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Abstract

Given two linear relations S and T in C™, we characterize when there exist
linear relations S and T in C™, strictly equivalent to S and T, respectively, such
that S and T are one dimensional perturbations of each other; i.e., SNT is a
linear subspace of codimension at most one both in S and in 7', but it cannot
be equal to both of them simultaneously.

The result is achieved relating one dimensional perturbations of linear rela-
tions with rank-one perturbations of matrix pencils.
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1. Introduction

Linear relations are a natural generalization of linear operators and they can
be traced back to [I], see also [7]. Linear relations in C™ are linear subspaces of
C™ x C". There is a well developed spectral theory for linear relations in C™,
which is mainly expressed in terms of (proper) eigenvalues, Jordan and singular
chains, and multishifts, see [TI, [4, [5l [6} [7, [8], @] 1].
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Linear relations are closely related to matrix pencils. In fact, associated to
a matrix pencil
P(s)=sE — F € C[s|"*™,

there are two linear relations: the kernel and the range representations. The
kernel representation of P(s) is

E7'F=N([F —-E])cC™xC™,

where N(X) stands for the kernel of a matrix X, and its range representation

is given by
FE™! _ngD CC"xC".

where R(X) stands for the range of a matrix X.

Recently, the notion of the Weyr characteristic for a linear relation in C" was
introduced, both as a tool for developing a canonical form for linear relations in
finite dimensional vector spaces [6] and also to relate the Kronecker invariants
of a matrix pencil with the invariants of its kernel and range representations [IJ.
The Weyr characteristics of the kernel and range representations of a pencil P(s)
can be recovered from the Weyr characteristic of P(s) [I]. Conversely, given a
linear relation S, it is possible to find matrix pencils of different sizes whose
range or kernel representations are S. This correspondence was used in [I, 1] to
obtain new perturbation results for the Kronecker form of matrix pencils under
rank-one perturbations.

The main goal of this paper is to use this correspondence in the opposite
direction. Let .S and T be linear relations in C”. Our aim is to find in terms of
the Weyr characteristic of S and T a full characterization for the fact that there
exist linear relations S and T in C™ which are strictly equivalent to S and T,

S S and TXT
such that S and T are one dimensional perturbations of each other, i.e.

max { dim(S/S N 7T),dim(T/SNT)} = 1.

In order to solve this problem we translate it into a matrix pencil completion
problem, which in turn is related to the rank-one perturbation problem of matrix
pencils. The solution to the problem we provide here, uses results from [2 [3] [1]
1].

The paper is organized as follows. Section [2]is devoted to preliminaries. In
Section [3| we present some properties of linear relations, mainly of the kernel
and range representations of matrix pencils. In Section [4 we state the problem
to be studied, and we relate it to a matrix pencil completion problem. Section
contains some known results about matrix pencil completion problems which
are used later, and we show that they can be stated in terms of the Weyr char-
acteristics of the pencils involved. In Section [6] we obtain necessary conditions
to solve the problem, and in Section [7] we solve the problem completely. Finally,
in the Appendix we include some technical results.



2. Preliminaries

Let C be the field of complex numbers, and C the extended field C = CU{oc}.
C[s] denotes the ring of polynomials in the indeterminate s with coefficients in
C, C™*™ is the vector space of n x m matrices over C, and C[s]"*™ is the
bimodule of n x m matrices over C[s]. Gl,(C) is the general linear group of
invertible matrices in C™*™.

Given a matrix X € C"*™, R(X) C C™ is the subspace spanned by the
columns of X and N(X) C C™ is the kernel of X.

In the main results below we compare finite sequences of different length. In
order to simplify statements, we use two different types of sequences of integers:
partitions and sequences.

A partition is a finite or infinite sequence of nonnegative integers a =
(a1,az2,...), almost all being zero, such that a3 > a2 > .... The number
of nonzero components of a is the length of a (denoted ¢(a)) and |a| is the
sum of the components of a, ie., |a] = Zf(:al) a;. Given a finite partition
a = (a1,as9,...,a,), if necessary, we take a; = 0 if i > n. We identify two
partitions that differ only in the number of zero components. The conjugate of
a partition a = (ag,ag,...) is the partition a = (a1, aq, .. .), where ay := #{i :
a; >k}, k > 1. Whenever we have a collection of partitions w = (w?, ..., w?),
we denote |w| =7 Jw'l.

We will also work with finite sequences of integers ¢ = (¢, ¢a, - . ., ¢p) such
that ¢y > ¢ > ... > ¢,,. Observe that finite sequences have a fixed number
of components, and they are written in bold to distinguish them from parti-
tions. When necessary, we take ¢; = +o0 if i < 1 and ¢; = —o0 if i > m.
As before, |c| = >, ¢;. All along this paper, the sequences of integers in-
volved have nonnegative components. The conjugate of a finite sequence of
nonnegative integers ¢ = (cy, ..., ¢y) is the conjugate partition of the partition
¢ = (c1,...,¢m,0,...). When necessary, we define the term ¢y = #{i : ¢; >
0} =m.

A polynomial matrix of the form P(s) = sE — F, E,F € C"™™ is a
matrix pencil. For basic notions on matrix pencils we refer to [I, Chapter
XII]. Two matrix pencils Py (s) = sEy — Fy and Py(s) = sEy — F» in Cls|"*™
are strictly equivalent, denoted P (s) "< Py(s), if there exist invertible matrices
U € G1,(C), V € Gl,,(C), such that Pa(s) =UP;(s)V.

Given a matrix pencil P(s) € C[s]™*™, the normal rank of P(s), denoted
rank(P(s)), is the order of the largest nonidentically zero minor of P(s), i.e.,
it is the rank of P(s) considered as a matrix on the field of fractions of C[s].
The spectrum of the pencil P(s) = sE — F, denoted A(P(s)), is defined as
A(P(s)) = {\ € C: rank(P(\)) < rank(P(s))}, where we agree that P(cc) = E.
The elements A € A(P(s)) are the eigenvalues of P(s). If rank(P(s)) = r and
A(P(s)) = {AM1,..., Ar}, then the Kronecker invariants of P(s) are ¢ partitions
n(A;) = (n1(Ai),n2(A;), .. .), where n()\;) is the Segre characteristic at A; of P(s)
and £(n()\;)) < r, and two sequences of nonnegative integers, € = (€1, ..., €n—r),
n =, ,Mm—r), called column minimal indices and row minimal indices of




P(s), respectively. The integers €, < -+ < €1 (p—p < -+ < 1) are the
increasing ordered list of degrees of the vector polynomials in any minimal basis
of the right (left) null-space of P(s) ([I]). They satisfy:

¢
S In(A)| + [el + n] = 7. 1)
i=1
For A € C\ A(P(s)) we define n()\) = (0,0,...).
The homogeneous invariant factors of P(s) are homogeneous polynomials in
the indeterminate s and ¢, ¢1(s,t) | -+ | ¢.(s,t), that collect the information of
the finite and infinite eigenvalues. They are defined as

¢j(51 t) — t’l’Lr*j‘Fl(OO) H (S _ At)nr7j+1(A)’ 1 S ] S r
ACA(P(s))\{oc}

As usual, we take ¢;(s,t) =1 for j < 1, and ¢;(s,t) =0 for j > r.
Following the notation of [I], we define a partition « and two finite sequences
of nonnegative integers 3, ~, as

a:n(oo), /3:(61+17~'-a€m7r+]—)7 7:(771+1a~~'777n7r+]-)-

The Weyr characteristic of P(s) is (w, b, ¢), where

w=(wA1),...,w(A)), wX)=n(N), 1<i<{,

b=8, c=7%,
(see [Il Definition 4.1]). Notice that is equivalent to
w| +([b] =b1) + (lef —e1) =7 (2)

For A € C\ A(P(s)) we define w(\) = (0,0,...).

Two matrix pencils Pi(s) and Ps(s) are strictly equivalent if and only if
their Weyr characteristics (equivalently, their Kronecker invariants) coincide
([I Chapter XII, Theorem 5]). A canonical form for the strict equivalence of
matrix pencils is the Kronecker canonical form. It is a matrix pencil of the form

sIny — Jo o) 0 0
_ _ O SNa — I|a‘ O O
P.(s)=sE.— F.= 0 0 sKs — Lg O , (3)
o 0 0 sKI-LT

where no = -\ cx(p(s))nc [P(A)] and Jo is a diagonal of Jordan blocks, N, =
diag(Nay, .-, N,

’ al(a))’

x kxk
Ny = ) ) ECX,



Kﬁ = {dlag(Kﬁla ceey Kﬂmﬁ) O(|ﬂ|—m+r)x(m—r—m5)] y

LB = [diag(Lgl, ce 7Lﬂm5) O(|,8\7m+r)><(m7r7m3)} s

KT _ [diag(Kfﬁ,. . ,KWTM)] |
T Om—r—m) x (vl —ntr)
T _ [diag(L;Fl,...,LECmW)] ,
T [O(m—r—m,)x (vl —nt)

my = #{i:7; > 2}, and for k > 1,

1 0 0 1
Ke=| L Le=| € Cl=1xk
1 0 0 1
Observe that mg = bz, and m — r — mg is the number of column minimal
indices equal to 0, i.e., m —r —mpg = #{i : 8; = 1} = by — be. Analogously,
m. = 2, and n — r — m, is the number of row minimal indices equal to 0, i.e.,
n—r—my=#{i:vi=1}=c —ca.

