MINIMAL PROJECTIONS ONTO SPACES OF POLYNOMIALS
ON REAL EUCLIDEAN SPHERES
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ABSTRACT. We investigate projection constants within classes of multivariate polynomials over finite-
dimensional real Hilbert spaces. Specifically, we consider the projection constant for spaces of spher-
ical harmonics and spaces of homogeneous polynomials as well as for spaces of polynomials of finite
degree on the unit sphere. We establish a connection between these quantities and certain weighted
L,-norms of specific Jacobi polynomials. As a consequence, we present exact formulas, computable

expressions and asymptotically accurate estimates for them.

1. INTRODUCTION

Spherical harmonics and spherical polynomials have become indispensable tools across scientific
disciplines, providing elegant solutions for problems defined on the unit sphere and beyond. From
solving partial differential equations to enhancing numerical integration methods, their versatility

meets the demands of diverse applications.

Exploring approximation techniques and numerical methods over spheres reflects the growing
interest in efficient computational algorithms. From a functional analysis perspective, particularly
within the realm of Banach space theory, it is crucial to investigate the projection constant for Banach

spaces of spherical harmonics and spherical polynomials.

The concept of the projection constant is foundational in the field of Banach spaces and their local

theory. Its origins trace back to the examination of complemented subspaces within Banach spaces.

Consider X as a complemented subspace of a Banach space Y. The relative projection constant

of X in Y is defined as follows:

AX,Y)=inf{|P||: Pe L(Y,X), Plx=idx}
=inf{c>0: YT e £(X,Z) 3 anextension T € £ (Y,Z) with |T| <c|TI},
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where id x denotes the identity operator on X, and £ (U, V) represents the Banach space of all bounded
linear operators between Banach spaces U and V with the operator norm. Here, £ (U) := £ (U, U),
and we adopt the convention that inf & = co. This equality between the projection constant and the

so-called extension constant can be found, for example, in [37, I1I.B.4 Lemmal].

The (absolute) projection constant of X is expressed as:
A(X) :=sup A(I(X),Y),

where the supremum is taken over all Banach spaces Y and isometric embeddings I: X — Y. If X
is a finite-dimensional Banach space and X; is a subspace of some C(K)-space isometric to X, then
(see, e.g. [37, II1.B.5 Theorem]):

1) A(X) = A (X3, C(K)).

Thus, determining A (X) is equivalent to finding the norm of a minimal projection from C(K) onto Xj.

It is worth noting that projections play an important role in approximation theory. In fact, if Y is
a Banach space and P a projection from Y onto a subspace X, then the error |y — Py|y of approxi-

mation of an element y € Y by Py satisfies
ly—Pyly = lidy =Pl dist(y, X) = (1 + | PI) dist(y, X),

where dist(y, X) = inf{]|y— x|y : x € X}. This estimate motivates the problem of minimizing | P||, and
any projection Py: Y — Y onto X such that || Pyl = A(X,Y), is said to be a minimal projection of Y

onto X.

In L?(S"1), the space of square-integrable functions on the unit sphere $"! in the Euclidean
space R, each function can be decomposed into an orthogonal sum of homogeneous spherical har-
monics, serving as fundamental building blocks. Understanding the projection constant in this con-

text aids in evaluating the efficacy of a partial approximation for a given function.

The initial inspiration for this work stems from the seminal contributions of Ryll and Wojtaszczyk
[34]. Solving a problem posed by Waigner, they demonstrated that the inclusion Heo(Bys(c)) —
H, (Bgz(c)) between Hardy spaces is not compact, where B/n () denotes the open unit ball of the
complex n-dimensional Hilbert space ¢4 (C) and n > 1. As noted in [34], this result is intimately re-
lated to a question raised by Rudin in his monograph [32]: Does there exist an inner function on the
open unit ball of the Hilbert space ¢7(C), n > 1? Recall that a nonconstant bounded holomorphic
function with domain Byr(c) is called an inner function if its radial limits have modulus equal to 1
almost everywhere on $”71, where "almost everywhere" refers to the rotation-invariant probability

measure on S~ 1. For more details, we refer the reader to [31] and [37].
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Much of this deep cycle of ideas relies on the following concrete formula for the projection con-

stant of the Banach space 22, (¢7} (C)) of all d-homogeneous polynomials on ¢7 (C):

T(+dT+%)

= , d,neN
rl+dr(n+4)

) A(2405(0)
(see [34], and also [37, II1.B.15] and [31])). The norm considered in 22, (¢7 (C)) is, as usual, the supre-
mum norm taken with respect to the complex euclidean ball B/» c).

A simple calculation yields,
3) A(2a(03(©) <2"Y, d,neN.

The case n = 2 is of particular interest. Indeed, in the mentioned paper [34] the authors noticed
the surprising fact that the sequence (Xd) ds1 With X4 := ([% (©)) forms the first nontrivial known

example of a sequence of finite-dimensional Banach spaces for which lim,_., dim X; = co although
sgpA(Xd) < 00.

It seems interesting to note that the formula (2) combined with the well-known limit shown further

in Equation (44) gives that

(4) lim A(2(05(©) =2""1.

Thus, more precisely, we have sup; A(X;) = 2. It is worth noting here that Bourgain [6] gave an affir-
mative solution to a problem considered in [34], showing that the sequence (dist( Xy, £os™*(C))),, of

Banach Mazur distances is bounded.

What about real Hilbert spaces ¢7 (R)? By Rutovitz [33] we know that

2 T(&%)
5 AER) = ——2
5) (2 (®) Ny
which is different from the complex case d = 1 in (2):
voooon!
6 AOHC) = — .
(6) (2( )) > F(n+%)

At first glance, one might think that obtaining the projection constant of ¢7(C) is as simple as re-
placing n with 27 in (5), given that ¢ (C) is isometrically isomorphic to f%"(IR). In fact, replacing n
with 27 does not yield the correct value. Note that the projections considered in the definitions are

R-linear in one setting and C-linear in the other.

Among others, motivated by the fascinating formula from (2), our main goal here is to study the

projection constant of 22, (£ (R)).
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Contrary to initial expectations, the real case unfolds with intricate subtleties, ultimately revealing
nuanced differences from its complex counterpart. To illustrate one of these differences, we note
that by (3) the sequence (A(22;(¢5(C)))) , is bounded for each fixed n, whereas we are going to show
that in the real case for each fixed n > 2 the sequence (A(22;(¢} (R)))) , increases to infinity.

Our focus in this article lies on finding suitable extensions of (2) for various spaces of multivariate
polynomials on finite-dimensional real Hilbert spaces - more precisely, we intend to present con-
crete formulas or computable expressions for the projection constants of various classes of polyno-
mials defined on finite-dimensional real Hilbert spaces or their spheres. To this end, we show that
the projection constant can be expressed through an average integral representation. Building on
this observation, we prove that the optimal projection minimizing the norm coincides with the or-
thogonal projection in L,($"1). This perspective allows us to obtain integral representations for the

projection constants under study and use this to derive asymptotically sharp estimates.

In particular, we show that the projection constants of the spaces P-4(S"™1), 22,($" 1), and
F6,(S"1) for n > 2 behave asymptotically as d"z for large d, despite their considerable dimensional
differences. These spaces represent the Banach spaces of degree-d polynomials, d-homogeneous
polynomials, and d-homogeneous spherical harmonics, respectively, endowed with the supremum
norm on the real unit sphere $*°! of /% (R). Consequently, we observe that for the first two of these
spaces the Kadets-Snobar upper bound is far from being tight. This estimate asserts that the projec-
tion constant of any finite-dimensional space is bounded by the square root of its dimension (see,
for instance, [37, Theorem 10, III.B.]). We also analyze the behavior of the ratio of their projection
constant and d"Z" as a function of the dimension n when d is sufficiently large. The case n = 2 is
also addressed. Specifically, we prove that the projection constant of 2. ;(S!) and 22,;(S') behaves

as logd as d — oo, whereas the one for (S1) remains constant.

