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1 Introduction

Almost periodic functions found applications in various areas of Mathematical Anal-
ysis. In particular, they are related to the theory of stationary random processes,
since any stationary random process is, in some sense, the limit of generalized
trigonometric polynomials. Additionally, the inner product of the non-separable
Hilbert space of Besicovitch almost periodic functions B%*(R) is defined as a time
average. Some classic results of Ergodic Theory, in the context of stationary pro-
cesses, assure that these averages are natural estimators of several statistical values
such as the mean and covariance.

Recent research is related to frame theory. The most important spaces of almost
periodic functions are non-separable and, therefore, they cannot admit countable



frames. However, several authors [15, 23| introduced the related concept of AP-
frame for Gabor and affine systems and proved conditions under which frame-type
inequalities are still possible as estimators of the norm in these spaces. Under rather
mild conditions, it results that, for these systems, an AP-frame and a L?*(R)-frame
are equivalent notions. In a previous work [4] the authors of this paper have seen
how some of these results for Gabor systems G are naturally connected or equiv-
alent to others involving stationary random processes. In Section 3 several results
for affine systems A are obtained analogous to the ones for Gabor systems G in
[4]. By the different nature of these systems (for instance, a Fourier transformed
Gabor system G is again a Gabor system but generally this does not happen for
affine systems) some results obtained here have required alternative techniques and
approaches, some of them inspired by those in [15].

Apart from giving an alternative characterization for affine systems defining a frame
we shall see that these techniques and results can be adapted to retrieve some sta-
tistical information about the smoothness of the involved random processes. In fact,
given a Gaussian stationary random process (X (t)):cr its associated a-th derivative
process (D*X (t))ier, with o > 0, is meaningful if it can be seen as an admissible
linear time invariant filtering of X (Subsection 2.3 Equation (18)) with a filter in
L*(R, i), where p is the spectral measure associated to X. In this case DX is
also a Gaussian stationary random process. In Section 4 it is shown that this filter
representation, or equivalently the existence of the a-th derivative, is equivalent to a
pair of (essentially different) conditions. First, to the decay of the affine coefficients
(X, ) associated to X (0 < o < 1), and second, to some sort of Sobolev-type
integrability condition involving: a singular integral of the covariance function of X
(0 < o < 1) as well as a singular integral of of a center difference of the original
process X (0 < a < 2). Also, when o = 1, it is shown that this filter condition is
equivalent to the existence of the derivative process as the limit of the incremental
quotient of X in the L?(Q, F, P)-sense. The frame property on both, the affine sys-
tem A and the system /A4 (the system A transformed by the Riesz potential /%)
plays an important role in the first equivalence while in the second one are involved
techniques of Gaussian stationary random processes together with those related to
singular integrals.

2 Preliminaries

2.1 Some background on function spaces and the Fourier
transform

As usual, for p € [1,00), we will denote the classical Lebesgue function spaces with
LP(R). When p = 2, we consider L?(R) endowed with its usual inner product.
With some abuse, we shall use the same notation when this integral is well defined
for functions which not necessarily belong to L*(R). The Fourier Transform of
f € L'(R) is given by:

FI) = F0) = [ flaye ™ da.
R
Analogously, if fis integrable, f can be recovered by the inverse Fourier Transform,
. 1 -~
\Y, - A I T d\ .
(@) =57 [ Fove
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By a density argument the Fourier Transform can be defined for f € L*(R). In fact,
in this case, one has the Plancherel identity:

If ||%2(]R) = 27T||f”%2(u@)

expressing the fact that the Fourier Transform, over L?(R), is a unitary map. Fourier
transforms are defined for other classes of measures or functions. For more details
see for example [14, 24|. If G denotes any family or subset of functions for which its
Fourier transform is defined, we will denote its image as G = F(G) = {f : f € G}.
We shall need another class of functions [1, 14]:

Definition 2.1. The space AP(R) of almost periodic functions is the set of con-
tinuous functions f : R — C with the property that for every e > 0, there exists
L > 0, such that every interval of the real line of length greater than L contains a
value T satisfying sup |f(t + 1) — f(t)| <.

teR

Recall that AP(R) coincides with the uniform norm closure of the space of
trigonometric polynomials Y. C(j)e™" with A; € R and C(j) € C. In AP(R)
one can introduce the inner product:

