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Abstract
Given the unital C∗-algebra A, the unitary orbit of the projector

p̃0 = ( 1 0
0 0 ) in the C∗-algebra M2(A) of 2×2 matrices with coefficients

in A is called in this paper, the Riemann sphere R of A.
We show that R is a reductive homogeneous C∞ manifold of the
unitary group U2(A) ⊂ M2(A) and carries the differential geometry
deduced from this structure (including an invariant Finsler metric).
Special attention is paid to the properties of geodesics and the expo-
nential map. If the algebra A is represented in a Hilbert space H, in
terms of local charts of R, elements of the Riemann sphere may be
identified with (graphs of) closed operators on H (bounded or un-
bounded).
In the first part of the paper, we develop several geometric aspects of
R including a relation between the exponential map of the reductive
connection and the cross-ratio of subspaces of H ×H.
In the last section we show some applications of the geometry of R,
to the geometry of operators on a Hilbert space. In particular, we
define the notion of bounded deformation of a closed operator and
give some relevant examples.
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1 Introduction

This paper is presented (in the spirit of Felix Klein’s Erlanger Program) as a
sort of “elliptic” counterpart of [3], where the authors develop aspects of the
“hyperbolic” Poincaré half space of a C∗-algebra. Given a unital C∗-algebra
A we define the Riemann sphere R of A as follows. The unitary group
U2(A) of the C∗-algebra M2(A) of 2 × 2 matrices with coefficients in A,
operates on the space of projections P of M2(A) by inner automorphisms.
We call R the U2(A)-orbit of the projection p̃0 = ( 1 0

0 0 ). If the algebra A is
faithfully represented in the Hilbert space H and M2(A) is correspondingly
represented in H ⊕ H, then R consists of the orthogonal projections in
H ⊕ H onto subspaces S of the form S = ũ (H ⊕ {0}), ũ ∈ U2(A). For
example if A = B(H) and T : D → H (where D ⊂ H is dense) is a closed
densely defined operator then the orthogonal projection p̃ onto the graph
of T is in R (see Proposition 5.2).

Like in the classical, case where A = C, we define the “unitary sphere”
K ⊂ A2 as the unitary orbit K = {ũe1 : ũ ∈ U2(A), e1 = ( 1

0 )} and the Hopf
fibration h : K → R by

h(x) = xx∗ =

(
x1x

∗
1 x1x

∗
2

x2x
∗
1 x2x

∗
2

)
where x = ( x1x2 ). It is a principal fibration with group U ⊂ A as its structure
group (U = unitary group of A, acting on K by right multiplication).
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In Section 3 the C∞ structure of R by means of an appropriate atlas.
The principal chart C0 = (V0, φ0,A) of this atlas shows a bijection φ0 from
V0 = {p̃ ∈ R : ∥p̃ − p̃0∥ < 1} onto the algebra A. These projections p̃
are of the form p̃ = xx∗ where x = ( x1x2 ) ∈ K is such that x1 is invertible
and the correspondence is given by p̃ 7→ x2x

−1
1 . Like in projective geometry

we could call ( x1x2 ) the “homogeneous coordinates” of p̃ and a = x2x
−1
1 the

“affine coordinate”. For this reason we could call this chart the “projective
chart”.

Subsection 3.2.4 is concerned with the geometry of R as a reductive
homogeneous space of the group U2. This differential geometric structure
contains an affine connection on R and its geodesics. It also contains an
invariant Finsler metric which makes R into a metric space where geodesics
are minimal curves (see [5, 6]). The geometry of R as a reductive homoge-
neous space defines another atlas on R by means of the exponential map of
the connection. In Subsection 3.2.5 we show that the principal chart of this
atlas is of the form (V0,Logp̃0 ,W), where V0 is again {p̃ ∈ R : ∥p̃− p̃0∥ < 1},
W = {X ∈ (TR)p̃0 : ∥X∥ < π/2} and Logp̃0 is the inverse of the exponential
map at p̃0. We call this chart the “geodesic chart” of R. The relation between
the two principal charts has an interesting geometric meaning which we ex-
plain in Subsection 3.2.6. Loosely speaking the homogeneous coordinate of
p̃ produce the affine coordinate of a = x2x

−1
1 while the geodesic coordinate

X = ( 0 a
a∗ 0 ) ∈ (TR)p̃0 produces a kind of “polar coordinate” of p̃ given by

an “angle” and a “phase” related to the pair (p̃0, p̃).

We devote a final section (Section 5) to the study of examples and ap-
plications that we consider relevant. In Subsection 5.3, given an unbounded
densely defined closed operator T on a Hilbert space H, we show that there
exists a unique minimal geodesic on R joining p̃0 to PGr(T ). Notice that
PGr(T ) is in the boundary of V0. In particular we analyze the case of the op-
erator −i d

dx
on L2[0, 1]. We also study geodesics on R with conjugate points

and compute the index of some of these geodesics related to Fredholm oper-
ators. In Section 5.4 we define a notion of (one parameter) bounded defor-
mation of closed operators as well as the notion of optimal deformation. The
unique minimal geodesic joining p̃0 to PGr(T ), where T is a closed unbounded
operator, is an optimal bounded deformation of the closed operator T . In
the last section we exhibit types of C∗-algebras where V0 is dense in R.
We remark that V0 is not dense in R when A = B(H) and H is infinite
dimensional.

A second part of this paper will be devoted to the description and uses
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of a non commutative Kähler structure on R which will be defined as an
“elliptic” counterpart to the one defined in [3].

2 Preliminaries

We will denote by A a unital C∗-algebra, G ⊂ A its group of invertible
elements and U the unitary subgroup of G. We say that a ∈ A is anti-
self-adjoint if a∗ = −a. The C∗-algebra of 2 × 2 matrices with entries in
A will be denoted by M2(A) and the corresponding group of units and
unitary subgroup will be denoted by G2 and U2. Denote by A2 the right C∗

A-module
A2 = {x =

(
x1
x2

)
: x1, x2 ∈ A}

and also write A2
t = {x̂ =

(
x1 x2

)
: x1, x2 ∈ A}. We have maps

A2 → A2
t

x =

(
x1
x2

)
7→ x∗ =

(
x∗1 x∗2

) A2
t → A2

x̂ =
(
x1 x2

)
7→ x̂∗ =

(
x∗1
x∗2

)
.

Next we have products

A2 ×A2
t →M2(A)

xŷ =

(
x1y1 x1y2
x2y1 x2y2

) A2
t ×A2 → A

x̂y = x1y1 + x2y2.

Observe that the inner product in the C∗ A-module A2 is given by
⟨x,y⟩ = x∗y = x∗1y1 + x∗2y2.

The algebra M2(A) is identified with the C∗-algebra of A-linear bounded
adjointable operators LA(A2) [11], where we are fixing the standard basis
of A2 given by {e1, e2} with e1 = ( 1

0 ), e2 = ( 0
1 ). With this identification,

T ∈ LA(A2), is represented by the matrix t̃ =
(
t11 t12
t21 t22

)
:

Tx =

(
t11 t12
t21 t22

)(
x1
x2

)
=

(
t11x1 + t12x2
t21x1 + t22x2

)
.

Then T ∗ is given by t̃∗ =
(
t∗11 t∗21
t∗12 t∗22

)
.

Note that U2 is the group of M2(A) that preserves the quadratic form
(x,y) 7→ x∗y when acting on the left by x 7→ ũx for x ∈ A2 and ũ ∈ U2.

Definition 2.1. A pair of vectors x,y ∈ A2 will be called a unitary basis
of A2 if it is of the form x = ũ(e1) and y = ũ(e2) for ũ ∈ U2 where e1 = ( 1

0 )

and e2 = ( 0
1 ).
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Notice that we have the Fourier identity z = x⟨x, z⟩+ y⟨y, z⟩ for every
z ∈ A2.

Definition 2.2. A vector x ∈ A2 is called a unitary vector if it is of the
form x = ũe1 for some ũ ∈ U2.

Notice that every unitary vector is the first component of a unitary basis.
Now we come to the central topic of this paper. Recall that the unitary

group U2 = U2(A) operates on the space of all projections of the algebra
M2(A) by the rule

Lũ(p̃) = ũp̃ũ−1 , for ũ ∈ U2.

The geometry related to this action is studied for example in [5].
Let p̃0 be the projector p̃0 = e1e

∗
1 = ( 1 0

0 0 ).

Definition 2.3. The Riemann sphere R of the C∗-algebra A is the orbit

R = {Lũ(p̃0) : ũ ∈ U2}.

A key role in the study of R is played by the space K defined as follows.

Definition 2.4. We define the unitary sphere K in A2 as

(2.1) K = {x ∈ A2 : ∃ũ ∈ U2 such that ũe1 = x}.

Definition 2.5. The Hopf fibration over R is the map

(2.2) h : K → R , h(x) = p̃x

where p̃x = xx∗. The unitary group U of A operates by right multiplication
on K and is compatible with the projection h: h(xu) = h(x) for x ∈ K and
u ∈ U .

Proposition 2.6. The Hopf fibration is equivariant under the action of U2.
More explicitly,

h(ũx) = ũh(x)ũ∗ , ∀ũ ∈ U2, x ∈ K

Proof. Indeed, h(ũx) = ũx(ũx)∗ = ũxx∗ũ∗ = ũh(x)ũ∗.

Notation 2.7. Given x = ( x1x2 ) = ũe1 for ũ ∈ U2 (x ∈ K), we will denote
with [x] the right A-module generated by x, that is

(2.3) [x] = xA = {( x1ax2a ) ∈ A2 : a ∈ A}.
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Proposition 2.8. If x ∈ K and [x] = xA is the right A-module generated
by x, then

im(p̃x) = [x].

Proof. Since x∗x = 1 for each x ∈ K, p̃xx = (xx∗)x = x holds and then
x ∈ im(p̃x) which implies that [x] ⊂ im(p̃x) (since im(p̃x) is an A-submodule
of A2).

The reciprocal is evident. If z = p̃xw then z = xx∗w ∈ [x] and hence
im(p̃x) ⊂ [x].

Proposition 2.9. Suppose that x, z ∈ K. The following statements are
equivalent

1. [x] = [z]

2. p̃x = p̃z

3. ∃ũ ∈ U such that z = xũ.

Proof. (1)⇔(2) is evident (see Proposition 2.8).
(3)⇒(2) is clear after considering that if u ∈ U and z = xu, then p̃z =

xu(xu)∗ = xx∗ = p̃x.
(2)⇒(3) If p̃z = p̃x, since z = p̃zz = p̃xz = xx∗z it is enough to prove

that x∗z ∈ U . That is (x∗z)(z∗x) = 1 and (z∗x)(x∗z) = 1. But (x∗z)(z∗x) =

x∗p̃zx = x∗p̃xx = x∗x = 1 and similarly (z∗x)(x∗z) = 1.

We mention two natural vector bundles associated to R, namely the
tautological vector bundle T pr−→ R (the bundle of images) and the co-
tautological vector bundle T ′ pr’−→ R (the bundle of kernels) defined as follows

T = {(p̃,x) : p̃ ∈ R,x ∈ im p̃} and pr(p̃,x) = p̃

T ′ = {(p̃,x) : p̃ ∈ R,x ∈ ker p̃} and pr’(p̃,x) = p̃.
(2.4)

Observe that the Hopf fibration is the “classical bundle of bases” of the
tautological bundle (see Subsection 4.2 for more details). We will also show
in Subsection 4.2 the relation between the co-tautological vector bundle T ′

and the tangent bundle TR.

3 The smooth structure of R

3.1 The C∞ structure on K

Let us start by constructing a C∞ structure AK on K (a C∞ atlas AK). This
is done by identifying open sets in K with appropriate C∞ manifolds so that
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the transition functions are C∞ too. Define an open neighborhood K0 of e1
by

(3.1) K0 = {x = ( x1x2 ) ∈ K : x1 ∈ G}

and the map

ψ0 : K0 → A× U , ψ0(x) = (x2x
−1
1 , u),

where x1 = ru is the polar decomposition with r positive and u unitary.
We write now the inverse Ψ0 : A× U → K of ψ0

(3.2) Ψ0(a, u) =

(
(1 + a∗a)−1/2u
a(1 + a∗a)−1/2u

)
.

We will call the chart given by C0 = (K0, ψ0,A× U) the principal chart
of the C∞ atlas AK.

For each ũ ∈ U2 we describe the chart Cũ = (ũK0, ψũ,A × U) of the
atlas AK (by acting with ũ on the principal chart C0) where ψu = ψ0 ◦ ũ−1 :

ũK0 → A×U . Clearly the atlas AK = {Cũ : ũ ∈ U2} defines a C∞ structure
on K.

3.2 The C∞ structure of R

Given a unital C∗-algebra B the space

P2 = {p ∈ B : p2 = p = p∗}

is an C∞ Banach submanifold of B. This is well known and details can be
found for example in [16, 5])

Remark 3.1. We now recall that the unitary group UB of B operates on P
by inner automorphisms Lu(p) = upu∗. This action divides P into orbits and
each such orbit is a homogeneous space of the group UB. Moreover, analyzing
the infinitesimal situation of this action we can provide each such orbit
with a reductive homogeneous structure. Details can be found in [5]. This
reductive homogeneous structure provides each orbit with an invariant affine
connection and the associated geometry including geodesics, curvature, etc.
Details can also be found in [5].

These ideas apply in our case to the C∗-algebra M2 = M2(A), and the
orbit of p̃0 under the action of the unitary group U2, i.e. the Riemann sphere
R of the algebra A and we will use them freely along this paper.
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3.2.1 The C∞ atlas AR of R

We describe a specific C∞ atlas on R. We start by the principal chart
C0 = (V0, φ0,A) of this atlas where

(3.3) V0 = h (K0) = {xx∗ : x ∈ K, x1 invertible } ⊂ R

and

(3.4) φ0 : V0 → A, φ0(p̃) = x2x
−1
1 , if p̃ = p̃x for x ∈ K0.

Observe that if p̃ = p̃z for another z ∈ K0, then z = xu for u ∈ U and
z2z

−1
1 = x2x

−1
1 and hence φ0 is well defined.