The present work combines ideas from Banach space theory and approximation theory on the
unit sphere—two areas that, while overlapping in some respects, differ significantly in terminology,
focus, and methods. To ensure clarity in presenting our results, we provide detailed exposition of key
tools and concepts, some of which may be familiar to specialists in one field but not the other. This
unified presentation reflects how techniques from both areas come together in our setting and sets
the stage for the main results that follow. To conclude this introduction, we provide a selection of
recent literature relevant to the study of the projection constant: [4, 5, 8, 10, 9, 12, 13, 16, 15, 19, 20,
21, 22, 23, 24, 25]. This compilation is not intended to be exhaustive but rather to serve as a starting

point for exploring recent developments and the ongoing interest in this area.
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We emphasize from the outset that the spaces of polynomials considered in this work do not in-
clude the classical spaces of algebraic polynomials on [-1,1], whose projection constants do not

appear to admit an analytic expression, as evidenced by the pivotal work of [7].

2. PRELIMINARIES

We recommend consulting Wojtaszczyk’s book [37] for matters related to Banach space theory and
Atkinson and Han’s monograph [3] for topics concerning spherical harmonics and approximation

theory.

We denote the Lebesgue measure on R" := ¢7(R) by A,, and the surface (Borel) measure on the
real unit sphere $"! in ¢7 (R) by s;. Recall one of the simplest definitions of s,: If A is a Borel set in
S$"1, then

sp(A):=nA,({rx: re(0,1), xe A}).

Since Lebesgue measure of the euclidean unit ball is r(%:ju) (see e.g. [27, Chapter 1, eq.(1.17)]), it
follows that

27.[11/2

- n—1y _
(7 W, =5s,(8" )= T

Throughout the paper, the measure wlnsn is called the normalized surface measure on $"~! and is

denoted, as usual, by g ,.

The orthogonal group acting on $”°! is denoted by @,,. For a compact Hausdorff space K, we
denote by C(K) the Banach space of all complex-valued continuous functions defined on K endowed

with the supremum norm.

Recall that the normalized surface measure o, is invariant under orthogonal transformations.

Thus, it can also be obtained by the useful formula
® L, f@dou@= [ rawama, fecs',

where m is the normalized Haar measure on G,, and &, some fixed vector in $”!.

We will use throughout the following notation: given two double sequences of positive numbers

(an,a) n,deN and (bn,d)n,del\l, we write
an,d ~c(n) bn,d;

if there exist constants ¢ (n), c2(n) > 0 that depend solely on 7 (and not on d) such that
c1(Mapa < bpg<c(napg

for all n,d € N. The notation a, g ~¢a) bn,q is defined analogously.
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In what follows, for a given sequence (Xy)3? , of linear subspaces of a linear space X, we define, for
brevity, the notation
o0
span; X := span( U Xk).
k=1

In the case when X is a Banach space, the closure of span; X is denoted by span; X.

2.1. Polynomials and spherical harmonics. We write 22(R") for the linear space of all polynomials
f:R" — C of the form

) fX)=) cqex® xeR",

ac]

where J c Ny is finite, and (cq)qej are complex coefficients. Since ¢, = 8% f(0)/a! for a € J, it is

immediate that the preceding representation is unique. For f € 22(R") we call
deg(f) := max|a|
ac]

the degree of f, where as usual |a|:=) a; fora € I\I(’)’.

Given d € Ny, we write 22;(R") for all d-homogeneous polynomials in 22(R") (that s, f has a repre-
sentation like in (9) with coefficients ¢, # 0 only if || = d), and 2. ;(R") for all polynomials of degree
at most d. Due to the linear independence of monomials x%, any degree-d polynomial f € 22 ;(R")

may be uniquely represented as a sum f = Z‘Z:o fx of k-homogeneous polynomials f. Clearly,

(10) PqR") =span;., Z[R") and P (R") =span; Z[R").
Recall that
(an dim@d(R”):(n+d_1):(n+d_1).

n-1 d

The linear spaces 22;(R") and 2. ;(R") equipped with the supremum norm over the real unit eu-
clidean ball Byyg form complex Banach spaces, which we denote by 22;(¢; (R)) and <443 (R))

respectively.

We denote by 22(S$"1) the linear space consisting of all restrictions f|g.1 of polynomials f €
22(R™). When only homogeneous polynomials of degree d (or polynomials of degree at most d) are
considered, we write 22,;(S" 1) or Z_;(S"* 1), respectively. Together with the supremum norm taken
on $"!, both spaces 22;(S"™ 1) or 2. 4(S"!) form finite-dimensional subspaces of C(S"™1). Clearly,
by (10)

(12) Poy(S" N =span;_, Z(S"!) and P(S"!) =span, P (S"7H).
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Note that the restriction map
(13) Pty R) = Py(S" ),  fr figm
is an isometric bijection; indeed, by homogeneity for each f € 22;(¢7 (R))

sup |f(x)l= sup [f(X)I.

X€Bng) xesSn1

On the other hand, since ZZ=1 xi =1on S"!, the surjective restriction map from Wsd(ﬂ’g(ﬂ%)) to
P-4(S"™1) is non-injective for d = 2, implying that P ;(¢}(R)) # P<a(S" ).

A polynomial f € 22(R") is said to be harmonic, whenever A f = 0, where as usual
no§?
Z Pk PR") — PR")
j=10%;

denotes the Laplace operator. We write #(R") for the subspace of all harmonic polynomials in
2 (R"), and A (R") for the subspace of all k-homogeneous harmonic polynomials. Similarly, we
define #-4(R™). Both #(R") and #,;(R") are O,-invariant, that is, f o O belongs to the same space
as f for every O € 0.

Observe that
(14) HeqgR") =span;_; A (R") and A(R") =span; A (R").

In fact, if f € #(R") has degree d, then f = ZZ:O fx for some fi. € P (R™). But since A fi for k=2 is
(k —2)-homogeneous (resp., 0-homogeneous whenever for k < 2), it follows by the unique homoge-
neous decomposition A f = ZZ:O Afr=0that Afy=0foreachO0<k=<d.

Much of what follows is based on the following well-known decomposition of 22;(R") into har-

monic subspaces (see, e.g. [3, Theorem 2.18]).
Lemma 2.1. Foreachd =2 and n =1 we have the following orthogonal sum:
PaR") = R @ -3 Pa—2®R"),
that is, every f € 2;(R") has a unique decomposition
f) =g +IxlI3hx), xeR"
withge #4R™) and he P;_»(R").

All restrictions of polynomials in #(R") to S~! are denoted by #(S""!), and those are called

spherical harmonics on $" 1.
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We write #,(S" 1) for the space collecting all restrictions of polynomials from %, (R") to $" !,
and define /. ;(S"!) similarly. Endowed with the supremum norm taken on $"7!, both spaces

form finite-dimensional @,,-invariant subspaces of the Banach space C(S"1).

Iterating Lemma 2.1, leads to the following well-known decomposition theorem of spherical har-

monics.

Proposition 2.2. We have

(15) Hea(S" ) =@ #(S") and #S" =P HS"T,
k=<d k
and
ld/2]
(16) Pa(S" = @ Haaj(S"h,
j=0

where all decompositions are orthogonal in L,(S"™1). In particular,

(17) Heqg(S" =2 y(S"Y and SN =22(S").

Proof. Looking at (14), we immediately see (15). Moreover, since | x||5 = 1 for every x € S"™!, we
deduce from Lemma 2.1 that (16) holds algebraically. Together with (12) this implies (17). For the
simple argument (based on Green'’s identity) showing that %} (S""!) and .#,(S$"!) are orthogonal
in L,(S"!) see, e.g. [3, Corollary 2.15]. O

As an immediate consequence of Lemma 2.1 and (11), we see thatforalln =2 and d = 1

(n+2d-2)(n+d-3)!
dl(n-2)!

(18) Np,q:=dim#,;(S" 1) =

The following density result is well-known and fundamental for our purposes.
Theorem 2.3. 7(S"!) = span; #6,(S"1) is dense in C(S™™1).

A standard proof proceeds by first applying the Stone-Weierstrass theorem to show that 22(S"1)

is dense in C(S"1). The conclusion then follows from (17) and (15).