T JRS—
Fahar = Jim_5 [ p(oigtoiat,

The norm || f|%pgy = Jim > fiFT |f(t)]?dt induced by this inner product makes

AP(R) a non-complete, non-separable space. The completion of AP(R) with respect
to this norm is the Hilbert space B?(R) of Besicovitch almost periodic functions on
R. In fact, the complex exponentials (e**),cg form a complete orthonormal basis
and the following analogue, due to Wiener [14], of Plancherel identity holds:

£l B2y = IC ()| L2 (m.de) » (1)

where C(f)(\) = Aim > fipT f(t)e=tdt denotes the Bohr Transform of f and c

denotes the counting measure. Obviously, C(f)(\) = 0 for all A except for a finite
or countable subset of them. In the applied literature these functions are referred
as finite power signals in contrast to the usual L?(R) space of finite energy signals.
If b > 0 and K = bZ, in an analogous way, one can introduce the space of almost
periodic sequences AP(K) (or over any subgroup «Z). Indeed an almost periodic
sequence (z(k))rex can be characterized as the restriction over K of functions in
AP(R). This space can be endowed with the inner product

(e hare = Jim s ST (W),

1m
N—0
kEK(N)

where K(N) ={nbe K: —N <n < N}. Again these spaces admits a completion
and (e*)ycr is a non-countable orthonormal basis of it. Here, Wiener’s formula
takes the form

[zl B2y = |C (@) 2T dc) (2)
with C'(x)(\) = Nli_1r>noo ﬁ ke%m 2 (k)e=k.

Finally, we note that some elements of these Hilbert spaces are not always iden-
tified as ordinary real functions. However, with some abuse of notation, when the
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norm of a certain element is well defined as one of these averages we will write
| f | p2(r)- The same holds for the case of AP(K). In a similar way to the defini-
tion of K and K(N), we introduce D = 227Z. The respective finite subsets D(N)
and Z(N) are defined analogously to K(/N). Finally, we note that the main results
for almost periodic functions can be carried out within the context of general LCA
groups. To avoid repetitions, we summarize some remarkable facts about B?(R),
analogous results hold for K:

1. (Riesz-Fischer property) Let C': R — C. Then there exists a unique f €
B?(R) (as an equivalence class) such that C'(\) = (f, €0 ) o) if and only if

1C |2 ae) < 00- In this case f = - C(N\)e0) | where the convergence is in
AR
the B?(R)-norm.

2. Let f € AP(R), 7 € Rand let . f = f(- +7) € AP(R) be the translation
of f by 7. Then || f ||geg) = [|T7.f || g2y and hence T’ extends uniquely to
an isometry on B?*(R). Here, with some abuse we will shall also denote this

extension by T.. Moreover, one can define the deterministic auto-correlation
of f € B(R) at 7 € R by:

pp(T) = (f, T f ) p2w) - (3)

If f € B*(R) then p; € AP(R). In fact, from (1) one can deduce that

pr(m) =Y ICN) P,

AER

and therefore p; is the Fourier transform of the discrete measure v = Y [C'(\)[*d,.
)

2.2 Hilbert frames and Affine AP-frames

2.2.1 Hilbert spaces and frame sequences

We are interested in certain frame sequences and some of their properties. Let H be
a complex Hilbert space with inner product (-, —)3 (linear in the first variable and
anti-linear in the second one) and J a countable set of indexes. We recall the main
definitions and for a comprehensive treatment of these topics we refer the reader to
e.g. [5]. A sequence (fj)jey C H is a frame, or frame sequence, for H (or H-frame)
if there exist constants 0 < A < B such that for every f € H:

ANFIP < DI ful> < BIFIP (4)

Jjel

Sometimes, a frame is thought informally as a redundant, stable and complete sys-
tem in H. In other words, any vector belonging to H has a, not necessary unique,
unconditionally convergent expansion with respect to (f;); ey

Finally, Let T': H — H be a bounded linear operator. We say that T' is positive
if (Tz,x)yy > 0 for all x € H and T is positive definite if (Tx,x); > 0 for all
r € H ~ {0}. If T is positive then it is self-adjoint ([13]| p.168).

2.2.2 Affine systems and AP-frames

We begin with a definition.