Let us verify that φ0 is injective. If φ0(p̃) = φ0(q̃) with p̃ = p̃x, q̃ = p̃y

for some x,y ∈ K0 satisfying x2x−1
1 = y2y

−1
1 , follows that y =

(
y1

x2x
−1
1 y1

)
=(

1
x2x

−1
1

)
y1. In order to prove that p̃ = q̃ it is enough to show that [x] = [y],

since im p̃ = [x] and im q̃ = [y]. On one hand x =
(

1
x2x

−1
1

)
x1 = yy−1

1 x1

and hence x ∈ [y]. Analogously, y = xx−1
1 y1 ∈ [x]. Therefore [x] = [y] and

p̃ = q̃.
To prove the surjectivity of φ0 take any a ∈ A. We need to find an

x ∈ K0 such that x2x−1
1 = a, and hence x = ( x1x2 ) = ( 1

a )x1 should hold.
To satisfy the condition x∗x = 1 we must have that x∗1( 1 a∗ ) ( 1

a )x1 = 1.
Then x∗1(1 + a∗a)x1 = 1 which implies that 1 + a∗a = (x1x

∗
1)

−1. Every
solution of this equation is of the form x1 = (1+ a∗a)−1/2u, for u ∈ U . Now
x = ( 1

a ) (1+ a∗a)−1/2u must satisfy x = ũe1 for some ũ ∈ U2 and this is the
case of

(3.5) ũ =

(
(1 + a∗a)−1/2u −a∗(1 + aa∗)−1/2v
a(1 + a∗a)−1/2u (1 + aa∗)−1/2v

)
, for v ∈ U .

We now construct a chart Cũ = (Vũ, φũ,A) for ũ ∈ U2 as follows. We let

Vũ = Lũ(V0) and φũ : Vũ → A for φũ = φ0 ◦ Lũ−1 .

Given two charts Cũ and Cṽ, ũ, ṽ ∈ U2 where Vũ ∩ Vṽ ̸= ∅, let us compute
the coordinate change. Let x = ũe1 and y = ṽe1. We have(

φũ ◦ φ−1
ṽ

)
(a) =

(
(ũṽ)∗ ( 1

a )
)
2

((
(ũṽ)∗ ( 1

a )
)
1

)−1

, ∀a ∈ φṽ (Vũ ∩ Vṽ) .

If we write (ũṽ)∗ =
(
c d
e f

)
∈ U2 we have(

φp̃x ◦ φ−1
p̃z

)
(a) = (e+ fa)(c+ da)−1.
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Remark 3.2. Observe that the change of coordinates for two charts in the
atlas AR is given by a “Möbius” transformation. Consequently this atlas
defines on R an C∞ structure. We shall pursue the study of this complex
structure elsewhere.

Remark 3.3. Note that p̃ ∈ V0 if and only if there is an element x =

( x1x2 ) ∈ im p̃0 (not necessarily satisfying x∗x = 1) such that x1 is invertible,
we will call such an x a regular element in the im p̃0. Also observe that
both im p̃0 and ker p̃0 are right A-modules and that every regular element
in the im p̃0 is a generator of this A-module. Moreover, the correspondence
p̃ ∈ V0 7→ a ∈ A is independent of the choice of the regular element of
x ∈ im p̃. Now choose a faithful representation of A in a Hilbert space H
so that elements a ∈ A correspond to operators a : H → H. Consequently
M2(A) is faithfully represented in B(H ⊕H).

Theorem 3.4. With the previous notations, the following statements are
equivalent for p̃ ∈ R

1. p̃ ∈ V0 (see (3.3))

2. p̃ is the projection PGr(a) ∈ B(H ⊕H) onto the graph of the operator
a = φ0(p̃) (see (3.4))

3. ∥p̃− p̃0∥ < 1

4. p11 is invertible if p̃ =
(
p11 p12
p21 p22

)
.

Proof. We will denote the elements of A with the same letters as their
representations on B(H). First we will prove that item 1 implies 2. Sup-
pose that p̃ = xx∗ =

(
x1x∗1 x1x

∗
2

x2x∗1 x2x
∗
2

)
for x ∈ K with x1 invertible. Then

a = φ0(p̃) = x2x
−1
1 , p̃ ∈ B(H ⊕H) satisfies that p̃∗ = p̃ = p̃2 and hence it is

an orthogonal projection in B(H⊕H). Moreover, using that x∗1x1+x∗2x2 = 1

and hence x∗2x2 = 1−x∗1x1, we can write p̃
(

h
x2x

−1
1 h

)
=

(
x1x∗1h+x1x

∗
2x2x

−1
1 h

x2x∗1h+x2x
∗
2x2x

−1
1 h

)
=(

x1x∗1h+x1(1−x∗1x1)x
−1
1 h

x2x∗1h+x2(1−x∗1x1)x
−1
1 h

)
=

(
h

x2x
−1
1 h

)
. This implies that Gr(a) ⊂ im p̃ for

a = x2x
−1
1 . Finally, p̃( hk ) =

(
x1x∗1h+x1x

∗
2k

x2x∗1h+x2x
∗
2k

)
=

(
x1x∗1h+x1x

∗
2k

x2x
−1
1 (x1x∗1h+x1x

∗
2k)

)
which

proves the inclusion im p̃ ⊂ Gr(a).
To prove that item 2 implies 3, observe first that ( hk ) = ( x

ax ) ⊕
( −a∗y

y

)
for every ( hk ) ∈ H ⊕H with ( x

ax ) ∈ Gr(a) orthogonal to
( −a∗y

y

)
∈ Gr(a)⊥

(see Lemma 5.4). Then ∥( hk )∥ = 1 implies that ∥( x
ax )∥2 + ∥

( −a∗y
y

)
∥2 = 1
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and hence

∥PGr(a) − p̃0∥ = sup
∥(hk )∥=1

∥( x
ax )−

(
x−a∗y

0

)
∥ = sup

∥( xax )∥2+∥
(
−a∗y
y

)
∥2=1

∥( a∗yax )∥.

We know that in general ∥p̃ − p̃0∥ ≤ 1 (see [19, Corollary 2]). If it es
equal to one, there exists a sequence of {xn}n∈N and {yn}n∈N such that
⟨a∗y, a∗y⟩+ ⟨ax, ax⟩ → 1. This would imply that xn → 0 and yn → 0 (since
∥x∥2+∥ax∥2+∥a∗y∥2+∥y2∥ = 1), a contradiction. Then ∥PGr(a)− p̃0∥ < 1.

The proof that item 3 implies 4 follows if we consider the 1, 1 entry
of p̃ − p̃0 and observe that ∥p̃ − p̃0∥ < 1. This necessarily implies that
(p̃− p̃0)1,1 = p11 − 1 has norm less than one, and hence p11 is invertible.

Finally, if p11 is invertible and p̃ = xx∗ for x ∈ K, follows that p11 = x1x
∗
1

and therefore x1 is invertible. Then p̃ ∈ V0.

Remark 3.5. Theorem 3.4 suggests the following consideration. Given an
unbounded operator T : D → H with dense domain D ⊂ H and closed
graph we will show that the orthogonal projection PGr(T ) : H⊕H → H⊕H
belongs to R(H) the Riemann sphere of the algebra B(H). Since we have
the obvious embedding R ⊂ R(H) it is natural to ask about the relative
position of PGr(T ) with respect to R. We will give some partial answers to
this question in Section 5.2.

3.2.2 The tangent map of the principal chart

We describe here the tangent map (Tφ0)p̃ : (TR)p̃ → (TA)φ0(p) (= A) of the
principal chart φ0 (see (3.3) and (3.4)). Consider the commutative diagram

K0

V0 A

h|K0

ψ0

φ0

where K0 = {x ∈ K : x1 is invertible} (see 3.2.1), h|K0 is the Hopf fibration
over V0 and ψ0(x) = x2(x1)

−1. Now fix p̃ ∈ R and x ∈ K such that hx = p̃.
Then we have

(3.6) (Tφ0)p̃Y = (Tψ0)x κx(Y ), for each Y ∈ (TR)p̃

where κ is the structure morphism defined in 4.3. It easy to check that (3.6)
is independent of the choice of x with h(x) = p̃. Explicitly: (Tφ0)p̃Y =

(Tψ0)xY x = (Tψ0)x

(
(Y x)1
(Y x)2

)
= (Y x)2x

−1
1 − x2x

−1
1 (Y x)1x

−1
1 , where we write

Y x =
(

(Y x)1
(Y x)2

)
. The inverse map φ−1

0 of φ0 is given by

φ−1
0 (a) = ac2a∗ = p̃
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where a = ( 1
a ) ∈ A2 and c = (1 + a∗a)−1/2 ∈ A (note that x = ac ∈ K).

The tangent map (Tφ−1
0 )a : (TA)a → (TR)p̃ is given by

(Tφ−1
0 )ȧ = ȧc2a∗ + ac2(ȧ)∗ − aba∗

where ȧ ∈ (TA)a (= A), ȧ = ( 0
ȧ ) and b = c−2(ȧ∗a+ a∗ȧ)c−2.

The Finsler structure of R may be translated to a Finsler structure on
the manifold A assigning to the each tangent vector ȧ ∈ (TA)a the norm
|||ȧ||| = ∥ȧc2a∗ + ac2(ȧ)∗ − aba∗∥ (the standard operator norm of M2(A)).

3.2.3 Riemann sphere projectors in C∗-algebras

In this section we give an intrinsic characterization of Riemann spheres of
C∗-algebras. Let M be a unital C∗-algebra.

Definition 3.6. A self-adjoint projector p ∈ M is called a Riemann
sphere projector (rsp) if p is conjugated to 1 − p i.e. there exists an
invertible g ∈ GM such that gpg−1 = 1− p.

Note that if p is a rsp there is a unitary element u ∈ M such that
upu−1 = 1− p (this can be shown by an easy argument involving the polar
decomposition of g in the definition).

From now on we assume p is a rsp in M, upu−1 = 1 − p where u is
unitary. Define the subalgebra A of M as

A = pMp.

Note that A is a C∗-algebra with unit p. Consider the map J : M →M2(A)

where J(a) = ( x yz t ) where x = pap, y = paup, z = pu−1ap and t = pu−1agu,
with inverse J−1( x yz t ) = x+ yu−1 + uz + utu−1.

Proposition 3.7. J is a C∗-algebra isomorphism and J(p) = ( 1 0
0 0 ).

The unitary orbit of p in M is consequently isomorphic to the Riemann
sphere of M2(A) and also p and 1−p are in the same connected component
of the space of projectors of the algebra M.

The contents of 3.2.3 are essentially developed in [15].

3.2.4 The Riemann sphere R as a reductive homogeneous space

As we have seen the Riemann sphere R of the algebra A is a subspace
R ⊂ P2(A). Also it is clear that the group U2 operates on P2(A) by inner
automorphisms. In fact R is by definition one orbit of this action, which
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makes R a homogeneous space of the group U2. This situation is studied in
[6, Section 5] for the general case. In particular R is a reductive homogeneous
space of the group U2 and consequently it carries an invariant connection,
that we will call the standard connection, whose covariant derivative is given
by

DXY = X · Y + [Y, [X, p̃]]

where X ∈ (TR)p̃, Y is vector field tangent to R in a neighborhood of p̃ and
whereX ·Y is the directional derivative of Y in the “ambient” algebraM2(A)

(X · Y = d
dt
|t=0 Y (γ(t)) for a curve γ(t) in R, γ(0) = p̃, and γ̇(0) = X).

Remark 3.8. Given a curve p̃t ∈ R with t ∈ [0, 1], the differential equation
d
dt
g̃t = [ d

dt
p̃t, p̃t]g̃t with initial condition g̃0 = 1 has a solution g̃t ∈ U2 and

the action of g̃t on tangent vectors produces the parallel transport of the
connection along the curve p̃t (see [6]).

Consequently geodesics γ(t) in R are defined by the condition
D

dt
γ̇(t) = 0

and they are explicitly given in the form

γ(t) = etX̃ p̃e−tX̃

where X ∈ (TR)p̃ and X̃ = [X, p̃]. The curve γ(t) is the unique geodesic
satisfying γ(0) = p̃ and γ̇(0) = X. Therefore the exponential map is given
by Expp̃(X) = γ(1) where X ∈ (TR)p̃, γ is the unique geodesic satisfying
γ(0) = p̃ and γ̇(0) = X. Observe that Expp̃(X) is defined for every X ∈
(TR)p̃ and has the explicit form Expp̃(X) = eX̃ p̃e−X̃ .

Remark 3.9. The exponential map Expp̃0 : (TR)p̃0 → R is bijective from
V0 = {X ∈ (TR)p̃0 : ∥X∥ < π/2} to U0 = {p̃ ∈ R : ∥p̃ − p̃0∥ < 1} as we
shall see later on (see Theorem 3.16).

In what follows we denote by sinc the analytic function defined by
sinc(x) = sin(x)/x which is the cardinal sin.

Theorem 3.10. If γ : [0, 1] → R is a geodesic with initial conditions γ(0) =
p̃0 = ( 1 0

0 0 ) and γ̇(0) = X = ( 0 a
a∗ 0 ) then, considering the im(p̃0) ⊕ im(p̃0)

⊥

decomposition,

γ(t) =
(

cos2 |ta∗| cos |ta∗|(sinc |ta∗|)ta
(sinc |ta|)ta∗ cos |ta∗| sin2 |ta∗|

)
=

(
cos2 |ta∗| sinc(2|ta∗|)ta

sinc(2|ta|)ta∗ sin2 |ta∗|

)
=

(
cos |ta∗|

(sinc |ta|)ta∗

)
( cos |ta∗| ta(sinc |ta|) )

= (cos2 |tX̃|)p̃0 + (sin2 |tX̃|)(1− p̃0) + sinc(2t|X̃|)X̃ρ̃0

(3.7)

for X̃ = ( 0 −a
a∗ 0 ) and ρ̃0 = ( 1 0

0 −1 ).
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Proof. Recall that there is a unique geodesic such that γ̇(0) = X = ( 0 a
a∗ 0 )

and that can be obtained computing γ(t) = etX̃ p̃0e
−tX̃ with X̃ = ( 0 −a

a∗ 0 )

(see [15, 17]).
First, we will describe the unitary given by eX̃ for X̃ = ( 0 −a

a∗ 0 ). If we
separate the even and odd powers of the series we obtain that

X̃2k = (−1)k
(

|a∗|2k 0

0 |a|2k

)
, for k = 0, 1, 2, . . . and

X̃2k+1 = (−1)k+1
(

0 |a∗|2ka
−|a|2ka∗ 0

)
, for k = 0, 1, 2, . . .

and then
∞∑
k=0

(−1)k

(2k)!

(
|a∗|2k 0

0 |a|2k

)
=

(
cos |a∗| 0

0 cos |a|

)
and

∞∑
k=0

(−1)k+1

(2k + 1)!

(
0 −|a∗|2ka

|a|2ka∗ 0

)
=

(
sinc |a∗| 0

0 sinc |a|

)
( 0 −a
a∗ 0 ).