Along this work, a linear relation S is a linear subspace of C™ x C". A
matrix X € C"*™ can be identified with a linear relation in C™ x C" via its
graph I'(X) := {(z, Xz) : x € C™}. For basic notions and properties of linear
relations we refer to [T} [I.

Here, we denote the domain and the range of a linear relation .S in C™ x C™
by dom S and R(S), respectively,

domS={zeC™ : (x,y) € S for some y € C"} and
R(S)={yeC" : (z,y) € S for some z € C"}.
Furthermore, N(S) and mul(S) denote the kernel and the multivalued part of
S,
NS)={zeC™ : (z,00€ 5} and mul(S)={yeC" : (0,y) € S}.
Given a linear relation S and A € C, define AS := {(z,\y) : (z,y) € S}.

For relations S and T in C™ x C" the operator-like sum S + T is the relation
defined by

S+T={(x,y+2z2) : (x,y) €S, (x,2)€T}.

The product of a linear relation S in C™ x C" and a linear relation 7" in C* x C™
is the linear relation in C* x C™ defined by

ST ={(z,2) : (y,2) € Sand (z,y) € T for some y € C™}.



The inverse S~! of a linear relation S in C™ x C™ always exists, and it is the
linear relation in C" x C™ given by

St ={(y,x) : (x,y) € S},

In the following, we consider the case m = n. As mentioned in the Intro-
duction, we call a linear relation in C™ x C™ briefly a linear relation in C".

Let S be a linear relation in C™ and let M € C"*". We denote by [¥ 5.5
the action of M onto S:

M0 S ={(Mz,My) e C" xC" : (z,y) € S}.
0 M
Two linear relations S and T are strictly equivalent, denoted S < T, if
there exists P € Gl,(C) such that

P 0
-2 0]s

The notions of eigenvalue, root manifolds and point spectrum also apply to
linear relations. To this end, we introduce the identity relation which is given
by I = {(z,z) | x € C"} (i.e. the graph of the identity matrix in C"). Given
A € C, S — )\ stands for the linear relation S — AI:

S—A={(z,y— ) : (z,y) € S}.

Then, A € C is an eigenvalue of S if N(S — X) # {0}. On the other hand, we
say that S has an eigenvalue at oo if mul(S) # {0}. The point spectrum of S is
the set 0,(S) consisting of the eigenvalues A € CU {oo} of S.

We denote S° = I, where I denotes the identity relation. For k = 1,2,...
the k-th power of S is defined recursively by

SF=5.581
The root manifolds R (S) and R (S) are given by
RA(S) = [ N(S=NF and Roo(S) = | mul(s"),
keN keN

respectively. Note that Rx(S) = Ro(S — A) and R (S) = Reo(S — A) for all
A € C, see [B, Lemma 3.1].
The singular chains subspace associated to S is defined by

RC(S) = RO(S) ﬁ,R/OO(S)
For A\, € CU {oo} with A # p, in [0] it is shown that

Re(S) = Ra(S) N RL(S).



If Re(S) # {0} then 0,(S) = CU {co} [I, Proposition 3.2]. Otherwise, if
Re(S) = {0}, then the number of different eigenvalues in 0,(S) is bounded
by the space dimension n. [I, Proposition 3.2, Lemma 4.3 and Theorem 4.6].
Based on this, we call an eigenvalue A € 0,(S) degenerate if R(S) C Rc(S)
and proper otherwise. The set of proper eigenvalues of a linear relation S (see
[1, Section 2] for the definition) will be denoted by A(S).

Definition 2.1. Let S be a linear relation in C™ and let A € C.

1. The Weyr characteristic corresponding to A is given by the sequence
W(A) = (Wi(X))r>1, where

N((S = N*) + Re(S)
N((S =M1 + Re(S)

2. The Weyr characteristic corresponding to oo is given by the sequence
A = (Ag)k>1, where

Wi (A) = dim

mul(S*) + R.(9)
mul(Sk=1) + R.(S)"

3. The Weyr characteristic corresponding to the singular chains subspace is
defined by the sequence B = (By)k>1, where

Ak = dim

N(S*) NRe(S)

By, = dim NS A Re(S)”

4. The Weyr characteristic corresponding to the multi-shifts is the sequence
C = (Ck)k>1, where

R(S*) + Ro(S)
R(S*1) + Ro(S)’

C = dim

Observe that W () is the zero sequence if A is not a proper eigenvalue of S.
Similarly, the sequence (Ay) is the zero sequence if oo is not a proper eigenvalue
of S.

Each of the sequences W(J;), A, B, and C is non-increasing [5]. Since the
underlying space is finite-dimensional each of the Weyr characteristic sequences
contains only a finite number of non-zero terms. In this work we set W (oc0) = A,
and we collect the Weyr characteristics corresponding to the different proper
eigenvalues in a single sequence: if these are A1,...,\; € CU{oo}, we set

W=(W(),WAa),...,W(\)).
Definition 2.2. The collection of partitions
(W.B.C)

1s called the Weyr characteristic of the linear relation S.

Two linear relations S and T are strictly equivalent if and only if their Weyr
characteristics coincide ([I, Theorem 5.4]).



3. Linear relations and their dimension

In this section we show that there exists a close relationship between lin-
ear relations and matrix pencils, and we analyze how the corresponding Weyr
characteristics are related.

We have to introduce some additional notions about linear relations which
depend on a (fixed) underlying inner product in C". The adjoint of S is the
linear relation S* in C™ given by

S* ={(u,v) eC" xC": (x,v) =y, u) for every (x,y) € S},

where (-, -) stands for the inner product in C". Geometrically, if S+ denotes
the orthogonal complement of S in C™ x C", the adjoint of S can be described
as S* = (=S+)71, where —S = {(z,—y) : (x,y) € S} (see [1]).

Given a matrix pencil P(s) = sE — F € C[s]"*™, the range and the kernel
representations of P(s) are the linear relations

FE' = {(Ew,Fz):2€C"™} = R (L@D ccrxcn

and
E7'F ={(z,y) eC" xF":Fx=FEy} =N ([F —E])cC™xC",

respectively, see [I]. Then,
dim FE~! = rank ([?}) and dim E~'F = 2m — rank ([F —E]) .

Remark 3.1. Given P(s) = sE — F € C[s]"*™, define P*(s) := sE* — F* €
C[s]™*™. Then,

(FE"Y* = (F)"'E* and (E7'F)*=F*(E")"",

i.e. the adjoint of the range representation of P(s) is the kernel representa-
tion of P*(s) and the adjoint of the kernel representation of P(s) is the range
representation of P*(s).

In the next remark we analyze when two pencils have the same range or
the same kernel representation. Also, we show that given a pencil, there exists
another one having the same range (kernel) representation and minimal number
of columns (rows).

Remark 3.2. Given two pencils P(s) = sE—F, P(s) = sE—F € C[s]"*™, then
FE=! = FE~! if and only if there exists an invertible matriz V € Gl,,(C) such

that EZ} V = {g], equivalently, P(s) = P(s)V. Moreover, if dim FE~! =

E _|Ey O Ey
d, V € Gl,,(C) can be chosen such that {F} V = [F1 O}’ where [FJ €



Crtmxd has full (column) rank. Hence, Pi(s) = sEy — F; € C[s]"*? has the
same range representation as P(s), i.e. FlEfl = FE~', and minimal number
of columns.

Analogously, E7'F = E=YF if and only if there exists U € Gl,,(C) such that

U[F —E]=[F -E|, equivalently, P(s) = UP(s). If dmFE~" =2m —r,

then U € Gl,(C) can be chosen such that U |[F —E]| = [}8 gl}, where
[Fy —Ey] € C™(m+m) has full (row) rank. Hence, Pi(s) = sEy — Fy €

C[s]™™ has the same kernel representation as P(s), i.e. By 'Fy = E7'F.
Lemma 3.3 ([4, Theorem 3.3]). Let S be a linear relation in C™ with dim S = d.
Then there exists a pencil P(s) = sE — F € C[s]"*¢ with rank <[§}> =d such

that S = FE'.
Moreover, for r = 2n—d there exists a pencil Q(s) = sG—H € C[s]"*" with
rank([H —G|) =r such that S =G 'H.