It is imperative to emphasize that all elements within the aforementioned function spaces have
values in the complex plane C. In particular, all function spaces considered form complex Banach

spaces. For a treatment on real-valued function, we refer to Section 5.
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2.2. Reproducing kernels. For every closed subspace S of L,(0,), we denote by ns the orthogonal
projection from L, (0 ,) onto S. It follows directly that the orthogonal projection 75 commutes with
the action of @, on C(S"™1). Specifically,

(19) ns(foA)=ms(f)o A,
for every f € C(S"!) and A € G,,. We call this property @,-equivariance.

Lemma 2.4. For every finite-dimensional subspace S ¢ C(S"™1), there exists a unique continuous
function

kg:S" I xs" 1 -,
the reproducing kernel of S, satisfying the following properties:

(i) Forall fe Ly(o,) and x € sn-1

(msf)(x) = ([ ks(x, ')>L2(an)'

(ii) Foreveryxe sn-1, the functionks(x,-) belongs to S.

(iii) The function kg is Hermitian, meaning that
ks(x,y) =ks(y,x), xyeS".
Moreover, if S is invariant under the action of Oy, then the following additional properties hold:

(iv) The function ks is rotation-invariant, that is,
ks(Ax, Ay) =ks(x,y), A€O,, x,yeS" .
(v) The diagonal values of ks satisfy
ks(x,x) =dimS, xeS" 1.

(vi) Additionally, the following integral identity hold:

1
(f 1Iks(x,y)|2dan(y) 2:\/dimS, xeS 1,
sn-

To establish these desired properties, we just choose an orthonormal basis ( fj)?i:“lls of S and extend

it to an orthonormal basis of Ly(0,). So we can explicitly describe the orthogonal projection 7

onto S:
dim S

nsf = Zl <f’f}>L2(Un)f}’ feLa(on).
j=

Evaluating this expression at x € s"1 we obtain

dim S dim S

msf =Y | fg WG o) fi0 = fg WX HOfW)do.m.
j=1 78" " j=1
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Thus the function kg : $"°! x $"~1 — C is given by
dim S

(20) ks(x,y):= Y f[i®fi(»), xyeS"
-1

J
With this definition, it is immediate that kg satisfies (i). To verify the remaining properties, we just

need to perform routine calculations which are left to the reader.

If S is invariant under the action of the orthogonal group, then the norm of the orthogonal projec-
tion onto S can be computed in terms of the L;-norm of its reproducing kernel. As usual, we denote

by e; the canonical basis vector with 1 in the first coordinate and 0 elsewhere.

Remark 2.5. Let S be an 0;;-invariant, finite-dimensional subspace S of C ($™1). Then we have

1) |7s:CS" ™ -S| = fS kster, ) don(y).

Proof. By property (i) in Lemma 2.4 and the Riesz representation theorem we have that

|rs:C(S™™)—S|= sup sup
I floo=1xeSn-1

fS  fyksty) dony)|

= sup sup
x€S" 1 flloo=1

Ln_lf(y)ks(x,y) dan(y)) = sup Ln_l ks (x, ) don(y).

xesn-1

Then we use property (iv) and the rotation invariance of the surface measure o, to see that

Lnl ks (x, Y)do,(y) =f§nl ks(er, Pldan(y), xeS". O

3. PROJECTION CONSTANTS: ABSTRACT PART

We will focus on finite-dimensional subspaces S of C (S$™ 1) for which the restriction of the or-
thogonal projection mg on C(S" 1) is the unique @,-equivariant projection. This means that 7 is

the unique projection Q on C(S$"!) onto S that satisfies the condition

Q(foA)=Q(f)oA, feS, A€0O,.

3.1. Averaging projections. The following result is one of our main abstract tools. It shows how to

compute the projection constant of a subspace S in terms of the L;-norm of the kernel k.

Theorem 3.1. Let S be an O, -invariant, finite-dimensional subspace of C (S™ 1) such that ns is the

unique Oy -equivariant projection from C(S"!) onto S. Then

A(S) = |ms: CS"™™Y — §| = fg Iks(er, yldou(y).
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The proof uses the standard technique of averaging projections - see, e.g. [30] or [37, Theorem
ITI.B.13].

Proof. Take any projection Q of C(S"1) onto S, and for every A € G,, consider the composition op-
erator ¢, € L (C(S™ 1)) given by

Palf)i=foA, feCES"™.

Clearly, ¢;4 is the identity on C (S 1) (where id denotes the unity in 0,), and ¢ 45 = PP, for all

A, B € 0,,. Furthermore,

Opn3A— P, 1Qpae LCS" )

is Bochner integrable, as it is bounded by the Banach-Steinhaus theorem and measurable due to its

weak measurability. Then the Bochner integral
f@ $41Qpadm(A) e L(C(S"Y,

where m is the normalized Haar measure on @, is a projection from C(S$""!) onto S, which is @,,-

equivariant. By assumption 75 is the unique projection with this property, so we have that

TS 2/% Ga-1Qdpadm(A).

Consequently, the first equality of the statement follows by the triangle inequality (for Bochner inte-

grals) and the second is just a consequence of Remark 2.5. 0

The next statement shows that if several orthogonal subspaces each admit a unique @,,-equivariant

projection, then their direct sum also admits a unique €;,-equivariant projection.

Proposition 3.2. Let {Sy};_, be finitely many Oy-invariant, finite-dimensional subspaces of C (s™ 1

which are

i) pairwise Ly (o ,,)-orthogonal, and such that

ii) each s, : C(S"1) — Sy is the unique Oy -equivariant projection.
Then for S = @, _, Sk, the following hold:

(1) The projectionsis =Y _, s, C(S"1) — S is the unique @, -equivariant projection.

(2) The reproducing kernel of S decomposes asks(x,y) =¥, _, ks, (x,y), forall x,y € snL

Proof. By induction it suffices to show this for r = 2. That S; @ S, is 0, -invariant is straightforward.

Observe that 75,65, = s, + s, defines the orthogonal projection from Ly (0 ,,) onto S; ® S,. Using the
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properties of reproducing kernels, we obtain that for every f € Ly(0,) and x € K,

(75105, 1) (x) = (05, [)(X) + (705, ) (%) = Ln_l ) s, (x,) +Ks, (x, 1)) do n ().
Hence by the uniqueness of reproducing kernel we get
ks, +s,(%, ) = ks, (x, ) + ks, (x,), x,yeS".

Let us now show that 7 is the unique &,-equivariant projection. So let Q be a projection from
C(S" 1) onto S = S;®S, which commutes with the action of @, on C(S"!). We claim that Q = 75, s,

Indeed, consider the two projections

QSl :7T81°Q and QSZ :nSQOQ

from C(S$"!) onto S; and S,, respectively. Since the projections ns, and g, on C(S™ 1) are @,-
equivariant, the same holds for Qg, and Qs,. Then by uniqueness properties of the projections on S;
and S, we see that

Qs, =75, and Qg, =7g,,

and hence forall feC (S™1) as desired

Qf=7s5,Qf)+7s,Qf) =Qs, [ +Qs, f =75, f + 75, [ = 5,05, f -

This concludes the proof. O

We would like to acknowledge the anonymous referee for suggesting a simpler argument, which

leads directly to the following uniqueness statement.

Proposition 3.3. The orthogonal projection i z,sn-1): C(S"™1) — F,4(S" ') is the unique 0, -equi-
variant projection from C(S"1) onto #,(S"™1).

The analogous statement also holds if we replace 7,;(S" 1) by 2,4(S™™1) or by P~ 4(S™1).

Proof. Take a G,,-equivariant projection Q from C(S$""!) onto .#,;(S"!). By Theorem 2.3 and Propo-
sition 2.2 we know that

C(S"™™ 1) =span; A4 (S"™)

is a decomposition of C(S"!) into the @, -invariant, pairwise L, (o ,,)-orthogonal subspaces .7 (S"1).
Hence it suffices to check that

Q|Jfk(§n_l) =0, k#d.