This implies that

(3.8) eX̃ =

(
cos |a∗| −(sinc |a∗|)a

(sinc |a|)a∗ cos |a|

)
= cos

∣∣∣X̃∣∣∣+ (
sinc

∣∣∣X̃∣∣∣) X̃
since |X̃| =

(
|a∗| 0
0 |a|

)
. And for t ∈ R≥0

etX̃ =

(
cos |ta∗| −(sinc |ta∗|)ta

(sinc |ta|)ta∗ cos |ta|

)
= cos |tX̃|+ sinc

(
|tX̃|

)
X̃.(3.9)

Then all the geodesics γ starting at γ(0) = p̃0 are of the form

γ(t) = etX̃( 1 0
0 0 )e

−tX̃ =
(

cos2 |ta∗| cos |ta∗|(sinc |ta∗|)ta
(sinc |ta|)ta∗ cos |ta∗| sin2 |ta∗|

)
=

(
cos |ta∗|

(sinc |ta|)ta∗

)
( cos |ta∗| ta(sinc |ta|) )

where in the last equality we used that (sinc |ta∗|)ta = ta∗ sinc |ta|.
In order to obtain the second equality in (3.7), we can observe that

ta∗ cos |ta∗|ta∗ cos |ta∗| = cos |ta|ta∗ and that cosx sincx = cosx sinx
x

=
1
2
sin(2x)
x

= sinc(2x).
The last equality in (3.7) follows after direct computations.

Remark 3.11. If the algebra A is faithfully represented in a Hilbert space
H and

(
ξ
0

)
∈ H × {0} = im p̃0, then etX̃

(
ξ
0

)
∈ im γ(t). Observe that

etX̃
(
ξ
0

)
=

(
cos |ta∗|ξ

(sinc |ta|)ta∗ξ

)
=

(
cos |ta∗|ξ

(sin |ta|)v∗ξ

)
where a = v|a| is the polar de-

composition of a. For example if a ≥ 0, we have etX̃
(
ξ
0

)
=

(
cos(ta)ξ
sin(ta)ξ

)
, so

that in the case where ξ is an eigenvector of a, aξ = λξ, etX̃
(
ξ
0

)
describes a

circular movement in the bidimensional plane generated by
(
ξ
0

)
and

(
0
ξ

)
.
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Remark 3.12. Note that if we consider the algebra A represented in B(H)

we can also write the formula (3.7) as

γ(t) =
(

cos2 |ta∗| cos |ta∗|(sin |ta∗|)u
(sin |ta|)u∗ cos |ta∗| (sin |ta|)u∗(sin |ta∗|)u

)
where a = u|a| is the polar decomposition of a (the partial isometry u might
not belong to A).

The space R carries also an invariant Finsler structure given by the C∗-
algebra norm of M2(A). If X ∈ (TR)p̃, X identifies with an element in
M2(A) and has a corresponding norm. This Finsler structure on R allows
us to define lengths of curves. In [17] it is shown that geodesics in R of
length less than π/2 are minimal among curves joining given endpoints.

3.2.5 The inverse of the exponential map in R

The standard connection of R defines the exponential map Expp̃ : (TR)p̃ →
R for p̃ ∈ R. In particular the exponential map Expp̃0 : (TR)p̃0 → R is given
by

(3.10) Expp̃0(X) = eX̃ p̃0e
−X̃ ,

where X ∈ (TR)p̃0 and X̃ = [X, p̃0] (explicitly, X = ( 0 a
a∗ 0 ) and X̃ = ( 0 −a

a∗ 0 )

for a ∈ A). It is well known that the exponential map is a diffemorphism of
a neighborhood W of 0 ∈ (TR)p̃0 onto an neighborhood of p̃0 in R.

In Theorem 3.16 we will produce an explicit formula for the inverse map
Logp̃0 of the exponential map Expp̃0 . The map Logp̃0 will be defined on the
open set U0 = {p̃ ∈ R : ∥[p̃0, p̃∥ < 1/2}. The mentioned formula involves
the real analytic function

Asinc(x) =
arcsin(x)

x
, for x ∈ (−1, 1).

Remark 3.13. For p̃ ∈ R, call ρ̃ = 2p̃− 1 (the symmetry associated with
p̃), and observe that the algebra M2 = M0

2 ⊕M1
2 where M0

2 = {ã ∈ M2 :

ρ̃ã = ãρ̃} and M1
2 = {ã ∈ M2 : ρ̃ã = −ãρ̃}. Furthermore the mentioned

decomposition defines on M2 the structure of Z2 graded algebra. In this con-
text (TR)p̃ may be identified with the self-adjoint part of M1

2 . In particular
the above formula for X reflects this fact.

At any p̃ ∈ R the exponential Expp̃ is given by Expp̃(X) = eX̃ p̃e−X̃ , for
X self-adjoint of degree 1 with respect to p̃ and X̃ = [X, p̃].

Lemma 3.14. Let p̃0 = ( 1 0
0 0 ) and p̃ be in R for p̃ = eX̃ p̃0e

−X̃ for ∥X̃∥ ≤
π/2, with X̃ = ( 0 −a

a∗ 0 ) and X = ( 0 −a
a∗ 0 ) ∈ (TR)p̃0. Then the following

statements are equivalent
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1. ∥[p̃0, p̃]∥ < 1/2

2. ∥X∥ = ∥X̃∥ < π/4.

Proof. First note that X̃ anticommutes with 2p̃0 − 1 and then

1/2 > ∥[p̃0, p̃]∥ = ∥p̃0eX̃ p̃0e−X̃ − eX̃ p̃0e
−X̃ p̃0∥

=
1

2
∥2p̃0eX̃ p̃0e−X̃ − eX̃ p̃0e

−X̃ + eX̃ p̃0e
−X̃ − 2eX̃ p̃0e

−X̃ p̃0)∥

=
1

2
∥(2p̃0 − 1)eX̃ p̃0e

−X̃ − eX̃ p̃0e
−X̃(2p̃0 − 1)∥

=
1

2
∥e−X̃ p̃0eX̃(2p̃0 − 1)− eX̃ p̃0e

−X̃(2p̃0 − 1)∥

=
1

2
∥e−X̃ p̃0eX̃ − eX̃ p̃0e

−X̃∥

=
1

4
∥2e−X̃ p̃0eX̃ − 1− (2eX̃ p̃0e

−X̃ − 1)∥

=
1

4
∥e−X̃(2p̃0 − 1)eX̃ − eX̃(2p̃0 − 1)e−X̃)∥

=
1

4
∥e−2X̃(2p̃0 − 1)− e2X̃(2p̃0 − 1))∥ =

1

4
∥e−2X̃ − e2X̃∥

=
1

4
∥1− e4X̃∥.

(3.11)

Therefore ∥e4X̃ − 1∥ < 2. This implies that ∥e4X̃ − 1∥ < 2 if and only if
∥[p̃0, p̃]∥ < 1/2. But since ∥e4X̃ − 1∥ = supiθ∈σ(X̃) |e4iθ − 1|, it follows that
∥[p̃0, p̃]∥ < 1/2 if and only if |θ| < π/4 for iθ ∈ σ(X̃), which is equivalent to
∥X̃∥ < π/4.

Lemma 3.15. Let p̃0 and p̃ ∈ R be such that ∥[p̃0, p̃]∥ < 1/2, then p11 ≥ 1/2

and 1/2 ≥ p22.

Proof. The condition ∥[p̃0, p̃]∥ < 1/2 implies that ∥X̃∥ < π/2, and hence
there exists a unique geodesic γ(t) = etX̃ p̃0e

−tX̃ , t ∈ [0, 1], between γ(0) =
p̃0 and γ(1) = p̃. This condition also implies that ∥p̃0 − p̃∥ < 1, and hence
p11 is positive definite and invertible.

Direct calculations give that ∥[p̃0, p̃]∥ = ∥p12∥ = ∥p21∥ < 1/2. Then if
p̃ = xx∗ for x = ( x1x2 ) ∈ K, where x1 = (p11)

1/2 is positive definite and
invertible, we can write ∥x1x∗2x2x1∥ = ∥x1|x2|2x1∥ < 1/4, since p21 = x2x1,
x21 + |x2|2 = 1, and x1 commutes with |x2|. Moreover, we obtain that

∥|x2|x1∥ = ∥x1/21 |x2|x1/21 ∥ < 1/2 which implies |x2|x1 ≤ 1/2

since x1/21 |x2|x1/21 ≥ 0.
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We will use now the local cross-section σ : {xx∗ : x ∈ K, x1 ∈ G} → K0

of h (see Theorem 4.1 .3 or (4.2)). Now define(
x̂1(t)
x̂2(t)

)
= σ(γ(t)).

These entries satisfy that x̂1(0) = 1, x̂1(1) = x1 and x̂2(1) = x2 since
γ(0) = p̃0 and γ(1) = p̃. Moreover, using the definition of σ follows that
x1(t) > 0 for all t ∈ [0, 1]. Now observe that using Lemma 3.14, since
∥tX̃∥ < π/4 for t ∈ [0, 1], then ∥[p̃0, γ(t)]∥ < 1/2 and therefore

(3.12) ∥x1(t)|x2(t)|∥ < 1/2 holds for all t ∈ [0, 1].

The function g(s) = s
√
1− s2, s ∈ [0, 1], is positive in (0, 1), with

g(
√
2/2) = 1/2 and g(0) = g(1) = 0.

Now, suppose that there exists t0 ∈ (0, 1] such that ∥x̂1(t0)∥ <
√
2/2.

Then g(∥x̂1(t0)∥) < 1/2 holds. By the continuity of g, σ, and ∥ · ∥, and
the fact that g(∥x̂1(0)∥) = g(1) = 0, there exists ε ∈ (t0, 1) such that
g(∥x̂1(ε)∥) = 1/2. Then, ∥x1(ε̂)∥ =

√
2/2, and hence,

∥x̂1(ε)|x̂2(ε)|∥ = ∥x̂1(ε)(1− x̂1(ε)
2)1/2∥ = ∥x̂1(ε)∥

√
1− ∥x̂1(ε)2∥

= g(∥x̂1(ε)∥) = 1/2.

This contradicts our hypothesis that ∥[p̃, p̃0]∥ < 1/2. The issue arises be-
cause we had already established that ∥x̂1(t)|x̂2(t)|∥ < 1/2, for all t ∈ [0, 1]

(see (3.12)) but we reached 1/2, which is inconsistent with our assumption.
Thus, we conclude that ∥x̂1(t)∥ >

√
2/2 for all t ∈ [0, 1], and

∥x̂1(t)∥2 = ∥x̂1(t)2∥ = ∥1− |x̂2(t)|2∥
= 1− ∥|x̂2(t)|2∥ > 1/2

This implies that ∥x̂2(t)∥2 < 1/2, which gives |x̂2(t)| ≤
√
2/2. This implies

that
√

1− x̂1(t)2 ≤
√
2/2 and therefore 1− x̂1(t)2 ≤ 1/2. Then 1/2 ≤ x̂1(t)

2

for all t ∈ [0, 1]. Hence we have that 1/2 ≤ x̂1(1)
2 = x21 = p̃11.

In order to prove that 1/2 ≥ p̃22 observe that since x21 ≥ 1/2 then
1 − |x2|2 ≥ 1/2 and 1/2 ≥ |x2|2. Thus we obtain that 1/2 ≥ ∥|x2|∥2 =

∥x2∥ = ∥x∗2∥ and finally that 1/2 ≥ |x∗2|2 = p22.

Theorem 3.16. The exponential map Expp̃0 (see (3.10)) is a diffeomor-
phism Expp̃0 : {X ∈ (TR)p̃0 : ∥X∥ < π/2} → {p̃ ∈ R : ∥p̃ − p̃0∥ < 1}.
Moreover, if U0 = {p̃ ∈ R : ∥[p̃0, p̃]∥ < 1/2} and V0 = {X ∈ (TR)p̃0 :

∥X∥ < π/4}, there exists an inverse map Logp̃0 : U0 → V0 that is a diffeo-
morphism from U0 to V0 which is given by

(3.13) Logp̃0(p̃) = ρ̃0 Asinc(2|[p̃0, p̃]|) [p̃0, p̃]

where ρ̃0 = 2p̃0 − 1.
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We call the triple (U0, V0,Logp̃0) the geodesic chart at p̃0.

Proof. Similar computations to those made in (3.11) lead to the equivalence
between the properties ∥p̃ − p̃0∥ < 1 and ∥X̃∥ < π/2 for p̃ = eX̃ p̃0e

−X̃ .
Therefore Expp̃0 : {X ∈ (TR)p̃0 : ∥X∥ < π/2} → {p̃ ∈ R : ∥p̃− p̃0∥ < 1} is
onto and, since ∥p̃0 − p̃∥ < 1 implies there is a unique geodesic between p̃0

and p̃ of the form Expp̃0(tX̃), then Expp̃0 is also injective (see for example
[1, Lemma 2.6]). Then Expp̃0 : {X ∈ (TR)p̃0 : ∥X∥ < π/2} → {p̃ ∈ R :

∥p̃− p̃0∥ < 1} is a diffeomorphism (see [17]).
Using again Lemma 3.14 and the fact we mentioned above that ∥p̃−p̃0∥ <

1 is equivalent to ∥X̃∥ < π/2, it can be proved that U0 ⊂ {p̃ ∈ R : ∥p̃−p̃0∥ <
1}. Now we will prove that Logp̃0 : U0 → V0 is the inverse of Expp̃0 : V0 → U0.

To prove that the formula (3.13) of the inverse holds, we will use the
following expression from (3.7)

(3.14) Expp̃0(X) =
(
cos2 |X̃|

)
p̃0 +

(
sin2 |X̃|

)
(1− p̃0) + sinc

(
2|X̃|

)
X̃ρ̃0

for an anti-self-adjoint co-diagonal element X̃ such that Xp̃0 − p̃0X = X̃.
Put X = ρ̃0Asinc(2|[p̃0, p̃]|) [p̃0, p̃]. Then Expp̃0(X) = eX̃ p̃0e

−X̃ for

(3.15) X̃ = −Asinc(2|[p̃0, p̃]|) [p̃0, p̃] with |X̃| = 1

2
arcsin(2|[p̃0, p̃]|).

Note here that the condition ∥[p̃0, p̃]∥ = ∥|[p̃0, p̃]|∥ < 1/2 implies that arcsin
and Asinc are defined and C∞ in 2|[p̃0, p̃]|. Using that cos2

(
1
2
arcsin(2x)

)
=

1
2

(
1 +

√
1− 4x2

)
and that p̃ = xx∗ =

(
x1x∗1 x1x

∗
2

x2x∗1 x2x
∗
2

)
for x ∈ V0 (see Theorem

3.4), we will prove first that 1
2

(
1 +

√
1− 4|[p̃0, p̃]|2

)
11

= p11 = x1x
∗
1 = x21

(where we can assume that x1 can be taken invertible and positive). Note
that, since x21 + |x2|2 = 1 and x1 commutes with |x2|, we have that

( 2 cos2 ( 1/2 arcsin (2|[p̃0, p̃]| )11)− 1 )2 =

= 1− 4
(
|[p̃0, p̃]|2

)
11

= 1− 4x21|x2|2

= 1− 4x21(1− x21) = (2x21 − 1)2.

