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ABSTRACT. Given a frequency sequence ω= (ωn) and a finite subset J ⊂N, we study the space H J∞(ω)

of all Dirichlet polynomials D(s) := ∑
n∈J ane−ωn s , s ∈ C. The main aim is to prove asymptotically cor-

rect estimates for the projection constant λ
(
H J∞(ω)

)
of the finite dimensional Banach space H J∞(ω)

equipped with the norm ∥D∥ = supRe s>0 |D(s)|. Based on harmonic analysis on ω-Dirichlet groups, we

prove the formula λ
(
H J∞(ω)

) = lim
T→∞

1

2T

∫ T

−T

∣∣∣ ∑
n∈J

e−iωn t
∣∣∣d t , and apply it to various concrete frequen-

cies ω and index sets J . To see an example, combining with a recent deep result of Harper from prob-

abilistic analytic number theory, we for the space H ≤x∞
(
(logn)

)
of all ordinary Dirichlet polynomials

D(s) =∑
n≤x ann−s of length x show the asymptotically correct orderλ

(
H ≤x∞

(
(logn)

))∼p
x/(loglog x)

1
4 .

INTRODUCTION

The study of complemented subspaces of a Banach space and their projection constants has a long

history going back to the beginning of operator theory in Banach spaces. Recall that if X is a closed

subspace of a Banach space Y , then the relative projection constant of X in Y is defined by

λ(X ,Y ) = inf
{∥P∥ : P ∈L (Y , X ), P |X = idX

}
,

where idX is the identity operator on X and as usual L (U ,V ) denotes the Banach space of all bounded

linear operators between the Banach spaces U and V with the uniform norm. We use here the con-

vention that inf;=∞.

The following straightforward result shows the intimate link between projection constants and

extensions of linear operators: For every Banach space Y and its subspace X one has

λ(X ,Y ) = inf
{
c > 0 : ∀T ∈L (X , Z ) ∃ an extension T̃ ∈L (Y , Z ) with ∥T̃ ∥ ≤ c ∥T ∥} ,
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where Z is any Banach space. Moreover, the (absolute) projection constant of a Banach space X is

given by

λ(X ) := sup λ(I (X ),Y ) ,

where the supremum is taken over all Banach spaces Y for which it exists some isometric embedding

I : X → Y such that I (X ) is complemented in Y .

A frequency ω= (ωn)n∈N is a strictly increasing, non-negative real sequence such that ωn →∞ as

n →∞. Given a finite index set J ⊂N and complex numbers (an)n∈J , we say that

D(s) := ∑
n∈J

ane−ωn s , s ∈C

is a ω-Dirichlet polynomial supported on the index set J . For the frequency ω = (n)n∈N we obtain

(after the substitution z = e−s) polynomials
∑

n∈J an zn in one complex variable, and in the case ω=
(logn)n∈N all ordinary Dirichlet polynomials

∑
n∈J ann−s .

Denote by H J∞(ω) the (finite dimensional) Banach space of allω-Dirichlet polynomials supported

on the finite index subset J ⊂N, endowed with the norm

∥D∥∞ := sup
t∈R

∣∣∣ ∑
n∈J

ane−iωn t
∣∣∣= sup

Re s>0

∣∣∣ ∑
n∈J

ane−ωn s
∣∣∣ ,

where the last equality is a simple consequence of the maximum modulus principle.

Then the main goal of this article is to study the projection constant

λ
(
H J

∞(ω)
)

for various ’natural’ frequencies ω and various ’natural’ finite index sets J of N. Given x ∈N, we are

particularly interested in the projection constant of the Banach space

H ≤x
∞ (ω) =H {n∈N : n≤x}

∞ (ω) ,

so all ω-Dirichlet polynomials D(s) =∑
n≤x ane−ωn s of length x.

Before we illustrate some of our main results, let us pause for a moment to say a few words about

the modern theory of Dirichlet series. Within the last two decades, the theory of ordinary Dirichlet

series
∑

ann−s experienced a kind of renaissance. The study of these series in fact was one of the

hot topics in mathematics at the beginning of the 20th century. Among others, H. Bohr, Besicovitch,

Bohnenblust, Hardy, Hille, Landau, Perron, and M. Riesz.

However, this research took place before the modern interplay between function theory and func-

tional analysis, as well as the advent of the field of several complex variables, and the area was in

many ways dormant until the late 1990s. One of the main goals of the 1997 paper of Hedenmalm,

Lindqvist, and Seip [21] was to initiate a systematic study of Dirichlet series from the point of view of
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modern operator-related function theory and harmonic analysis. Independently, at the same time,

a paper of Boas and Khavinson [4] attracted renewed attention, in the context of several complex

variables, to the original work of Bohr.

A new field emerged intertwining the classical work in novel ways with modern functional anal-

ysis, infinite dimensional holomorphy, probability theory as well as analytic number theory. As

a consequence, a number of challenging research problems crystallized and were solved over the

last decades. We refer to the monographs [9], [22], and [36], where many of the key elements of this

new developments for ordinary Dirichlet series are described in detail.

Contemporary research in this field owes much to the following fundamental observation of H. Bohr

[5], sometimes called Bohr’s vision:

By the transformation z j = p−s
j and the fundamental theorem of arithmetics, an ordinary Dirichlet

series
∑

ann−s may be thought of as a function
∑
α∈N(N)

0
apαzα of infinitely many complex variables

z1, z2, . . ., where p = (p j ) stands for the sequence of prime numbers. By a classical approximation

theorem of Kronecker, this is more than just a formal transformation: If, say, only a finite number of

the coefficients an are nonzero (so that questions about convergence of the series are avoided), the

supremum of the Dirichlet polynomial
∑

ann−s in the half-plane Re s > 0 equals the supremum of

the corresponding polynomial on the infinite-dimensional circle group T∞. Notice that a Dirichlet

polynomial
∑x

n=1 ann−s corresponds to a polynomial
∑
α∈N(N)

0
apαzα on the finite dimensional poly-

torus Tπ(x), where π(x) is the amount of prime numbers less or equal x. Thus, the supremum can be

taken over T∞ or Tπ(x) indistinctly.

Let us sketch some of our main results, as well as some ideas for the strategies how to derive them.

Bohr’s vision in its original form is the seed which allows to associate with each frequencyω a com-

pact abelian group G (a so-called ω-Dirichlet group) as well as a sequence of characters hωn on G ,

such that for each finite set J ⊂N the mapping
∑

J ane−ωn s 7→∑
J anhωn leads to a coefficient preserv-

ing identification of H J∞(ω) with the Banach space TrigJ (G) of all trigonometric polynomials on G

having Fourier coefficients supported in {hωn : n ∈ J } (see Section 3.1).

Using a famous averaging technique of Rudin (Theorem 2.1 and Theorem 2.2), we derive the fol-

lowing integral formula (see Theorem 3.6)

λ
(
H J

∞(ω)
)= ∫

G

∣∣∣ ∑
n∈J

hωn

∣∣∣dm,

where m stands for the Haar measure on G , and then equivalently

λ
(
H J

∞(ω)
)= lim

T→∞
1

2T

∫ T

−T

∣∣∣ ∑
n∈J

e−iωn t
∣∣∣d t
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(Theorem 3.1). Our main applications for concrete frequencies ω and concrete index sets J offer

concrete estimates for λ
(
H J∞(ω)

)
, and their proofs are all mainly based on caculating one of the

preceding two integrals.

For the three standard frequencies ω = (n)n∈N0 , ω = (log pn)n∈N (where as above pn is the nth

prime number), and ω = (logn)n∈N, we in Section 3.2, Case I, get the following formulas which are

asymptotically correct in x:

• λ(
H ≤x∞

(
(n)

))= 4
π2 log(x +1)+o(1) ,

• limx→∞
λ
(
H ≤x∞

(
(log pn )

))
p

x
=

p
π

2 ,

• λ(
H ≤x∞

(
(logn)

))=O

( p
x

(loglog x)
1
4

)
.

To estimate the integrals for the first two statements is fairly standard – but for the third one this is

highly non-trivial. Indeed, a recent deep theorem from probabilistic analytic number theory due to

Harper from [19] shows that

(1) lim
T→∞

1

2T

∫ T

−T

∣∣∣ x∑
n=1

1

ni t

∣∣∣d t =O

( p
x

(loglog x)
1
4

)
,

which is equivalent to ∫
T∞

∣∣∣∣ ∑
α∈N(N)

0 :1≤n≤x

zα
∣∣∣∣d z =O

( p
x

(loglog x)
1
4

)
.

