRY).

a

This scalar product has a useful reformulation. To see this, note first that every f € 2(RY) defines
the differential operator f(D): P RN) - P RN) given by

f(D)g:=Y cu(f)Og, gePRY).
a
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And then it is straight forward to verify for every f, g € 2(R") the formula

(12) (f.8)5 = [F(D)E]0).
The polynomial t € 2 (RY) defined by
(13) t(x) = x5, xeRY

is of special importance, since then
N 62 N N
A=t(D)=) —: PR")—-2R
; 0x> ®")

is the Laplace operator. A polynomial f € 22(R") is said to be harmonic, whenever Af = 0, and
we write #(RY) for the subspace of all harmonic polynomials in Z2([R"), and ./ (R") for all k-

homogeneous, harmonic polynomials. For each NV € N one has
(14) A RN) = span, A} (RY).

To see this, fix f =Y gejca(f) x% € RN with degree d = max,eylal. For each k € {0,1,...,d} let
Jie = Xjm=k ca(f) x* be the k-homogeneous part of f. Since f = Zi:o [k, it remains to show that each
fx is harmonic. Clearly, ZZ:O A fr = Af =0. Since all f; are supported on disjoint index sets of multi
indices, we conclude that A fy =0foreachO0 <k <d.

Much of what follows is based on the following well-known decomposition of 22 (R") into har-

monic subspaces (see, e.g., [1, Theorem 2.18]). For the sake of completeness we include a proof.

Proposition 1.1. For each k € Ny and N €N
PR =R o t- o, R 0 - o, RN o ...,
where the orthogonal sum, taken with respect to the inner product from (12), stops when the subscript

reaches 1 or0.

Proof. Given g € Pr._»(RN), we let h(x) := t(x) g(x) forall x € RY. Since t(D) = A, this implies that
h(D) = Ao g(D) = g(D) o A. Clearly, if now f € 2 (RY), then by (12)

(h, f) g = [R(D)f](0) = [g(D)(Af)](0) = (g, Af ).

Thus, f L tg forevery g € ;_»([RY) isequivalentto A f L g for every g € ;_»([RN), so to f € #;([RN).

As a consequence, we get
PR = RN o t- P RY).

The proof finishes repeating this procedure for #_,(RY), #_s(RY), ... O
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By §§, we denote the sphere in the real Hilbert space ¢ év (R). We write (@(S%) for the linear space of
all restrictions f| s® of polynomials f € 22([R"), and (S[}f,), whenever we only consider restrictions

of k-homogeneous polynomials.

All restrictions of harmonic polynomials on RY, so polynomials in #(R"Y), to the sphere S%, are
denoted by A4 (§ ), and such polynomials are called spherical harmonics. Similarly, we denote by
T (S ) the space collecting all k-homogeneous polynomials restricted to SR Endowed with the

supremum norm taken on SR both spaces A (SR ~) and A (S N) form subspaces of C(S N).

An important fact, not needed here, is that the spaces (S[}f,) are pairwise orthogonal in LZ(S”I%)

(see, e.g., [1, Corollary 2.15]).

1.3. Unitary harmonics. Going one step further, we extend the notion of spherical harmonics on

the real sphere 8"}; to what we call unitary harmonics on the unitary group %,,.

Recall that M,, here stands for the space of all n x n-matrices Z = (zy,) with entries from C. The
subset of such matrices a = (ay,) with entries from Ny is denoted by M, (Ny). For Z € M,, and a =
(are) € M,,(Ng) we define

n

a __ (1994
Z% = H Zip
k,¢=1

We identify M,, with R2" in the canonical way through the bijective mapping
(15) I,: M, — R,
which assigns to every matrix Z = (zZx¢) ke = (Xke + i Yre) ke € M, the element

2n?
(%11, Y115+ X100 Yin X215 Y2lo-er X2m> Yoro " » Xnls Ynlo+-+» Xnny Ynn) ERTT .

Then BB (M,,) denotes the linear space of all polynomials f = gol, with g€ .@(IRZ”Z). Hence, by
definition, the mapping

(16) P(R*™) = PM,), g— gol,
identifies both spaces as vector spaces.

We collect a couple of useful facts. Note first that, if f = goI,, € P(M,,) with g e Q’(I]anz), then
n 02f 1 62 aZg
Af= Zazaz :_Z(O 6)
i,j=1Y<iju«ij 5,j=1 x yl]
a formula immediate from the definition of Ozij = %(Oxij - zayij) and 63”. = %(axl.j + iayij).