(3.16)

We can use here Lemma 3.15 to obtain that 2x21 − 1 ≥ 0, since x21 =

p11 ≥ 1/2. This implies that (1 − 4x21(1 − x21))
1/2 = 2x21 − 1 and then

1
2

(
1 +

√
1− 4|[p̃0, p̃]|2

)
11

= x21 = p11 which is the equality Expp̃0(X)11 =

p̃11.
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For the p̃22 entry we can reason similarly, but using instead that in this
case sin2

(
1
2
arcsin(2x)

)
= 1

2

(
1−

√
1− 4x2

)
, and obtain that

(1−2 sin2(1/2 arcsin(2|[p̃0, p̃]|22)))2 = 1− 4(|[p̃0, p̃]|2)22 = 1− 4|p12|2

= 1− 4(x1x
∗
2)

∗x1x
∗
2 = 1− 4x2x

2
1x

∗
2

= 1− 4x2(1− x∗2x2)x
∗
2 = 1− 4(|x∗2|2 − |x∗2|4) = (1− 2|x∗2|2)2.

Then, since |x∗2|2 = p22 ≤ 1/2 (see Lemma 3.15) 1 − 2|x∗2|2 ≥ 0 holds, and
hence we obtain that 1−2 sin2(1/2 arcsin(2|[p̃0, p̃]|22) = 1−2|x∗2|2. Therefore

Expp̃0(X)22 = sin2(1/2 arcsin(2|[p̃0, p̃]|22) = |x∗2|2 = p22.

Considering the last term of (3.14), the codiagonal of Expp̃0(X), observe
that if [p̃0, p̃] = |[p̃0, p̃]|ν̃ is the polar decomposition of [p̃0, p̃], we can write
(see (3.15))

sinc(2|X̃|)X̃ρ̃0 = −1

2
sin(2|X̃|)ν̃ρ̃ = −1

2
sin(arcsin(2|[p̃0, p̃]|))ν̃ρ̃0

= −|[p̃0, p̃]|ν̃ρ̃0 = −[p̃0, p̃]ρ̃0.

Then, since [p̃0, p̃] =
(

0 p12
−p21 0

)
, the codiagonal of p̃ coincides with the

product −[p̃0, p̃]ρ0.
Therefore we have proved that Expp̃0(−ρ̃0Asinc(2|[p̃0, p̃]|) [p̃0, p̃]) = p̃,

for p̃ ∈ U0.

Remark 3.17. The formula (3.13) does not hold as the inverse of Expp̃0 in
the domain {p̃ ∈ R : ∥p̃− p̃0∥ < 1} ⊃ {p̃ ∈ R : ∥[p̃0, p̃∥ < 1/2}. An example
where 1/2 < ∥p̃− p̃0∥ < 1 hold and Expp̃0 (ρ̃0 Asinc(2|[p̃0, p̃]|) [p̃0, p̃]) (p̃) ̸=
p̃, is p̃ =

(
cos2(π/3) sin(π/3) cos(π/3)

sin(π/3) cos(π/3) sin2(π/3)

)
=

(
1/4

√
3/4√

3/4 3/4

)
∈M2(C).

Remark 3.18. In general, if Expp̃0(X) = p̃ and ∥X∥ < π/2, we will say that
X ∈ (TR)p̃0 is the geodesic coordinate of p̃. In this way we have geodesic
coordinates in (TR)p̃0 for points p̃ ∈ R such that ∥[p̃0, p̃]∥ < 1/2.

Remark 3.19. Consider a representation of the algebra A into a Hilbert
space H and the corresponding representation of M2(A) in H ⊕ H. Next
write [p̃0, p̃] = |[p̃0, p̃]|ũ, the polar decomposition of [p̃0, p̃], where ũ is the
partial isometry and observe that ũ commutes with |[p̃0, p̃]| since [p̃0, p̃] is
anti self-adjoint. Then we can write

Logp̃0(p̃) =
1

2
arcsin(2|[p̃0, p̃]|)ρ̃0ũ

the polar decomposition of Logp̃0(p̃). In this formula we may interpret the
positive part 1

2
arcsin(2|[p̃0, p̃]|) as a kind of “unoriented” angle between p̃0

and p̃ and the partial isometry ρ̃0ũ as a partial imaginary unit in the sense
that (ρ̃0ũ)

2 = −q̃ where q̃ is the projection ũ∗ũ.
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3.2.6 Geometric interpretation of the logarithm

We start with an example.
Let A = C so M2 =M(2,C) is the C∗-algebra of 2×2 complex matrices.

The U2 orbit of e1 = ( 1
0 ) is K = S3 the unit sphere of C2. Also note that the

Riemann sphere R is the original Riemann sphere which is here represented
by the orbit of the projector p̃0 = ( 1 0

0 0 ) under the action of U2 (of course
R is diffeomorphic to the projective line P1(C)“ = ”S2). Finally the Hopf
fibration is the original Hopf fibration given by h : K → R

z 7→ h(z) = p̃z, where z =

(
z1
z2

)
, p̃z = zz∗ =

(
|z1|2 z1z2
z1z2 |z2|2

)
.

Let p̃ ∈ R be such that ∥[p̃0, p̃]∥ < 1/2 and write X = Logp̃0(p̃). Accord-
ing to the explicit formula for Logp̃0 we may write

X =
arcsin(2|[p̃0, p̃]|)

2
ρ̃0ũ

where [p̃0, p̃] = |[p̃0, p̃]|ũ (ũ partial isometry) is the polar decomposition of
[p̃0, p̃]. Notice that |[p̃0, p̃]| commutes with [p̃0, p̃]. Observe that |[p̃0, p̃]| =
|z1| |z2| (a scalar in M(2,C)). Now since |z1|2 + |z2|2 = 1 there is a unique
angle 0 ≤ φ ≤ π/2 such that |z2| = sin(φ) and |z1| = cos(φ). Therefore the
positive part of X is exactly φ, so

X = φ ρ̃0ũ

in its polar decomposition. Finally, the positive part of the logarithm of p̃
is the Finsler distance dist(p̃0, p̃) in the Riemann sphere.

Next we produce a geometric interpretation of [p̃0, p̃] (= |[p̃0, p̃]|ũ). Con-
sider the Figure 1. In it we see schematically p̃0, p̃ and the (complex) lines

Figure 1: Cross ratio and complementary cross ratio.

l1 = ker(p̃), l2 = im(p̃), l3 = im(p̃0) and l4 = ker(p̃0). The correspondence
x ∈ l3 maps to y ∈ l3 defines a linear map y = αx from l3 to l3. The number
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α is the classical cross ratio of the ordered four points l1, l2, l3, l4 in the
complex projective line. In our case [p̃0, p̃] has the form

[p̃0, p̃] =

(
0 z1z2

−z1z2 0

)
and therefore [p̃0, p̃] maps l3 into l4 and l4 into l3. We only describe the map
l3 → l4 (the other one is similar). The correspondence x→ w in the picture
has a matrix β = −z1z2 which determines [p̃0, p̃]. We call this geometric
construction the complementary cross ratio.

With this example in mind we now turn to the general case. Observe
first that the inverse (see [17]) of the diffeomorphism Expp̃0 : {p̃ ∈ R : {X ∈
(TR)p̃0 : ∥X∥ < π/2} → ∥p̃ − p̃0∥ < 1} defined in (3.10), allows us to
determine an angle between p̃ and p̃0 using the polar decomposition of the
corresponding X ∈ (TR)p̃0 in some representation of A. In what follows,
we consider the formula of Logp̃0 from (3.13) to obtain an expression of
this angle. Let p̃ ∈ R be such that ∥[p̃0, p̃]∥ < 1/2. Then we have that
Logp̃0 p̃ = Asinc(2|[p̃0, p̃]|)(ρ̃0[p̃0, p̃]) (see Theorem 3.16).

We can represent the algebra A, and correspondinglyM2(A), faithfully in
a Hilbert space H (resp. H ×H) and refer the polar decompositions to this
representation. Write the right polar decomposition of the bracket [p̃0, p̃]

as [p̃0, p̃] = |[p̃0, p̃]|ṽ, where ṽ is the partial isometry. Note that [p̃0, p̃] =

(−ṽ∗)|[p̃0, p̃]| is the left polar decomposition.
We claim that the polar decomposition of Logp̃0 p̃ is Logp̃0 p̃ = |Logp̃0 p̃|ũ,

where |Logp̃0 p̃| =
arcsin 2|[p̃0,p̃]|

2
and where the partial isometry ũ is ũ = −ρ̃0ṽ∗.

In order to explore the positive part of Logp̃0 p̃ we first describe |[p̃0, p̃]|
as follows. First take x = ( x1x2 ) ∈ K such that h(x) = xx∗ =

(
x1x∗1 x1x

∗
2

x2x∗1 x2x
∗
2

)
= p̃

and x1 is positive invertible. Such a choice is unique. Recall that the equality
|x1|2 + |x2|2 = 1 implies that |x1| = x1 commutes with |x2|.

Then if x2 = w|x2| is the polar decomposition of x2 we have |[p̃0, p̃]|2 =(
x1x∗2x2x1 0

0 x2x21x
∗
2

)
so

|[p̃0, p̃]| =
(
x1|x2| 0

0 wx1|x2|w∗

)
.

So we have the following expression for |Logp̃0 p̃|

|Logp̃0 p̃| =
(

arcsin(2x1|x2|)
2

0

0
arcsin(2wx1|x2|w

∗)
2

)
.

Now write x1 = cosφ for a unique positive element φ ∈ A (0 ≤ φ ≤ π/4, see
Lemma 3.15), and therefore |x2| = sinφ. So we have proved the following
result.
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Theorem 3.20. Let p̃ ∈ R such that ∥[p̃0, p̃]∥ < 1/2. Then there exists a
unique element φ ∈ A (0 ≤ φ ≤ π/4) such that

|Logp̃0 p̃| =
(
φ 0
0 wφw∗

)
.

where x = ( x1x2 ) is the element in K that projects on p̃ with x1 positive
and invertible. Here w is the partial isometry of the polar decomposition
x2 = w|x2|.

We call the positive operator φ ∈ A the angle between p̃0 and p̃.

Remark 3.21. Since Logp̃0 p̃ directs the geodesic in R from p̃0 to p̃ in R,
then its norm is the Finsler distance from p̃0 to p̃, and therefore this distance
is ∥φ∥.

Remark 3.22. The geometric interpretation of the commutator [p̃0, p̃] is
given by the constructions of “projection and section” illustrated by Figure
1 in exactly the same way. The correspondence x 7→ y in the picture is the
classical cross ratio as defined by Zelikin in [21]. In our case the commutator
[p̃0, p̃] is given geometrically by the correspondence x 7→ w from l3 to l4 (and
similarly l4 → l3). We call this correspondence the complementary cross
ratio.

4 The Hopf fibration

In this section we will describe more properties of the Hopf fibration defined
in 2.5. Recall that the total space is the sphere K in A2, the base is the
Riemann sphere R of A, the group is the unitary group U of the algebra A
and the projection is

K

R

h given by h(x) = xx∗ = p̃x

Note that U operates on the right in K by xu = ( x1ux2u ) for x ∈ K and
u ∈ U .

Theorem 4.1. The Hopf fibration h is a C∞ principal bundle with structure
group U .

Proof. We have to prove that

1. h is an C∞ map onto R,
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2. the fibers of h are the U orbits of the action, and

3. the map h has C∞ local cross sections.

1. We use the atlas defined on K (see Section 3.1). It will suffice to prove this
only for the case of the local identification associated with K0 (because local
identifications are obtained by just acting with U2 on “basic identification”
associated to K0). In this identification the map h reads (a, u) 7→ p̃ where
a ∈ A, u ∈ U , p̃ = xx∗ and x =

(
(1+a∗a)−1/2u

a(1+a∗a)−1/2u

)
which is obviously smooth.

The map is clearly surjective since given p̃ ∈ R, we have p̃ = ũ( 1 0
0 0 )ũ

∗

and therefore p̃ = ũ( 1 0
0 0 )ũ

∗ = ũe1e
∗
1ũ

∗ so that p̃ = h(ũe1).
2. Here we will show that every fiber h−1(p̃x) can be identified with the

unitary group U of A and that every projector p̃x ∈ R is the image by h of
one of such fibers.

Let us consider first the fiber {ũe1 ∈ K : ũ ∈ U2 and ũp̃0ũ∗ = p̃0}
over p̃0 . Here the equation ũp̃0ũ

∗ = p̃0 for ũ = (
u1,1 u1,2
u2,1 u2,2 ) is equivalent to

(
u1,1
u2,1 )( u

∗
1,1 u

∗
2,1 ) = p̃0 = ( 1 0

0 0 ). This equation implies that u1,1 ∈ U and that
v2,1 = 0. Moreover, using that ũ ∈ U we can conclude that u1,2 = 0 and
u2,2 ∈ U also. Hence in this case the fiber is

(4.1) h−1(p̃0) =
{(

u1,1 0
0 u2,2

)
e1 : u1,1, u2,2 ∈ U

}
= {( u0 ) : u ∈ U} .

which can be identified with U .
Now consider the general case of p̃x ∈ R where x = ṽe1 with ṽ ∈ U2 and

suppose that h(w̃e1) = p̃x with w̃ ∈ U2 is any other element of the fiber.
Then we have that w̃e1e∗1w̃∗ = p̃x = ṽe1e

∗
1ṽ

∗ for w̃ ∈ U2. Now, using that
p̃0 = e1e

∗
1 = ṽ∗w̃e1e

∗
1w̃

∗ṽ = ṽ∗w̃p̃0w̃
∗ṽ and that ṽ∗w̃ ∈ U2, the description

(4.1) proves that ṽ∗w̃ =
(
u1,1 0
0 u2,2

)
for u1,1, u2,2 ∈ U . Then

w̃e1 = ṽ
(
u1,1 0
0 u2,2

)
e1 =

(
v1,1u1,1
v1,2u1,1

)
=

(
v1,1
v1,2

)
u1,1 with u1,1 ∈ U

which proves that for every x ∈ K the fiber of p̃x can be identified with U .
3. Consider the set of R given by V0 = h(K0) = {xx∗ : x ∈ K and x1 ∈

G} ⊂ R, where K0 is the domain of the map ψ0 defined in (3.1) which is
also the range of its inverse Ψ0 : A ⊗ U → K0 (see (3.2)). V0 is an open
neighborhood of p̃0 where we can define a section σ as

σ : V0 → K0

σ(p̃x) = Ψ0(a, 1) =

(
(1 + a∗a)−1/2

a(1 + a∗a)−1/2

)
=

(
1
a

)
(1 + a∗a)−1/2

(4.2)
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for x = Ψ0(a, u), with u ∈ U (or equivalently for x = ( x1x2 ) such that
x2x

−1
1 = a).
Let us see first that σ is well defined. Suppose that p̃x = xx∗ = zz∗ =

p̃z.Then x = zu for u ∈ U (see Proposition 2.9). Hence, if x1 = r v for
r > 0 and v ∈ U , then z1 = r v u for v ∈ U and z2 = x2 u. Therefore
z2z

−1
1 = x2uu

∗x−1
1 = x2x

−1
1 which implies that σ(p̃x) = σ(p̃z).