Take f € #(S"™ 1), k # d, and fix some orthonormal basis (f;) of 7 (S""!). By the @,-invariance of
H0.(S™ D), for every A € 0, we have that
fOA_1=Z(Ln_l(fOA'l)(y)fi(y)dUn(y) fi

i
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and hence we conclude from the @,,-equivariance of Q that for every x € $"!

1

QNW=Q(fe A (AN =) (fgn_l(foA_l)(y)fi(y)dan(y)) Q(fi) (Ax).
Then by the rotation invariance of the surface measure
QN= [ F0 | LFEDQUIAD]dowy).

Integrating with respect to the Haar measure on &,, and using Fubini’s theorem, we conclude that for

all xe ™1

anw= [ o[ [ ST ADdmA] o).
noi

It is worth noting that for every pair fixed distinct points x,y € $"~!, there exists an orthogonal
transformation B € 0, such that Bx = y and By = x. One such transformation is the reflection across
the hyperplane orthogonal to x — y, which is given explicitly by
(x=)

(x=).
lx = ylI

B=id-2

This linear operator fixes pointwise the orthogonal complement of span{x — y} and satisfies B> = id,

so it is a symmetric involution that exchanges x and y.

Fixing x, y € $"~! we make the change of integration variable A € @, — Ao B € @),. Thus, using the
rotation invariance of the Haar measure on 0,, and again the 0, -equivariance of Q, we see that for

all xe "1
Q(f)(x) :fsnl T g, yydon(y),

where

glx,y):= f@ Y. i(ADQ(fie Ay)dm(4), xyeS"".

Then g(x,-) € #,;(S"1) for all x € S™!, since Q(f; o A) € #,;(S"!) for all possible i, A (to see this
interpret the preceding integral as a Bochner integral of a function with values in #,(S"™!)). But
on the other hand, f € #(S$" 1) with k # d, so that by orthogonality Q(f) = 0. This shows that Q

coincides with 7 g sn-1y.

The analogous statements for 2;(S" 1) or 2. 4(S" 1), follow from a direct use of Propositions 2.2
and 3.2. O
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3.2. Axially invariance. Our aim now is to find in Theorem 3.1 more concrete descriptions of the
kernels ks(e;,-), whenever S is one of the three spaces #,;(S" 1), 22,(S*"1) and -4(S" ™).

Although the content of this subsection is essentially familiar to the approximation theory com-
munity, we choose to provide full proofs. However, it is important to emphasize that we cannot
directly cite the results we need, and in many cases, the proofs have been adapted or require some
minor modifications. For this reason, we believe that offering a comprehensive overview is neces-

sary, avoiding the reader’s need to constantly refer to other texts to fill in the details.

First, we need to establish some notation. Let G, (e;) denote the subgroup of orthogonal trans-
formations that fix e;; that is, A € G, (e;) if A is orthogonal and Ae; = e;. We consider functions
f :R" — C that are invariant under the action of this subgroup, meaning that fo A = f for every

A€ 0p(er). We will refer to such functions, somewhat informally, as axially invariant.

Given d € Ny, we demonstrate the existence and uniqueness of harmonic, axially invariant poly-

nomials (see also [3, Section 2.1.2]).

Proposition 3.4. There is a unique polynomial f € #,;(R™) which fulfills the following two properties:

(@) foA=f forall Ac Gy(ey),
() f(e)=1.

More precisely, this unique polynomial is given by

/2] Y o
Lya(x)= Y bj(n,d)x; (xz,..., xn)ll3’,

j=0
where the coefficients bj(n, d) are determined by:

(-1dr(25)
aijid-2r(j+22)

(22) bj(n,d) =

Sometimes, we refer to L,, 5: R” — R as the Legendre harmonic of degree d in n variables.

Proof. Take f verifying both properties and choose a representation

fx) = Z cax® xeR".
aeNy
lal=d

We write x = (x1,x') € R x R”! for x € R, and note that every n x n-matrix A belongs to 0, (e;) if and

only if it has the form

(23) A

0 A
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with A’ € @,,_;. We fix x; € R, and consider the polynomial
g(x):= flx,x), x'eR™L
Then for all A’ € G,_, and x’ € R"1
gA'X) = f(x1, A'x) = f(A(x1, X)) = fx, X)) = g(x),

and in particular g(x") = g(—x'). Consequently,

ld/2) .
g(1,0,...,00= Y a;jt*, teR,
Jj=0

where the complex coefficients a; = a;(x;) are functions in x;. Choosing for x' eR" lsome A €6,

such that A’x’ = || x'|»e;, we obtain

ld/2] .
2
Y caxyt (x) Ozt = Q(xy, x') = g(x) = gl lze) = Y aj(x)) X1,
lal=d j=0

If we now compare coefficients, then for all x € R”

lrzy
f= ) bixy x5
=0

J
Finally, it remains to verify that the coefficients b; = b;(n, d) are those from (22). Indeed, using that
f is harmonic, a careful computation shows that for all x € R"

ld/2] . .
0=Af) =Y [[d-2))d=-2j-1)bj+@n-2+4))(j+Dbj]xl 2213

j=0
Thenforj=1,...,1d/2]
d-2j+2)(d—-2j+1)
= —— bj-1,
2j(2j+n-3)
and since by = 1, we obtain the desired claim.

Conversely, let us explain why the polynomial L, ; has the desired properties. Clearly it is d-
homogeneous, L, ;(e;) = 1, and the last calculations prove its harmonicity. Moreover, looking at (23)

also property (a) is clear. 0

In order to derive a few important consequences of the preceding proposition, we consider the

equality
(24) L ,(x,e))=Lyq(x), xeS",

where L‘; 4 FL1—R is given by

\d/2] ‘ _
(25) Lo (0= Y bin,d)t" (-3, rel-1,1].

j=0
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This polynomial is referred to as the 'Legendre polynomial of degree d in n dimensions’. The subse-

quent consequence of Proposition 3.4 is adapted from [3, Theorem 2.8].
Corollary 3.5. Let f € #,;(S"'). Then the following are equivalent:

(1) foA=fforall AcO,(ey),
2) f=f(€1)Lf1,d(<',€1)).

Proof. Using the properties of L, ; isolated in Proposition 3.4, the implication (2) = (1) is obvious.
In order to check that (1) = (2), choose g € #;(R") such that glg»-1 = f. By assumption for each
A€0,(e;) and x e R"

Ax
Il Axlla

x
llxll2

X

Ax) = | Ax||¢
g(Ax) = [ Axlf Il

)lexllg(foA)( ):lellgf( )zg(x).

Hence by the 'uniqueness properties’ of the Legendre harmonic L, 4 from Proposition 3.4 there is
some constant ¢ > 0 such that g = cL, 4 on R", and inserting here e;, we see that ¢ = g(e;) = f(e}).

Then foralln € S"*1, we get
fm=gm =cLyam) = fle))L;, ;((n,e1)). O
As promised, we now consider the reproducing kernels of the spaces .#;(S" 1), 22,(S"!), and

P_;(S™ ). The results presented are consequences of the fact that the kernel k 5 -1 (e1,0) is axi-

ally invariant.

Proposition 3.6. Letn =2 and d = 1. Then the following identities hold:

(26) kﬂd(gnfl)(ely') = Nn,a L?a,d“" e1n),
ld/2]
27) kg, sn-1)(e1,7) = ZO Npa-2j Ly, 4_; (¢ en)),
]:
d
(28) ko_sn1y(€1,) = ) Nij Ly, (- en),
j=0

where Ny, . denotes the dimension of 7y (™1 as defined in (18).

Proof. The proof of Equation (26) follows from Corollary 3.5 and the rotation-invariance of the repro-
ducing kernel (see Lemma 2.4, property (iv)). To show the equalities given in Equations (27) and (28)

we simply use Propositions 2.2 and 3.2 and the proven description of the kernel in Equation (26). [
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3.3. Integral representations. As announced our main intention in this article is to collect infor-
mation on the projection constants of #,; (S 1), 22,(S"!) and 2. 4(S"1). The following theorem

follows directly from Theorem 3.1 and Proposition 3.3.