Secondly, a function f: M, — C belongs to *3(M,,) if and only if it has a representation

(17) FD=Y cap2®Z’, ZeM,,
(a,p)e]
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where ] is a finite index set in M, (No) x M;,(Np) and c(q g) € C, (a, ) € J. Moreover, in this case this

representation is unique.

Indeed, if f is given by (17), then g = foI,' € ?}’(IR{Z”Z) and f = gol, € P(M,). Conversely, if f =
gol, e P(M,) withg=Y,cax%€ P (R?""), then the desired representation easily follows from the
substitution: Re z;; = %(zi jtzij)andImz;; = %(zi j—zij). To see the uniqueness of the representation

in (17) observe that if f =0, then, given (a, ) # (0,0), an application of the differential operator

o2l ...08m ol ol ... .agm . .agmalm .ol

211 ° Z1n Z1 cee Zin Zn * Znl . Znn

to f (and evaluating in zero), shows that ¢, g = 0.

We again use the identification g — g oI, from (15) to define the spaces

(18) Pi(Mp) := P(RY), Hr(My) = #(RP) and  H(M,) := #(R>").

The following lemma gives a simple description of the elements of P (M},).

Lemma 1.2. Let f € PB(M,,) and k € N. Then f € Pr(M,) ifand only if f(AZ) = AXf(2) forall A € R
and Z € M,,.

Proof. For f € PBi(M,) there is g € ,@k(RZ”Z) such that f = gol,. Clearly, f(AZ) = Akf(Z) for all
A €Rand Z € M,. Assume conversely that f is k-homogeneous in the meaning of the statement.
Since f € ‘P(M,), there is a finite polynomial g (x) =Y, ca(g) x%, x € R2" such that f =geol,. Since
g=fo I;l, it follows that g(Ax) = )Lkg(x) for all A € R and x € R?". But this by the uniqueness of the

coefficients c,(g) necessarily implies that ¢, (g) # 0 only if |a| = k, so as desired g € ,@k(RZ"Z). 0
Obviously,
(19) SB(an) = Spankmk(Mn)

(consider the polynomials on R2" defining these spaces), and less trivially (as an immediate conse-

quences of (14)) we have
(20) $H(Mp) = span; Hy(Mp) .
The polynomial ty, € B2(M,) given by

ty, (2):=t(ZZ%), ZeM,,

where tr: M,, — C denotes the trace, is of special importance. It is easily seen that under the identi-
fication from (16) the image of the polynomial t € PJ’Z([R{Z”Z) (see again (13)) is ty, € P2(M,), that is,

(21) ty,(2)=t(1,2Z), ZeM,.
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Recall again that 22 (R? n*y carries the natural inner product from (11), which then by the identification

in (16) transfers to a natural inner product on ‘3 (M,,), that is,

(22) (f,8)p:=(foL," 801, ) s [r8EBM,).

Using (18) and (21), we deduce from Proposition 1.1 its matrix analog, which is going to be of great

value later on.

Proposition 1.3. Forall ke Ny andneN
Pi(Mp) = H(My) @ tag, - Hi2(My) @ 3, -H_a(Mp) ® ...,

where the last term of the orthogonal sum is the span oftﬂj for even k, and tgf[;”/ 2. $1(M,,) for odd k.

We need two more lemmas.

Lemma 1.4. Let f € (M) and U € %,. Then fo Ly € $H(M,). Moreover, if f € H.(My,), then also
foLyeH(My).

Proof. Recall the well-known fact that for every harmonic function F: C" —Cand every W € %2,
we have that A(Fo®y) = AFo®y,, where ®yz =Wz forze C”. Now identify M, and C" in the

natural way by
(23) In(2)=(211,---, 210, 221+, 220, » Znly -+ ) Znn)y  Z € My,
and define g = foJ,!: C" — C. Then obviously Ag =0, and moreover a simple calculation shows
foLy=goPuysiden ©Jn-
Since U ® idc» € %2 is unitary, it follows that
A(foLy) = A(goPusiden) = A8 0 Pusiden = 0.
For the second statement note that if f € $(M,,), then by the first statement f o Ly € $H(M,). But

foLy(AZ)=AfoLy(Z)forall Ze M, and A € R, and hence the claim follows from Lemma 1.2. [

For p, q € Ny let $)p,q)(M;,) < $H(M,,) be the subspace of all harmonic polynomials, which are p-
homogeneous in Z = (z;;) and g-homogeneous in Z = (z; ), thatis, all polynomials f € $)(M},) of the
form
(24) F@= Y cap2°Z’, ZeM,

lal=p,|1Bl=q

By Lemma 1.2 we immediately see that

(25) Nip.g)(Mn) €9p+q(Mp).
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The following result is crucial for our purpose (see also Lemma 1.7).
Lemma 1.5. Forall f € $(p,q)(My) and U € %,, one has
foLy€$HNpqMp) and  foRy€$Hp,q(Mpy).
Moreover,

(26) HMy,) = Spanpyqﬁ(p,q) (Mp).