Moreover, if we compose σ with the map ψ0 : K0 → A × U we ob-
tain ψ0(σ(p̃x)) = ψ0(Ψ0(x2x

−1
1 , 1)) = (x2x

−1
1 , 1) which is clearly C∞ since

(p̃x)2,1 (p̃x)
−1
1,1 = x2x

∗
1(x1x

∗
1)

−1 = x2x
∗
1(x

∗
1)

−1x−1
1 = x2x

−1
1 is an analytic func-

tion of two of the entries of p̃x ∈M2(A).

Definition 4.2. Given p̃ ∈ R we will say that (x1, x2) ∈ A × A is a pair
of homogeneous coordinates for p̃ if x = ( x1x2 ) ∈ im(p̃) and there exists an
invertible element λ ∈ A such that xλ ∈ K.

Observe that every p̃ ∈ R has a pair of homogeneous coordinates. Also
note that if (x1, x2) and (x′1, x

′
2) are pairs of homogeneous coordinates of p̃

there exists an invertible element λ in A such that x′1 = x1λ and x′2 = x2λ.

Remark 4.3. The open set V0 defined in (3.3) consists of all p̃ that have
homogeneous coordinates (x1, x2) with x1 invertible.

4.1 Relation between geodesic and homogeneous coor-
dinates in R

We now give an explicit expression for the relation between homogeneous
coordinates and geodesic coordinates of an element p̃ ∈ U0.

Theorem 4.4. Let p̃ ∈ U0. Consider the following diagram

K0 ⊂ K

V0 ⊂ (TR)p̃0 U0 ⊂ R A

X = ( 0 a∗
a 0 ) v tan |a|

ψ0h

Expp̃0 φ0

∈ ∈

where Logp̃0(p̃) = X and v comes from the polar decomposition a = v|a|.
Then

φ0(p̃) = v tan(|a|).
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Proof. Suppose that Expp̃0(X) = p̃ with X = ( 0 a∗
a 0 ) and ∥X∥ = ∥a∥ =

∥a∗∥ < π/4. We know from (3.7), considering that in Theorem 3.10 we used
X = ( 0 a

a∗ 0 ), that p̃ =
(

cos |a|
a sinc |a|

)
( cos |a| (sinc |a|a∗) ) is a possible expression of

p̃ in terms of a. Now consider x = ( x1x2 ) =
(

cos |a|
a(sinc |a|)

)
=

(
cos |a|
v(sin |a|)

)
where

v is the isometry of the polar decomposition a = v|a|. Then x1 = cos |a| is
invertible since ∥a∥ < π/4 and x∗x = (cos |a|)2+ |a|2(sinc |a|)2 = (cos |a|)2+
(sin |a|)2 = 1. We can also find a unitary ũ ∈ U2 as in (3.5) such that
x = ũ( 1

0 ) and then x ∈ K. Therefore, x2x−1
1 = v sin |a|(cos |a|)−1 = v tan |a|

and hence we obtained the formula φ0(p̃) = v tan |a|.

Remark 4.5. Consider the classical picture from Figure 2. In it we have

Figure 2: Unoriented angle.

schematically represented homogeneous coordinates (x1, x2) for p̃. The “affine”
coordinate φ0(p̃) is x2x−1

1 while the element v tan |a| is related to the geodesic
coordinate of p̃ which is X. This suggests naming |a| as the unoriented angle
between p̃ and p̃0 and the partial isometry v becomes a “phase” related to
the pair (p̃0, p̃).

Note that this angle |a| coincides with the one denoted with φ in Theorem
3.20.

4.2 The canonical connection on the Hopf fibration

We will define a C∞ horizontal distribution Hx of subspaces of the tangent
spaces (TK)x for x ∈ K. This distribution will turn out to be invariant
under the right action of U on K and consequently will define a connection
on the principal bundle K → R. We will call this connection the canonical
connection on the Hopf fibration.

Observe that given x ∈ K the tangent space (TK)x is described as follows

(TK)x = {ξ ∈ A2 : ⟨x, ξ⟩ is anti-self-adjoint}.

Observe that every x ∈ K verify ⟨x∗,x⟩ = 1.
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At each point x ∈ K we have the vertical tangent space Vx ⊂ (TK)x

defined by
Vx = ker(Th)x

where Th is the tangent map. Clearly Vx is the image of the Lie algebra of
U under the derivative at u = 1 of the action u 7→ xu. Therefore Vx = {xa :

a ∈ A antiselfadjoint}.
Next we define the horizontal space Hx ⊂ (TK)x at x for x ∈ K as

follows
Hx = ker(p̃x).

where the vectors in Hx are considered as tangent vectors to A2 at x (note
that if ξ ∈ ker(p̃x) then ⟨x, ξ⟩ = 0).

Observe that (TK)x = Vx ⊕ Hx. It is also clear that the map TRu :

(TK)x → (TK)xu (where Ru is the right multiplication and where TRu is
the tangent map of Ru) satisfies

(TRu)x(Hx) = Hxu.

This completes the statement at the beginning of this paragraph about the
definition of the canonical connection on the Hopf fibration.

Remark 4.6. Clearly, the (left) action of U2 on K preserves the decompo-
sition (TK)x = Vx ⊕Hx.

We finish this section describing the tangent map (Th)x : (TK)x →
(TR)p̃x for x ∈ K. Given ξ ∈ (TK)x we clearly have that Th(ξ) = X =

ξx∗ + xξ∗. Also note the identity Xp̃x = (1− p̃x)X.

4.3 The structure morphism κ : R → TK

Define the vector bundle R → K as the induced vector bundle

h∗(TR) TR

K Rh

where we write R for h∗(TR) as a bundle over K. With this notation we
define the structure morphism κ as a vector bundle morphism

R TK

K

κ
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where κx(X) = Xx for each x ∈ K, X ∈ (TR)p̃x (notice that X ∈ M2(A),
x ∈ A2 and therefore Xx ∈ A2). Observe that κx(X) ∈ ker(p̃x) = Hx. Also
notice that (Th)x(κxX) = X, because of the identity Xxx∗ + xx∗X = X

(observe that X is self-adjoint).
We remark that the morphism κ has the following equivariance property

κxu(X) = (κx(X))u

where u ∈ U . This equivariance shows a way of constructing the tangent
bundle TR out off the principal bundle K → R and the co-tautological
bundle T ′ (see (2.4)).

The following schematic picture illustrates our constructions

where the inner rectangle represents the tangent space (TK)x.

4.4 The Finsler metric on R and the structure form κ

Recall that A2 is a Hilbert C∗-module over A (acting on the right) in the
usual way defining ⟨x,y⟩ = x∗1y1 + x∗2y2. Then we have the following

Theorem 4.7. Let X ∈ (TR)p̃, x ∈ K, h(x) = p̃. Then

∥X∥ = ∥κx(X)∥ = ∥Xx∥.

Here ∥X∥ is the Finsler norm in R of the tangent vector X (i.e. the usual
norm of the self-adjoint matrix X ∈ M2(A)) whereas ∥κx(X)∥ stands for
the norm of κx(X) as an element of the C∗ A-module A2.

Proof. Suppose first that p̃ = p̃0. In this case, since X ∈ (TR)p̃0 , we have
that X = ( 0 a

a∗ 0 ) for a ∈ A. Then

∥X∥M2(A) = ∥a∥ = ∥X( 1
0 )∥A2 = ∥X( 1u

0 )∥A2 = ∥Xx∥A2
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where u ∈ U , x ∈ K with h(x) = xx∗ = p̃0, and ∥ ∥A2 is the norm of the
Hilbert C∗-module A2.

The general case follows using that given p̃ ∈ R, there is z ∈ K such
that p̃ = p̃z = zz∗ = ũ( 1

0 ) with ũ ∈ U . And every element of (TR)p̃ is of
the form ũXũ∗ for X ∈ (TR)p̃0 . Hence ∥ũXũ∗∥M2(A) = ∥X∥M2(A). And for
y such that h(y) = p̃ we have that y = zv with v ∈ U . Then we obtain that

∥ (ũXũ∗)y∥A2 = ∥ (ũXũ∗) zv∥A2 = ∥ (ũXũ∗) ũ( 1
0 )v∥A2 = ∥ũX( 1

0 )v∥A2

= ∥v∗( 1 0 )X∗ũ∗ũX( 1
0 )v∥1/2 = ∥( 1 0 )X∗X( 1

0 )∥1/2

= ∥X∥M2(A)

where the last equality was proved in the case of p̃ = p̃0.

5 Examples

5.1 The finite dimensional case

Consider A = Mn(C). The case where n = 1 is the classical Riemann R
sphere and the classical Hopf fibration K → R over the Riemann sphere
(see 2.5). In this case R is the one dimensional complex projective line P(C)
(diffeomorphic to S2) and K is the unit sphere in C2 which is homeomorphic
to S3.

The case n > 1 involves the non commutative C∗-algebra Mn(C) of
operators on H = Cn. Here M2(A) is naturally identified with M2n(C)
operating on H ⊕ H which is naturally identified with C2n. Also p̃0 is the
orthogonal projection in C2n onto Cn ⊂ C2n as the subspace defined by
zn+1 = zn+2 = · · · = z2n = 0. Therefore the orbit R of p̃0 by the action
of U2 ⊂ M2(A) can be identified with the classical Grassmann manifold
Grassn,2n(C) of all n dimensional subspaces of C2n.

We now describe the sphere K in A2 corresponding to the present situ-
ation. We have that

K = {x = ( x1x2 ) : Cn → Cn ⊕ Cn : x is an isometry}.

Observe that x∗ = ( x∗1 x∗2 ) : C2n → Cn and xx∗ is an orthogonal projection
in C2n so that h : K → R is given by the usual formula. The space K may be
identified with the usual Stieffel manifold Stn,2n of orthogonal n-frames in
C2n and h is therefore identified to the usual projection Stn,2n → Grassn,2n.

In this context the open set V0, domain of the principal chart, consists
of all orthogonal projections p̃ ∈ R such that im p̃ is the graph of a linear
map a : Cn → Cn and φ0(p̃) = a.
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Remark 5.1. Notice that V0 is dense in R. In the standard CW-decomposition
of R, V0 is the top cell and has (real) dimension 4n2. See for example [14]
for the real case. The complex case is similar.

5.2 Bounded and unbounded operators

In this subsection we present the closed operators on a Hilbert space H as
elements of the Riemann sphere of the algebra A = B(H).

For a densely defined closed operator T : Dom(T ) → H, it can be
proved that its orthogonal projection PGr(T ) onto the graph of T belongs
to the Riemann sphere of A = L(H). These statements are formalized in
the following result where we also provide formulas for these orthogonal
projections.

Proposition 5.2. Let H be a Hilbert space and T : Dom(T ) → H a densely
defined operator with closed graph. Then the orthogonal projection p̃T =

PGr(T ) over the graph Gr(T ) = {(h, T (h)) : h ∈ Dom(T )} ⊂ H ×H belongs
to the unitary orbit of ( 1 0

0 0 ) which is the Riemann sphere R of the algebra
B(H). Moreover, PGr(T ) can be written as

PGr(T ) =

(
1
T

)
(1 + T ∗T )−1

(
1 T ∗)

=

(
1 T ∗

T TT ∗

)(
1 + T ∗T 0

0 1 + TT ∗

)−1

=

(
(1 + T ∗T )−1 (1 + T ∗T )−1T ∗

T (1 + T ∗T )−1 T (1 + T ∗T )−1T ∗

)
.

(5.1)

Observe that all the entries of the last matrix are bounded operators.

Proof. Consider the operator T̃ defined by

(5.2) T̃ =

(
0 −T ∗

T 0

)
.

Observe that since T is a closed and densely defined operator on a Hilbert
space then T ∗ is also closed and densely defined (see [20, Theorem 5.3])
and T ∗∗ = T [18, Theorem 1.8]. Moreover, T̃ ∗ = −T̃ and then Dom(T̃ ) =

Dom(T̃ ∗).
Now we will consider the norms. Given

(
ξ
η

)
∈ Dom(T̃ ) we have that

T̃
(
ξ
η

)
= −T̃ ∗ ( ξ

η

)
and therefore they have the same norm. This proves that T̃ is a normal
operator in H ×H (see [20, Section 5.6]). Then since this implies that also



30 E. Andruchow, G. Corach, L. Recht and A. Varela

1 + T̃ is normal and then is invertible with a bounded inverse. This follows
considering that T̃ ∗ = −T̃ and then using the functional calculus of the
self-adjoint operator iT̃ .

Now consider the polar decomposition (see [20, Theorem 7.20])

1 + T̃ = US

where U is a unitary operator since 1+ T̃ is invertible. This follows because
the range of 1 + T̃ is dense (see [20, Theorem 5.42]) and hence U is onto,
and since 1 + T̃ is injective, then U must be injective.

Now let us analyze the operator S. Using the same reference cited above,
S can be written as

S = |1 + T̃ | =
(
(1 + T̃ )∗(1 + T̃ )

)1/2

=
(
(1 + T̃ ∗)(1 + T̃ )

)1/2

=
(
(1− T̃ )(1 + T̃ )

)1/2

=
(
1− T̃ 2

)1/2

.

(5.3)

And then, using (5.2), a direct computation gives that S2 = |1 + T̃ |2 =
1 + ( T

∗T 0
0 TT ∗ ) =

(
1+T ∗T 0

0 1+TT ∗

)
and hence

S = |1 + T̃ | =
(
(1 + T ∗T )1/2 0

0 (1 + TT ∗)1/2

)
.

Then S is invertible with bounded inverse (see [18, Proposition 3.18]) and
we can write

U =

(
1 −T ∗

T 1

)(
(1 + T ∗T )−1/2 0

0 (1 + TT ∗)−1/2

)
.

Then the first column of U is ( 1
T ) (1 + T ∗T )−1/2 =

(
(1+T ∗T )−1/2

T (1+T ∗T )−1/2

)
with

an invertible first coordinate and second coordinate ZT = T (1 + T ∗T )−1/2,
which is usually called the bounded transform of T .

Then it follows that A = (1 + T ∗T )−1/2A and, hence[(
1
T

)
(1 + T ∗T )−1/2

]
=

[(
1
T

)]
= ( 1

T )A

that can be identified with Gr(T ).
Then the corresponding orthogonal projection p̃T = PGr(t) onto the graph

Gr(T ) belongs to R and can be written as

p̃T =

(
1
T

)
(1 + T ∗T )−1/2(1 + T ∗T )−1/2

(
1 T ∗)

=

(
(1 + T ∗T )−1 (1 + T ∗T )−1T ∗

T (1 + T ∗T )−1 T (1 + T ∗T )−1T ∗

)
=

(
1 T ∗

T TT ∗

)(
1 + T ∗T 0

0 1 + TT ∗

)−1

.
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The following facts will be useful to establish the existence of minimal
geodesics between graphs of operators.