This resolved a long-standing problem of Helson from [23]. In fact, Helson had conjectured that the

integral is of order o(
p

x) which would have disproved a certain generalisation of Nehari’s theorem

from harmonic analysis. We also mention that Harper’s result gave a negative answer to the so-

called embedding problem showing that for 0 < p < 2 the Lp -integral of every ordinary Dirichlet

polynomial D =∑
n≤x ann−s over any segment of fixed length on the vertical line [Re s = 1/2] can not

be bounded by a universal constant times limT→∞ 1
2T

∫ T
−T |D(i t )|p d t (see also Problem 2.1 in [43]).

Finally, we mention that we also study the projection constant of Banach spaces of ordinary Dirich-

let polynomials supported on an index sets of natural numbers with a certain complexity of their

prime number decompositions (see again Section 3.2, Case II and III).

We finish the article comparing and linking the results we obtained for projection constants, with

some important estimates of the unconditional basis constant χmon(H J∞(ω)) (see Section 4 for the

definition), for several natural frequencies ω = (ωn) and index sets J ⊂ N. From the group point of

view, this is related to the Sidon constant of specific sets of characters.
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1. PRELIMINARIES

We use standard notation from Banach space theory as e.g., used in the monographs [11, 33, 35,

46, 48]. If not indicated differently, we consider complex Banach spaces.

Given two sequences (an) and (bn) of non-negative real numbers we write an ≺ bn , if there is

a constant c > 0 such that an ≤ c bn for all n ∈ N, while an ∼ bn means that an ≺ bn and bn ≺ an

holds. In the case that an extra parameter m is also involved, for two sequences of non-negative

real numbers (an,m) and (bn,m), we write an,m ≺C (m) bn,m whenever there is a constant C (m) > 0

(which depends exclusively on m and not on n) such that an,m ≤ C (m)bn,m for all n,m ∈N. We use

the notation an,m ∼C (m) bn,m if an,m ≺C (m) bn,m and bn,m ≻C (m) an,m . We also write an,m ≺C m bn,m

when there is a hypercontractive comparision, i.e., there is an absolute constant C > 0 such that

an,m ≤ C mbn,m for all n,m ∈ N. Of course, if an,m ≺C m bn,m and bn,m ≻C m an,m we simply write

an,m ∼C m bn,m .

In the following two paragraphs we collect a few standard facts on projection constants as well as

topological groups.

1.1. Projection constants. Any Banach space X can be embedded isometrically into ℓ∞(S), where S

is a nonempty set which in general depends on X . Indeed, if S is the unit ball of the dual of X , then it

follows from the Hahn–Banach theorem that the mapping x 7→ (ϕ(x))ϕ∈S is an isometric embedding

from X into ℓ∞(S). Moreover, for every separable X , we may choose S = N (see e.g. [1, Theorem

2.5.7]). Throughout the paper, we use the fact that, if S is a nonempty set for which the Banach space

X is isometrically isomorphic to a subspace Z of ℓ∞(S), thenλ(X ) =λ(Z ,ℓ∞(S)) . Indeed, this is due

to the fact that ℓ∞(S) is isometrically injective (see [1, Definition 2.5.1. and Proposition 2.5.2.]). Thus

findingλ(X ) is equivalent to finding the norm of a minimal projection from ℓ∞(S) onto an isometric

copy of X in ℓ∞(S). However, this is a non-trivial problem in general.

General bounds for projection constants of various finite dimensional Banach spaces were studied

by many authors. The most fundamental general upper bound is due to Kadets and Snobar [24]: For

every n-dimensional Banach space Xn one has

(2) λ(Xn) ≤p
n .

In contrast, König and Lewis [27] showed that for any Banach space Xn of dimension n ≥ 2 the strict

inequalityλ(Xn) <p
n holds, and this estimate was improved by Lewis [30] showing

λ(Xn) ≤p
n

(
1− 1

n2

(1

5

)2n+11
)

.



6 DEFANT, GALICER, MANSILLA, MASTYŁO, AND MURO

The exact values of λ(ℓn
2 ) and λ(ℓn

1 ) were computed by Grünbaum [18] and Rutovitz [42]: In the

complex case

λ
(
ℓn

2 (C)
)= n

∫
Sn (C)

|x1|dσ=
p
π

2

n!

Γ(n + 1
2 )

,(3)

where dσ stands for the normalized surface measure on the sphere Sn(C) in Cn , and

λ
(
ℓn

1 (C)
)= ∫

Tn

∣∣∣ n∑
k=1

zk

∣∣∣d z =
∫ ∞

0

1− J0(t )n

t 2
d t ,(4)

where d z denotes the normalized Lebesgue measure on the distinguished boundaryTn in Cn and J0

is the zero Bessel function defined by J0(t ) = 1
2π

∫ ∞
0 cos(t cosϕ)dϕ . The corresponding real constants

are different:

λ
(
ℓn

2 (R)
)= n

∫
Sn (R)

|x1|dσ= 2p
π

Γ( n+2
2 )

Γ( n+1
2 )

(5)

λ
(
ℓn

1 (R)
)=


λ

(
ℓn

2 (R)
)
, n odd

λ(ℓn−1
2 (R)), n even.

(6)

Gordon [15] and Garling-Gordon [14] determined the asymptotic growth ofλ
(
ℓn

p

)
for 1 < p <∞ with

p ∉ {1,2,∞}:

(7) λ
(
ℓn

p

)∼ nmin
{

1
2 , 1

p

}
.

König, Schütt and Tomczak-Jagermann [28] proved that for 1 ≤ p ≤ 2

lim
n→∞

λ
(
ℓn

p

)
p

n
= γ ,(8)

where γ =
√

2
π in the real and γ =

p
π

2 in the complex case. For an extensive treatment on all of this

and more see the excellent monograph [46] of Tomczak-Jaegermann.

1.2. Topological groups. As usual a group G equipped with a topology τ is said to be a topological

group whenever the mapping (G ,τ)× (G ,τ) ∋ (a,b) → ab−1 ∈ (G ,τ) is continuous. From here on G is

assumed to be a compact group, that is, its topology is compact. In this case, G defines a natural set

of maps {La}a∈G and {Ra}a∈G on C (G), the complex-valued continuous functions on G , given for all

a,b ∈G by

La f (b) := f (ab), and Ra f (b) = f (ba), f ∈C (G) .

It is well-known that for every compact group G there exists a unique Borel probability measure m

which is left invariant, that is,∫
G

f (b)dm(b) =
∫

G
La f (b)dm(b), a ∈G , f ∈C (G) .
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This m is called the Haar measure of G . If in addition m is also right invariant:∫
G

f (b)dm(b) =
∫

G
Ra f (b)dm(b), a ∈G , f ∈C (G) ,

then the compact group G is called unimodular. Examples of unimodular groups are compact groups

in which every one point set is closed.

Let m be the normalized Haar measure on G , and Ĝ as usual the dual group of G (i.e., the set of all

continuous characters on G). For any f ∈ L1(G) := L1(G ,m), the Fourier transform of f is given by

f̂ (γ) :=
∫

G
f (a)γ(a)dm(a), γ ∈ Ĝ .

Recall that L1(G) forms a commutative Banach algebra, whenever it carries the convolution f1∗ f2

as its multiplication, that is, for m-almost every a ∈G

( f1 ∗ f2)(a) :=
∫

G
f1(ab−1) f2(b)dm(b) .

Products of groups are going to be of particular interest for our purposes. Given compact abelian

groups G1, . . . ,Gn , each with the Haar measure m j ,1 ≤ j ≤ n, we denote by G := G1 × ·· · ×Gn the

product of these groups endowed its natural product operation and product topology . Given an n-

tuple of characters (γ1, . . . ,γn) ∈ Ĝ1 ×·· ·× Ĝn and α= (α1, . . . ,αn) ∈ Zn , we write γα for the character

in Ĝ given by

γα(x1, . . . , xn) := γ1(x1)α1 · · ·γn(xn)αn , (x1, . . . , xn) ∈G .

Of special interest is the n-dimensional circle group G :=Tn , where the Haar measure m =: d z onTn

acts on a Borel function f : Tn →C by the formula∫
Tn

f (z)d z = 1

(2π)n

∫ 2π

0
· · ·

∫ 2π

0
f (e i t1 , . . . ,e i tn )d t1 . . .d tn .