Definition 2.2. Let ¢ : R — C be a Borel measurable function (the mother
wavelet) and a > 1, b > 0 fized constants. We define

Vip(t) = aYat—k), jeEZkeK:=0bZ, (5)
and the affine (wavelet) system generated by time-scale shifts of ¥ as
A=A, a,b) = {a?*;1(t) == a7 *Y(at — k), j €Z, k € K}. (6)

A crucial topic in wavelet analysis is to characterize when A C L*(R) is a frame
for L?(R). Recalling that the Fourier Transform is a unitary map, A is a frame for
L*(R) if and only if A is also a frame. Note that A may not be an affine system:

A= {d0;1(N) = > P(a? N)e ™ j e Z, k € K. (7)

Hereafter, @ € N>y and b > 0. Nevertheless, for clarity in the exposition, without
loss of generality the reader may assume that b = 1 (See e.g. [26] p. 419). Motivated
in part by some interpolation problems for stationary random process we shall work
preferable with (7). At this point we introduce the affine product:

M= S B@Nd@N) AN ER,
F>k(A=N)

and then, at least formally, for each A € R the infinite matrices (G;(\)(d, d"))q,4)en2,
(G, d))@aren2; (GIA(G ¢))qaree> and (G;(A)(4,¢)) q.0)eq2 defined by

G d) = PO +d)DEO+ I p(@d—d) ez, ()
G\ (d,d) = N+d, I+ d’]w, (9)
G;(N(@.q) = D@\ +q)b(a (A +¢)n(d(¢—¢)) JjEL, (10)
GN(g,d) = N+arA+d]y. ¢.d €Q = U a™D, (11)

where x : R — Z is the 2*-a-adic valuation function given by
Ii()\) =inf{j € Z:d’\ € D}.

Thus, in first place, £(0) = —oo, and k(\) = +oo unless A is a =F-a-adic integer:

T
kKA)=m <& ad"A=d << A=a"™d forsomed e D.

Second, 1p(a?(q¢ —¢')) = 1 if and only if a’(¢ — ¢’) € D if and only if ¢ — ¢’ € a™’D.
When a ¢ Q we also have ¢ — ¢’ € a™D if and only if ¢,¢' € a™’D.

Instead of (9), sometimes is preferable to work with (11). As pointed out in [15],
for each j € N the matrix G(a’)) is obtained from G(\) by deleting all columns and
rows indexed by @ \ a/D. This eliminates the redundancy which arises in G(\)
being a submatrix of G(a\).

If, for instance, A is an L?(R)-frame [26], then a.e. A € R we have

)d,d)=>"Gi(N(d,d) and G(X => G;(A (12)

JEZ JEZ

Now we focus on G but the same holds true for G (in fact most of the results were
originally proved for ). Is possible to characterize affine systems which are frames
of L?(R) in terms of G(\) acting as a linear operator G(\) : £2(Q) — (*(Q). In fact,
a necessary condition is: for each ¢ € @, G()(0,q) € C(R\ {0,¢}), and moreover,
the following holds, cf. [15, Corollary 3.2].
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THEOREM 2.3. Let A C L'(R) be an affine system and the associated matriz G(\)

be defined as in (11). Then: A (equivalently A) is an L2(R)-frame with constants
0 < A< B if and only if:

Azl < (G, 2)e@) < Blzlipg) - (13)
for almost all (with respect the Lebesque measure) A € R and all x € (%(Q).

For more details on linear operators defined by infinite matrices see [13]. As
B?(R) is non-separable, therefore no countable collection of elements of its dual
space can be total on it. However, by a suitable averaging process one can estimate
the B%(R)-norm. In fact, this motivates the following definition for affine systems
[15, 16, 23.

Definition 2.4. Let A C L*(R) be an affine system. We say that A is an affine
AP-frame if there exist constants 0 < A < B such that for every f € B*(R) that
satisfies C(f)(0) = 0, it holds the following inequalities:

Al B2 < DI Vil < BllF B (14)

JEZ

In [15], with additional mild conditions (as in Theorem 2.3 below), it is proved
that an affine system is a L*(R)-frame if and only if is an affine AP-frame.

2.3 Stationary processes

This brief background follows closely [25, 27, 28]. Let (2, F,P) be a probability
space and let X = (X(¢))er C L*(2, F,P) be a complex, mean square continuous
wide sense stationary (w.s.s. for short) random process, i.e. X verifies the following
three conditions, for all ¢, s € R:

(i) B(X () = 0, (i1) B(X(t)X(s)) = Rx(t = s) , (id) lim E[X(t) = X(0)" = 0.