Definition 5.3. The inverse graph (see [10]) of a densely defined operator
T on D(T ) ⊂ H is given by

(5.4) invGr(T ) = {(Tx, x) : x ∈ D(T )}.

Lemma 5.4. If T : D(T ) → H is a densely defined closed operator on
D(T ) ⊂ H, then

Gr(T )⊥ = {(−T ∗x, x) : x ∈ D(T ∗)}
= invGr(−T ∗).

Proof. We can use the unitary operator V : H ⊕ H → H ⊕ H defined by
V (x, y) = (−y, x) to write Gr(T ∗) = V (Gr(T )⊥) (see [18, Lemma 1.10]).
Then, since V 2 = −I we can write Gr(T )⊥ = −V 2(Gr(T⊥)) = −V (Gr(T ∗))

and therefore

Gr(T )⊥ = −V ({(x, T ∗x) : x ∈ D(T ∗)})
= −{(−T ∗x, x) : x ∈ D(T ∗)}
= {(−T ∗x, x) : x ∈ D(T ∗)} .

(5.5)

Proposition 5.5. Let S, T be bounded operators acting in H.

1. There exists a (minimal) geodesic of R joining PGr(S) and PGr(T ) if and
only if dimker(1+T ∗S) = dimker(1+S∗T ). The minimal geodesic is
unique if and only if these subspaces are trivial.

2. If S∗ = S and T ∗ = T , the global unitary isomorphism Ω of H × H

given by
Ω(h1, h2) = (h2,−h1)

maps pairs (h, Sh) with h in ker(1 + TS) onto pairs (g, Tg) with g in
ker(1+ST ). In particular, there always exist a minimal geodesic of R
joining PGr(S) and PGr(T ).

Proof. Note that Gr(T )⊥ = {(−T ∗g, g) : g ∈ H}, therefore a pair (h, Sh) ∈
Gr(S) belongs to Gr(T )⊥ if and only if there exists g ∈ H such that h =

−T ∗g and Sh = g. Therefore h = −T ∗g = −T ∗Sh, i.e., h ∈ ker(1 + T ∗S).
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Conversely, if h ∈ ker(1 + T ∗S), then (h, Sh) = (−T ∗Sh, Sh) ∈ Gr(T )⊥.
Then

Gr(S) ∩ Gr(T )⊥ = {(h, Sh) : h ∈ ker(1 + T ∗S)},

and dimGr(S) ∩ Gr(T )⊥ = dimker(1 + T ∗S). Similarly, Gr(T ) ∩ Gr(S)⊥ =

{(g, Tg) : g ∈ ker(1+S∗T )} with the same dimension as ker(1+S∗T ). The
proof follows recalling that given two subspaces V and W , the necessary
a sufficient condition for the existence of a minimal geodesic joining the
orthogonal projections PV and PW is the equality of the dimensions of V ∩
W⊥ and V ⊥ ∩W ; and that the minimal geodesic is unique if and only if
these intersections are trivial (see [1, Theorem 4.5]).

Suppose now that S and T are self-adjoint. Note that h ∈ ker(1 + TS),
means that Ω(h, Sh) = (Sh,−h) = (Sh, TSh) belongs to Gr(T ), with Sh ∈
ker(1 + ST ): STSh = S(TSh) = S(−h) = −Sh. That is Ω maps Gr(S) ∩
Gr(T )⊥ into Gr(T )∩Gr(S)⊥. Similarly, Ω maps Gr(T )∩Gr(S)⊥ into Gr(S)∩
Gr(T )⊥. Note that Ω2 = −1.

If S or T are non self-adjoint, there may not exist geodesics joining their
graphs, consider the following example:

Example 5.6. Consider S the (unilateral) shift operator in ℓ2 defined by
S(x1, x2, . . . ) = (0, x1, x2, . . . ). Put S = −2S and T = 1. Then ker(1 +

T ∗S) = ker(1−2S) = ker(1
2
−S) = {0} (the shift has no eigenvalues). On the

other hand ker(1+S∗T ) = ker(1− 2S∗) = ker(1
2
−S∗) which has dimension

1. Therefore Gr(1) = {(x, x) : x ∈ ℓ2} and Gr(−2S) = {(y,−2Sy) : y ∈ ℓ2}
cannot be joined by a geodesic of R.

5.3 The unique minimal geodesic from p̃0 to the graph
of a closed operator

Let us describe explicitly the minimal geodesic γ of R with γ(0) = p̃0 =

PGr(0) and PGr(T ), for T : D(T ) ⊂ H → H a closed operator. Recall from
(5.1) the formula of the projection PGr(T ):

PGr(T ) =

(
(1 + T ∗T )−1 (1 + T ∗T )−1T ∗

T (1 + T ∗T )−1 T (1 + T ∗T )−1T ∗

)
.

Let T = V |T | be the polar decomposition of T , where |T | is (a possibly
unbounded) non-negative self-adjoint operator, and V : R(T ∗) → R(T ) is a
partial isometry.
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Theorem 5.7. With the current notations, we have that

(5.6) γ(t) = eitZ p̃0e
−itZ , for Z =

(
0 i arctan(|T |)V ∗

−iV arctan(|T |) 0

)
.

Proof. To verify (5.6), let us compute the even and odd powers of itZ. Note
that

(iZ)2 =

(
− arctan(|T |)V ∗V arctan(|T |) 0

0 −V (arctan(|T |))2V ∗

)
.

Since V is a partial isometry with initial space R(|T |) and final space R(T ),
and arctan(T ) is a continuous function with arctan(0) = 0, it follows that
V ∗V = PR(|T |), and thus V ∗V arctan(|T |) = arctan(|T |)V ∗V = arctan(|T |).
Therefore we have

(iZ)2 =

(
− (arctan(|T |))2 0

0 −V (arctan(|T |))2 V ∗

)
.

Similarly,

(iZ)2k = (−1)k
(

− (arctan(|T |))2k 0

0 −V (arctan(|T |))2k V ∗

)
.

The odd powers of iZ: (iZ)3 equal(
−(arctan(|T |))2 0

0 −v(arctan(|T |))2V ∗

)(
0 − arctan(|T |)V ∗

V arctan(|T |) 0

)
=

=

(
0 arctan(|T |)V ∗V (arctan(|T |))2 V ∗

−V (arctan(|T |))3 0

)
=

(
0 (arctan(|T |))3 V ∗

−V (arctan(|T |))3 0

)
.

Similarly,

(iZ)2k+1 = (−1)k
(

0 − (arctan(|T |))2k+1 V ∗

V (arctan(|T |))2k+1 0

)
.

Therefore

eiZ =

(
cos (arctan(|T |)) − sin (arctan(|T |))
sin (arctan(|T |)) cos (arctan(|T |))

)
.

Notice the functional identities cos(arctan(t)) = 1√
1+t2

and sin(arctan(t)) =
t√
1+t2

. Then (using that T = V |T | and T ∗ = |T |V ∗), eiZ equals(
(1 + |T |2)−1/2 −(1 + |T |2)−1/2|T |V ∗

V |T |(1 + |T |2)−1/2 V (1 + |T |2)−1/2V ∗

)
=

=

(
(1 + |T |2)−1/2 −(1 + |T |2)−1/2T ∗

T (1 + |T |2)−1/2 V (1 + |T |2)−1/2V ∗

)
.
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Then, after straightforward computations, eiZ p̃0e−iZ equals(
(1+|T |2)−1/2 −(1+|T |2)−1/2T ∗

T (1+|T |2)−1/2 V (1+|T |2)−1/2V ∗

)
( 1 0
0 0 )

(
(1+|T |2)−1/2 (1+|T |2)−1/2T ∗

−T (1+|T |2)−1/2 T (1+|T |2)−1/2V ∗

)
=

=

(
(1 + |T |2)−1/2 (1 + |T |2)−1/2T ∗

T (1 + |T |2)−1/2 T (1 + |T |2)−1/2T ∗

)
= PGr(T ),

as claimed.

Note that if T is bounded, then we have that ∥Z∥ = ∥ arctan(|T |)∥ =

arctan(∥T∥) < π/2, while if T is unbounded, ∥Z∥ = ∥ arctan(|T |)∥ = π/2.

5.4 Bounded deformations of closed operators

In this section we consider operators T on a Hilbert space H.

Definition 5.8. A bounded deformation of a closed operator T on H is a
family {Tt}t∈[0,α), with α > 0 of bounded operators Tt such that

• t 7→ Tt is continuous in the norm topology

• limt→α− p̃t = p̃T where p̃t, p̃T are in the Riemann sphere R of the
algebra B(H), p̃t is the orthogonal projection on Gr(Tt), p̃T is the
orthogonal projection on Gr(T ) (cf Proposition 5.2) and where the
limit is taken in the Finsler metric of the Riemann sphere R.

In particular if the bounded deformation {Tt}t∈[0,α) of the operator T

satisfies the condition

dist(p̃t0 , p̃α) = length p̃t|αt0 , for every t0 ∈ [0, α)

we will call it an optimal bounded deformation. Here dist(p̃t0 , p̃α) stands for
the Finsler distance in R and length p̃t|αt0 means the Finsler length of the
curve where we write p̃α for p̃T .

In Theorem 5.10 and Corollary 5.13 we construct a specific optimal
bounded deformation of any closed operator T on H.

Remark 5.9. Observe that for an operator T , PinvGr(T ) = ( 0 1
1 0 )PGr(T )( 0 1

1 0 )

holds, which implies that PinvGr(T ) ∈ R.

Theorem 5.10. Let H be a Hilbert space, Grass(H ⊕ H) the Riemann
sphere of the C∗-algebra B(H), Gr(0) = H ⊕ {0} the graph of the null
operator and Gr(T ) the graph of a densely defined closed operator T with
domain D(T ).
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The unique minimal geodesic γ : [0, 1] → Grass(H ⊕ H) such that
γ(0) = PGr(0), γ(1) = PGr(T ) and γ̇(0) = ( 0 a

a∗ 0 ) with ∥a∥ ≤ π/2, consists of
orthogonal projections onto the graphs

γ(t) = PGr(A(t)),

with
A(t) = ta∗(sinc |ta∗|)(cos |ta∗|)−1 = v tan |ta∗| ∈ B(H),

for t ∈ [0, 1) and v the partial isometry of the polar decomposition of a∗ =

v|a∗|.

Proof. Note that ran(PGr(0)) = Gr(0) = H ⊕ {0}, ker(PGr(0)) = Gr(0)⊥,
ran(PGr(T )) = Gr(T ) = {(x, Tx) : x ∈ Dom(T )} and ker(PGr(T )) = Gr(T )⊥.
Observe that Gr(0)⊥ ∩ Gr(T ) = ({0} ⊕H) ∩ {(x, Tx) : x ∈ Dom(T )} =

{(0, 0)} for any T . Then we only need to prove that Gr(0) ∩ Gr(T )⊥ =

{(0, 0)} and use [1, Theorem 4.5]. With this objective, using Lemma 5.4,
we express Gr(T )⊥ = {(−T ∗x, x) : x ∈ D(T ∗)} and then obtain Gr(0) ∩
Gr(T )⊥ = (H ⊕ {0}) ∩ {(−T ∗x, x) : x ∈ D(T ∗)} = {(0, 0)} which proves
the uniqueness.

Let γ : [0, 1] → Grass(H⊕H) be the unique geodesic that joins PGr(0) =

( 1 0
0 0 ) with PGr(T ) such that γ̇(0) = ( 0 a

a∗ 0 ) (see [1, Proposition 2.9]). This γ
is of the form (see (3.7) and Theorem 3.10).

γ(t) =
(

cos |ta∗|
(sinc |ta|)ta∗

)
( cos |ta∗| ta(sinc |ta|) )

for t ∈ [0, 1]. Moreover, the geodesics can be chosen to satisfy that ∥( 0 a
a∗ 0 )∥ =

∥a∥ ≤ π/2 (see [1, Proposition 3.1, Theorem 3.2]). For all t ∈ [0, 1), the vec-
tors x(t) =

(
cos |ta∗|

(sinc |ta|)ta∗

)
∈ K0 because ṽ(t) =

(
cos |ta∗| − sinc |ta∗|ta

sinc |ta|ta∗ cos |ta|

)
∈ U2

and ṽ(t)( 1
0 ) = x(t) and satisfy that x(t)x(t)∗ ∈ V0 (see (3.3)) since cos |ta∗|

is invertible if ∥a∥ ≤ π/2.
Then, since γ(t) ∈ V0 for all t ∈ [0, 1), applying Theorem 3.4 to each

projection γ(t), we obtain that

γ(t) = PGr(A(t)),

where

A(t) = φ0

(
cos |ta∗|

(sinc |ta|)ta∗
)

= (sinc |ta|)ta∗(cos |ta∗|)−1

= ta∗(sinc |ta∗|)(cos |ta∗|)−1 = v|ta∗|(sinc |ta∗|)(cos |ta∗|)−1

= v tan |ta∗|,

for t ∈ [0, 1) and v is the partial isometry in the polar decomposition of
a∗ = v|a∗|.
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Remark 5.11. The orthogonal projection onto the graph of any densely
defined closed unbounded operator T is in the boundary of the domain of
the image of the chart φ0 (see (3.4)) when we identify the operators a ∈ A
with their orthogonal projections onto their graphs PGr(a) (see Theorem 3.4).

Corollary 5.12. For any unbounded operator T there is a unique bounded
deformation {Tt}t∈[0,1) (see Definition 5.8) such that

1. T0 = 0

2. t 7→ p̃t, t ∈ [0, 1] is a geodesic in R

3. p̃1 = PGr(T ).

Proof. This follows from the properties of the unique minimal geodesic
γ(t) = PGr(A(t)), where A(t) = ta∗(sinc |ta∗|)(cos |ta∗|)−1 = v tan |ta∗| ∈
B(H) with t ∈ [0, 1] from Theorem 5.10.

Corollary 5.13. The deformation t 7→ {Tt}t∈[0,1] = γ(t) = PGr(A(t)), with
A(t) = ta∗(sinc |ta∗|)(cos |ta∗|)−1 = v tan |ta∗| ∈ B(H) is an optimal bounded
deformation (see the comments after Definition 5.8), that is

length|1t0 (p̃t0 , p̃1) = dist(p̃t0 , p̃1)

for t0 ∈ [0, 1), where length and dist (distance in the Riemann sphere R)
are defined for the Finsler metric on R (see Subsection 4.4).

5.5 The differential operator

We study here the particular case of an unbounded operator. The conclu-
sions are stated in Theorem 5.15.