Proof. Taking for f a representation as in (24), we have
foly@) = Y  cupUDUDP, Ze M,
lal=p,|Bl=q
Now for each 1 < i, j < n we use the multinomial formula for (3_, uingj)“iJ', to get
— —
U2UZ)P= Y dys 27, Z= (ko€ My.
lYl=p.l¢l=q
Combining, we conclude that f o Li; has a representation

foly D= Y  ennZ'Z°, ZeM,.
nl=plol=q

On the other hand, by (25) and Lemma 1.4, it follows that f o Ly € §,+4(Mj;), and hence for all
AeRand Z € M,, one has

Y e AN Z1Z7 = (FoLy)AZ) = AP (foL)(Z)= Y. cumAPTIZTZ].
Inl=plol=q Inl<p,lol<q
Inserting Z = id € My, shows that e(; o) # 0 only if || + |0 = p + g, and since |n| < p and |o| < g, this

is only possible whenever || = p and |o| = g. This as desired proves f o Ly € $(p,q) (Mp).

The equality (26) follows from (20), since it may easily be seen that ) (M,) = span,,, ;9 p,q) (M»)
(see also, e.g., [21, Proposition 12.2.2]).

In order to prove that f o Ry € $)(p,q (My), define f*(Z) = f(Z*) for Z € M,,. Since the mapping
[gz — 2’212,2 — Z* is unitary (it is an isometry), the function f* is harmonic. Now, looking at the
representation of f as in (24), we see that f* € (4, ) (M},). This, by what is already proved, gives that
[ oLy € Hq,p)(My). Butfor Z € M,

foRy(Z2)=f(ZU)= f(U*Z")) = f*(U"Z") = f o Ly«(Z") = (f" o Ly*)"(2),

and hence foRy = (f*oLy~)* € (p,q)(My). UJ
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1.4. Unitarily invariant subspaces of C(%,). By ‘B (%,) and 134 (%;) we denote the linear space of
all restrictions fly, : %, — C of polynomials f € 3(M},) and f € P (M,), respectively.

Similarly, we for all restrictions to %, of harmonic polynomials from $)(M,) and $(M,) write
N (%U,) and $H (%), respectively, and the elements therein we address as unitary harmonics. All this

constitutes important subspaces of C(%,,).

Lemma 1.6. Foreach k

27) Vi (Up) = span,- ;. H¢(Un),
and
(28) sB(@/n) = Spankmk(%n) = Spangf)[(%n) =9Uy).

Proof. Proposition 1.3 and the fact that the function ty;, = n on %, imply (27). To prove (28) note
that the first equality is a consequence of (19), the second one of (27), and the last one of (20). O

Moreover, for p, g € Ny, we write $, q) (%) for all restrictions to %;, of functions in £, 4 (My).
Observe that a function f : %, — C belongs to $)(,,q) (%) if and only if it has on %, a representation
like in (24). All needed information on these subspaces of C(%},) is included in the following lemma,

which is an immediate consequence of Lemma 1.5.

Lemma 1.7. Each space $)p,q)(%y) is a%y-invariant subspace of C(%y), that is, for all f € ) p,q) (%)
and U € Uy, we have f o Ly, f o Ry € $(p,q)(%y). Moreover,

(29) ﬁ(%n) = Spanpyqﬁ(p,q) (%n) .

We finish with the following density result being crucial for our purposes.

Theorem 1.8. (%) is dense in C(%,). In particular, the span of the union of all $(%,) as well as
the span of the union of all §) p,q)(%y) are dense in C(Uy).

Proof. Observe first that *J3(%,,) is a subalgebra of C(%}), which is closed under conjugation, and
that the collection of all coordinate functions e;; separates the points of %,. Thus, by the Stone-
Weierstrass theorem, *J3(%,,) is dense in C(%},). The rest follows from (28) and (29). O

Remark 1.9. An important difference between spherical harmonics and unitary harmonics is that
for the case of the sphere the corresponding spaces )y, (S%) are mutually orthogonal in L,(S$)

(see [21, Theorem 12.2.3]). But for the subspaces §)(p,q) (%y) of L*(%}) this is no longer true. To see
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an example take f € $(1,0)(%,) and g € H2,1)(%},) defined by f(U) = u;,; and g(U) = uz2u12up,.
Then (see, e.g., [11, Section 4.2])
1

(30) <f,g>L2 = f% U U oUi ol 1dU = _—(n— Dnos D)

n

On the other hand, using basic properties of the Haar measure on %, it is not difficult to prove
that

(31) Do) Un) LD, q)(%n) whenever p+g=p'+q and (p,q)# (' q)
(see [10, §29], or [15]).