The following lemma can be derived from [4] [I]. For simplicity we present
here a short proof.

Lemma 3.4. Given matriz pencils P(s) = sE — F and P(s) = sE — F in
Cls]™*™, let S = E__lF_a_nd S = E~'F be their kernel representations (resp.
let S=FE~! and S = FE~! be their range representations). Then,

P(s) < P(s) & S < S.
Proof. If the matrix pencils are strictly equivalent, the strict equivalence of their
kernel representations follows from [T, Proposition 4.3].
Conversely, if S = E7'F "' § = E~'F then there exists T' € Gl,,(C) such

= T O
that S = 0 T} - S. Therefore,

1

5’ = {(T{L‘l,Tyl) : (Q?l,yl) S S} = {(Txl,Tyl) : F.’L‘1 = Eyl}
={(x2,y2) : FT 'zy=ET 'y} = N ([FT~' —ET™])
= (ET Y YFT™).

Now, let P'(s) = P(s)T~! = sET1—~FT~!. Since E~'F =
by Remark there exists U € Gl,(C) such that P’(s)
P(s) =UP(s)T.

The result for range representations can be proved similarly.

(BT T,
= UP(s). Hence,

O

In the next lemma we calculate the dimensions of the range and kernel
representations of a given pencil.

Lemma 3.5. Let P(s) = sE — F € C[s]"*™ be a matriz pencil with Weyr
characteristic (w,b,c). Then,

dmFE ' =m—0by +by, dmE'F=2m—n+c —co.



Proof. Notice that P(s) < P.(s), where P.(s) = sE. — F, is its Kronecker
canonical form . By Lemma we have that E~'F °X" EZ7'F.and FE~! <
F.E71'. Then, dim E~'F = dim E;'F, and dim FE~! = dim F.E_ 1.
T
It is easy to see that rank [KB} = |B| — b1 + b2 and rank {Kil} =|v| —e1.
Lg L,
Hence,
. -1 E.| L, Ny, Kg KT
dim FE~* = rank {FC = rank Jo + rank Lo + rank Ly + rank L%
:n0+‘a|+|ﬂ|+"}’|—cl—bl + by =m — by + bs.

Analogously, rank [Lg —Kg| = |B] — by and rank [LT  —KT] = |y]—c1 +c2,
meanwhile [JO —Ino] and [I ™ —Na] have full rank. Therefore,

rank [Fc fEC] =no+ o]+ 8] — b1 + |v] —c1 + ¢,
and

dim E~'F = 2m —rank [F. —E.:] =2m — (no+ |a| + [B] — b1 + |v| — c1 + ¢2)

=2m —n+c¢; — Ca. O
As an immediate consequence of Lemma [3.5] we obtain
dmFEl=m <& b =by,

and
dmE'F=2m—-n < ¢ =co.

In [I] the relationship between the eigenvalues and the Weyr characteristic of
a matrix pencil and those of its kernel and range representations was obtained.
We state those results adapting the notation to the one used in this work.

Lemma 3.6 ([I, Proposition 4.2]). Let P(s) = sE — F € C[s]"*™ be a matric
pencil, then
A(P(s)) = A(E7'F) = A(FE™1).

Lemma 3.7 ([I, Theorem 5.1]). Let P(s) = sE — F € C[s|"*™ be a matriz
pencil with Weyr characteristic (w,b,c). If (W, B,C) is the Weyr characteristic
of the kernel representation E='F, then W = w, B =0b and C = (c3,c4,...).

Lemma 3.8 ([Il Proposition 5.2]). Let S be a linear relation in C™ with Weyr
characteristic (W, B,C). If S is the kernel representation of a pencil P(s) =
sE — F € C[s]™*™, then the Weyr characteristic (w,b,c) of P(s) is given by
w=W,b=B, andc=(n—m+ By,m—|W|—|B|—|C|,C1,Cs,...).

Lemma 3.9 ([I, Theorem 6.1]). Let P(s) = sE — F € C[s]™*™ be a matric
pencil with Weyr characteristic (w,b,c). If (W, B, C) is the Weyr characteristic
of the range representation FE~1, then W = w, B = (ba,b3,...) and C =
(62,63,...).

10



Lemma 3.10 ([T, Proposition 6.2]). Let S be a linear relation in C™ with Weyr
characteristic (W, B, C). If S is the range representation of a pencil P(s) = sE—
F € C[s]™*™, then the Weyr characteristic (w,b,c) of P(s) is given by w = W,
b= (m—|W|-|B|—|C|,B1,Bs,...) and c= (n—|W|—|B|—|C|,C1,Cs,...).

Notice that given a matrix pencil P(s) = sFE — F € C[s]"*™ with Weyr
characteristic (w, b, ¢), and (Wy, By, Ck) and (W, B,., C,.) as Weyr characteris-
tics of its kernel E~1F C C™ x C™ and range representations FE~! C C* xC",

respectively, by and Lemmas and we obtain

rank(P(s)) = |Wk| + |Bk| - Bk,l + ‘Ck| +co = |Wr| + |Br| + |Cr|7 (4)
dim E7'F =2m —n+c; — ca = |Wg| + |Bg| + |Ck| + Br1  and
dim FE™' =m — by + by = [W,.| + |B,| + |Cy| + By.1.

Lemma 3.11. Given an integer n > 0, a finite subset {\1,..., ¢} C C, two
partitions B, C, and a collection of partitions W = (W (A\1),...,W(\)), there
exists a linear relation S in C™ with Weyr characteristic (W, B,C) if and only
if

n—(W|+[B|+|C]) = Ch.
Proof. Assume that (W, B, C) is the Weyr characteristic of a linear relation S
in C"* and denote d = dimS. By Lemma there exists a pencil P(s) =
sE — F € F[s]"*4 such that S = FE~!. Let (w,b, c) the Weyr characteristic of
P(s). Then by Lemmaﬂ, w=W,b=(b,B1,Ba,...), c=(c1,C1,Ca,...),
and by (4) we have rank(P(s)) = |W|+ |B| + |C| and

Cy1 =c3 < ¢y =n—rank(P(s)) =n— (|W|+|B| +|C)).

Conversely, assume that n — (|W| + |B| 4+ |C|) > Cy. Define w = W, b =
(B1,B1,Ba,...),c=(n—(|W|+|B|+1C|),C1,Cq,...) and let P(s) =sE - F
be a pencil in Kronecker canonical form with Weyr characteristic (w, b, ¢)). Note
that

rank(P(s)) = [w| + ([b] = b1) + (] = 1) = W] + B[ +|C].

The number of rows of P(s) is given by ¢; + rank(P(s)) = n — (|[W]| + |B| +
|C|) + rank(P(s)) = n. Hence, S := FE~! is a linear relation in C" and, by
Lemma its Weyr characteristic is (W, B, C). O

4. Rank one perturbation of linear relations

Given two linear relations S and T in C™, consider their intersection S NT
and the quotient (sub)spaces % and % We define

_ S . T
r(S,T) —maX{dlmSmT,dlmSﬂT}.

11



Notice that #(S,T) > 0, and r(S,T) = 0 if and only if S = T. More precisely,
r(S,T) measures the maximum between the codimensions of SNT in S and T,
respectively. Also, (S, T) can be alternatively calculated as
+T +T
r(S,T) = max {dim S%, dim S;} ,
where SFT is the sum of S and T as subspaces of C" x C™:
STT = {(x+u,y+v): (z,y) €S, (u,v) €T}

We can represent linear relations in C™ as range or kernel representations
of suitable matrix pencils with n rows or n columns, respectively. In the next
lemma we analyze the case when a linear relation contains another one and the
difference of their dimensions is r.

Lemma 4.1. Given two linear relations S and U in C™ such that U C S, denote
d=dimS, g=dimU and m =2n —g=dimU~*. Letr > 1 be an integer. The
following statements are equivalent:

(i) dim £ =r.

(ii) There exist pencils P(s) = sE — F € C[s]"*%, Pi(s) = sE, — F} €
C[s]"*4=") and Py(s) = sEy — Fy € C[s]"*" such that

P(s)=[Pi(s) Pa(s)], FE'=S and FE;'=U.