Recall that T̂n =Zn , where the identification is given by the fact that for every character γ ∈ T̂n there

is a unique multi index (α1, . . . ,αn) ∈Zn for which γ(z) = zα for every z = (z1, . . . , zn) ∈Tn .

2. TRIGONOMETRIC POLYNOMIALS

For any compact group G and any nonempty finite set E ⊂ Ĝ we denote spanE by TrigE (G) , the

space of all trigonometric polynomials P on G which are supported on E , that is, the Fourier trans-

form P̂ is supported on E . In what follows, we consider this finite dimensional space with the supre-

mum norm on G . Note that every polynomial P ∈ TrigE (G) has the form

P (g ) = ∑
γ∈E

P̂ (γ)γ(g ) , g ∈G .

The space of all trigonometric polynomials on G is denoted by Trig(G).



8 DEFANT, GALICER, MANSILLA, MASTYŁO, AND MURO

We need two fundamental consequences of the Peter-Weyl theorem (see, e.g., [36, Theorem 1.3.3]):

For any compact abelian group G , the space Trig(G) is dense in the space C (G) of complex-valued

functions (see [36, Theorem 1.3.4]), and the dual group Ĝ is an orthonormal basis of the Hilbert space

L2(G ,m) (see [36, Theorem 1.3.6]).

For the special case G =Tn with Ĝ =Zn we are particularly interested in the index sets

(9) Jp (m,n) :=
{
α ∈Zn :

(∑
j
|α j |p

) 1
p = m

}
, Λp (m,n) :=

{
α ∈Nn

0 :
(∑

j
α

p
j

) 1
p = m

}
as well as

(10) Jp (≤ m,n) :=
{
α ∈Zn :

(∑
j
α

p
j

) 1
p ≤ m

}
, Λp (≤ m,n) :=

{
α ∈Nn

0 :
(∑

j
|α j |p

) 1
p ≤ m

}
,

where m,n ∈ N and p ∈ {1,2,∞}. For p = 1 we write |α| = ∑
j |α j |, usually called the order of α, and

for p =∞ we of course by
(∑

j |α j |p
)1/p mean max j |α j |.

For m ∈ Nwe write Trigm(Tn) := TrigΛ1(m,n)(T
n) for the Banach space of all analytic trigonometric

polynomials which are m-homogeneous, i.e., all polynomials of the form

P (z) = ∑
α∈Λ1(m,n)

cαzα for z ∈Tn .

Similarly, Trig≤m(Tn) := TrigΛ1(≤m,n)(T
n), stands for the space of all analytic trigonometric polyno-

mials of degree ≤ m.

The following integral formula for the projection constant of the Banach space of all trigonometric

polynomials on a given compact abelian group supported on a priori given set of characters in Ĝ , is

one of the main sources of what we intend to do.

Theorem 2.1. Let G be a compact abelian group and E := {γ1, . . . ,γN } ⊂ Ĝ a finite set of characters.

Then Π : C (G) → C (G), given by Π f = ∑N
j=1 f̂ (γ j )γ j for all f ∈ C (G), is the unique projection onto

TrigE (G) that commutes with the action of the group on C (G). Moreover, Π is minimal:

λ
(
TrigE (G)

)= ∥∥Π : C (G) →C (G)
∥∥=

∫
G

∣∣∣ N∑
j=1

γ j (a)
∣∣∣dm(a) .

The following section is devoted to the proof of this result.

2.1. Averaging projections. As mentioned, one of the main tools we intend to use is a method due to

Rudin (see the forthcoming Theorem 2.2). Roughly speaking, under certain assumptions, there is a

somewhat universal averaging technique which allows to construct new projections with additional

and somehow better properties from an a priori given projection.
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Given a topological group G and a Banach space Y , we need to explain when all elements of G act

as bounded linear operators on Y . Formally this means that there is a mapping

T : G →L (Y ) , a 7→ Ta

such that

Te = IY , Tab = TaTb , a, b ∈G

and all mappings

(11) G ∋ a 7→ Ta(y) ∈ Y , y ∈ Y

are continuous. Then G is said to act on Y through T (or simply, G acts on Y ). If in addition all

operators Ta , a ∈G are isometries, then we say that G acts isometrically on Y . We say that S ∈L (Y )

commutes with the action of G on Y through T whenever S commutes with all Tb , b ∈G .

Theorem 2.2. Let Y be a Banach space, X a complemented subspace of Y , and Q : Y → Y a projection

onto X . Suppose that G is a compact group with Haar measure m, which acts on Y through T such

that X is invariant under the action of G, that is,

(12) Ta(X ) ⊂ X , a ∈G .

Then P : Y → Y given by

(13) P(y) :=
∫

G
Ta−1 QTa(y)dm(a), y ∈ Y ,

is a projection onto X which commutes with the action of G on Y , i.e., TaP = PTa for all a ∈ G, and

satisfies

∥P∥ ≤ ∥Q∥ sup
a∈G

∥Ta∥2 .

Moreover, if there is a unique projection on Y onto X that commutes with the action of G on Y , and if

G acts isometrically on Y , then P given in the formula (13) is minimal, i.e.,

λ(X ,Y ) = ∥P∥ .

This result (in one way or the other) found various applications in the literature (see, e.g., [26, 28,

29, 37, 32, 40, 41]. In the case of the circle group, it can be traced back to Faber’s article [13]. For the

sake of completeness we include a proof, which is inspired by [40] (and also [48, Theorem III.B.13]).

Proof of Theorem 2.2. Note first, that, by the Banach-Steinhaus theorem, supa∈G ∥Ta∥ < ∞. Then,

given y ∈ Y , the mapping a ∋G 7→ Ta−1 QTa ∈L (Y ) is bounded and by (11) measurable (being almost

everywhere separably valued and weakly measurable), and hence Bochner integrable. Consequently,

P defines an operator on Y . Moreover, from (12) we deduce for all y ∈ Y and for all x ∈ X that

Ta−1 QTa(y) ∈ X , Ta−1 QTa(x) = x ,
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implying that P is a projection from Y onto X . The hypothesis that G acts on Y (through T ) yields

for all b ∈G

Tb−1 PTb =
∫

G
Tb−1 Ta−1 QTaTb dm(a) =

∫
G

T(ab)−1 QTab dm(a) = P ,

so P commutes with the action of G on Y . Since for all y ∈ Y

∥Py∥Y ≤
∫

G
∥Ta−1∥∥Q∥∥Ta∥∥y∥Y dm(a) ≤ ∥Q∥ sup

a∈G
∥Ta∥2 ∥y∥Y ,

the required estimate for ∥P∥ follows. If moreover there is a unique projection on Y onto X that

commutes with the action of G on Y , and if G acts isometrically on X , then the projection P from (13)

does not depend on Q and ∥P∥ ≤ ∥Q∥ for all projections Q on Y onto X , i.e., ∥P∥ ≤ λ(X ,Y ). This

completes the proof. □

Proof of Theorem 2.1. Note first that G in a natural way acts on C (G) (in the sense of Section 2.1),

where the action is given by the mapping T : G →L (C (G)), a 7→ Ta with

Ta f (b) := f (ab), f ∈C (G), b ∈G .

We claim that Π : C (G) →C (G) is the unique projection onto TrigE (G) that commutes with all trans-

lation operators Ta , a ∈G . To see this, assume that Q : C (G) →C (G) onto TrigE (G) is a projection that

commutes with all translation operators. Then for all γ,γ′ ∈ Ĝ one has

�TaQγ(γ′) = �QTaγ(γ′) .

It is easy to check that �TaQγ(γ′) = γ′(a)Q̂γ(γ′) and �QTaγ(γ′) = γ(a)Q̂γ(γ′). In consequence, we get

γ′(a)Q̂γ(γ′) = γ(a)Q̂γ(γ′), a ∈G .

This implies that, for all γ,γ′ ∈ Ĝ with γ ̸= γ′, we have Q̂γ(γ′) = 0. On the other hand, the Peter-Weyl

theorem states that Ĝ forms an orthonormal basis in the Hilbert space L2(G), hence

Qγ= ∑
γ′∈Ĝ

Q̂γ(γ′)γ′, γ ∈ Ĝ ,

and consequently, for every character γ ∈ Ĝ there is a scalar cγ such that Qγ= cγγ.