It is worth noting the following conclusion from (31) (not needed for our further purposes), which
states that

i @n) = 9 k,0)%Un) & Hik-1,1)(Un) & ... & H0,1)(%n),

where @ indicates the orthogonal sum in L,(%,). We conclude with the observation that in contrast
to (30) we have (f, g)gp = 0, so the Euclidean structure, which ), 4)(%}) inherits from L(%}), is
different from that induced by the inner product from (22).

2. PROJECTION CONSTANTS

As explained in the introduction the main goal of this work is to prove the following result.

Theorem 2.1. ForeachneN,

(32) A(AM) = |70 : C@p) — AWM = nf% ltr(V)|dV .
Moreover,
A(HA
(33) fim A00) _ V.
n—00 n 2

The proof of this theorem is presented in Section 2.5. It is based on preliminary results we prove

in the following, which require some preliminary arguments.
2.1. Rudin’s averaging technique. Given a topological group G and a Banach space Y, we say that
G acts on Y (through T) whenever there is a mapping

T:-G—-2(Y), g—Tg

such that
T, =1y, Tgh:TgTh’ &8, heG
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and all mappings
g3G—Ty()eY, yeY

are continuous. If in addition all operators Ty, g € G are isometries, then we say that G acts isometri-
cally on Y. We say that S € £ (Y) commutes with the action T of G on Y whenever S commutes with
all Ty, h e G.

The following theorem was presented in [20] (see also [24, Theorem III.B.13]).

Theorem 2.2. LetY be a Banach space, X a complemented subspace of Y, and Q: Y — Y a projection
onto X. Suppose that G is a compact group with Haar measure m, which acts on Y through T such
that X is invariant under the action of G, that is, T¢(X) < X forallg € G. ThenP: Y — Y given by

(34) P(y):=fGTg1QTg(y)dm(g), yey,

is a projection onto X which commutes with the action of G on Y (meaning that TgP = PTg for all
g € G) and satisfies

IPIl < 11QIl supllTgl®.
geG

Moreover, if there is a unique projection on Y onto X that commutes with the action of G on Y, and if

G acts isometricallyon Y, then P given in (34) is minimal, i.e.,

AX,Y)=P].

In order to be able to apply Rudin’s technique, we need to endow %, x %, with a special group
structure, which allows to represent the resulting group in £ (C(%})). To do so, consider on %, x %,
the multiplication

(Uo, Vo) - (U, V1) := (U1 Uy, Vo V1)

With this multiplication and endowed with the product topology, %, x %, turns into a compact
topological group, and it may be seen easily that the Haar measure on %,, x %, is given by the product

measure of the Haar measure on %, with itself.
Further, for any (U, V) € %, x %, and any f € L,(%,) we define
pwwnf=(CroCr)f=foLyoRy,
which leads to an action of %, x %, on C(%,) given by
(35) Up > Un— L(CU), WU, V)= |[pwyv):f— foLyoRy].

We say that a mapping T : S; — S», where S; and S, both are % -invariant subspaces of L, (%),
commutes with the action of %, x %,, on C(%,,), whenever

(CLyoCr )(Tf)=T((Cr,oCr,)f) forevery (U,V)e%,xU,and feS;.
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2.2. Convolution. Recall from Section 1.1 that 7g : L,(%;) — S denotes the orthogonal projection
on Ly (%) onto a given closed subspace S. The following result shows that under the assumption of

% ,-invariance of S, this projection is a convolution operator with respect to some kernel in S.

Theorem 2.3. Let S be a“,-invariant subspace of C(% ), which is closed in Ly (%,). Then the follow-
ing holds true:

(i) Thereis a unique functionts € S such that for all f € Ly(%,)

”Sf:f*ts’

(ii) ms commutes with all Ly and Ry for U € %,, that is, ts commutes with the action of U, x %,
on C(%Uy),

(iii) Ims: C(Un) — Sl = [4,, Its(V)AV .

The proof is an easy consequence of the following lemma.