Theorem 3.7. Letn =2 andd = 1. Then the following integral formulas hold:

29) A(Ha(S™™) = Ny f | 12 )| do ),
ld/2]

(30) A(@d(gn_l)):f" ‘ Z Nn,d-2j nd zj(nl)‘dan(n),

31) APa(s™ ) = fg | ZNn,j L‘;,,-(m)\dan(n).

When d = 1, the outcome of Equation (30) is consistent with Equation (5) for the real Hilbert

space EQ(R); see also the concluding remark in Section 5.

4. PROJECTION CONSTANTS: CONCRETE PART

In this final section, we rewrite the previous integral representations of the projection constants
F,(S"Y), 2,(8" 1), and P~ 4(S"}) in terms of classical orthogonal polynomials. This reformula-

tion enables us to uncover several of their hidden properties.

To do so, we need a few basic preliminaries on Jacobi polynomials. They constitute an impor-
tant rather wide class of orthogonal polynomials, from which Chebyshev, Legendre and Gegenbauer
polynomials follow as special cases. The main aim here is to relate them with the Legendre polyno-

mials L‘; d defined above in (25).

We start with an observation that will be useful for our purposes. Integrating in spherical coordi-
nates together with the variable change ¢ = cosd and Equation (7), it can be deduced that (see e.g.,

[14, Proposition 9.1.2]) for every f € C[—1,1] we have

1
Ln_lf(m)dan(n) = Ln_lf(nl)dsn(n)

1 .
(32) =w”‘1f FOA-2 "7 dt

\/‘r(" 1)[ fa-»A"7 dr.

Jacobi polynomials. Let a, f > —1. Then we denote the sequence of degree-d Jacobi polynomials on

the interval [-1, 1] by (P;“’ﬁ )) den,- 1hey are determined by their degree and the orthogonality with
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respect to the inner product

1
<P,Q>=f P(HQ(H) (1 -0%1+0)Pdr,
-1

and normalized by

(@.p) _ d+a
Pl (1)_( d )

There are various concrete ways of writing such polynomials — for example by the so-called Rodrigues

formula

(-4

(a,B) _
(33) Py (0=

d
(1-071+ t)‘ﬁ(%) (- 09+ nf*), re[-1,1].

Gegenbauer polynomials. Fixing A > —1/2, Gegenbauer polynomials are orthogonal on the interval

)A=z

[-1,1] with respect to the weight function (1 — t2)*~2. As usual, we take the following Rodrigues type

formula as definition:

(-1D)4T(A+3) I'(d+22)
24 d'T2A) TA+n+3)

_t2)—ﬂ+1/2(2)d[(1_ l,2)d+/1—%], te [_1, 1].

By  cPw= o

e . . . A-3.A-3
So, up to a multiplicative factor, Gegenbauer polynomials Cgl) are the Jacobi polynomials P; z 2),

more precisely,

TRA+dTA+1) i1,
(35) cP(t) = ( )(1 2 “ 2
TRATA+1+d)

2Py

We are going to need the following orthogonality relation:

72179 I'(d + 2a)
d d+a) [(@?2 @

1
(36) f C9(0) CW(r) 1-)2 di=
-1

Legendre polynomials of dimension # and homogeneity d. Recall the definition of the polynomials
L , from Proposition 3.4. Again they may be formulated in 'Rodrigues form’: For n>2 and d = 2 we

have

INE=D)

n=3( 0\d n—
m (1—t2)_73(a) (1—t2)d+73, tef-1,1]
2

37) LS (0 =(=1*

(see, e.g., [3, Theorem 2.23]). By inspecting (33), (35),(36), and (37), we may relate the polynomials

n-3 n-3 1)

L¢ , with the Jacobi polynomials P, > "* * as well as the Gegenbauer polynomials C;T .
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Lemmad4.1. Givenn>2anddeN, forall te[-1,1]

d'(n=3)! _(z-1
L° (f)=——C/} t
nd D= g _gCa W
3 d'(n-3)! \/EZ_nT_s v(d+n-3)! A(g—l)m
- a
@+n=3" Jar@+2-1rZ-1)
_ A (54259
rt+a) ¢ ’
here C‘\;g_l) : [-1,1] — R stands for the normalized Gegenbauer polynomial, that is, its L,-norm on the

n 1 n-3
interval [-1,1] with respect to the weight function (1—t?)27Y"2 = (1-t?) 2 is one.

We emphasize some particular cases of importance that are known within the literature (see also

[3, Section 2.6]): For n = 2 we get the d-th Chebyshev polynomial
(38) Lgyd(t) = cos(d arccost),

for n =3 the (standard) d-th Legendre polynomial

0 )d(tz— 4,

(39) 0= o7 (5

and for n = 4 the d-th Chebyshev polynomial of second kind

1 sin((d +1)arccost)

40 L<> t) =
(40) 1,a(0) d+1 sin(arccos?)

4.1. Harmonics. We start with the calculation of the projection constant of .7,;(S!), so the dimen-
sion n equals 2.
Proposition 4.2. Foralld e N

4
A(H4(SH) = —

Proof. We deduce from Theorem 3.7 that

A(A4(Sh) =2 L LS (e, m)ldo ()

2

) Efg IL5 4 (Cer, )] disz ()

1t 2 ("
:;‘[_nlLZ’d(cost)ldt:;fO ILgyd(cost)ldt.
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Then by (38)

T T
f ILS (D) (cos t)ldt:f | cos (darccos(cos 1)) |d ¢
0 2 0

b4 1 dn b4
:f Icos(dt)ldt:—[ Icostldt:f |costldt=2.
0 d Jo 0

So, we get as desired A (A4 (SY))=2. O

The previous equality is not surprising, since Hy (SY is isometrically isomorphic to Z% (©), and
the result therefore follows directly from Griinbaum’s classical integral formula for the projection
constant [18]:

MLE(©) = f |21+ 2ldz1dz,
T
where T = {z € C: |z| = 1}. Indeed, every function f € H;(S!) admits a representation
f(cos(8),sin(0)) = ae'® be_idg, a,beCandf e [0,2n).

Thus the map
T:C? — Hy(SY, T(a, b)(cos(®),sin(@)) = ae'%? + pe™149,

is a complex-linear bijection. For f = T'(a,b) and z = el?

f(cos(6),sin(0)) = az? + bz™? = z7%(az*? + b),

and since |z74| =1,
| f(cos(8),sin(0))| = |6l22d + b|.

2d

As 0 varies, the point w = z°“ runs over the unit circle, so

I flloo = sup law + b|.
lw|=1

Consequently, | T(a, b)lloo = lal + 1Bl = (@, b)ll 2(c,.

Let us turn to the case n > 2.

Theorem4.3. Letn=3 andd €N, and seta = "7_3 Then the projection constant of the space H; (S™ 1)
of spherical harmonics of degree d satisfies

2d+n-2) I'd+n-2)
T2t (s sl

1
A(A#,(5™h) )f1|Pé“’“)(t)|(1—t2)“dt.

Alternatively, we have in terms of Gegenbauer polynomials that

n-1y _ 2d+n-2 (22
A(jfd(g ))—?LH_JC‘{ (771)|d(7n(77)-
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Proof. From Theorem 3.7 and Lemma 4.1 we have

d'T (71 (853 13
41 A" H) =N, —Zf p 22 doy,
41) (Ha(S"™H) n,dr(d+n7_l) §n_1| y )| donm

‘v1a->"7dr,

arsl)y i) 1 13 n3
n,d 5—1 2n—1 f ch(i P
F(d-i—T) \/J_IF(T) -1

where the last equality follows from the spherical reduction identity (32). Cancelling the factor F(”T_l)

and substituting N,, 4 from (18) yields

A(H4(S"7h)

2d+n-2)(d+n-3)! dT(3) b 3,3 s
T am-2) \/ﬁr(df”—‘l)f [Ba7 wla -y dr
! ! >
S ML A ) fl IP;nT%'nT_g)(r)l (1-13"7 dt.
T(n-1)vard+244) Ja

-1

An application of the Legendre duplication formula
1 1-2x
(42) PO (x+ 5) =212 /7T (2x)

for x = ”T_l, proves our first claim. The second statement follows from (41) together with the relation

between Gegenbauer and Jacobi polynomials from Lemma 4.1. O

For fixed dimension n, we now show the asymptotic order of A(#,(S"™!)) as the homogeneity
degree d goes to infinity. As the following theorem shows, this projection constant behaves as the
square root of the dimension of /#,; Sabl meeting the Kadet-Snobar estimate. Recall that after

fixing n we for large d have
dim A (S"™Y) ~emy A2

More precisely,

43) fim QA" 2

d—oo an—2 (n-2)!