Example 5.14 (Geodesic between PGr(0) and the orthogonal projection
onto graph of the differential operator −i d

dx
). Consider the operator

(5.7) −i d
dx

: D → L2[0, 1]

given by f 7→ −if ′ for f : [0, 1] → C with domain

D = { f ∈ L2[0, 1] : f is absolutely continuous,

f ′ ∈ L2[0, 1] and f(0) = f(1) } .
(5.8)

This is a known densely defined closed self-adjoint unbounded operator on
the Hilbert space L2[0, 1] (see [18, Example 1.4]). Denote with

Γ = Gr
(
−i d
dx

)
= {(f,−if ′) : f ∈ D}
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the graph of −i d
dx

, which is closed in L2[0, 1]× L2[0, 1], and PΓ : L2[0, 1]×
L2[0, 1] → L2[0, 1]× L2[0, 1] the orthogonal projection onto Γ.

Using Lemma 5.4 and the fact that −i d
dx

is self-adjoint we have that

Γ⊥ =

{(
−
(
−i d
dx

)∗

g, g

)
: g ∈ D

}
= {(ig′, g) : g ∈ D} .(5.9)

Theorem 5.10 establishes that there exists a unique geodesic joining PGr(0)

with PΓ. It also can be seen that

H11 := ran(PGr(0)) ∩ ran(PΓ) = [1]× {0},
and H00 := ker(PGr(0)) ∩ ker(PΓ) = {0} × [1]

(5.10)

where [1] = {f ∈ L2[0, 1] : f = λ 1, λ ∈ C}. And, as in the general case, the
matrix block decomposition of PGr(0) and PΓ in H11 ⊕H00 is

(5.11) PGr(0)|H11⊕H00 = ( 1 0
0 0 ) = PΓ|H11⊕H00 .

In order to obtain a geodesic between PGr(0) and PΓ, we need to study PΓ|H0 ,
the orthogonal projection onto Γ when it is restricted to

(5.12) H0 := (H11 ⊕H00)
⊥ = [1]⊥ × [1]⊥.

where [1]⊥ = {h ∈ L2[0, 1] :
∫ 1

0
h(x) dx = 0}. It is clear that H11, H00, and

H0 reduce PGr(0) and PΓ.
To describe the geodesic that connects PGr(0) with PΓ, we need to calcu-

late a more specific expression of PΓ restricted to H0 = [1]⊥ × [1]⊥. Using
the Fourier basis {ξn}n∈Z of L2[0, 1] given by ξn(x) = ei2πnx, it follows that{

1√
1+(2πn)2

(ξn, 2πn ξn)

}
n∈Z\{0}

is an orthonormal basis of [1]⊥× [1]⊥. Then,

using blocks in the basis {ξn}n∈Z\{0} of [1]⊥ we obtain that for (h, k) ∈
[1]⊥ × [1]⊥

PΓ|[1]⊥×[1]⊥ ( hk ) =
(
D1h D2k
D2h D3k

)
(5.13)

for the following diagonal operators in the {ξn}n∈Z\{0} basis

D1 = diag
({

1/
(
1 + (2πn)2

)}
n∈Z\{0}

)
,

D2 = diag
({

2πn/
(
1 + (2πn)2

)}
n∈Z\{0}

)
D3 = diag

({
(2πn)2/

(
1 + (2πn)2

)}
n∈Z\{0}

)
.

(5.14)

Note that D1 and D2 are positive semidefinite compact operators and
D3 is positive definite (invertible) bounded in [1]⊥.
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Following ideas from [1, 9] and splitting the basis {ξn}n∈Z\{0} in {ξn}n<0∪
{ξn}n>0, we can construct, the self-adjoint operator Z0 : [1]⊥ × [1]⊥ →
[1]⊥ × [1]⊥

(5.15) Z0 = i


0 0 diag

n<0
{−an} 0

0 0 0 diag
n>0

{an}

diag
n<0

{an} 0 0 0

0 diag
n>0

{−an} 0 0


for

(5.16) an = cos−1

(
1√

4π2n2 + 1

)
=

{
tan−1(2πn) , if n > 0

− tan−1(2πn) , if n < 0
.

Observe that 0 < cos−1
(

1√
4π2+1

)
< an = a−n < π/2 for every n ∈ N

and limn→±∞ an = π/2.
Then the unitary eiZ0 satisfies eiZ0PGr(0)|[1]⊥×[1]⊥e

−iZ0 =
(
D1 D2
D2 D3

)
(see

(5.13), (5.14)).
Using the same representation considered in (5.15), since ∀n ∈ Z holds

limn→±∞ cos−1
(

1√
4π2n2+1

)
= π/2 and 0 < cos−1

(
1√

4π2n2+1

)
< π/2, we have

that ∥Z0∥ = π/2. Then we can apply the results from [17] or [1, Theorem
5.3]: the curve δ : [−1, 1] → P([1]⊥ ⊕ [1]⊥)

(5.17) δ(t) = eitZ0 PGr(0)|[1]⊥⊕[1]⊥ e
−itZ0 , for t ∈ [−1, 1]

is minimal along its path considering the Finsler metric defined by the
operator norm in [1]⊥×[1]⊥. In particular, using our previous computations,
this minimal geodesic joins δ(0) = PGr(0)|[1]⊥×[1]⊥ with δ(1) = PΓ|[1]⊥⊕[1]⊥ .
Moreover, this implies that (restricted to [1]⊥ × [1]⊥) the geodesic distance
dist(PGr(0), PΓ) = π/2 and ∥PGr(0) − PΓ∥ = 1.

Now considering (5.10), (5.11), (5.12), (5.15), (5.17) and the decomposi-
tion (H11⊕H00)⊕H0 = L2([0, 1])×L2([0, 1]), we can describe the minimal
geodesic γ : [−1, 1] → P(L2[0, 1]× L2[0, 1])

γ(t) =

(
( 1 0
0 0 ) 0
0 δ(t)

)
=

(
1 0
0 eitZ0

)(
( 1 0
0 0 ) 0
0 PGr(0)|[1]⊥⊕[1]⊥

)(
1 0
0 e−itZ0

)(5.18)

with γ(0) = PGr(0) and γ(1) = PΓ.
Now observe that the unitary eitZ0 (see (5.16)) in its 2 × 2 block de-

composition, but restricted to {ξn}n∈Z\{0} × {ξn}n∈Z\{0}, can be expressed
as eitZ0 =

(
A(t) −B(t)
B(t) A(t)

)
, where the diagonal operators A(t) and B(t) are

self-adjoint and invertible for 0 < t < 1.
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It can also be shown that for 0 ≤ t < 1 the image of the projection δ(t) is
also the graph of the self-adjoint bounded operator in [1]⊥ ⊂ L2[0, 1] given
by

(5.19) B(t)A(t)−1 = diag
n∈Z\{0}

{tan
(
t tan−1(2πn)

)
}, for 0 < t < 1.

Here − tan
(
tπ
2

)
< tan (t tan−1(2πx)) < tan

(
tπ
2

)
, ∀x ∈ R and ∥B(t)A(t)−1∥ =

tan
(
tπ
2

)
. Therefore

(5.20) lim
t→1

∥B(t)A(t)−1∥ = lim
t→1

tan (tπ/2) = +∞.

Now, considering elements of the whole space
(
f
g

)
∈ L2[0, 1] × L2[0, 1] =

H11 ⊕H00 ⊕H0 = [1]× {0} ⊕ {0} × [1]⊕ [1]⊥ × [1]⊥, we can write

(5.21) γ(t)
(
f
g

)
=

( ∫ 1
0 f
0

)
+
(

A(t)2 A(t)B(t)

B(t)A(t) B(t)2

)
( hk ) =

(
Âd(t)

2 Â(t)B̂(t)

B̂(t)Â(t) B̂(t)2

) (
f
g

)
where we denote Â(t) and B̂(t) the corresponding operators extended to
L2[0, 1] such that Â(t)(1) = B̂(t)(1) = 0, Âd(t) = Â(t) + diag{dj}j∈Z with
dj = 0 for j ̸= 0 and d0 = 1. We also use that Âd(t)B̂(t) = B̂(t)Âd(t) and
that Â(t)2 + diag{d} = Âd(t)

2. Also note that Âd(t) : L2[0, 1] → L2[0, 1] is
an invertible operator for 0 ≤ t < 1.

Hence with the notation used in Section 3.2 and considering x =
(
Âd(t)

B̂(t)

)
,

the x1 = Âd(t) coordinate is invertible for −1 < t < 1, which implies that
all the elements γ(t) ∈ A2 = B(L2[0, 1])2 belong to the chart defined in
(3.3) and (3.4).

We know from Theorem 5.10 that γ(t) are projections onto the graph of
an operator for every t. In this case it can be proved that, in terms of the
Fourier basis,

(5.22) γ(t) = PGr(B̂(t)Âd(t)−1).

Therefore, since γ(1) = PΓ, the entire geodesic γ : [0, 1] → P(L2[0, 1] ×
L2[0, 1]) is made of self-adjoint orthogonal projections onto graphs of oper-
ators.

Now denote with D̂i the diagonal operators such that D̂i(ξ0) = 0 and
D̂i(ξn) = Di(ξn), for n ̸= 0, where Di are the ones obtained in (5.14), for
i = 1, 2, 3. Then we have that γ(1) = PΓ =

(
D̂1+diag{d} D̂2

D̂2 D̂3

)
expressed in

terms of the basis {ξn}n∈Z × {ξn}n∈Z. Since γ(1)1,1 = D̂1 + diag{d} is a
compact operator then it is not invertible and hence is not in the domain of
the chart defined in (3.3) of Section 3.2. Moreover, since γ(t)1,1 is invertible
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for 0 ≤ t < 1 and γ(0) = PGr(0) = ( 1 0
0 0 ), we conclude that γ(1) = PΓ lies

in the boundary of the principal chart C0 defined in (3.3), a fact that was
proven in general in Theorem 5.10 and Remark 5.11.

We may summarize the above considerations as follows.

Theorem 5.15. The unique geodesic γ : [0, 1] → P(L2[0, 1] ⊕ L2[0, 1]) de-
fined in (5.21) that joins the orthogonal projection γ(0) = PGr(0) = PL2[0,1]⊕{0}

onto the graph Gr(0) of the zero operator with the orthogonal projection
γ(1) = PΓ onto the graph Γ of the self-adjoint (unbounded, densely defined
and closed) differentiation operator −i d

dx
(see (5.7)) satisfies the following

properties.

1. For every t ∈ (0, 1), γ(t) is the orthogonal projection onto the graph
GT (t) of the diagonal self-adjoint bounded operator T (t) = B̂(t)Âd(t)

−1 :

L2[0, 1] → L2[0, 1] (see (5.22)) that can be written as

T (t) =

 diag
n∈Z<0

{tan(t tan−1(2πn))} 0 0

0 0 0
0 0 diag

p∈Z>0

{tan(t tan−1(2πp))}


in terms of blocks determined by the subspaces generated by the respec-
tive subsets of the Fourier basis (ξn(x) = ei2πnx, n ∈ Z) corresponding
to {ξj}j∈Z<0

, {ξ0} and {ξj}j∈Z>0
of L2[0, 1].

2. For 0 < t < 1 the operator norm of T (t) is ∥T (t)∥ = tan(tπ/2) and
hence

lim
t→0

∥T (t)∥ = 0 and lim
t→1

∥T (t)∥ = +∞

(see (5.20) and the properties of B(t)A(t)−1).

3. Every projection γ(t) with 0 ≤ t < 1, as an element of M2(A) with
A = B(L2[0, 1]), belongs to the chart defined by (3.3) and (3.4).

4. γ(1) = PΓ does not belong to the principal chart C0 defined in (3.3)
and (3.4); nevertheless, PΓ lies on the boundary of this chart.

5. {T (t)}t∈[0,1) is an optimal bounded deformation of −i d
dx

(see Definition
5.8).

5.6 Conjugate parameter values

There are infinitely many geodesics joining two orthogonal projections p̃0
and p̃ in the Grassmann manifold Grass(H), if an only if dim(ran(p̃0) ∩
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ker(p̃)) = dim(ker(p̃0)∩ ran(p̃)) ̸= 0 (see [1]). Recall that (TR)p̃0 consists of
matrices of the form X = ( 0 a

a∗ 0 ) for a ∈ B(H). Also, the unique geodesic δ
that satisfies the initial conditions δ(0) = p̃0 and δ̇(0) = X = ( 0 a

a∗ 0 ), is (see
[1, Proposition 2.9])

δ(t) = etX̃Pe−tX̃ , for X̃ = ( 0 −a
a∗ 0 ).

Theorem 5.16. Let PGr(0) and Q be orthogonal projections that satisfy
dim(ran(PGr(0)) ∩ ker(Q)) = dim(ker(PGr(0)) ∩ ran(Q)) ̸= 0. Using the de-
composition of H ×H given by H ×H = H11 ⊕H00 ⊕H′ ⊕H0, with

H′ = (ran(PGr(0)) ∩ ker(Q))⊕ (ker(PGr(0)) ∩ ran(Q)),

the geodesics γ : [0, 1] → R joining PGr(0) with Q and length(γ) ≤ π/2 are
of the form

(5.23) γu(t) =

 1 0 0 0
0 0 0 0

0 0

(
cos2(tπ/2) cos(tπ/2)(sin(tπ/2))u

(sin(tπ/2))(cos(tπ/2))u∗ sin2(tπ/2)

)
0

0 0 0 δ0(t)


where:

• u is any isometric isomorphism between the subspaces ran(PGr(0)) ∩
ker(Q) and ker(PGr(0)) ∩ ran(Q),

• γ̇|H′(0) = X =
(

0 π
2
u

π
2
u∗ 0

)
,

• δ0 is the unique geodesic between the reductions of PGr(0) and Q to H0,

• and γu has minimal length π/2.

Proof. The multiplicity of these geodesics only appears in H′, which reduces
PGr(0) and Q to the expressions ( 1 0

0 0 ) and ( 0 0
0 1 ), respectively (see [1, Section

3]). In what follows we will focus on the geodesics restricted to H′.
Observe that the tangent space at PGr(0)|H′ is also formed by co-diagonals

X = ( 0 a
a∗ 0 ) but with a ∈ B(H01,H10), and the geodesics starting at PGr(0)

are described as etX̃PGr(0)e
−tX̃ for X̃ = ( 0 −a

a∗ 0 ).
Similarly as we computed in (3.8) we obtain that

(5.24) eX̃ =

(
cos |a∗| −(sinc |a∗|)a

(sinc |a|)a∗ cos |a|

)
= cos |X̃|+

(
sinc |X̃|

)
X̃,

because |X̃| =
(

|a∗| 0
0 |a|

)
. Then using that eX̃ is a unitary operator and must

satisfy eX̃( 1 0
0 0 )e

−X̃ = ( 0 0
0 1 ) it can be proved that cos |a∗| = cos |a| = 0 and
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hence (sin |a∗|)2 = (sin |a|)2 = 1. Thus we obtain that |a| =
∑m

j=1(njπ +

π/2)pj with nj ∈ N ∪ {0} for pj spectral projections of |a| that satisfy∑n
j=1 pj = 1. Considering that X̃ must satisfy ∥X̃∥ = ∥a∥ = ∥a∗∥ ≤ π/2

(length(γ) ≤ π/2), we have that |a| = π
2

and then a = π
2
u, with u : H01 →

H10 a unitary isomorphism. And then a∗ = π
2
u∗.