Lemma 2.4. Let S be a % ,-invariant subspace of C(%,), which is closed in Ly (%,). Then for every
U € %y, there exists a unique function K[SJ € S such that forall f € Ly (%)

@) sHW) =(f,K)p, = Jor, FVIKG WAV,
and moreover for every choice of U,V € %, we have
(i) K5 (V) = (K}, K}),, = K U),

(i) K30 Ly-1 =K}, =K 0Ry-1,

(iv) Ky (V) =K;,(Id) >0.

Proof. The claim from (i) is an immediate consequence of the Riesz representation theorem applied

to the continuous linear functional Ly (%,) — C, f— (nsf)(U).

(i) Ky (V) = ms(K) (V) = (K, Ky ), = (K, Ky, = K (U) for all V € %,.

(iii) Fixsome V € %, and f € L,(%}), and note first that S+ is also %,-invariant. Then
(Id-ns)(f)oLyeSt and foLy=ns(f)oLy+Ud-ms)(f)oLy,

and hence

(36) ns(foLy)=mns(ms(f)oLy)+ms((Id—ms)(f)oLy) =ms(f)oLy.

Then
<f,K{3U>L2 =ns(f)(VU) =ns(f)oLy(U) =nms(foLy)(U),
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and thus by (i)
S S S S S
<f' KVU>L2 = <f°LV’KU>L2 = <Cva» KU>L2 = <f’ CLV—lKU>L2 = <f» KUOLv—1>L2'

Since f € Ly (%)) was chosen arbitrarily, we obtain that K‘S/U = Kg o Ly-1. The other identity follows

similarly.
(iv) Let V € %,, then

Ké(V) = <KI§’K\§>L2 = <KISdOLV‘1’K‘§>L2 = <KISd’K‘S/°LV>L2 = <KISd’KISd>L2 = de(ld) >0. O

It remains to prove Theorem 2.3. Defining
(37) ts:= K3,

this proof is in fact a straight forward consequence of the preceding lemma. But before we do this,

we collect two elementary properties of the kernel tg.

Remark 2.5. Let S be a %, -invariant subspace of C(%}), which is closed in L,(%,). Then tg = K IS g

satisfies:

o tg(V*)=tg(V) forall Ve%,,
o tg(V*UV) =ts(U) forall U,V € %,, that is, tg is a so-called class function.

Indeed, for the first equality note that
ts(V*) = (K}, 0 Ly-1)(Id) = Ky (Id) = KI4(S) = t5(V),

and together with this we get

ts(VIUV) =ts(V-1U*V) = (KISdOLV-l)(U* V)
= Kg(U* V) = K(S]*V(V) = KISd oRy-1y (V) =ts(U).
Proof of Theorem 2.3. By Lemma 2.4 forall U € %,, and f € L,(%,)

(s fHU) = f% fONKS VYAV
= f fWNK WAV
Un

= f% fFONKS WUV hHav = f% FNtUVHAV = (f * ts) (1),

which proves (7). Statement (ii) was already shown in (36), and it remains to check (ii7). Obviously,
we have that

Ims: C(%y,) — Sl = sup Its(UV*)|dV,
U€%n %n
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and for every U € %,, by Remark 2.5
f Its(UV*)IdV=f Its(V*)ldV=f lts(V)|dV .
Uy Un Un

This completes the argument. U

2.3. Accessibility. Let S be % ,-invariant subspace of C(%}), which is closed in L,(%}). Then S is
called accessible if every projection Q on C(%;,) onto S, which commutes with the action of %, x %,

on C(%y), equals TS| e,

Theorem 2.6. Let S be a %, -invariant and accessible subspace of C(% ), which is closed in Ly(%y).
Then
AS) = ||ns: C@,) — S| = f% lts(V)IdV .

Proof. The proof is an immediate consequence of Rudin’s Theorem 2.2 and the assumptions on S,

taking into account that we know (ii) and (iii) from Theorem 2.3 as well as (1). 0

We say that a %, -invariant subspace S of C(%},), which is closed in L,(%},,), is strongly accessible,
whenever every f € S for which f(VUV*) = f(U) forall U,V € %, is a scalar multiple of ts. In other

words, every class function in S is a multiple of ts.

As the name in the previous definition suggests, we have the following key result.

Proposition 2.7. Let S be a %, -invariant subspace of C(%}), which is closed in L,(%,). Then S is

accessible whenever it is strongly accessible.

The proof requires the next statement.

Lemma 2.8. Let H and S be,,-invariant subspaces of C(% ), which are both closed in L,(%}). Then,
if S is strongly accessible, every operator T : H — S that commutes with the action of U, x %, on

C(%p), is a scalar multiple of wg| ;.
Moreover, if H is orthogonal to S and Q is a projection on H@ S onto S that commutes with the
action of Uy x Uy, on C(Uy), then Q = TS| g s+
Proof. By the assumption on T and Lemma 2.4, (iii) for every V € %,
(Cr, o Cr,. )(Tty) = T((Cp, © Cr,. )ty) = Tty.