Since Q is a projection onto Trig(G), cγ = 0 for all γ ∈ Ĝ \E , and cγ = 1 for all γ ∈ E . In consequence,

Qγ = γ for all γ ∈ E , and Qγ = 0 for all γ ∈ Ĝ \ E . Hence the projection Q, restricted to the algebra

Trig(G) of all trigonometric polynomials on G , has the representation

Q f =
N∑

j=1
f̂ (γ j )γ j , f ∈ Trig(G) .(14)

Consequently, we conclude from the density of Trig(G) in C (G) that the above formula holds for all

f ∈C (G). Hence Q =Π. This proves the claim.
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Since Π is the unique projection onto TrigE (G) that commutes with all translation operators, Π is

fixed by the averaging technique introduced in Theorem 2.2. Now observe that G acts isometrically

on C (G), i.e., all mappings Ta : C (G) →C (G) are isometries on C (G). Since for all a ∈G

Taγ= γ(a)γ, γ ∈ Ĝ ,

it follows that Ta(TrigE (G)) ⊂ TrigE (G) for all a ∈G . Then, by the moreover part of Theorem 2.2, Π is

a minimal projection, that is,

λ
(
TrigE (G)

)= ∥∥Π : C (G) →C (G)
∥∥ .

Finally, it remains to prove the integral formula for the norm ofΠ. Since f ∗γ= f̂ (γ)γ for all f ∈ L1(G)

and γ ∈ Ĝ , we get by (14),

Π f = f ∗
( N∑

j=1
γ j

)
, f ∈C (G) .

Clearly,
∑N

j=1γ j ∈C (G), so it can readily be shown by direct computation that

∥∥Π : C (G) →C (G)
∥∥=

∫
G

∣∣∣ N∑
j=1

γ j (a)
∣∣∣dm(a).

Indeed, we have

∥∥Π : C (G) →C (G)
∥∥= sup

∥ f ∥∞=1
sup
b∈G

∣∣∣∣∣
∫

G
f (a)

( N∑
j=1

γ j

)
(ba−1)dm(a)

∣∣∣∣∣
= sup

b∈G
sup

∥ f ∥∞=1

∣∣∣∣∣
∫

G
f (a)

( N∑
j=1

γ j

)
(ba−1)dm(a)

∣∣∣∣∣
= sup

b∈G

∫
G

∣∣∣ N∑
j=1

γ j (ba−1)
∣∣∣dm(a) .

Now note that by the translation invariance of the Haar measure m and the fact that it is both left

and right invariant (G is unimodular since it is abelian), for each b ∈G we have,∫
G

∣∣∣ N∑
j=1

γ j (ba−1)
∣∣∣dm(a) =

∫
G

∣∣∣ N∑
j=1

γ j (a−1)
∣∣∣dm(a) =

∫
G

∣∣∣ N∑
j=1

γ j (a)
∣∣∣dm(a) .

This completes the proof. □

2.2. Projection constants - trigonometric polynomials. Based on the integral formula from Theo-

rem 2.1, we derive concrete formulas and asymptotically optimal estimates for the projection con-

stants of spaces of trigonometric polynomials on compact abelian groups, which have Fourier ex-

pansions supported on an a priori fixed set of characters.
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2.2.1. Λ(2)-sets. In order to show a very first application of Theorem 2.1, we need some further nota-

tion and preliminaries. Recall that Rudin in his classical paper [39] from 1960 introduced the notion

of Λ(p)-sets within the setting of Fourier analysis on the circle group T. In modern language, if G

is a compact abelian group (with Haar measure m) and p ∈ (1,∞), then the subset E ⊂ Ĝ is said to

be a Λ(p)-set whenever there exists a constant C > 0 such that, for every trigonometric polynomial

P ∈ TrigE (G), one has

(15) ∥P∥Lp (G) ≤C∥P∥L1(G) .

In this case, the least such constant is called the Λ(p)-constant of E , and denoted by Cp =Cp (E). Let

us here remark that for p > 2 the validity of (15) is equivalent to the existence of a constant Ap > 0

such that

∥P∥Lp (G) ≤ Ap∥P∥L2(G), P ∈ TrigE (G) .

The following almost immediate consequence of Theorem 2.1 shows that Λ(2)-sets are of particular

importance for our purposes – see also Corollary 2.5 and Corollary 3.9.

Corollary 2.3. Let G be a compact abelian group. Then, for any finite set E = {γ1, . . . ,γN } ⊂ Ĝ of differ-

ent characters with Λ(2) constant C2, we have

C−1
2

p
N ≤λ(

TrigE (G)
)≤p

N .

Proof. Let m be the Haar measure on G . Then from Theorem 2.1, we get

λ
(
TrigE (G)

)= ∫
G
|γ1(x)+ . . .+γN (x)|dm(x) .

Since Ĝ is an orthonormal basis in L2(G ,m),(∫
G
|γ1(x)+ . . .+γN (x)|2 dm(x)

) 1
2 =

p
N .

The proof is completed by using (15) and the Cauchy-Schwarz inequality. □

In combination with the preceding corollary we need the following example.

Remark 2.4. Let G be a compact abelian group. Following [17], a set E ⊂ Ĝ is said to be a B2-set,

whenever γ1γ2 = γ3γ4 for all γ1, . . . ,γ4 ∈ E if and only if {γ3,γ4} is a permutation of {γ1,γ2}. It is worth

noting that B2-sets are Λ(2)-sets with Λ(2)-constant
p

2 (see [17, Proposition 6.3.11]).

In passing we observe that [17, Proposition 6.3.11], also implies the following: If E ⊂ Ĝ fulfills that

there exists N ≥ 2 such that for every γ ∈ Ĝ there are at most N pairs of the form (γi1 ,γi2 ) ⊂ E ×E with

γi1γi2 = γ, then E is Λ(2)-set with C2 ≤
p

N .
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Another example ofΛ(2)-sets, important for our purposes, follows from an inequality due to Weissler

[47] (see also [9, Theorem 8.10]): For all P ∈ Trig≤m(Tn)

1p
2

m

(∫
Tn

|P (z)|2 d z
) 1

2 ≤
∫
Tn

|P (z)|d z .(16)

In other terms, the set
{

zα : α ∈Λ1(≤ m,n)
}

of characters in T̂n =Zn forms aΛ(2)-set with constant

C2 ≤
p

2m (recall from (10) the definition of Λ1(≤ m,n), which clearly may be identified with the set

of characters zα it generates).

Then the following result is an immediate consequence of Theorem 2.1, Corollary 2.3, and (16).

Corollary 2.5. Let J ⊂Zn
0 be a finite set. Then

λ
(
TrigJ (Tn)

)= ∫
Tn

∣∣∣ ∑
α∈J

zα
∣∣∣d z ,

and if Λ⊂Λ1(≤ m,n), then
1p
2m

√
|Λ| ≤λ(

TrigΛ(Tn)
)≤√

|Λ| .

In the context of this corollary the following formula and estimate

(17) |Λ1(m,n)| =
(

n +m −1

m

)
≤ em

(
1+ n

m

)m

for the cardinality of Λ1(m,n) is very useful.

2.2.2. Products of groups. The aim is to prove various multivariate variants of a famous result by

Lozinski-Kharshiladze (see [48, IIIB. Theorem 22] and [34]), which shows a precise estimate of the

projection constant of Trig≤m(T), the space of trigonometric polynomials on T of degree at most m

equipped with the sup-norm:

(18) λ
(
Trig≤m(T)

)= 4

π2
log(m +1)+o(1).

This is done by mostly routine applications of Theorem 2.1. We point out that these results in Sec-

tion 3.2 are the key to obtain formulas and estimates for the projection constants of spaces of Dirich-

let polynomials.

Proposition 2.6. Let G := G1 × ·· · ×Gn be a product of compact abelian groups G1, . . . ,Gn (with the

Haar measures m j ,1 ≤ j ≤ n), and E := {
γα : α ∈ J∞(≤ m,n)

}⊂ Ĝ, where (γ1, . . . ,γn) ∈ Ĝ1×·· ·×Ĝn and

the definition of J∞(≤ m,n) is given in (10). Then

λ
(
TrigE (G)

)= n∏
j=1

∫
G j

∣∣∣ ∑
k∈Z:|k|≤m

γ j (x j )k
∣∣∣dm j (x j ) .
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Proof. Let µ be the Haar measure on G , which is nothing else then the product of the Haar measures

m j . Then Theorem 2.1 yields

λ
(
TrigE (G)

)= ∫
G

∣∣∣ ∑
α∈J∞(≤m,n)

γα(x)
∣∣∣dµ(x) .