(iii) There exist pencils Q(s) = sG — H € C[s]™*", Q1(s) = sG1 — H; €
C[s]™=")*" and Qo(s) = sGy — Hy € C[s|"*" such that

_ [@1(s) —lrp _ “lrr
Q(s) = {%(s)}, Gi'H, =S and G'H=U.

Proof. Assume that (i) holds. Then g = dimU = d — r. By Lemma there

exists a pencil Py(s) = sE; — F; € C[s]"*(¢=") such that rank {?}} =d-—r
1

and FiE;" = U. Note that the columns of Ezl} form a basis of U C S.

1
Let {(e1, f1),...,(er, fr)} be a basis for a subspace V' C S such that S =
U+ 7V, and let Fy, F5 € C™*" be the matrices whose columns are {ey,..., e}
and {f1,..., fr}, respectively. Then, defining Ps(s) := sEy — Fy and P(s) :=
[Pi(s) Pa(s)] = sE — F, it is immediate that FE~! = R {f} ?2}) =
1 b
U-+V =8, where U + V denotes the direct sum of the subspaces U and V.
This proves (ii).

Conversely, assume that (i¢) holds. Then, d = dimS = dim R ({?}) =

. By B E By
dmﬁR([F1 Fz})' Hence, both [F} and [FJ have full (column) rank.

12



Therefore, g = dimU = dim R ({?ﬂ) = d — r, or equivalently, dim% =T
This completes the proof of the equivalence (i) < (ii).

The equivalence (i) < (iii) is obtained applying the above case to the in-
clusion S+ c U+, ie., dimgT = r if and only if there exist pencils Q*(s) =
sG*—H* € C[s]™™, Qi(s) = sG5—H; € C[s]"*("=") and Q}(s) = sG% —
C[s]™*" such that Q*(s) = [Q3(s) Q3(s)], H*(G*)™! =U"* and H{(G})™* =
S+. Moreover, H*(G*)™! = Ut if and only if G™*H = U, and H} (G})"t = S+
if and only if Gy 'Hy = S. O

Now we state the main problem studied in this paper.

Problem 4.2. (rank-one perturbation for linear relations). Given two linear re-
lations S and T in C", find necessary and sufficient conditions for the existence
of linear relations S and T in C™, such that

S8, TXT and r(S,T)=1.

Remark 4.3. Notice that the case 7"(5 T) = 0 is trivial, for there exist 5 T
in C" such that S < S, T X T and r(S, T) =0 if and only if S < T.
In fact, ifr(S’,T)—OthenS—T SNT, hence S < Sge Tsrf T.
Conversely, if S < T, then taking S =T = T we have S < S, T < T and

r(S,T) =r(T,T) = 0.

As mentioned, we deal with linear relations as kernel or range representations

of appropriate pencils. Note that every rank one matrix pencil in C[s]"*™ can
be written in one of the following ways:

(su—v)w*, (0,0) # (u,v) e C*" xC", 0 #w e C™, (5)
or

w(su* —v*), (0,0) # (u,v) € C™ xC™, 0 # w € C". (6)

In [I] we have the following result.
Lemma 4.4 ([I, Lemma 7.3]). Let P(s) = sE — F, P(s) = sE — F € C[s]"*™,
(a) If P(s)—P(s) is a rank one matriz pencil as in (@, thenr(FE~L, FE~1) <
1.

(b) If P(s)—P(s) is a rank one matriz pencil as in @, thenr(E~1F,E~1F) <
1.

The next two corollaries follow straightforward from Lemma

Corollary 4.5. Given two linear relations S and T in C™, denote d = dim S,
g=dim(SNT) and m =2n—g = (SNT)*. Then, the following statements
are equivalent:

(i) dim g2~ =1 and dim <2+

nT

=0.
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(ii) There exist pencils P(s) = sE — F € C[s]"™%, Pi(s) = sE; — F} €
C[s]™*4=1) and u(s) = se — f € C[s]"*! such that P(s) = [Pi(s) wu(s)],
FE-'=S and F,E{' =T.

(iii) There exist pencils Q1(s) = sG1 — Hy € C[s]m=D*" Q(s) = sG — H €
Cls]™ ™ and v(s) = sg—h € C[s]"*! such that Q(s) = [3(18()5*)} , G H, =
S and GT'H=T.

Corollary 4.6. Given two linear relations S and T in C™ denote d = dim S,

g =dim(SNT) and m = 2n—g = dim(SNT)L. Then, the following statements
are equivalent:

(i) dim g2+ = dim g4 = 1.

(ii) dim S = dim T and there exist pencils P(s) = sE — F,P(s) = sE — F €
Cls]™4, Pi(s) = sEy — F1 € C[s]"*@~ D and u(s) = se — f,u(s) =
sé — f € C[s]"™™! such that P(s) = [Pi(s) u(s)], P(s) = [Pi(s) u(s)],
FE'=S, FE'=T and LE;' =5SNT.

(iii) There exist pencils Q1(s) = sG1 — Hy,Q1(s) = sGy — H, € C[s](m=1xn,
Q(s) = sG — H,Q(s) = sG — H € C[s]™", and v(s) = sg — h,0(s) =
sg—h, € C[s]"*! such that Q(s) = @1 (s) Q(s) = @1 (s) G{'H, =58

) ’U(S)* ) 17(8)* ’ 1 1 ’
Gi'Hi=T and G'H=G 'H=5NT.

Now, we can prove the converse of Lemma [4.4]
Theorem 4.7. Given two linear relations S and T in C", denote d = dim S,

g = dimT, and m = dimT+ = 2n — g. Then, the following statements are
equivalent:

(i) r(S,T) < 1.

(ii) There exist pencils P(s) = sE — F,P(s) = sE — F € C[s]"*? such that
S=FE ', T=FE ! and

P(s) — P(s) = (su —v)w*, (u,v) €C"xC", weCh
(iii) There exist pencils Q(s) = sG — H,Q(s) = sG — H € C[s]™ " such that
S=G'H, T=G'H and

Q(s) — Q(s) = w(su* —v*), (u,v) €C"xC", weC™,

Proof. The implications (i7) = (i) and (i4i) = (¢) are immediate consequences
of Lemma [£.4

Conversely, assume that (¢) holds.

If (S,T) =0, then S =T and g = d. By Lemma there exists a pencil
P(s) = sE — F € C[s]"*? such that FE~! = § = T. Taking P(s) = P(s), (i)
follows.
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If dim = 1 and dim 2 = 0, then ¢ = dim(SNT) = d — 1. By
Corollary here exist pencils P(s) = sE — F € C[s]"*¢, Pi(s) = sEy, — F} €
C[s]"*@=1 and u(s) = se — f € C[s]**! such that P(s) = [Pi(s) u(s)],
FE™'=Sand RE;" =T. Let P(s) = sE — F = [sE; — F1 O] € C[s]"*¢
Then FE~' = FE;! = T and P(s) — P(s) = [0 —u(s)] = u(s)w*, where
w* —[O ]EC[] ((d— 1)+1)

If dim SOT =0 and dun SQT

If dim SmT = dim SmT =1, then g =d. By Corollarythere exist pencils
P(s) = sE — F,P(s) = sE — F € C[s]"*%, Py(s) = sF, — F;, € C[s]**(d~1),

u(s) = se — f,u(s) = se — f € C[s]"*! such that P(s) = [Pi(s) u(s)], P(s) =
[Pi(s) u(s)], FET' =8, FE7' =T and F1E;' = SNT. Hence,

= 1, the proof is analogous.

P(s)— P(s) = [0 a(s) — u(s)] = (a(s) — u(s))w",

where w* = [0 1] € C[s]*((d=D+1),
We can prove (i) = (iii) in a similar way, or it can be derived from case (i)
applied to the adjoint pencils (see Remark .
O

5. Matrix pencil completion theorems

As we have seen in Section [ the rank perturbation problem of linear re-
lations is related to a matrix pencil completion problem, which consists in de-
scribing the possible Kronecker invariants of a pencil with prescribed columns
oI TOWS (see [1] for a more general setting). In this section we introduce, in
Lemmas [5.2] and [5.4] some known results about the latter problem. Although
they are vahd over arbitrary fields, here we state them over C. To state the
results we need to define the lstep-majorization, which is a particular case of
generalized majorization [I Definition 2].

Definition 5.1. Given two finite sequences of integers g = (g1,...,9m) and
d=(dy,...,dmnt1), we say that d is 1step-majorized by g (denoted by d <" g)
if

where h =min{i =1,...,m: g; <d;}.

Lemmas and are particular cases of [I Theorem 4.3] and they can
also be seen in [2| Lemmas 4.3 and 4.4].