This implies that (Tty)(V*UV) = (Tty)(U) for all U,V € %,,. Since S is strongly accessible, we have
that Tty = yts for some y € C. But from Theorem 2.3 we know thatforall h € H

h=ngh=hx*ty,
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and hence

Th=hxTtg=yhxts=yngsh.

To see the second assertion, note that by the first part of the lemma we have Q| = y s, for some
Y € C. But since by assumption H c SL, this implies Q) H= 0=rmsg| e On the other hand, since Q is

a projection onto S, we see that Q| §= Ilds=m S| which finishes the proof. O
We now give a

Proof of Proposition 2.7. Let Q be a projection on C(%},) onto S, which commutes with the action of
U, x %y, on C(%y). By Theorem 1.8, it suffices to show that for each pair (p,g) € Ny x Ny

Q|~‘7J(p,q) - nslﬁ(pyq) )
Given such pair (p, q), we define the subspace

H:={f-nsf: f€Dpqg}<C%U.

Then H is %p-invariant; indeed, by Theorem 2.3, (ii) and the fact that §)(,,) is %y -invariant (proved

in Lemma 1.7), for every f € ¢ and U € %, we have

(f—msfloLy=foly—nsfoly=foLly—ns(foLy)€ H,

and the invariance under right multiplication follows similarly. Since H L S and Q commutes with
the action of %, x %, on C(%,), Lemma 2.8 (the second part applied to the restriction of Q to H& S)

shows that

Qlires = TS| Hes’

so in particular Q|H =T0| = 0. But then for every f € $p,q) (%n)

Q) =Q(f —msf)+Qmsf) =7nsf,

which completes the argument. U

2.4. The special case S = §)(;,0)(%,). Recall from Section 1.4 the definition of the %, -invariant sub-
space $(1,0) (%) of C(%,) of all polynomials f € C(%,) of the form
f(U): Z Ci,jUi,j,
1<i,j<n
where U = (ui,]’)lsi,]’Sn €U, .
In Theorem 2.3 we showed that the orthogonal projection 7(1,0) = 75, () 0N L2(%p) onto $,0)(%n)

is a convolution operator with respect to the kernel #,0) = g, ,, (,)- We need an alternative descrip-

tion of this projection in terms of the canonical orthonormal basis of $)(1,0) (%)-
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By (8) the collection of all normalized functions v/ne;;, 1 < i, j < n forms an orthonormal sys-
tem in Ly(%}), and hence an orthonormal basis of $)(1,0)(%,) considered as a subspace of Ly(%}).

Consequently, for each f € Ly (%)
(38) ra,0f)= >, (f vneij), Vneij=n > (freij), eij

1<i,j<n 1<i,j=n

where e;j € $(1,0) (%) is defined by e; ;(U) = u; ; for U € %, .
Comparing the two representations of 7(; gy we now have, leads to the following

Proposition 2.9. For each n € N we have t o) = ntr, and moreover

naof=n(f*tr), [feLl) (%)

and
7,0 : C(%R) — Ha,0)( %)l = n[ [tr(V)|dV .

Un

Proof. To check the equality t(;,0) = ntr, recall that by Lemma 2.4, (i) and the definition of t(
from (37), for all f € L,(%}) one gets

a0 UID) =(f ta,0),-
On the other hand, by (38) for all f € Ly (%),

(raoNUd)=n) (f.eij);, eijdd)=n}Y (f eii);, =n{f.tr),,,
123 1

which together with the preceding equality is what we were looking for. To deduce the second and

third claim, is then immediate from of Theorem 2.3, (iii). O

Proposition 2.10. $1,0)(%y) is a strongly accessible %, -invariant subspace of C(U,).

Proof. Take f =3 1< j<n Ci,jei,j € $,0)(%y) such that f(vluv) = f(U) forevery U,V € %,. Clearly,

f can be considered as a linear functional on M, (C). This implies that there exists A € M,,(C) such

that f(U) =tr(AU) for all U € M, (C). Then from the assumption on f, it follows thatforall U,V € %,
tr(AU) = f(U) = fF(VIUV) = tr(AV U V) = tr(VAV L),

Combining this with the fact that any matrix in M, (C) is a linear combination of unitary matrices,
we deduce that A = VAV ! for every V € %, and so A commutes with all matrices in M, (C). This

implies that A =yId for some y € C, and hence as desired f = ytr. U

A comment is in order: if p+ g > 1 then g, (A) := tr(AP(A™)9) and g»(A) := tr(A)Ptr(A*)9 are differ-

ent class functions. Thus, in this case, )y 4) (%) is not strongly accessible.