Indeed, the previous limit can be deduced from the fact that by Equation (18) the dimension is ex-

actly

d+n-2)I'(d+n-2)
I'd+1)(n—-2)!

combined with the following well-known formula for the asymptotic of ratios of Gamma functions:

dim #,;(S" 1) =

)

Given fixed numbers a, b > 0,

I'x+a)

44 im —— =
(44) x—00 T(x + b) x4~P
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Theorem 4.4. Forn>?2
A(ysmh)  anmi o T(2)

(45) im = 5
d—co\/dim.#,(S"1) V(n-2)! =©

In particular,

A4 (S n ()
(46) lim ( d(_z ) _ 2 ()
d—oo a7 (n-2)! m?

Proof. By Theorem 4.3 and Lemma 4.1 we have from the formula (18)
A(F4(S"h)
\/dim(7,(SnD)

_\/ d\(n—2)! 2d+n-2 \/7_12'nT_3\/(d+n—3)!f |
YV @d+n-2)d+n-3)! (n-2 n-
@dt+n=2)d+n=3 n=2) /g [Ja+2-1TZ-1) /5"

A2

CE V)| doam

VE 27T (n-3)
V-2 T2 - 1) Jsn

and consequently it follows from Equation (32) that

.t )| donm,

A S"h) 27T =3 Td)
Jdim(zg s ) Vr=2ITG -1 T

From statement 2) of [2, Theorem 1] we know that

1 AR _ n— 2 312 pm n— 22 n n— 6 n— 6
lim f IC((j2 1)(t)| (1- tz)TSdt = (—) f (1 - cos?® B)TZ do = - f sin’z (—) cos’ T (—) ae.
-1 0 0

d—oo T

1 n_ n—
f ICE V) a->)7 dr.
-1

The last integral is the Beta function evaluated at (%, %), thus

27 T(%)
o7

1 .
lim f c2 wla->A"7 de=
-1

d—o0

This shows that

Lo AlSTY) 2T meyird) 2t ()
a=eo  [aim(Ay ) VDTG =D (=) 72 T(2)
_ 23 (n-3)! r(z)?
Vin—2IT(2-1) T(&2) n3?2
_oonr T4y
vVin=2 nu?

where for the last equality we applied the Legendre duplication formula (42) with x = 7 — 1, which is

exactly (45). On the other hand, (46) follows from the previous limit and Equation (43). U



MINIMAL PROJECTIONS ONTO SPACES OF POLYNOMIALS ON REAL EUCLIDEAN SPHERES 23

4.2. Homogeneous polynomials. As before in Proposition 4.2 we start with the 2-dimensional case.

Proposition 4.5. Foralld eN

sin (1)
dt.
A(Za(sh) = ZJTfo sin % ‘
In particular,
. A@ShH) a4
lim —— = —.
d—oo  logd m?

It should be pointed out that in the case of the complex Hilbert space 23 (©), the projection con-
stant A(22,(¢5(C)) is bounded by 2 for any degree d (see again (3) and also (4)). However, the previous
result shows that for the real case we have a significant difference. In fact, the projection constant of

P(0%2(R)) = 2,(SY) has a logarithmic increase with respect to d.
2 8

Proof. We follow the ideas of the proof of Propositions 4.2. Suppose first that d is even. Note that
N>, =1 and that, on the other hand, by Equation (18) we have N, , = 2 for every £ = 1. Then we

conclude from Theorem 3.7 that

A(24(Sh) = |1 +2 Z L3 ,,(Cer,m)|doa(n)

1 7
- ﬁfgl 1+2 Z L3, (e, m)|dA2 ()

|1+22L22€(cost)|dt

d

d
b4 2m 2
—(f |1+2iL;N(cost)|dz+f |1+22L§25(c0st)|dt).
o =1 m =1 "

By (38) we know that LS , , is the d-th Chebyshev polynomial, that is,

2,20

L3 ,,(t) = cos(2¢ arccos 1),

and so we may rewrite the preceding two integrals as follows:

a a
b4 2 4 2
1+2% Lzzg(cost)|dt:f |1+2) cos2en|dr
0 =1 0 (=1

1 2m
=),

d
2

1+22cos(£s))ds——f

0

2m sin((%)s)

s

sin(3) )ds




24 DEFANT, GALICER, MANSILLA, MASTYLO, AND MURO

and
d d
27 7 27 2
f 2[(cosr)‘dt:f (2¢@n-1)|ar
n n ¢=1
d
1 r2m 2 1 27 si (d_
:—f 1+22cos(€s)‘ds:—f &‘ds.
2 Jo /=1 2Jo sin(3)

Combining, we obtain the required formula for the even case.

Suppose now that d is odd. In this case Theorem 3.7 gives that
L ]
A(24(SH) f |2 Z L3 5 Ker,m)|do2 ()

d

d
27 7

Zﬂf |22L22€+1(cost)|dt+f |2 ; 22Hl(cost)|clt).
d

d g
! (f |ZZCOS((2€+1)t|dt+f |22cos((2£+1)(2n—r)|dt)
27r n =0

21

Now note that

14 14 . d . d+1

L3} 2, s\ 1sin((L§]+1)s)  1sin((%)s)
cos([(2¢+1)= e( e’(%“)z):_ 2 _

Y cos((20+ 1)) =Re| 3. 2

=0

sin(%) 2 sin(%)
and then the proof follows the same steps as before, with the substitution ¢ = 5 as previously em-

ployed.

Finally, the limiting formula follows from the well-known properties of the Dirichlet kernel, see
[38, Chapter 11, eq.(12.1)]. O

We go on with the case n > 2. Recall that the floor function [ x] denotes the largest integer less than

or equal to x. The following result is an analog of Theorem 4.3.

Theorem 4.6. Givenn>2 anddeN,
1 Ir(Hrd+n) (n=1 -1 e
2 : f P, T - A7 dr.

2y T(n—-1DT(d+ =)

A(2a(s"h) =

When d = 1, the preceding outcome aligns with Rutovitz’s findings for the real Hilbert space from
Equation (5). To see this, note that then the integral in the preceding formula equals ”—“ and use

(42) twice. To delve deeper into this interpretation, see the concluding remark in Section 5.

Proof. We have to distinguish the even degrees d form the odd ones, and start with the even case. By

Theorem 3.7 one has
A(@d(gn_l)) :fgn—1 |kgzd(§n—1)(el;77)|d0n(77)
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with
d

2
kgzd(gnfl)(el,n) = Z Nn,j qu,z]‘(nl) .
j=0

Define a = ”7_3 . Then by Lemma 4.1 and Equation (18) we get that

d
2

(4j+n-2)2j+n-3) @) (n-3) T(n-2+2/)r (%)

Ky, g1y (€1,7) = , : P (),
FalerH L ];) 2))!(n-2)! @j+n-31 Tn-ar (L +a)) 2 "
and hence
- . Tl %2@j+a+§r@u+a+%npmm
( ) gzd(§n—1)(ebn)— F(n—l) ];0 F(2]+a+1) 2j (T’l)
By [36, Theorem 4.1, p. 59 and (4.5.3), p. 71], we have
r2j+a+1)j! (a-1
48 P9 n) = PP ent-1),
48 2) M =i ey EnTY
and
S Rjfa-i+DIG+a-1+1) oy ) G+a-3+2) (@i1-1)
(49) Y — Pr T M 1) = ¢ Feni-n
j=0 r(]_§+]-) F(§_§+l) 2
Then, applying (48) and (49) to (47), we get
resl) £ Cj+a-L+DIG+a-L+1) @ 1
(50) kg, g1 (€1,7) = —= Cn, j) 2 2 pP V-1,
,sn-1(€1,7] F(n—l)];o J TG-1+1) ] m
where
_— 2Qj+a+HTRG+a+3) TRj+a+1)])! I(j-3+1)
n,j)= . : :
/ r@j+a+l) T(+a+DEN @jta-L+DrG+a-1+D)

reG+a+ij!  TG+h
N((j+a+)+HeN Ti+a+d)