Clearly, for all x = (x1, . . . , xn) ∈G1 ×·· ·×Gn one has∑
α∈J∞(≤m,n)

γα(x) =
n∏

j=1

∑
|k|≤m

γ j (x j )k ,

and hence

λ
(
TrigE (G)

)= ∫
G

n∏
j=1

∣∣∣ ∑
|k|≤m

γ j (x j )k
∣∣∣dµ(x) .

Fubini’s theorem finishes the argument. □

We also use the following more general variant.

Proposition 2.7. Let G := G1 ×·· ·×Gn be a product of compact abelian groups G1, . . . ,Gn . Moreover,

let I := I1 ×·· ·× In ⊂Zn , with I j finite subsets of Z for j ∈ {1, . . . ,n}, and E := {γα : α ∈ I }. Then

λ
(
TrigE (G)

)= n∏
j=1

∫
G j

∣∣∣ ∑
k∈I j

γ j (x j )k
∣∣∣dm j (x j ) .

As announced above, we finally present multivariate variants of the the Lozinski-Kharshiladze re-

sult mentioned in (18). For each m ∈N0, let Dm be the mth Dirichlet kernel

Dm(t ) :=
m∑

k=−m
e−i kt ,

and Lm the mth Lebesgue constant given by

Lm := 1

2π

∫ 2π

0
|Dm(t )|d t = 1

2π

∫ 2π

0

∣∣∣sin(m + 1
2 )t

sin t
2

∣∣∣d t .

We recall the well-known standard estimates

(19)
4

π2
log(m +1) < Lm < 3+ logm, m ∈N .

Corollary 2.8. For d = (d1, . . . ,dn) ∈Nn
0 let Id := {

α ∈Zn : |α j | ≤ d j , 1 ≤ j ≤ n
}
. Then

λ
(
TrigId

(Tn)
)= n∏

j=1
Ld j .

Proof. Applying Proposition 2.7, we get

λ
(
TrigId

(Tn)
)= n∏

j=1

∫
T

∣∣∣ ∑
|α j |≤d j

zα j

∣∣∣d z =
n∏

j=1

∫
T
|Dd j (z j )|d z j =

n∏
j=1

Ld j ,

as required. □



PROJECTION CONSTANTS FOR SPACES OF DIRICHLET POLYNOMIALS 15

In order to state the ’analytic counterpart’ of Corollary 2.8, we define for each m ∈N0,

D+
m(t ) :=

m∑
k=0

e−i kt and L+
m := 1

2π

∫ 2π

0
|D+

m(t )|d t .

and recall from (10) the notation Λ∞(≤ m,n) := {
α ∈Nn

0 : max j α j ≤ m
}
.

Corollary 2.9. For m,n ∈N

(i) λ
(
TrigΛ∞(≤m,n)(T

n)
)= (L+

m)n ,

(ii) λ
(
TrigΛ∞(≤2m,n)(T

n)
)= (Lm)n ,

(iii) (Lm −1)n ≤λ(
TrigΛ∞(≤2m+1,n)(T

n)
)≤ (Lm +1)n ,

(iv) λ
(
TrigΛ∞(≤m,n)(T

n)
)∼ (1+ logm)n .

Proof. (i) By Proposition 2.6, we have as desired

λ
(
TrigΛ∞(≤m,n)(T

n)
)= n∏

j=1

∫
T

∣∣∣ ∑
0≤α j≤m

zα j

∣∣∣d z =
n∏

j=1

∫
T
|D+

m(z j )|d z j = (L+
m)n .

(ii) It is easy to check that

D+
2m(t ) = e−i mt sin(m + 1

2 )t

sin t
2

, t ∈ (0,2π) .

This implies that Lm = ∥Dm∥L1(T) = ∥D+
2m∥L1(T) = L+

2m , so the statement follows from (i).

(iii) The statement follows by (ii) combined with the obvious estimates

∥D+
2m∥L1(T) −1 ≤ ∥D+

2m+1∥L1(T) ≤ ∥D+
2m∥L1(T) +1, m ∈N .

(iv) Combining the estimates from (19) with those from (ii) and (iii), we get the required equivalence.

□

We conclude with the following two limit formulas; see again (10) for the definition of the index

sets J∞(≤ m,n) and Λ∞(≤ m,n).

Corollary 2.10. For each m,n ∈N

lim
m→∞

λ
(
TrigJ∞(≤m,n)(T

n)
)

logn m
= lim

m→∞
λ

(
TrigΛ∞(≤m,n)(T

n)
)

logn m
=

( 4

π2

)n
.

Proof. Recall the well-known formula

(20) lim
m→∞

Lm

logm
= 4

π2
.
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Then the first limit follows from Corollary 2.8. For the proof of the second limit we distinguish the two

sequences
(
λ

(
TrigΛ∞(≤2m,n)(T

n)
)
/log(2m)

)
m and

(
λ

(
TrigΛ∞(≤2m+1,n)(T

n)
)
/log(2m + 1)

)
m . Observe

that both sequences converge to 4
π2 . Indeed, by Corollary 2.9 (ii) we have that

λ
(
TrigΛ∞(≤2m,n)(T

n)
)= (Lm)n .

So, using (20), gives the claim for the first sequence. The second sequence is handled the same way

using Corollary 2.9 (iii). □

2.2.3. Lebesgue constants. We point out that although we in Corollary 2.5 prove an integral formula

for the projection constant of trigonometric polynomials on Tn (supported on the index set J ), we

usually will not be able to compute that integral explicitly.

In fact the integral from Corollary 2.5 appears naturally in multivariate Fourier analysis (due to

different summation methods of multivariate Fourier series), and in this context it is usually called

Lebesgue constant (of the index set J ).

Let us illustrate this with an example of particular interest. Given m,n ∈N, the index set

(21) J2(≤ m,n) =
{
α ∈Zn :

n∑
j=1

|α j |2 ≤ m2
}

,

of all spherical multi indices α ∈ Zn of ’Euclidean order’ less or equal m (see again (10)) plays an

outstanding role when multivariate Fourier series are summed up by their spherical partial sums.

Obviously, we have that

λ
(
TrigJ2(≤m,n)(T

n)
)≤√

dim
(
TrigJ2(≤m,n)(T

n)
)=√

|J2(≤ m,n)| ;

this can either be seen as an immediate consequence of Corollary 2.5 or the Kadec-Snobar theorem.

However, to find a precise formula for the dimension of TrigJ2(≤m,n)(T
n), or equivalently the cardi-

nality of J2(≤ m,n), is in general a highly non-trivial problem.

The so-called n-dimensional sphere problem of classical lattice point theory concerns the number

Nn(R) of lattice points in the closed Euclidean ball of radius R in Rn . Let us mention here that in the

case of n > 3 one has

Nn(R) =ωnRn +O
(
Rn−2) ,

where ωn := 2πn/2

Γ(n/2) is the volume of the unit ball in Rn . For n = 3 Heath-Brown proves in [20] that

N3(R) = 4

3
πR3 +O

(
R

21
16+ε) ,

where ε > 0 is arbitrary. His proof is based on an explicit formula for the number of ways to write

n ∈ N as a sum of three squares of integers. To get this, a Dirichlet L-series L(1,χn) = ∑∞
m=1χnm−s
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with χn(m) = (− 4n
m

)
is studied. We also refer to the remarkable article [16] by Götze, where the lattice

point problem is studied for the more complicated case of n-dimensional ellipsoids.

Under the above notation of (21) we are ready to state the following corollary.

Corollary 2.11. There exist positive constants C1 and C2 with C1 <C2 depending on n such that

C1 m
n−1

2 ≤ λ
(
TrigJ2(≤m,n)(T

n)
)≤ C2 m

n−1
2 .

Proof. We use a two-sided estimate proved by Babenko [2], which (in our notation) states there exist

constants C1 and C2 with 0 <C1 <C2 depending on n, such that the following estimates hold for each

m ∈N,

C1 m
n−1

2 ≤
∫
Tn

∣∣∣ ∑
α∈J2(≤m,n)

zα
∣∣∣d z ≤ C2 m

n−1
2 .