The following result identifies $)( ) (%)) with the trace class .# (n).
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Proposition 2.11. The space $(1,0)(% ) is isometrically isomorphic to # (n). More precisely,
(39 AM)— Ha,0(n), A—[f:U—tr(AU)]

is an isometry onto.

Proof. Obviously, the mapping in (39) is a linear bijection. Indeed, as a linear space .#; (n) equals
M, (©), and $,0)(% ) equals the algebraic dual M,(C)* of M, (C). Moreover, it is well-known that
the mapping A — [f : U — tr(AU)] identifies M,(C) and M,(C)*. So it remains to prove that the
mapping in (39) is isometric. To prove that, we use a result of Nelson [17] (see also [9, Theorem 1])
showing that for any complex-valued function f, which is continuous on the closed and analytic
on the open unit ball of ££(€’21), we have sup| ry<1 L f ()] = SUPyeay, | f(U)|. But then by (7) for every
Ae A(n)

| All; = sup |[tr(AT)| = sup [tr(AU)|,
ITI<1 Uet,

completing the argument. 0

2.5. Proof of the main result. We start by presenting the

Proof of the integral formula from (32). We use the identification from Proposition 2.11, and com-

bine it with Proposition 2.10 and Theorem 2.6. Then Proposition 2.9 completes the argument. 0

Now we deal with the limit formula from (33). For this we need to recall some well-known results
from probability theory (for more on this see [2]). We are going to use that, given any sequence (Y},)
of random variables, which converges in distribution to the random variable Y, and any continu-
ous real-valued function f, the sequence (f(Y,)) converges in distribution to f(Y). Recall also that

a sequence (Y,), of random variables is said to be uniformly integrable whenever

lim supf |Y,|[dP=0.
aA=00 p>1J|Y,lza

Uniform integrability will be useful for us due to the fact (see for example [2, Theorem 3.5]) that if

(Y,)n is a uniformly integrable sequence of random variables and Y, 2, Y, then Y is integrable and

(40) E(Y,) — E(Y).

To check uniform integrability we cite a standard criterion.

Remark 2.12. If sup,, E(] Y| 1+€) < C for some ¢, C > 0, then (Y;,), is uniformly integrable; indeed, this

is a consequence of

1
lim supf |Y,|ldP < lim —C.
Yalza a €

a—oo n=>1 —00
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We are now ready to provide the

Proof of the limit formula from (33). Consider the sequence (tr(U(n))) of random variables on %,
where U(n) is a unitary matrix uniformly Haar distributed. Then, by [12, Corollary 2.4] (see also
[5] or [18, Problem 8.5.5]), the previous sequence converges in distribution to the standard Gauss-
ian complex random variable y. Indeed, the random variables v2Re[tr(U(n))] and v2Im|tr(U(n))]

converge in distribution to a standard real Gaussian random variable.

Thus, the sequence (v/2|tr(U(n))|) of random variables on %,, converges in distribution to a Rayleigh

random variable. Moreover, since as mentioned in (9), for each n

E(ltr(U(m)1?) :f Itr(V)2dV =1,

Un

the sequence of random variables tr(U(n)) by Remark 2.12 is uniformly integrable . Consequently, we
deduce from (40) that (E(v2|tr(U(n))|)) converges to the expectation of a Rayleigh random variable.
That is,

. T
lim E(V2|tr(U(m)]) — \/; :

Using (32), we arrive at

.1 1 . VT
Jim S A ) = — lim E(V2ir@ ()] = ==,
which completes the proof. U

2.6. Another examples. In this final subsection we give some other examples where the theory de-

veloped to reach our main objective (Theorem 2.1) could be applied.

The first result shows that examples of accessible %/,-invariant subspaces come in pairs. To see

this we define the linear and isometric bijection
¢:C(Un) — C(Un), f— U~ fU].
For any subspace S in C(%},), we write S. := ¢S. As a first example we mention that isometrically
(H0,0@n). = ¢($H0,0@n) = Hon %n).