We claim that C(n, j) = 272 Indeed, we use the formula

rfi+g)- S

andforx=j+a+ % the Legendre duplication formula (42), to see that

, rex) G 1y
Cn,j)=2 —T(j+=]=2""
el ru+@nm@n!b J

Summarizing, we get

— d
LT T+ parl=d ;o
d, 1, 4 @n7 - 1).
I'(n-1) F(E-l—z) 2

k@d(gn—l) (61, 77) = 2”
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Finally, we once again use [36, Theorem 4.1, p.59] to obtain

d , n-1
(@+1,-1) T'¢+2=+1DI'(d+1) (2=l n=ly
Pd(]i‘f' 2 (217% _ 1) — 2 El v pd 2 2 (771)»
2 Md+5=+1I(5+1)

and conclude that
LTED TEDTEE+ DT+ (21 0y
Pd 22

d d 1

F(n 1) I'(§+ E)r(§+1)r(d+%)

1 TEY Td+n) (2o

Ll P ),

2T(n-1) T(d+ %)

kg)?ad(gn—l)(el,n) =2 (nl)

where, for the last equality, we have used (42) twice.
Consequently, by Equation (32) we have

-1 n-1

1 T Td+n)

(1)
APat" D) =5 707 I(d+ 51 o [Pa” @] don
(51) 1
_1T¢) Td+nm  TG) /1 PUT T (] - )
2T(n-DT@d+2) vart) o 4 ’

and this finishes the even case of our claim.

The proof of the odd case is similar - but with some subtle differences. If d is odd, then we are

going to replace (48) by

F(2j+a+2)j' (a L
(a a) 2 _
and (49) by
1) @i 1 i 1 d 1
jra+;+DI(j+ta+5+1) r'isl+a+5+2)
63) ) | L P ent -1 = — = et -,
j=0 (]+§+1) F(L§J+§+1)
where again a = ”T'?’ (see [36, Theorem 4.1, p.59 and (4.5.3), p. 71]). Starting as above, we have
14)
(54) Ko, sn-1)(€1,m) = ) Np2j+1 L, 5501 (M),
j=0

and then (as for (47)) we obtain

a
resty Wo@j+D+a+Hreg+a+1)
55 k n— ,n) = (aa)
(55) 2,51 (€1,1) Tn-1 & M@+ ra+r]) 2]+1(TI1)
Then as in (50)
d

rt)) 2 Qj+a+i+DI(+a+i+1)

(56)  Kg,gn1y(e1,) = cn, j) (“2)(22—1),

T(n-1) = TG+3+1
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where
C(n, )
C2(@j+D+a+PTRG+a+1) TRj+a+2)]! T(+1+1)
- T(2j+D+a+1) TG+a+DRj+D! 2j+a+l+DI+a+i+1D)
TR(+a+1)j!  TG+3+1)
F'(G+a+1(2j+1)! F(j+a+%+1)'
Using that

: |
r((]+1)+1) Lw_zgz].ﬂ)
4]+1 (]+1)l 2 4 ]'

and again the Legendre duplication formula from (42) (now for x = j + @ + 1), we as above get
T2x) V&

Cn,j)=———"—-—-=2
) T()T(x+1) 4/

Then we derive from (56) and (53) that

N E=) F(4j+a+i+2) (@1
(57) Ko, n-1)(e1,1) = ——=—2"172 2 z P en?-1),
,sm-1) (81,1 Tn-1D F(L%J+%+1) m 14) m

Reversing the process, using [36, Theorem 4.1, p.59], we conclude from

1 LS+ 5=+ DIr2L5]+2) (1 n
an(jﬂ 2)(277%_1) pl 3 )(171)
L7] F(2L J+—+2)F(L 1+1) 2150+
that
%) ST+ 2+ T4+ 2+ Drelé]+2) (o1 n,
k.@d(gn_l)(el!n) = 2 d 3 P Z : (771)
I'(n-1) T(%]+35+1) r(2L J+2+3r(g)+1 2zl
But smce[ | = 451 we have, using again (42) twice,
ret) L TE2+ D TEDY T+ o
k@d(gn—l)(elyn): 2 2]’1 2 dil f dil n 1 sz 2 (nl)
Fn=D" TG +3) I'(5) Td+3+3)
1 T3 Td+n) (sl
= 5 Tons o PaT @),
2T (n-1)Td+ ")
The proof finishes as in (51). ([l

The subsequent result, in particular, shows that here A(,@d (§”‘1)) exhibits a strictly smaller order
than the one given by the Kadets-Snobar upper estimate, since, for fixed n, we have for large d (see
again the Equations (11), (13),and (44))

dim (S ~co d"7L.
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Corollary 4.7. For each integer n > 2
A(Pas™™h) 2wl T(+3)°
m

d—oo g% - a2(n-2) T(n-1) '

Proof. The following limit from [35, §19, Equation (64-1), p. 84] is crucial for our purposes: For
a, B, A, u > —1such that 21 > a—%

1
lim vVd | (1-x*1+0* PSP (0)dx
(58) d—oo 0
2)L+p+1 z It a1
=== * (sin(0/2)) "2 (cos(0/2)) " P*2 g,
b/ 0

and we are going to use this equation for a = = ”T_l and A =pu= ”7_3 Moreover, we need to know
that by [36, 4.1.3, p. 59] Jacobi polynomials satisfy

PP =00, rel-11),

hence, as d — oo,

1l ona 5 13 1 (no1 o1y N1
\/Ef P, 72 (t)|(1—t)zdt:2\/3f P, Z T |a-A7 de
-1 0
21 3 . n_o Z_o
— — | (sin(@/2))? "(cos(6/2))% “do.
T2 J0

Combining all this with Theorem 4.6 and using again the formula (44) for the asymptotic of ratios of
Gamma functions, which implies that
'+
lim d+n) — =1,
d=co T(d+2yd 2

gives
A(2y(S" ! 1 I'® r 1 (nc1on1 ne
lim ( d(H ) _ 2 (d+n) — | | lim 2\/Ef |P;2 il -»A7 dr
d—oo = 2ynT(n-1) |d—o F(d-i—nTH)dT d—oo 0
2T (E 1y 1y
:m A (sin(0/2))2""(cos(6/2))2 “d6.
We now check that
: . . (-3
1::fz(sin(9/2))2 2(cos@/2)} 2ag = YLD
0 271 r(z)

Indeed, using the identity 2sin(0/2) cos(0/2) = sinf and the substitution ¢ = sind a simple calcula-

tion leads to

. B(n 11)_ 1 TZ-Hr@
To31\a 2'2) 931 T

where B as usual stands for the Beta-function.
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Altogether we have,
-~ A(24(S"h) _ 2n-1 VL (3)
d=oo g7 22T (n—-1I(} - 3) 227'1(2)
2 TGl -) 2 T(G+3)°
n? I'(n—1) 2 (3-Dr(n-1)’
where in the second to last equality we have used (42) with x = %. L]

Remark 4.8. Summarizing we see that projection constants of spaces of homogeneous polynomials
in the real and complex case behave substantially different. Indeed, we have for fixed n > 2 and large
d that

A(Py(S" ™M) ~em dT and A(Py(SIN) ~em 1,
whereas for fixed d and large n

d d
2 2

A(:@d(§n_l)) ~ecd) and A(e@d(gg_l)) ~ecd) 2.

Here the first result is a consequence of Corollary 4.7, the third one was proved in Example 6.2 of
[11], whereas the second and fourth statements are simple consequences of the Ryll-Wojtaszczyk

formula (2).

4.3. Finite degree polynomials. We start by applying Theorem 3.7 to the case n =2, which yields an
explicit expression for the projection constant A(@sd (Sl)). Recall again that 2. ;(S!) stands for the
Banach space of all complex-valued degree-d polynomials on the one dimensional real euclidean

sphere.