Lemma 5.2. Given two matriz pencils Hy(s) € C[s](»tP)x(nd+m)  [r(s) ¢
C[s](ntptx(ntm) of vank(H, (s)) = rank(H(s)) = n, let ] (s,t) | --- | 7L (s,1),
g1 = 2>¢gm =>0andty > --- >t, > 0 be the homogeneous invariant fac-
tors, the column and the row minimal indices of Hi(s), respectively, and let
m(s,t) | - | ma(s,t), k1 > - >k >0 and ug > -+ > upgr > 0 be the
homogeneous invariant factors, the column and the row minimal indices indices
of H(s), respectively.
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Let g = (g1,---s9m), t = (t1,...,tp), k= (k1,...,km), u= (u1,...,ups1).
e.

h(s

There exists a pencil h(s) € C[s]'*("+™) such that H(s) << Hl(;)] if and only
if

mi(s,t) | wh(s,t) | miga(s,t), 1<i<mn, (7)

u<'t, (8)

g=k (9)

Remark 5.3. Let 0 = #{i : t; >0} and 0 = #{i : u; > 0}. Lemma 4.3 in
[2] also contains the condition B

6>0. (10)
But we show that @)—@ implies @ we haverank(H(s)) =n=>3 1, deg(m)Jr
>y ki +Zl y ui and rank(Hy(s)) =n =330 deg(m)) + 3270, g + 307, t
Therefore S0, t; = S0 50 1(deg(ﬂ'z) deg(m}))+ >0 (ki —gi)- From
@ and (@ we obtain YF_ t; < 30T 1 u;. Then, by (@) and Lemma 5.10 of [2]

we derive @)

Lemma 5.4. Given matriz pencils Hy (s) € C[s]("TP)X(n4+m) yith rank(H, (s)) =
n, and H(s) € C[s](HPt0x(4m) qyivh vank(H(s)) = n+ 1, let wi(s,t) | --- |
mli(s,t), g1 > > gm >0andty > > t, > 0 be the homogeneous invariant
factors, the column and the row minimal indices of H1(s), respectively, and let
m(s,t) | - | mpgr(s,t), k1 > o0 > ko1 > 0 and ug > -0 > u, > 0 be
the homogeneous invariant factors, the column and the row minimal indices of
H(s), respectively.

Letg = (g1,...,9m), t =(t1,...,tp), k= (k1,..., km—1), andu = (u1,...,up).

There exists a pencil h(s) € C[s]|™ (™) such that H(s) < { h(s) ] if and only

Hi(s)
if (@),
g <Kk, (11)

t=u. (12)

To solve Problem we express these results in terms of the Weyr charac-
teristics of the pencils involved.

Lemma 5.5 ([Il, Lemma 3.2], see also [3| Lemma 4.3]). Let a and b be parti-
tions. Let p=a and q = b be the conjugate partitions. Let k > 0 be an integer.
Then,

aj > bjrg, J>1,

if and only if

Lemma 5.6. For i = 1,2 let Pi(s) € C[s|"'*™' be matriz pencils such that
rank(P'(s)) = p;. Let ¢i(s,t) | --- | ¢! (s,t) be the homogeneous invariant
factors of Pi(s).
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For X € C, let n’()\) be the Segre characteristic at X of P'(s), and let w'(\) =
ni(\) be the conjugate partition of n*(\).
Let © > ps — p1 be an integer. Then, the following statements are equivalent

(Z) d)Jl(S:t) | d)?er(S,t), .] Z 17
(it) n}y 0 ppra(N) <nZ(N), X€C, j>1,
(iii) wi(A) +p2 —p1 —x <wi(N), AeC, j>1

Proof. The equivalence between (i) and (i7) is immediate, it is enough to take
into account that

i (s, 1) = i1 () [ (s—awmn® 1<j<p.
AEA(Pi(s))\{o0}
The equivalence between (ii) and (ii7) follows from Lemma O

Definition 5.7 ([3| Definition 4.1]). Given two partitions a and b, we say that
a 1s conjugate magjorized by b if by = a1 + 1 and

bi=a;+1, 1<i<y,
where g = max{i : b; > a;}. If a is conjugate majorized by b we write

a Z b.

Notation. Given two partitions a and b, if a; < b; for j > 1 we write
a<b.

Remark 5.8. Notice that, if (a1,a2,...) £ (b1,be,...) and k > 2 is an integer,
then (ag, ak11y---) < (bky b1y - .- ) or (b, big1,.-.) £ (ak, Gkt1,---).

Lemma 5.9 ([3| Proposition 4.5]). Given two finite sequences of nonnegative
integersk = (k1,...,kmt1) andd = (d1,...,dw), let (r1,...) = (k1,.. ., km+1),
(s1,...) = (d1,...,dy) be the conjugate partitions, ro = m~+1 = sg + 1, and
r=(ro,r1,-..), $=(80,81,...). Then k <" d if and only if s £ r.

Applying Lemmas[5.6]and 5.9} Lemmas[5.2|and [5.4] can be expressed in terms
of the Weyr characteristics of the pencils H(s) and H;(s). By transposition
the results also apply for column completion instead of row completion. For
convenience, we present next the second option.

Lemma 5.10 ( restatement of Lemma B.2). Given two matriz pencils Hy(s)
C[s](ntP)x(ntm) [T (s) € C[s](tP)*(ntm+1) of yank(H,(s)) = rank(H(s))
n, let (w,b,c) and (wh,b',ct) be the Weyr characteristics of H(s) and H(
respectively.

There exists a pencil h(s) € C[s]"TP)*1 such that H(s) < [h(s) Hi(s)] if
and only

S
)

S

wi(N) <wj(A) <w;(AN)+1, AeC, j>1, (13)
bt £ b (14)
c=c, (15)
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Lemma 5.11 (restatement of Lemma[5.4). Given two matriz pencils H(s) €
C[s](+p)x(ntm) [ (s) € C[s](FP)x(n4m+D) ofvank(H, (s)) = n and rank(H (s)) =
n+1, let (w,b,c) and (w', b, ct) be the Weyr characteristics of H(s) and Hi(s),
respectively.

There exists a pencil h(s) € C[s]"TP)*1 such that H(s) < [h(s) Hi(s)] if
and only if

wi(A) —1<wi(A) <w;(A), XeC, j>1, (16)
b=0b, (17)
c / ch. (18)

6. Necessary conditions for Problem

The aim of this section is to find necessary conditions for solving problem
Let S and T be two linear relations such that r(S,7) = 1. Assume
that dimS > dim 7. Then, dimS = dim7 = dim(SN7T) + 1, or dim S =
dim(SNT)+1=dimT+ 1. f dim7 =dim(SNT), then SNT =T C S. We
start analyzing the case when one of the linear relations is included in the other
one.

Theorem 6.1. Let S,U be two linear relations in C™ such that U C S, dim S =
d and dim % =1.

Let (W,B,C) and (W', B, C') be the Weyr characteristics of S and U,
respectively. Then one of the two following conditions holds:

“ W;A) < WA <W;(A)+1, j>1, XeC, (19)
B! / B, (20)
C=C (21)

(b) )
Wi(A) = 1< Wi\ <W;(\), j>1, AeC, (22)
B = B!, (23)
c / ct, (24)

where ¢ = (n —d + B1,C1,Ca,...) and ¢* = (n—d+ By +1,C},C3 ...).
Remark 6.2. Condition s equivalent to

CczcCctorct<c.
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Proof. By Lemma there exist pencils P(s) = sE — F € C[s]"*9,
Py(s) = sE; — F; € C[s]"*(@1 and u(s) = se — f € C[s]"*! such that P(s) =
[Pi(s) w(s)], FET'=Sand FiE' =U.

Let (w,b,c) and (w!,bt,c!) be the Weyr characteristics of P(s) and Py(s),
respectively. Then by Lemma w=W,w =W,

ijBj_l, bt = B!

_ . 1_ 1 ;
J i =0, =0, =2

Asdim S =dim FE~! = d and dimU = dim F} E; ' = d — 1, we have by = by =
By and b} = b} = B{. Then rank(P(s)) = d — by = d — B; and rank(P;(s)) =
d—1-bl=d—1-B};hencec; =n—d+ By and ¢} =n—d+ 1+ Bj.

We have rank(P;(s)) < rank(P(s)) < rank(P;(s)) + 1.

(a) If rank(P(s)) = rank(P;(s)), then, by Lemma conditions (L3, (14)
and hold. From and we obtain inmediatly and (21)).
As by = by and b} = b3, from we obtain by = b + 1. By Remark
from we derive (b3,...) Z (ba,...), equivalently (20).

(b) If rank(P(s)) = rank(P;(s)) + 1, then, by Lemma we obtain (6],
and , which are equivalent to —.