Proposition 2.13. Let S be a %, -invariant subspace of C(% ), which is closed in Ly(%,). Then S.
is Uy, -invariant and ts, = ts. Moreover, S is strongly accessible (resp., accesible) if and only if S, is

strongly accessible (resp., accessible).
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Proof. Obviously, S, is %,-invariant. In order to show that tg, = tg note first that 75, = pomgo .
Then for every f € L, (%) and U € %, it follows by Theorem 2.3 and Remark 2.5 that

(s, )W) = ((wsp ) (U™)

:(fl’f*ts)(U*):f% f(VHts(U VAV
=f f(V*)G(VU)dV:f fMts(V*)dVv
Un Uy

= f% FMts(UVHdV = (f *ts)(U),

which by the uniqueness of tg, leads to the claim. Let us turn to the 'moreover part’. It is immediate
that strong accessibility of S is equivalent to strong accessibility of S.. So let us assume that S is
accessible, and show that then S. is accessible. Take any projection Q : C(%,) — S« which commutes
with the action of %, x %, on C(%;). Since ¢poCr,, = Ry+o¢p and ¢poCg, = Ly+o¢p forall V € %,, the
projection ¢poQo¢ onto S commutes with the action of %, x %, on C(%,), and hence by assumption

¢poQo¢=mg. But then clearly Q = pongo =g, , the conclusion. 0

Note that, in particular, $)(,1)(%,) is %,-invariant and accessible, and t( ;) = tr and therefore by

Theorem 2.6
A(H00 @n) = |70, : C@n) — Hio,1)(U)|| =1 f% ltr(V)|dV .
Also,
A($0,1)(U)) vr

lim ————= = .
n—o0 n 2

Of course, this is also a simple consequence of Theorem 2.1 using that ¢ identifies $,1)(%,) and

9,0 (%) isometrically.
We continue with another simple stability property of accessible subspaces.

Proposition 2.14. Let S; and S, be accessible, %, -invariant subspaces of C(% ), which in L, (%) are
closed and orthogonal. Then, S; ® Sy is accessible and %, -invariant, and moreover ts,gs, = ts, +ts,.

Consequently,
41) A(S10S,) = |75, + 75, : C(Un) — S10 Sz = f% Its, (V) +ts,(V)|dV .
Proof. That S; ® Sy is % p-invariant is straightforward. Note that 75,65, = s, + 7, is the orthogonal
projection on L, (%) onto S; @ Sz. Then by Theorem 2.3 for all f € L,(%;,) we have
nsie8, [ =0 f+7ms, [ =[frts +frts,=fx(ts, +ts,).
Hence by the uniqueness of fs,¢s, we get

{5,085, =ts; +1s,.
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Let us now show that S; @ S, is accessible. So let Q be a projection on C(%,) onto S; & S, which
commutes with the action of %, x %, on C(%}). We claim that Q = 715, ¢s,. Indeed, consider the two

projections
Q51 :”51°Q and QSZ :”SZOQ

on C(%j) onto S; and S», respectively. Since 75, and 75, both commute with the action of %,, x %,
on C(%y), also Qs, and Qs, do. Then by the accessibility of S; and S, we see that

Qs, =75, and Qs, =7s,,
and hence for all f € C(%},) as desired

Qf:ﬂsl(Qf)+7[Sz(Qf) :n51f+n52f:n51®52f-

To conclude the proof just note that (41) is then a direct consequence of Theorem 2.6. U

Combining the previous two propositions we obtain

Corollary 2.15. ForeachneN,
A(90,00 @) ®H0,1)(Un)) = ||[0,00 @ T0,1) : CUn) = H1,0)(Un) & Ho,1) (%)) ||
:2nf |Re(tr(V))|dV .
Un

Moreover;

A €, €,
42) lim (50,00 @n) © H0,1)( )): g

n—oo \/Qn T

Before giving a proof of this, we mention that the denominator of the fraction above (so v/2n) is

exactly the square root of the dimension of the sum space $(1,0) (%) ® $0,1)(%n).

Proof of Corollary 2.15. We only have to prove (42) since the integral formula for the projection con-

stant follows directly from (41) and Proposition 2.9.

We repeat an argument similar to the proof of (33). We know, by [12, Corollary 2.4], that the se-
quence (V2Re[tr(U(n))]) of random variables converges in distribution to a standard real Gaussian
random variable g. In particular, (\/§ |Re[tr(U(n))] I) converges in distribution to |g|. Note that the
sequence (V2|Re(tr(U(n))]l) is uniformly integrable. Indeed, E(|Re[tr(U(n)11?) < E(ltr(U(m)|*) = 1
(see again Remark 2.12). Thus by (40),

A Un Uy, i
nh_rgo (Dol \;;nﬁ(o,l)( ) :r}i—I»Ic}o[E(\/ElRe[tr(U(n))”) =E|g]| :\/%fu%me T dx= \/g

This concludes the proof. O
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