Thus the required statement follows from Corollary 2.5. □

For the history of Babenko’s important result, we refer to the interesting survey paper by Liflyand

[31, Theorem 1.1]. We note that the proof given there, does not give precise asymptotic estimates in

the dimension n for the constants C1 and C2. The estimates of both C1 and C2 depend deeply on the

Fourier transform of the indicator function of the closed Euclidean ball of Rn , which is expressed by

the well-known Bessel function. It seems interesting to note that C1 =C1(ε) :=C4ε
(n−1)/2 −C3ε

n/2 for

small ε ∈ (0,1).

3. DIRICHLET POLYNOMIALS

Recall from the introduction that, given a frequency ω = (ωn) and a finite index set J ⊂ N, we

write H J∞(ω) for the Banach space of all ω-Dirichlet polynomials supported on J endowed with the

supremum norm on the imaginary line. The following integral formula for the projection constant

of H J∞(ω) is one of our main contributions, and crucial for all further descriptions of λ
(
H J∞(ω)

)
for

concrete frequencies and index sets. See also Theorem 3.6 for an equivalent formulation in terms of

compact abelian groups.

Theorem 3.1. Let J ⊂N be a finite subset and ω= (ωn) a frequency. Then

λ
(
H J

∞(ω)
)= lim

T→∞
1

2T

∫ T

−T

∣∣∣ ∑
n∈J

e−iωn t
∣∣∣d t .

The proof, given at the end of the following section, is mainly based on Theorem 2.1 and a refor-

mulation of H J∞(ω) in terms of a Hardy type space of trigonometric polynomials on certain compact

abelian groups associated to ω, which are all supported on a finite set of characters associated to J .
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3.1. Bohr’s vision. We need to adapt ideas from [10]. Our first aim is to describe the finite dimen-

sional Banach space H J∞(ω) in terms of a Hardy type space of functions on a certain compact abelian

group.

In what follows, a pair (G ,β) is said to be a Dirichlet group if G is a compact abelian group and

β : R→G a continuous homomorphism with dense range; as before we denote the Haar measure on

G by m. Then, by density, the dual map

β̂ : Ĝ → R̂

is injective. Moreover, if we write R for the group (R,+) endowed with its natural topology, then the

homomorphism R = R̂ , x 7→ e i x • identifies R and R̂ as topological groups, and hence β̂(Ĝ) may be

interpreted as a subset of R.

We in particular observe that if (G ,β) is a Dirichlet group and γ : G →T a character, then the com-

position γ◦β : R→T is a character on R. Thus there exists a unique x ∈R such that γ◦β(t ) = e i xt for

all t ∈R. The following result from [10, Proposition 3.10] is crucial - we include a proof for the sake of

completeness.

Proposition 3.2. For any Dirichlet group (G ,β) one has∫
G

f (a)dm(a) = lim
T→∞

1

2T

∫ T

−T
f ◦β(t )d t , f ∈C (G) .

Proof. Note first that for all γ ∈ Ĝ we have∫
G
γ(a)dm(a) = lim

T→∞
1

2T

∫ T

−T
γ◦β(t )d t .

Indeed, as explained above by the injectivity of the dual map β̂, we know that for every γ ∈ Ĝ there

is a unique x = x(γ) ∈ R such that γ ◦β(t ) = e i xt for all t ∈ R. Now recall that
∫

G γdm = 0
(
resp.,∫

G γdm = 1
)

whenever γ ̸= 1 (resp., γ= 1). Clearly, γ ̸= 1 (resp., γ= 1) yields x ̸= 0 (resp., x = 0), so the

above equality is obvious in this case. As a consequence, the claim also holds for all trigonometric

polynomials f ∈C (G). But since all trigonometric polynomials are dense in C (G), and moreover the

set {ΦT : T > 0} of all linear functionals

ΦT : C (G) →C , ΦT ( f ) := 1

2T

∫ T

−T
f ◦β(t )d t

is uniformly bounded, the conclusion is a consequence of the Banach-Steinhaus theorem. □

Given a frequency ω = (ωn), we need Dirichlet groups which are adapted to ω. We call the pair

(G ,β) a ω-Dirichlet group, whenever {ωn : n ∈ N} ⊂ β̂(Ĝ), that is, for every character e−iωn• : R→ T
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there is a character hωn ∈ Ĝ (which then is unique) such that the following diagram commutes:

G T

R

hωn

e−iωn•
β

For all needed information on ω-Dirichlet groups see again [10].

Let us collect some examples. The very first is the frequencyω= (n) for which the pair (T,βT) with

βT :R→T , t 7→ e−i t

obviously forms a ω-Dirichlet group. Identifying T̂=Zwe get that hn(z) = zn for z ∈T,n ∈Z.

The second example shows that ω-Dirichlet groups for any possible frequency ω always exist. In

fact, given a frequencyω, the so-called Bohr compactification of the reals forms aω-Dirichlet group.

Example 3.3. Denote by R := á(R,+,d) the Bohr compactification ofR, where d stands for the discrete

topology. This is a compact abelian group, which together with the mapping

βR : R ,→R, x 7→
[

t 7→ e−i xt
]

forms a ω-Dirichlet group for every frequency ω.

But for concrete frequencies ω, there often are ω-Dirichlet groups which in a sense reflect their

structure more naturally than the Bohr compactification.

Example 3.4. Let ω = (logn). Then the infinite dimensional torus T∞ together with the so-called

Kronecker flow

βT∞ : R→T∞ , t 7→ (p−i t
k ) ,

where pk again denotes the kth prime, forms a ω-Dirichlet group. This is basically a consequence of

Kronecker’s approximation theorem (for an alternative ’harmonic analysis’ argument see [10, Exam-

ple 3.7]). Note that, identifying

Z(N) = T̂∞ , α 7→ [z 7→ zα]

(Z(N) all finite sequences of integers), for every z ∈T∞ one has

(22) hlogn(z) = h∑
α j logp j (z) = zα ,

where n = pα with α ∈Z(N).
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As announced, we now reformulate the Banach space H J∞(ω) of all ω-Dirichlet polynomials sup-

ported on the finite index set J ⊂ N as a Hardy space of functions on a ω-Dirichlet group. Given

a finite set J ⊂N and a ω-Dirichlet group (G ,β), we write

Hω,J
∞ (G)

for the subspace of all trigonometric polynomials f = ∑
n∈J f̂ (hωn )hωn in L∞(G) (with respect to the

Haar measure m on G).

The following equivalent description of H J∞(ω) is now obvious.

Proposition 3.5. Let J ⊂N be a finite subset, and (G ,β) a ω-Dirichlet group. Then the Bohr map

B : H J
∞(ω) → Hω,J

∞ (G),
∑
n∈J

ane−ωn s 7→ ∑
n∈J

anhωn

defines an isometric linear bijection which preserves Bohr and Fourier coefficients.

Proof. The collections (e−iωn•)n∈J and (hωn )n∈J are both linearly independent. Hence it suffices to

check that for every collection (an)n∈J of complex scalars, we have

sup
t∈R

∣∣∣ ∑
n∈J

ane−iωn t
∣∣∣= sup

g∈G

∣∣∣ ∑
n∈J

anhωn (g )
∣∣∣ .

But this is clear by the fact that e−iωn• = hωn ◦β for each n ∈ J , and β moreover has dense range. □

Finally, we are in the position to prove Theorem 3.1.

Proof of Theorem 3.1. Choose some ω-Dirichlet group (G ,β) (this is possible by Example 3.3). Then

by Proposition 3.5 and Theorem 2.1 one has

λ
(
H J

∞(ω)
)=λ(

Hω,J
∞ (G)

)= ∫
G

∣∣∣ ∑
n∈J

hωn

∣∣∣dm.

Applying now Proposition 3.2, we get∫
G

∣∣∣ ∑
n∈J

hωn

∣∣∣dm = lim
T→∞

1

2T

∫ T

−T

∣∣∣ ∑
n∈J

e−iωn t
∣∣∣d t ,

so this completes the proof. □

We add a ’group version’ of Theorem 3.1, which in view of Proposition 3.2 is immediate.

Theorem 3.6. Let J ⊂ N be a finite subset, ω a frequency, and (G ,β) a ω-Dirichlet group with Haar

measure m. Then

λ
(
H J

∞(ω)
)= ∫

G

∣∣∣ ∑
n∈J

hωn

∣∣∣dm.



PROJECTION CONSTANTS FOR SPACES OF DIRICHLET POLYNOMIALS 21

3.2. Projection constants - Dirichlet polynomials. Our aim now is to use the knowledge collected

so far, to produce concrete applications. In fact, we distinguish three cases – each motivated slightly

differently.