It is worth noting that, as a by-product, we recover the well-known Lozinski-Kharshiladze formula
for the projection constant of the Banach space Trig_,(T) of all complex-valued degree-d polynomi-
als

P(2)= ) cx2", zeT
|klsd
defined on the circle group T, equipped with the supremum norm over T. This formula states
that A(Trig_,(T)) equals the Lebesgue constant of the Dirichlet kernel (see [37, IIIB. Theorem 22]

and [26]).

Proposition 4.9. Foralld € N, we have
sin((d +3)1) ’

1 21
A(Trigy () = A(P<a(SH) = _fo sin (£)
2

27

In particular,
_ A(2<a(Sh) 4
lim ———— = —.
d—oo  logd m?
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Proof. We claim that the linear mapping ®: Trig_,(T) — 2,(S'), which for P(z) = > ikl=d crz® is

given by the formula:

d d
d(P)(x,y):= Z Cc_r(x— iy)k+c0+ Z Ccr(x+ iy)k, (x,y) €S,
k=1 k=1

is an isometric isomorphism. Being obviously isometric, it is injective. On the other hand, we deduce

from Proposition 2.2 that

P<q(S") = H-a(S") = P H(S.
k=<d

Hence by Equation (18) we see that dim % 4(S') = 2d+1 = dimTrig_,;(T). Combining, ® is as desired

an isometric isomorphism, and as a consequence
A(Trig_,;(T) = A(P<a(SH).

Now we apply Theorem 3.7 and Equation (18) to get

d
ko_,sn(en,m) =1+ Y 2L ,(te1,m), neS'.
/=1

Then similar to the proofs of Propositions 4.2 and 4.5 we have

. _i fﬂ fZﬂ
A@=ash)=5-( | )

and the argument follows as before. 0J

d
1+2) cos(¢(2m - t)))dt),
=1

For n > 2 we get the following formula - complementing a result of Ragozin [28, Theorem 4].

Theorem 4.10. Forn>2 andd eN

n n .
R e

Proof. The proof follows the lines of the proof of Theorem 4.6. Again we start with Theorem 3.7 which

shows that
d

k@gd(gn_l) (elrn) = Z Nl’l,] le,] (171)
j=0

and
AP<a(S"h) = L ko ysnn (er,n)) [ don(m).

Then, as before, by Lemma 4.1 and Equation (18) we have

n—l

Fn+j-2) (aa)
59 ko, r1(€1, T+ )
59) 2. (e = o —1) Z(]+ F(Tl+j) 1),
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where a = 75=. Now we first rewrite this expression getting

I 4 @2j+a+a+D)I(+a+a+1)

k n— ) =
Peaerh e1T) [(n-1) j;) F(j+a+1)

P ),

But by [36, (4.5.3), p. 71] we have

Rj+a+a+DI(j+ra+a+1) Frd+a+a+2) i1

P& ) = p ,
];0 I'(j+a+1) jm) = Fd+a+1) 4 (1)
which shows
I Td+a+a+2) T rd+n-1) (21 3
k e , (a+1,a) plT "2 .
P-q(S 1)(61 77) T(n-1) F(d+a+1) d ( ) T(n—-1) F(d+ ) d (nl)

Consequently, by (32) we have

A(Peq(s™™) = ‘|- 7 ar,

I("z) Td+n-1) TG) fl U
I(n-1) Td+%Y Vardg d

which completes the proof. 0

Note that for each n and large d
dim@sd(S”_l) ~c(n) dn_l.

Indeed, this easily follows by combining the Equations (15), (17) and (43). Hence, as in the case of
Corollary 4.7 (see also Remark 4.8), this again shows that here the Kadets-Snobar theorem leads to
a weak upper estimate - in contrast to the result for homogeneous spherical harmonics from Theo-

rem4.4.

Corollary 4.11. For each integer n > 2
A(gzsd(gn—l)) rz-D

d—co  g"7" 2273aT(2 - 1)2

Proof. The proof is similar to that of Corollary 4.7. We use that by [35, §20, p. 87] (see also the main
result of [29]) for a > —% and > -1

oa+f+2 F(Q l)r(ﬁ +3)
lim vd (1 0% +x)5|P(0‘+1 Px)|dx = Z— . o
d—oo 3 at+p

2 I'(=-+1

In [35] this equality is in fact proved as an application of (58), and in the following we apply it to
a=p= ”7_3 Additionally, using (44), we have

.1 Td+n-1)
lim —— =1
d—co "7 T(d+ 151
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Combining with Theorem 4.10, we get

APy
lim —( _dn(_z ))
d—oo d =z
n-3

I'(%) 1 I'(d+n-1 1o s n
LS | N TP S C ikl T \/Ef P77 a2 dr
Val(n-1) d—oo gz ['(d+"5=) d—oo 1

Val(n-1) z3 TE-3) m?T(n-1) TrZ-1
Then applying the Legendre duplication formula (42) twice, with x = 7 — % and with x = 5 - % con-
cludes the argument. 0

We finish with the following special case n = 3 of Theorem 4.10 and its Corollary 4.11. Note that
according to Theorem 3.1 we here may replace the projection constant of 2. ;(S$?) by the norm of
the orthogonal projection 745_,s2): C (S$?) — P-4(S?). In this form the result is due to Gronwall [17,
Equations (7), (8) and (27)] (see also [3, Section 4.2.]).

Corollary 4.12. Foreachd eN

d+1 !
A(Pa(SH) :TﬁllPS"”(t)ldt.

Moreover;

A(P<q(S?
lim w =2 E
d—oo \/a V4

5. TRANSITION TO REAL COEFFICIENTS

Throughout the article, the function spaces under consideration were defined on the real unit
sphere $"! but took values in the complex field C. In particular, all polynomials carried complex
coefficients and each space was viewed as a complex Banach space equipped with the supremum

norm on S$”°1,

It is natural to ask what becomes of the theory when one restricts attention to real-valued func-
tions, that is, when all coefficients in the defining polynomials are required to be real. In this setting,
the analogous spaces have the same dimensions as R-vector spaces (i.e. the dimension of the com-
plex vector space of C-valued polynomials coincides with the dimension of the real vector space of
R-valued polynomials), and all arguments in the paper go through verbatim: the reproducing ker-
nels involved in the various projections are real-valued polynomials, so all integral formulas for the

corresponding projection constants remain unchanged.
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Nevertheless, the Banach-space geometry of the underlying spaces may change. A striking ex-
ample is provided by the degree-d harmonics on the circle. As noted in the comments following
Proposition 4.2, the complex version %, (S') is isometrically isomorphic to the complex space é% ©,
whereas its real-coefficient counterpart turns out to be a 2-dimensional real Hilbert space. We give a

short proof of this fact.

In the real setting, we restrict attention to real-valued harmonics on S! and view #,(SY) as a

vector space over R. The real-valued degree-d harmonics are exactly the functions of the form
f(cosB,sinf) = acos(dO) + bsin(d0), a,beR.

Thus
H4(S) = spangicos(dh), sin(dh)},  dimp.#,(Sh) =2.

Let a,b € R and write R = vV a? + b?, choosing ¢ € R so that a = Rcos¢g and b = Rsing. Then for
every 0 eR,
acos(dO) + bsin(df) = Rcos(df — ¢),

and therefore

”f”oo = Sup|RCOS(d9—(p)| =R=V az + bz.

OeR
Hence the mapping

05(R) 3 (a, b) — acos(d-) + bsin(d-) € #,(S")

is an isometric linear bijection of real Banach spaces. In particular, the real version of ./, (S!) is a

2-dimensional Hilbert space.

This distinction in Banach-space structure, however, does not affect the numerical value of the
projection constant. This can be checked directly by comparing the expression in Proposition 4.2

with the case n =2 in (5).

As another example illustrating these remarks, recall from (13) that 22;(S"!) = P07 (R)). For
d =1, Theorem 4.6 yields a projection constant which agrees with the value predicted by Rutovitz’s

formula for the real Hilbert space appearing in (5).
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