U
As an immediate consequence of Theorem [6.1] we obtain in the next theorem
necessary conditions for Problem

Theorem 6.3. Let S, T be two linear relations in C™ such that r(S,T) =1 and
dimS=d>dimT. o

Let (W, B,C) and (W, B,C) be the Weyr characteristics of S and T, respec-
tively.

1. If dim % =1 and dim % = 0 then one of the two following conditions
holds:
(a) _ _
Wi S W) S W) +1, =1, AeC,  (25)
B / B, (26)
C=0C. (27)
(b) _ _
Wi(A) =1 <W;(\) <Wi(h), i>1, XeC, (28)
B =B, (29)
c /¢, (30)

where ¢ = (n—d+By1,01,C5...) and¢ = (n—d+By+1,01,Ca,...).

2. If dimSmiT = dimsﬂ% =1, let (W', B C') be the Weyr characteristic

of SNT. Then one of the four following conditions holds:
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(c)
max{W;(\), W;(\)} < W) < min{W;(\), W;(\)}+1, i > 1, A € C,

(31)
B'/ B, B'/B (32)
C=C=C", (33)
(d)
max{W;(\), W;(\) =1} < W) < min{W;(\)+1,W;(\)}, i >1, A e
(34)
B=B'"/B (35)
C=C'andé / c, (36)

where ¢ = (n—d+B1,C1,Ca,...) andé = (n—d+B1—1,01,Cs, ... ).
(e)
max{W;(\)—1, W;(\)} < WHA) < min{W;(\), Wi (A\)+1}, i > 1, A
B=B'"YB E
C=0C"andc /¢, (39
where ¢ = (n—d+By,01,Cy,...) and € = (n—d+B;+1,Cy,Ca,...).
(f)
max{W;(A), W;(A)}—1 < W (A) < min{W;(\), Wi(M)}, i > 1, A €C,

B (40)
B =B = B!, (41)
c/cande £ ¢t (42)

where ¢ = (n—d+ By,C1,Ca,...), 6= (n—d+ By,C1,Cy,...), and
ct=(n-d+ B +1,C{,C3,...).

Proof.

1. If dim SOT = 1 and dim
follows from Theorem 61
2. If dim SmT = dim =5 T =1, then dim S = dlmT dlm(SﬂT) +1. Apply-
ing Theorem-to S and SﬂT either (19| . or . are satisfied.
Applying Theorem.to T and SNT, elther (@)-ETI) or (IZZI) 24) are sat-
isfied, where conditions (Id) and (22) are, respectively, conditions (19) and
.j substltutlng W;(X) by W;()), and similarly for the other conditions.
I. and (]IQI) (IZ[I) are satisfied, then (c) holds. Analogously we
obtain ( ) and (f).

SOT =0then T = SNT C S and the result
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O
In the next section we prove that the necessary conditions obtained in The-
orem (item 1) are sufficient to solve Problem [4.2]if dim S = dim T + 1 (see
Theorem [7.3). When dim .S = dim 7', the necessary conditions of Theorem [6.3]
(item 2) involve partitions (W?, B, C1) which are the Weyr characteristic of
SNT, hence, they satisfy the conditions (a) or (b) of Theorem [6.3| with respect
to the Weyr characteristic of S and with respect to the Weyr characteristic
of T. In Theorem [7.4] we state necessary and sufficient conditions for the exis-
tence of such partitions (W1, B, C1), therefore they are necessary and sufficient
conditions to solve Problem .2l when dim S = dim T'.

7. A solution to Problem [4.2]

Lemma 7.1. Let S, U be two linear relations in C". Then, there exists a linear
relation S in C" such that Sj’;ﬁ' S and U C S if and only if there exists a linear
relation U in C" such that U " U and U C S.

Proof. Let us assume that S 5 S and U C S. Then, there exists T €

& T O - 71! O — s.e.
G1,,(C) such that S = [O T] S. Let U = [ o T‘l} U. Then U '~ U and
_ T-1 01 =
UC[O T_l]S’—S.

Conversely, let us assume that U Uand U C 8. Then, there exists

- V O & y-t (@) G s-e.
V € GI,,(C) such that U = oV U. Let S = o V_l] S. Then S '~ S
vt 014 vt 0 5
andU—{O VJUC[O Vl]S—S. ]

Theorem 7.2. Let S,U be two linear relations in C™ such that dim S = d =
dimU + 1 and let (W, B,C) and (W', B, C') be the Weyr characteristics of
S and U, respectively. Then there exists a linear relation S in C" such that
S8 S and U C S (equivalently, there exists a linear relation U in C" such
that U < U and U C S) if and only if one of the conditions (a) or (b) of
Theorem [6.1] holds.

Proof. Assume that there exists S such that S S, U c S. Then
dim £ = dim S —dimU = 1. By Theorem 5.4 of [I], (W, B,C) is the Weyr
characteristic of S. Then, conditions (a) or (b) of Theorem [6.1] holds.

By Lemma there exist pencils P(s) = sE — F € C[s]"*¢, Pi(s) =
sFy — F; € C[s]™*(@1 guch that rank [?} = d, rank [izl] =d-1,FE"'=8.

1
and FE; ' =U.

Let (w,b,c) and (w!,bl,c') be the Weyr characteristics of P(s) and P(s),
respectively. As in the proof of Theorem[6.1] rank(P(s)) = d—Bjy, rank(Pi(s)) =
d—1-Bi,

UJZVV, b:(Bl,Bl,BQ,...), c=(n—d+Bl,Cl,C'2,...),
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wt=w' b =(B},B{,B),...), ¢!=Mn-d+1+B{,C} C;3,...).

e Assume that (a) holds. Condition is equlvalent to . From .
we derive By = B} + 1; hence b = b1 +1, ¢ = ¢t and rank(P( ))
rank(P;(s)). Thus, from and (21) we obtain and (TF).
Lemmahere exists a pencil u(s) = se—f € IF[S]”Xl such that P(s) S/\?'
[Pi(s)  u(s)].

e Assume that (b) holds. Condition is equivalent to (16). From we
derive By = B{; hence by = b}, ¢; = c%—i—l and rank(P(s)) = rank(P;(s))+
1. Thus, from and we obtain and (|18] . By Lemmamhere
exists a pencil u(s) = se — f € F[s]"*! such that P(s) = [Pi(s) u(s)].

In both cases, let P(s) = [Pi(s) wu(s)] = s[E1 €] — [Fy f] and § =

[y f] [Er e] =R (|:F1 ;]) It is clear that U C S. By Lemma

S5 S, O

Given two linear relations S and T in C" such that dimS > dim7T and
r(S,T) =1, then dim S = dim(SNT)+1 > dim T". Therefore, dim S = dim7T+1
or dim S = dim7T. As an immediate consequence of Theorem we obtain a
solution to Problem when dim S = dim T + 1.

Theorem 7.3. Let S, T be two linear relations in C™ such that dimS = d =
dimT + 1. Let (W,B,C) and (W,B,C) be the Weyr characteristics of S and
T, respectively. Then there exists a linear relation S in C" such that S < S
and r(S,T) = 1 (equivalently, there exists a linear relation T in C" such that
T S T and r(S,T) = 1) if and only if one of the conditions (a) or (b) of
Theorem holds.

Proof. There exists S such that S " S and r(S,T) = 1 (there exists T
such that T "< T and 7“(5’ T) = 1) if and only if there exists 5’ such that 5’ S,

dim WST = 1 and dim §nT = 0 (there exists T such that T <" T, dim SnT =1

and dim == SmT = 0) if and only if there exists S such that S < S, and T C S

(there exists T such that 7 °<" S, and T C S). By Theorem this occurs if
and only if one of the conditions (a) or (b) of Theorem [6.3| holds. O

The solution to the case dim S = dim T is given in the next theorem. The
proof follows the ideas of [2] Theorem 5.1]. We need some technical lemmas
from [2] and [3], which, for the reader’s convenience, we include in Appendix [A]

Theorem 7.4. Let S,T be two linear relations in C"™ such that dim S = dimT =
dand S ¢ T. Let (W,B,C) and (W,B,C) be the Weyr characteristics of S
and T, respectively, and let A(S ) AT) = {M\,..., \e}. There exist linear

relations S, T in C" such that S <5 S, T °X' T and r(S,T) = 1 if and only if
1. f B=Band C=C:

Wi(A\) —1<W;(\N) <W;(\)+1, i>1, MeC. (43)
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2. If B=B and C #C: cmd

X < Z min{C;, C;} + max{e, €'}, (44)

i>1

where x = min{i : C; # C;}, e = min{i >z —1: Ciy1 > Ciy1},
¢ =min{i e {i>xz—1: Ci11 > Cit1}, and