3.2.1. Case I. We consider Banach spaces H ≤x∞ (ω) of Dirichlet polynomials of length x for the three

standard frequencies ω= (n)n∈N0 , ω= (log pn)n∈N (where as above pn is the nth prime number), and

ω= (logn)n∈N.

Starting with ω= (n)n∈N0 , for x ∈N the identification

(23) H ≤x
∞ (ω) = Trig{n∈N0 : n≤x}(T) ,

x∑
n=0

ane−ωn s 7→
x∑

n=0
an zn

is obviously isometric (doing the variable transformation z = e−s), and hence by Theorem 3.6 we get

the integral formula

λ
(
H ≤x

∞ (ω)
)= ∫

T

∣∣∣ x∑
n=0

zk
∣∣∣d z .(24)

Then a standard calculation leads to the following result, which in view of (23) is a counterpart of the

Lozinski-Kharshiladze theorem from (18).

Theorem 3.7. For the frequency ω= (n)n∈N0

λ
(
H ≤x

∞ (ω)
)= 4

π2
log(x +1)+o(1) .

Next we consider the frequency ω = (log pn). This is the canonical example of a Q-linearly inde-

pendent frequency. It is well-known (see, e.g., [25, Theorem 9.2]) that, if ω1, . . . ,ωn are real num-

bers, which are linearly independent over Q, and ω0 = 0, then for any choice of complex numbers

a0, a1, . . . , ax we have
x∑

n=0
|an | = sup

t∈R

∣∣∣ x∑
n=0

ane−iωn t
∣∣∣ .

In other terms, for any frequency ω, which is linearly independent over Q, and for any finite subset

J ⊂N the identification

H J
∞(ω) = ℓ|J |1 ,

∑
n∈J

ane−ωn s 7→ (an)n∈J

is isometric. Then the following integral and limit formula is an immediate consequences of (4)

and (8).

Theorem 3.8. Let ω be aQ-linearly independent frequency and J ⊂N a finite subset. Then

λ
(
H J

∞(ω)
)= ∫

T|J |

∣∣∣ ∑
n∈J

zk

∣∣∣d z .
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Moreover,

lim
x→∞

λ
(
H ≤x∞ (ω)

)
p

x
=

p
π

2
.

We may, despite the precise constant, extend the preceding result within the setting of Λ(2)-sets

explained in Section 2.2.1. Recall from Remark 2.4 that every B2-set of characters on a compact

abelian group is a Λ(2)-set with Λ(2)-constant ≤p
2.

Hence, Theorem 3.6, Corollary 2.3, and Remark 2.4 imply the following extension of Theorem 3.8.

Theorem 3.9. Letω be a frequency and (G ,β) aω-Dirichlet group with the property that all characters

hωn ∈ Ĝ form a Λ(2)-set with constant C2(ω). Then

1

C2(ω)

p
x ≤ λ

(
H ≤x

∞ (ω)
) ≤ p

x .

In particular, if ω satisfies the B2-condition, then

1p
2

p
x ≤ λ

(
H ≤x

∞ (ω)
) ≤ p

x .

Finally, we handle the ordinary frequencyω= (logn) - getting one of our main applications for free.

Indeed, combining Harper’s deep result from (1) with Theorem 3.1, we obtain the precise asymptotic

order of the projection constant of the Banach space H ≤x∞ .

Theorem 3.10.

λ
(
H ≤x

∞
(
(logn)

))=O

( p
x

(loglog x)
1
4

)

It seems interesting to rephrase this result again in terms of trigonometric polynomials. We write

∆(x) = {
α ∈Nπ(x)

0 : 1 ≤ pα ≤ x
}

,

where x ≥ 1 and π(x) as usual counts the primes p≤ x. Then by Proposition 3.5 we have that

(25) H ≤x
∞

(
(logn)

)= Trig∆(x)

(
Tπ(x)) ,

where the identification is given by the Bohr transform – being isometric and coefficient preserving.

Hence the following two results are immediate consequences of Theorem 3.10 (first statement) and

Theorem 2.1 (second statement).

Corollary 3.11.

λ
(
Trig∆(x)

(
Tπ(x)))=O

( p
x

(loglog x)
1
4

)
.
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Moreover,

λ
(
Trig∆(x)

(
Tπ(x))) = ∥∥P∆(x) : C (Tπ(x)) → Trig∆(x)

(
Tπ(x))∥∥ =

∫
Tπ(x)

∣∣ ∑
α∈∆(x)

zα
∣∣d z ,

where P∆(x) stands for the restriction of the orthogonal projection on L2(Tπ(x)) onto Trig∆(x)

(
Tπ(x)

)
.

3.2.2. Case II. For the ordinary frequency ω = (logn) we look at Banach spaces H J∞(ω) of Dirichlet

polynomials generated by index sets J of natural numbers k, which have an a priori specified com-

plexity of their prime number decompositions. More precisely, the first two results consider index

sets J , where each element k = pα ∈ J incorporates not more than n different prime divisors with

maxα j ≤ m, or similarly, n different prime divisors with |α| = ∑
α j ≤ m. Recall from (10) the defini-

tion of the index sets Λ1(≤ m,n) and Λ∞(≤ m,n).

Theorem 3.12. Let ω= (logn). Then

λ
(
H N∞(≤m,n)

∞ (ω)
)∼ (1+ logm)n ,

and for each n

lim
m→∞

λ
(
H

N∞(≤m,n)
∞ (ω)

)
logn m

=
( 4

π2

)n
,

where

N∞(≤ m,n) = {
k ∈N : k = pα, α ∈Λ∞(≤ m,n)

}
.

Proof. It follows from Proposition 3.5 and Example 3.4 together with (22) that the Bohr map

B : H N∞(≤m,n)
∞ (ω) → TrigΛ∞(≤m,n)

(
Tn)

,
∑
n∈J

ane−ωn s 7→ ∑
α∈Λ∞(≤m,n)

apαzα

defines an isometric linear bijection which preserves Bohr and Fourier coefficients. Hence the first

asymptotic is a consequence of Corollary 2.9 (iv), and the formula for the limit of Corollary 2.10. □

Replacing the use of Corollary 2.10 by Corollary 2.5 and (17), similar arguments lead to the follow-

ing counterpart of the preceding theorem.

Theorem 3.13. Let ω= (logn). Then for each m,n ∈N one has

1p
2m

(
m∑

k=0

(
n +k +1

k

)) 1
2

≤ λ
(
H N1(≤m,n)

∞ (ω)
)≤ (

m∑
k=0

(
n +k +1

k

)) 1
2

,

where

N1(≤ m,n) = {
k ∈N : k = pα, where α ∈Λ1(≤ m,n)

}
.
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We finish this part with a result, which in view of Weissler’s inequality from (16) is a formal exten-

sion of the last theorem. To do so, define for the finite index set J ⊂N, the numbers

π(J ) = max
n∈J

π(n) and Ω(J ) = max
n∈J

Ω(n) ,

and

∆(J ) = {
α ∈Nπ(J )

0 : n ∈ J , pα = n
}

.

Here as usual π(n) counts all primes ≤ n and Ω(n) is the number of prime divisors of n counted

according to their multiplicities.

Theorem 3.14. Let ω= (logn) and J ⊂N be a finite subset. Then

λ
(
H J

∞(ω)
)= ∫

Tπ(J )

∣∣∣ ∑
α∈∆(J )

zα
∣∣∣d z .

Moreover,
1p

2Ω(J )

√
|J | ≤ λ

(
H J

∞(ω)
)≤√

|J |.

Proof. As above (Proposition 3.5), we see that the Bohr map

(26) B : H J
∞(ω) → Trig∆(J )

(
Tπ(J )) ,

∑
n∈J

ane−ωn s 7→ ∑
α∈∆(J )

apαzα

is isometric and coefficient preserving. Again, the conclusion follows from Corollary 2.5. Indeed,

the order |α| of each multi index α ∈ ∆(J ) is at most Ω(J ), and the cardinalities of J and ∆(J ) are the

same. □

3.2.3. Case III. Finally, we produce an example, where we mix aspects from the preceding two cases.

The following result considers ordinary Dirichlet polynomials of length x which are supported on all

1 ≤ n = pα ≤ x having precisely m prime devisors (all counted according to their multiplicities).