Therefore all the possible X̃ are of the form X̃ =

(
0 −π

2
u

π
2
u∗ 0

)
. And all

the unitaries etX̃ are (see (5.24))

etX̃ =

(
cos |tπ

2
| −(sinc |tπ

2
|)tπ

2
u

(sinc |tπ
2
|)tπ

2
u∗ cos |tπ

2
|

)
=

(
cos(tπ

2
) − sin(tπ

2
)u

sin(tπ
2
)u∗ cos(tπ

2
)

)
.

Then considering the decomposition ofH⊕H = H00⊕H11⊕H′⊕H0 with
H′ = H10⊕H01 (see [1, Section 3]) all the geodesics between the projections
PGr(0) and Q can be parameterized more explicitly as

γ(t) =

( 1 0
0 0 ) 0 0

0 etX̃( 1 0
0 0 )e

−tX̃ 0
0 0 δ0(t)


=

 1 0 0 0
0 0 0 0

0 0

(
cos2(tπ

2
) cos(tπ

2
) sin(tπ

2
)u

sin(tπ
2
)u∗ cos(tπ

2
) sin2(tπ

2
)

)
0

0 0 0 δ0(t)


which is the expression for the geodesics γu stated in (5.23).

The minimality condition of the geodesics γ when t ∈ [0, 1] and ∥a∥ ≤ π
2

follows from [1, Theorem 5.3 and Corollary 5.5].

Recall that a classical Jacobi field is a field on a fixed geodesic γ that
can be obtained differentiating a family of perturbations of γ by geodesics
that start and end at the same points as γ.

Definition 5.17. Given the geodesic γ(t), t ∈ [0, 1] a parameter value
t0 ∈ [0, 1] is called conjugate of 0 along γ if there exists a non trivial
Jacobi field that vanishes at 0 and at t0. In this case the index of t0 is
the dimension of the space of Jacobi fields that vanish at 0 and at t0. The
parameter t0 is called conjugate if this index is greater than zero.

The following is an example of conjugate values in R (see 5.9) involving
Fredholm operators.

Theorem 5.18. Let T be a Fredholm operator of index zero and call n =

dim(ker(T )) = dim(ran(T )⊥) > 0. Then, 1 is a conjugate parameter of
0 for the geodesic defined in (5.23) for u = 1, with t ∈ [0, 1], connecting
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the orthogonal projection onto the graph of the null operator PGr(0) and the
orthogonal projection onto the inverse graph of PinvGr(T ).

Moreover, the index of this conjugate parameter has dimension n2.

Proof. From Lemma 5.4 we can state that that Gr(T )⊥ = {(−T ∗x, x) :

x ∈ Dom(T ∗)} = invGr(−T ∗). And since ran(PGr(0)) = H ⊕ {0} and
ker(PGr(0)) = {0} ×H, we obtain that

H10 = ran(PGr(0)) ∩ ker(PinvGr(T ))

= ker(T ∗)⊕ {0} = ran(T )⊥ ⊕ {0},
H01 = ker(PGr(0)) ∩ ran(PinvGr(T )) = {0} ⊕ ker(T ).

(5.25)

Therefore the condition dim(ker(T )) = dim(ran(T )⊥) = n > 0 implies
that there exist infinite geodesics joining PGr(0) with PinvGr(T ) (see [1]).

Then, we can use Theorem 5.16 and the expression of the geodesics γu
from (5.23). We will differentiate curves of geodesics using the parameter s
that describes unitaries u(s) with fixed t. Observe that the only part that
changes is in the H′ = H10 ⊕H01 space given by

γu|H′(t) =
(

cos2(tπ/2) − cos(tπ/2)(sin(tπ/2))u

(sin(tπ/2))(cos(tπ/2))u∗ − sin2(tπ/2)

)
for t ≥ 0

We will construct a Jacobi field along the fixed geodesic γ1 which is the
case when u = 1. In this case we can consider the Jacobi field obtained after
differentiating the geodesics perturbed by unitary curves u(s) that depend
on the parameter s close to s = 0 with u(0) = 1. Then, differentiating
γu|H′(t) respect to s we have

Ju̇(t) =
∂

∂s

∣∣∣
s=0

(
γu(s)|H′(t)

)
=

(
0 − cos(tπ/2)(sin(tπ/2))u̇(s)

(sin(tπ/2))(cos(tπ/2))u̇∗(s) 0

)
for t ∈ [0, 1]. Note that the derivatives u̇(s) belong to the space of anti self-
adjoint operators (elements of the Lie algebra of the unitary group) that
has real dimension n2 since u : H01 → H10 (each of dimension n).

5.7 Density (and non density) of the geodesic neigh-
borhoods

Let us briefly examine examples of algebras where {q̃ ∈ P2(A) : ∥q̃ − p̃0∥ <
1} is dense in the orbit of p̃0, and examples where it is not. The first example
includes the case of finite matrices.
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Example 5.19. Let A be a finite von Neumann factor, with (unique) nor-
mal, faithful and normalized trace τ . Then M2(A) is also a a finite von
Neumann factor with trace Tr( a bc d ) =

1
2
τ(a + d). In [4] it was shown that

any pair of projections in a finite factor, in the same connected component
(i.e., in the same unitary orbit, or equivalently, with equal trace) can be
joined with a minimal geodesic. Pick as usual p̃0 ∈ M2(A), p̃0 = ( 1 0

0 0 ). Let
q̃ be a projection in the orbit of p̃0, and γ(t) = eitX p̃0e

−itX a geodesic with
γ(1) = q̃, with X∗ = X p̃0-co-diagonal and ∥X∥ ≤ π/2. It is known that
[17]

∥γ(t)− γ(s)∥ = sin (|t− s|∥x∥) .

Therefore, given ϵ > 0, we can choose t0 < 1 such that q̃0 =: γ(t0) satisfies

∥q̃0 − q̃∥ = ∥γ(t0)− γ(1)∥ = sin ((1− t0)∥X∥) < ϵ.

Clearly also ∥p̃0− q̃0∥ = ∥γ(0)−γ(t0)∥ < 1. That is, {q̃ ∈ P2(A) : ∥q̃− p̃0∥ <
1} is dense in R, the orbit of p̃0.

The next example shows that this is no longer the case if A = B(H), for
H infinite dimensional. To present the specific subspaces, first we need to
recall results on the theory of common complements of pairs of subspaces,
as presented by M. Lauzon and S. Treil in [12], and continued by J. Giol
[8].

Remark 5.20. In [12], necessary and sufficient conditions were given, in
order that a pair of closed subspaces S, T of an infinite dimensional Hilbert
space L do (or do not) have a common complement, i.e., that there exists
(or not) a closed subspace Z ⊂ L such that S+̇Z = L and T +̇Z = L, where
the symbol +̇ stand for direct non necessarily orthogonal sum. For instance,
in [12] it was shown that S, T ⊂ L do not have a common complement if
and only if dimS ∩ T ⊥ ̸= dimS⊥ ∩ T and

1S −G∗G : S → S is compact when restricted to N(G)⊥,

where G := PT
∣∣
S : S → T . Here N(G) = S ∩ T ⊥.

Later on J. Giol [8] proved that S and T do have a common complement
if and only if there exists an intermediate orthogonal projection Q such that
∥PS −Q∥ < 1 and ∥Q− PT ∥ < 1.

Building on these facts, it is easy to see that a pair of subspaces S, T of L,
with infinite and co-infinite dimension, and without a common complement,
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provide an example where {P ∈ P (L) : ∥PS − P∥ < 1} is not dense in the
unitary orbit of PS : indeed, note that in this case

{P ∈ P (L) : ∥PS − P∥ < 1} ∩ {Q ∈ P (L) : ∥PT −Q∥ < 1} = ∅.

Clearly, an element Q in this intersection would provide an intermediate
projection with ∥PS −Q∥ < 1 and ∥PT −Q∥ < 1, and this would imply, by
Giol’s result, that S and T have a common complement.

Also it is clear how to adapt this example to our situation (where one
of the subspaces is H × {0}). Pick a unitary isomorphism U : L → H ×H

which maps S onto H × {0}. This is done by choosing orthonormal bases
of S and H × {0}, and completing them to orthonormal bases of L and
H × H, respectively, and is possible because S has infinite and co-infinite
dimension. Since S and T do not have a common complement in L, it is
clear that H × {0} = US and UT do not have common complement in
H ×H.

Therefore {P ∈ R : ∥p̃0 − P∥ < 1} is not dense in R in this case.

Example 5.21. This example was discussed in [2] in connection with ex-
istence and non existence of geodesics between subspaces, and it is related
to the so called Uncertainty Principle in Harmonic Analysis.

Let I, J ⊂ Rn be Lebesgue measurable subsets with finite positive mea-
sure. Consider

SI = {f ∈ L2(Rn) : supp(f) ⊂ I}, TJ = {g ∈ L2(Rn) : supp(ĝ) ⊂ J},

where supp stands for the (essential) support, and ĝ is the Fourier-Plancherel
transform of g. Put S = SI and T = T⊥

J . We claim that S and T do not
have a common complement.

Indeed, it is known that (see [13] or the survey article [7])

S ∩ T ⊥ = SI ∩TJ = {0} and S⊥ ∩ T = S⊥
I ∩T⊥

J is infinite dimensional.

Also, it is known that PSI
PTJ

is compact (see [7]). This clearly means that

PS − PSPT PS = PSP
⊥
T PS = PSI

PTJ
PSI

is compact, i.e., 1S−G∗G is compact in the whole S (here N(G) = S∩T ⊥ =

{0}). Therefore, by the result of Lauzon and Treil [12] transcribed in Remark
5.20, S and T do not have a common complement.
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Remark 5.22. The Example 5.21 tells us that the classical Hopf-Rinow
Theorem is not valid when A = B(H) for H infinite dimensional. There
are points in R which cannot be reached by a geodesic starting at p̃0, not
even approximated by points in the range of the exponential based at p̃0.
Moreover, elaborating on this example, it also shows that there exist in R
infinitely many disjoint open subsets, which are ranges of the exponential
map at different points in R.

Example 5.19 suggests that density of the range of the exponential at p̃0
requires some sort of finiteness (for instance, that the algebra is finite, as
shown in this example).

References

[1] Andruchow, Esteban. The Grassmann manifold of a Hilbert space,
Actas del XII congreso Dr. Antonio A. R. Monteiro, (2014) 41–55.

[2] Andruchow, E., Corach, G. Uncertainty principle and geometry of the
infinite Grassmann manifold. Studia Math. 248 (2019), no. 1, 31–44.

[3] Andruchow, E., Corach, G., Recht, L. Homogeneous Spaces of Opera-
tors. In Geometry, Topology and Operator Algebras: Global Analysis,
Invariants and Their Significance in Theoretical Physics, (2025) 121-
167. Cham: Springer Nature Switzerland.

[4] Andruchow, Esteban. Geodesics of projections in von Neumann alge-
bras. Proc. Amer. Math. Soc. 149 (2021), no. 10, 4501–4513.

[5] Corach, Gustavo, Horacio Porta, and Lázaro Recht. The geometry of
spaces of projections in C∗-algebras. Adv. Math 101.1 (1993) 59–77.

[6] Corach, Gustavo, Horacio Porta, and Lázaro Recht. Differential ge-
ometry of systems of projections in Banach algebras. Pacific Journal
of Mathematics 143.2 (1990) 209-228.

[7] Folland, G. B., Sitaram, A. The uncertainty principle: a mathematical
survey. J. Fourier Anal. Appl. 3 (1997), no. 3, 207–238.

[8] Giol, Julien. Segments of bounded linear idempotents on a Hilbert
space. J. Funct. Anal. 229 (2005), no. 2, 405–423.

[9] Halmos, Paul R. Two subspaces. Transactions of the American Math-
ematical Society 144 (1969) 381-389.



The Riemann sphere of a C∗-algebra 47

[10] Kato, Tosio. Perturbation theory for linear operators. Vol. 132.
Springer Science & Business Media, 2013

[11] Lance, E. Christopher. Hilbert C*-modules: a toolkit for operator al-
gebraists. Vol. 210. Cambridge University Press, 1995.

[12] Lauzon, Michael; Treil, Sergei. Common complements of two sub-
spaces of a Hilbert space. J. Funct. Anal. 212 (2004), no. 2, 500–512.

[13] Lenard, A. The numerical range of a pair of projections. J. Functional
Analysis 10 (1972), 410–423.

[14] Milnor J.W. and Stasheff J.D. Characteristic classes. No. 76. Prince-
ton university press, 1974.

[15] Porta H. and Recht L.; Spaces of projections in Banach algebras, Acta
Científica Venezolana 39 (1987), 408-426.

[16] Porta H. and Recht L.; Variational and convexity properties of families
of involutions, Integr. Equat. Oper. Th. 21 (1995), 243-253.

[17] Porta H. and Recht L.; Minimality of geodesics in Grassmann mani-
folds, Proc. Amer. Math. Soc., 100, (1987), 464-466.

[18] Schmüdgen, Konrad. Unbounded self-adjoint operators on Hilbert
space. Vol. 265. Springer Science & Business Media, 2012.

[19] Stampfli, J. The norm of a derivation. Pacific journal of mathematics,
(1970) 33(3), 737-747.

[20] Weidmann, J. Linear operators in Hilbert spaces. Vol. 68. Springer
Science & Business Media, 2012.

[21] Zelikin, M. I., Geometry of the cross ratio of operators, (Russian) ;
translated from Mat. Sb. 197 (2006), 39–54 Sb. Math. 197 (2006),
37–51.


	Introduction
	Preliminaries
	The smooth structure of  R 
	The C structure on  K 
	The C structure of  R  
	The C atlas A R  of  R 
	The tangent map of the principal chart
	Riemann sphere projectors in C*-algebras
	The Riemann sphere  R  as a reductive homogeneous space
	The inverse of the exponential map in  R 
	Geometric interpretation of the logarithm


	The Hopf fibration
	Relation between geodesic and homogeneous coordinates in  R 
	The canonical connection on the Hopf fibration
	The structure morphism : RT K 
	The Finsler metric on  R  and the structure form 

	Examples
	The finite dimensional case
	Bounded and unbounded operators
	The unique minimal geodesic from  0  to the graph of a closed operator
	Bounded deformations of closed operators
	The differential operator
	Conjugate parameter values
	Density (and non density) of the geodesic neighborhoods