L
X :| w ‘ + | C ‘ —ZZmIH{WJ(/\Z),WJ()\Z)} — 1.

i=1j>1
3. If B# B and By = B1: ({3).
C=0C, (45)
and
Y > max{B;, B;} — max{e,e'}, (46)

i>1

where T = min{i : B; # B;}, e = min{i > —1: By > Bii1},
€ =min{i € {i >z —1: Biy1 > Bit1},, and

14

Y =W+ B| =) > max{W;(\), W;(A)}.

i=1j>1

4. If By # By : one of the two following conditions hold:

(a)

Wi(A) =2 <W;(\) <W;(), j>1, XeC, (47)
B/B, &/e (48)
where c = (n —d + By,01,Cy,...), ¢=(n—d+ By,Cy,Co,...),

Y4

0
DO T max{Wi (M), Wi () -1} < < Y Y min{W; () +1, W, (A)},

i=1j>1 i=1j>1
) (49)
wherex =| W |+ | B|—|B]|.
Wi(A) =2 < W;(0) <W;(\), j=1, AeC, (50)
B/B, ¢/e¢ (51)
where ¢ = (n —d+ By,01,Cy,...),¢=(n—d+ By,C1,0y,...),
¢ ) ¢ )
DO max{W;(A\)-LW;(A\)} <y < >0 min{W;(A), W () +1},
i=1j>1 i=1j>1

B B (52)
wherey=|W |+ |B|—|B].

23



Remark 7.5. If A & {A\1,..., A}, then min{W;(\), W;(A\)} = 0. Therefore, in
item 2. we can define

X=[W[+|C|[=)> min{W;(\),W;(N)} - L

AeCijz1

Analogously, in item 3.,

Y =W+ B[ =30 max{W;(\), ().

AeCj=1

and, in item 4. conditions (@ and @ can be written, respectively, as

Z ZmaX{W W;(\) -1} <z < Z me{W + 1, W;(\)},

AeCj>1 AeCij>1

and
ZZmax{Wj()\)—LW }<y<Zme{W W;(A) + 1}
AeCj>1 AeCj>1

Proof. Necessity. Let us assume that there exist linear relations S, T in C"
such that S < S, T SNE T and 7(S,T) = 1. AsdimS =dimT and S # T, we
have dim SrfT = dim == SmT = 1. Let (W, B!, C') be the Weyr characteristic of
SN T. Then one of the four conditions (c), (d), (e) or (f) of Theorem [6.3] hold.

1. If B= B and C = C, then (c) or (f) holds. Condition is derived from

if (¢) holds, and from if (f) holds.

2. If B = B and C # C, then (f) holds. From (40) we derive . By

Lemma, from we have that

| C* <) min{C;, Ci} + max{e, e'}. (53)

i>1

We have | W1 |+ | B |+ | C | +B} =dim(SNT) =d—1=|W | + | B|
+|C|+B — 1 Fromvveobtain|01 |=|W |+ |C|—| W -1
From (40), X <| C* |. Therefore, from we obtain .

3. If B # B and 31 Bl, then (c) holds. From (31] . we derive and from
, condition is immediate. From . for any 1nteger Z > B =

Bh(Z 131,32 ) £(Z,B1,By,...,)and (Z—1,B},BY...) £ (Z,By,Bs, ...

By Lemma, [A

| B! |> Zmax{Bi, B;} — max{e,e'}. (54)

i>1

Wehave|W1|—|—|B1|+|Cl|+Bl—d1m(SﬁT)—d—1—|W\ + |
B\+|C|+Bl—1 From.and 33) we obtain | B! |=| W | + | B |
— | W' . From (31), Y >| BT|. Therefore, from (54) we obtain (46).
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4. If By # By, then (d) or (e) holds.

Assume that (d) holds. From we derive and from and (36),
condition is immediate. We have | W! | + | B | + | C! | +Bf =
dim(SNT)=d-1=|W |+ |B|+|C|+B; —1. From (35) and
we obtain | W! |=| W | + | B| — | B |. From (34) we derive
A(SNT) C A(T); hence | W' |= 320, 57,0, W) and from (34) we
obtain (49). -

Analogously, if (e) is satisfied, then we obtain (50)-(52).

Sufficiency.

1., 2. We analyze together the cases 1. and 2, i.e., the cases when B = B.
There are two possibilities C = C and C # C. If C = C assume that
holds, and if C' # C, assume that and . hold. In both cases, as

—|W|+|B|+\C’|+31—|W|+|B|+|C’|+Bl,weobta1n
| W+ [Cl=[W[+]|C].
Define

B=B=B, (55)
and

W) = min{IW5 (0. W;(0}, j>1, AeC.
Then Wj()\) > W 1(A), for 5 > 1 and A € C, and from we derive

()\)—1<W(/\)

) —1<W,0\) C (56)

w.
wW;(\), j=1, xeC.

==
IAIA

Define

W) = (W), Wa(X),...), 1<i<é,

W =W, W),
Wehave|W|<|W\and|W|<|W| Letc—(n—d—l—Bl,ChC’g,...),
c—(n—d—l—Bl,Cl,Cg,...)andletX—|W|+\C’|—|W|—1 =W |
+|C|—|W]|-1. Then X >|C|-1>—1and X >|C | —1. B
Let us see that X' > 0. If X = —1, then €' = C—Oand|W|:|W| |
W\,l-e-,zizlzjzl( W) =W (M) = sy Xoysa (W5 (A) =W (N)) =
0, from where W;(\;) = W;(\;) = Wj( ;) for 1 < i< fand j> 1; hence,
W =W = W. Then (W,B,C) = (W, B,(), which contradicts S % T.
Therefore X > 0.

o If C # C, by Lemma from , there exists a partition of
nonnegative integers C' = (C’l, Cy, .. ) such that | C' |= X and

¢ /Z(n—d+B1+1,01,Cy,...), ¢Z(n—d+B+1,C01,Cy,...).

(57)

where ¢ = (n —d+ B1,C1,Cy,...) and ¢ = (n —d+ By, C1,Cy,...).

e If C = C, by Lemma m 2| there exists a partltlon of nonnegative
integers C' = (C,Cy, . ..) such that | €' |= X and (57) holds.
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From (57), 61 < C1+land |W |+ | B | +|C [ +Ci =W |+ | B |
+X+C1=|W |+ |B|+|C|-1+Ci<|W |+ |B|+|C|+C.
By Lemma[3.11) | W | + | B| + | C | 4C; < n. By the same Lemma,
there exists a linear relation U in C™ such that the Weyr characteristic of
Uis (W,B,0). ThendimU—|W|+|B|+|C’|+Bl—|W|+|B|
+|C|+By—1=d-1. From ., by Theorem-there exists
linear relations S, T in C" such that S & S, T K TandUCSNT. As
dimU—d—1<dim(S’ﬂT)<dim§:d, WehavethatUzgﬂT; hence

. S _
dim T = dim S'OT =1.

. Case B # B and B, = B;. Assume that , and . hold. Let
Y = El>1 max{B;, B;} — max{e, &'} and Z = 31 = B;. By Lemma
there exists a partition of nonnonnegative integers B such that (Z —
lA,Bl,...) £(Z,By,...),(Z-1,By,...) AgZ,BlA,...) and | B|=Y". As
Bl §Z—1:Bl—1<Bl,wehaveBl:BlzBl—i—l; hence

B/ B, B/B. (58)

Define R
C=C=C, (59)

and y =Y —Y’. From (46)), y > 0.
Fix Ao & {A1,..., A¢} and define

W;(\) = max{W;(\), W;(\)}, j>1, Xo#XeC,
WJ(AO):L 1<j <y,
Wj()‘O) = 07 ] > y.

Then W;(\) > W;11()\), for j > 1 and X € C, and from we derive

- (60)

WJ(A)<W(/\) , ]Z]-a AG(C?

Let
W) = (Wi (A), Wa(A),...), AeC,

and W = (YV(AO)7W(A1), o, W(Ae)).

We have | W [= Y 35,5, max{W,;(\:), W;(\)}+y =| W | +| B| -V’
and | W |+ | B|+|C|+C =|W |+ |B|+|C|+Ci By
Lemma 311 | W |+ | B |+ | C | +C; < n. By the same Lemma, there
exists a linear relation U in C™ such that the Weyr characteristic of U is
(W,B,C). Then dimU =| W |+ | B |+ | C | +B, =| W | + | B |
+|C|+B;—1=d—1. From (58)-(60), by Theorem there exists
linear relations S, T in C™ such that S = S, T K TandUCSNT. As
dimU =d—-1< dim(S’ﬂT) < dim S = d, we have that U = SN T; hence
dim

= dim ===

_S__ —1.
ST SmT -
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4. Case B # B;.
Assume that — hold. Define

B =B, (61)

¢ =c. (62)
From we obtain R

B / B, (63)
and

¢ /e (64)

where ¢ = (n—d+ By,C1,Cs,...) and ¢ = (n —d + By +1,C’1,C'2...).
For A\e Cand j > 1,
m;(A) = max{W;(\), W;(\) — 1}, S (A) = min{W;(A\) + 1, W;(\)}.