Theorem 3.15. Let ω= (logn). Then for each m ∈N one has

λ
(
H N1(m,x)

∞ (ω)
) ∼C (m)

√
x

log x

√
(loglog x)m−1

(m −1)!
,

where the constants depend on m but not on x, and

N1(m, x) = {
1 ≤ n ≤ x : n = pα with |α| = m

}
.

Moreover, the constant C (m) is independent of m, whenever m ≤ loglog x
2e .

Let us here first look at the special case m = 1. Note first that for any m by Proposition 3.5,

H N1(m,x)
∞ (ω) = Trig∆(N1(m,x))

(
Tπ(N1(m,x))) ,
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where the identification, given by the Bohr map, is isometric and coefficient preserving. Then for

m = 1 we immediately deduce from Theorem 3.8 and the prime number theorem that

lim
x→∞

λ
(
H

N1(1,x)
∞

)√
x

log x

= lim
x→∞

λ
(
H

N1(1,x)
∞

)
p
π(x)

=
p
π

2
.

So the preceding theorem extends this asymptotic estimate from m = 1 to arbitrary m > 1 (neglecting

constants).

Proof of Theorem 3.15. Since π(N (m, x)) ≤π(x) and Ω(N1(m, x))) = m, by Theorem 3.14

1p
2m

√
|N1(m, x)| ≤ λ

(
H ≤x,m

∞
)≤√

|N1(m, x)| .

Then the first claim follows from a well-known result of Landau (see, e.g., [45, p. 200]) showing that

|N1(m, x)| ∼C (m)
x

log x

(loglog x)m−1

(m −1)!
as x →∞ .

For the proof of the second claim we use again that by Theorem 3.14

λ
(
H N1(m,x)

∞
)= ∫

T∞

∣∣∣ ∑
α∈∆(N1(m,x))

zα
∣∣∣d z .

But in [7, Equation (13), p.107] it is shown that there is a universal constant C ≥ 1 such that for any

x,m with m ≤ loglog x
2e∫
T∞

∣∣∣ ∑
α∈∆(N1(m,x))

zα
∣∣∣d z ∼C

(∫
T∞

∣∣∣ ∑
α∈∆(N1(m,x))

zα
∣∣∣2

d z

) 1
2

=
√
|N1(m, x)| .

On the other hand, applying the Sathe-Selberg formula (see, e.g., [12]), we conclude that for every

δ> 0 there is C (δ) > 0 such that for m ≤ (2−δ) loglog x

|N1(m, x)| ∼C (δ)
x

log x

(loglog x)m−1

(m −1)!
as x →∞ .

This completes the argument. □

4. COMPARING SIDON CONSTANTS

Recall that, given a topological group G , the Sidon constant Sid(Γ) of a finite set Γ of characters

in the dual group Ĝ is given by the best constant constant c ≥ 0 such that for every trigonometric

polynomial f =∑
γ∈Γ cγγ on G one has

(27)
∑
γ∈Γ

|cγ| ≤ c∥ f ∥∞ .

It is easily proved that this constant in fact equals the unconditional basis constant formed by all

γ ∈ Γ in the Banach space TrigΓ(G).
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Recall that the unconditional basis constant of a basis (ei )i∈I of a Banach space X is given by the

infimum over all K > 0 such that for any finitely supported family (αi )i∈I of scalars and for any finitely

supported family (εi )i∈I with |εi | = 1, i ∈ I we have∥∥∥∑
i∈I
εiαi ei

∥∥∥≤ K
∥∥∥∑

i∈I
αi ei

∥∥∥ ;

moreover, in this case the unconditional basis constant of (ei )i∈I is defined to be the infimum over

all these constants K .

In particular, for any finite index set Γ⊂Zn the unconditional basis constant of the collection of all

monomials (zα)α∈Γ in TrigΓ(Tn), here denoted byχmon
(
TrigΓ(Tn)

)
, equals the Sidon constant Sid(Γ).

Given a finite dimensional Banach space X , the unconditional basis constant with respect to a

basis of this space and its projection constant are two quite different objects (compare for example

χ(ℓn
2 ) = 1 withλ(ℓn

2 ) ∼p
n).

But in the case of Banach spaces of Dirichlet polynomials and their associated spaces of multivari-

ate trigonometric polynomials, it turns out that a better understanding of one of the two constants

often leads to a better understanding of the other constant.

To illustrate this point of view, we start considering analytic trigonometric polynomials in one

variable. Recall that Trig{k : 1≤k≤d}(T) stands for all analytic trigonometric polynomials of the form

P (z) = ∑d
k=1 ak zk , z ∈ T , so polynomials of degree ≤ d without a constant term a0 (following our

notation from Section 2). Then Rudin [38] and Shapiro [44] (see also [9, Proposition 9.7]) proved that

1p
2

p
d ≤χmon

(
Trig{k : 1≤k≤d}(T)

)≤p
d .

If we allow constant terms, then the best known estimate is

p
d −O(logd)

2
3+ε ≤χmon

(
Trig{k : 0≤k≤d}(T)

)≤p
d .

This is a deep fact proved by Bombieri and Bourgain in [6], and it shows that at least from the techni-

cal point of view a seemingly small perturbation of the index set may change the situation drastically.

Let us compare these results with what we in Corollary 2.9 proved for projection constants, namely

λ
(
Trig{k : 1≤k≤d}(T)

)∼λ(
Trig{k : 0≤k≤d}(T)

)∼ 1+ logd .

This illustrates that unconditional basis constants (so Sidon constants) and projection constants of

spaces of trigonometric polynomials in one variable behave quite differently.

Of course, the situation doesn’t improve if we admit more variables - nevertheless we may rec-

ognize some in a sense systematic patterns. Indeed, it was proved in [8] (a result elaborated in [9,
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Theorem 9.10]) that

χmon
(
Trig≤m(Tn)

)∼C m

√√√√(
n +m

m

)
.

On the other hand by Theorem 3.13 we know that

λ
(
Trig≤m(Tn)

)∼C m

√√√√(
n +m +1

m

)
,

so in particular we have that

(28) χmon
(
Trig≤m(Tn)

)∼C m λ
(
Trig≤m−1(Tn)

)∼C m

(n +m

m

)m−1
2

.

Coming back to spaces of ordinary(!) Dirichlet polynomials, observe first that given a finite subset

J of N, it is obvious that the ’monomials’ n−s , n ∈ J form a basis of the Banach space H J∞
(
(logn)

)
, in

the following abbreviated by H J∞, and so we denote by

χmon
(
H J

∞
)

the unconditional basis constant of all n−s , n ∈ J .

As already used in (26), there is an isometry H J∞ = Trig∆(J )(T
π(J )) , which preserves coefficients,

and hence by (28) we conclude that

χmon
(
H N1(m,n)

∞
)∼C m λ

(
H N1(m−1,n)

∞
)∼C m

√√√√(
n +m

m

)
;

here we again use the notation fixed in Theorem 3.13.

What about the unconditional basis constants of H ≤x∞ , the Banach space of all Dirichlet polyno-

mials D(s) =∑x
n=1 ann−s of length x, in comparison with their projection constants?

Again we use the notation from Section 3.2.2. The following asymptotic

χmon
(
H ≤x

∞
)=χmon

(
Trig∆(x)(T

π(x))
)∼C

p
x

e

(
1p
2
+o(1)

)p
log x loglog x

.

is taken from [8, Theorem 3] (see also [9, Theorem 9.1]), and it is the final outcome of a long lasting

research project started by Queffélec, Konyagin, and de la Bretèche (see [9, Section 9.3] for more

details on its history). In Theorem 3.10 and Corollary 3.11 we proved its counterpart for projection

constants:

λ
(
H ≤x

∞
)=λ(

Trig∆(x)(T
π(x))

)∼C

p
x

(loglog x)
1
4

.
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In the m-homogeneous case analog results are known - by Balasubramanian-Calado-Queffélec [3]

(a result elaborated in [9, Theorem 9.4]) one has (with the notation from Theorem 3.15)

χmon
(
H N1(m,x)

∞
)=χmon

(
Trig∆(N1(m,x))

(
Tπ(N1(m,x))))∼C (m)

x
m−1
2m

(log x)
m−1

2

,

whereas the corresponding result for projection constants from Theorem 3.15 reads

λ
(
H N1(m,x)

∞
)=λ(

Trig∆(N1(m,x))

(
Tπ(N1(m,x)))) ∼C (m)

√
x

log x

√
(loglog x)m−1

(m −1)!
.
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