M;
M;1()\) for j > 1and A € C. Let
M,y

Then m;(A) > mjy1(A) and M;(A) > C
Z (), ) for A€ C. With this

m(A) = (m1(A),...,) and M()\)
notation, condition becomes

¢ 1
YoIm) [€e <Y MO
i=1 i=1

From ([47), we have
m;j(\) < M;(N), j>1, AeG

(

hence | m(\;) |<| M(X\;) | for 1 < i < ¢. From Lemma [A.9] there exist
integers x(\1),...,x(\¢) such that

(M) =z and | m\) |[<z(N) < M) |, 1<i<lt. (65)

s.
i MN
)

From we have A(S) C A(T); hence A(T) = {A1,..., A} For 1 <i <
¢, let n; = max{j : : W;(X\;) > 0}. Then m;(\;) = M;(\;) =0 for j > n;

and
2

mO) =S w00, | MO =3 M
j=1 j=1

Again by Lemma from , for 1 < i < /, there exist integers
Wi(N\;) > -+ > Ws,(A\;) such that

iwj(&) = z(\;) and m;(\) < W;(\) < Mj(\i), 1<j<n. (66)
j=1
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Define W(\;) = (Wi(\i),...), for 1 < i < £, W = (W(\1),...,W(\))
and W(A) = (0,...)if A€ {A1,..., \¢}. From we have

Wi;(A) <W;(A\) <W;(A) +1, j>1, MeC, (67)

and
W;(\) —1<W,;(\) <W;(\), j>1, reC. (68)

From 1@’ and , | W |= Zle | W) |= Zle x(A;) = x; hence
| W |+ |B|+|C|+C=|W |+ ]|B|+]|C|+Ci. Asin the case
3., by Lemma3.11] | W |+ | B |+ | C | +C1 < n. By the same Lemma,
there exists a linear relation U in C" such that the Weyr characteristic of
Uis (W,B,C). Then dimU =| W |+ | B| + | C | +B, =| W | + |
B|+|C|+B;—1=d—1. On one hand, from (7)), (63) and and
on the other hand, from , and , by Theorem there exists
linear relations S, T in C™ such that S S, T T and U C SNT. As
dimU =d—1<dim(SNT) < dim S = d, we have that U = SN T} hence
dim% :dim% =1.

If — hold, the proof is analogous.

Appendix A. Auxiliary results to prove Theorem

Lemma Appendix A.1 (|2, Lemma 5.5]). Let X > 0 be a nonnegative integer
and let a = (ay,...,an) be a finite sequence of nonnegative integers. Then there
exists a finite sequence of nonnegative integers & = (g1,...,gm+1) such that
lg|=X and g < a.

From Lemmas and we obtain Lemma

Lemma Appendix A.2. Let X > 0 be a nonnegative integer and let A be a
partition. Then there exists a partition G such that | G |= X and

A /(A1 +1,G1,Gs,...).

Lemma Appendix A.3 ([2, Lemma 5.8]). Let X,Y > 0 be nonnegative inte-
gers and letc = (¢1,...,¢m), d = (d1,...,dn) be finite sequences of nonnegative
integers such that ¢ #d. Let £ = max{i : ¢; # d;}, f =max{i € {1,...,¢} :
c; < di—l} and f/ = max{i € {1, e ,é} s d; < Ci—l}-

1. There exists a finite sequence of nonnegative integers g = (g1, ..., Gm+1)
such that | g |= X, g <’ ¢ and g <’ d if and only if

X < Zmin{ci,di} + max{cy, ds }.

i=1
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2. If f > 1 and f' > 1, there exists a finite sequence of nonnegative integers
e=(e1,...,em—1) such that |e |=Y, c <" e and d <’ e if and only if

Y > Zmax{ci, d;} —max{cy,dy }.
i=1

3. If f =1 or f/ =1, there exists a finite sequence of nonnegative integers
e=(e1,...,em—1) such that |e |=Y, c <" e and d <’ e if and only if

Y =37 max{c;,d;} — max{cs,ds },
or
V> 300 max{c;, di} — max{cpi1,dpia}-

Equivalently,
Y = Zmax{ci,di} or'Y > max{cy,d1} + Zmax{ci, d; }.
i=2 i=3

Lemma Appendix A.4 ([3, Lemma 4.7]). Given two finite sequence of non-
negative integers a = (a1, ...,ay) and b = (by,...,by), let x; = min{a;,b;},
1<i<m. Letr=a, s=Db, and y; = min{r;,s;}, i > 1. Then

(Y1,...) = (x1,-. ., Tm).
Analogously we can prove Lemma
Lemma Appendix A.5. Given two finite sequence of nonnegative integers
a=(a1,...,am) and b = (by,...,by), let X; = max{a;,b;}, 1 < i < m. Let
r=a, s=b, and Y; = max{r;,s;}, i > 1. Then

(Yi,...) = (X1, Xom)-

Lemma Appendix A.6 ([3, Lemma 4.6]). Given two sequences of nonnega-
tive integers a = (ay,...,am) and b = (by,...,by) such that a # b, let

¢ =max{i : a; #b;},
f=max{ie{1l,....0} : a; <bi—1}, f =max{ie{l,....¢0} : b;<a;_1}.
Letr=3d,s=b, rg =5y =m,
x=min{i : r; # s;},
e=min{i >z —1: s;41 >riy1}, € =min{i >z —1: 111 > si11}

Then
€E=ay, S/be/.
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Remark Appendix A.7. From Lemmas and|A.0, we have Y, max{r;, s;}—
max{e, e’} = > max{a;,b;} — max{ay, by }. If f < f’, then max{ays,bs} >
max{as, by} and, if f > f’, then max{as,bs} > max{as,bp}. Therefore

Zmax{ri, si} —max{e,e'} = Zmax{ai, b;} —max{as, by} > 0.

i>1 i=1

From Lemmas [A-3}{A76] and [5.9] we obtain Lemma [A78]

Lemma Appendix A.8. Let X,Y > 0 be nonnegative integers and let A, B
be partitions such that A # B. Let x = min{i : A; # B;},

€ = mln{z > — 1: Bi-i—l > Ai+1}, 8/ = I’Illl’l{’t S {Z > — 1: Ai-i—l > Bi+1}~
Let Z be an integer such that Z > max{Ay, B1}.
1. There exists a partition G such that | G |= X,

(Z,Al,...) Z(Z+1,G1,) and(Z,Bl,...) Z(Z+1,G1,)

if and only if
X < Z min{A;, B;} + max{e, e'}.
i>1

2. If there exists a partition E such that | E |=Y,
(Z—I,El,...) Z(Z,Al,) and (Z—I,El,) Z(Z,Bh...),

then
Y > ZmaX{Ai, B;} — max{e, €'}.
i>1
3. If
Y = ZmaX{Ai, B;} — max{e, €'}.
i>1

then there exists a partition E such that | E |=Y,
(Z*l,El,) A(Z,Al,) and (Z*l,El,) Z(Z,Bh)

Lemma Appendix A.9. Letmy,...,my, My,..., M, and x be integers such
that

n n
Somi<a <Y My andm; <M;, 1<i<n.
i=1 i=1
Then, there exist integers x1,...,x, such that

n
in:x and m; <x; < M;, 1<i<n.

i=1

And, ifmy > --->my, and My > -+ > M, then xy > -+ - > x,.
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Proof. Let k =min{j >0 : « <3>3, M; + 3., m;}. Then k <n.

If k=0, then z = >_" , m;. Define z; = m;, 1 <i < n. Then zq,...,2,
satisfy the conditions.

If £ > 0, then

k—1 n k n
=1 i=k i=1

i=k+1
Define
k—1

T =T — Zi:1 M; — Z?:k.H myq,

zi=my, k+1<i<n.
It is clear that Z?:l r; = x and that m; < z; < M; for 1 < i < k —1 and
k+1<4i<n. From , we obtain my < xp < M.

Iftmy >--->myand My > --- > My, then z; > -+ > 21 and xx41 >

-+ > x,. Moreover, xy_1 = Mp_1 > Mg > xp > mg > Mpy1 = Tyl O
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