(15)
Where E(-) denotes the expected value operator. Mean square continuity, in addi-
tion, implies the existence of an equivalent random process X* (i.e. a process such
that P(X () # X*(t)) = 0 for all ¢) which is measurable with respect to the com-
pletion of the product o-algebra F ® B(R). From this, we will usually assume, with
no further mention of this fact, that we are working with such equivalent process
when considering some operations on X as function of ¢. For simplicity and with no
loss of generality we imposed that X has a mean equal to zero. A stronger notion
is (strict) stationarity, i.e. if the shifted families X7 = (X (¢ +T'))¢er have the same
finite distributions as X for all T' € R. A strictly stationary process is w.s.s. but
the converse is not always true. If X is Gaussian both notions coincides. If X is a
w.s.s. random process it is known by Bochner’s Theorem that there exists a finite
symmetric Borel measure pu, the spectral measure, such that the covariance function
can be written in the following way:

Rt = ) = BOX(OXT) = [ 0 du(n),
R
Conversely, if 1 is a finite Borel measure, there exists a w.s.s random process with

1 as its spectral measure. The spectrum of X is the support of . In the case that
1 is absolutely continuous with respect to the Lebesgue measure, then there exists
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its Radon-Nykodim (RN) derivative ¢, i.e. the spectral density of X, such that for
any measurable subset A: pu(A) = [, ¢(A\)d\. If H(X) = span X C L*(Q,F,P)
the mean square estimation theory for stationary sequences is mainly based on
Kolmogorov’s isomorphism:

I:L*(R,p) — H(X) (16)

given by the stochastic integral:

1(f) = / ) d(N)

R

where @ is the (orthogonal) random measure associated to X. In fact, if A is a Borel
subset then p and ® are related by the following formulas: E|I(14)|*> = E|®(A)|> =

2
u(A) and E)f f d@‘ = Ju |f> dp. Moreover X has the following representation:
R

X(t)=1I(e) = / e dD(N) . (17)

R

with e;(\) = e,

2.3.1 Example

An example of a Gaussian random measure is the following. Given p over (R, B(R)),
choose any orthonormal basis of L2(R, 11), (¢, )nen and (C'(n))nen a sequence of inde-
pendent random variables such that C(n) ~ N(0,1). Then define for any A € B(R):
P(A) =3, C(n)(Yn, 1a) 12 - In particular, when p = m the usual Lebesgue mea-
sure, ® is the so called Wiener measure.

Analogous results hold for X = (X (k))rex a w.s.s. random process with index
time k € K but with the integrals being taken over T := [0, 2{), for example in this
case X (k) = [ €™ d®()). Indeed with appropriate restrictions the whole theory can

T

be constructed for stationary processes indexed over more general Locally Compact
Abelian (LCA) Groups. Following [28], linear time invariant filtering operations on
X are defined by:

y(t) = / F)EP dB(),  f e LA(R, dp), (18)

so the resulting stationary process Y = (Y (¢));er can be thought as the output of a
linear system with a frequency response given by f (i.e. filter) and a random input
X. In this case, the covariance of Y is given by:

Ry (t — u) = E(Y ()Y () = / FO)PEN du(n). (19)

Finally, the spectral measure p can be decomposed into a continuous and purely
discrete part p. and pg and there exist measurable subsets C, D such that p.(A) =
p(ANC) and pg(A) = u(AN D). From this we can give an orthogonal (independent
in the Gaussian case) decomposition of X,

X(t)= [ ddN) + [ P dd(N) = Xo(t) + X4(t)  as.
[



This corresponds to the case when one replaces f = 1¢, or f = 1p, in (18). For
short, X, and X, will be called the continuous and discrete parts of X respectively.
If uy is discrete then it is concentrated over a (countable) subset Dx of R and
moreover (17) takes the form of a random series:

X(t)= ) ¢?e({)}). (20)

AeDx

For short we sometimes will write C'(A\) = ®({\}) for these random coefficients. In
this case, we shall say that the process X has discrete spectrum, and in contrast if
x = px . we will say that X has continuous spectrum.

2.3.2 Some remarks on complex processes.

In general, if X is w.s.s. complex random process, we assume that X (t) = X;(¢) +
iXy(t) for all t € G. Where X;, i = 1,2 are two stationary (cross)correlated real
w.s.s. stationary random processes. If X is Gaussian and complez we shall impose,
in addition to (15), the condition:

E(X(t)X(s)) =0 forall t,s € G. (21)

Gaussian complex random processes or vectors verifying condition (21) are said to
be circular. This requirement is usual in signal theory and moreover it makes X
retain most of the usual properties of real Gaussian processes (see e.g. [28] or [21]).
As a consequence, and otherwise stated, we will not distinguish between complex
and real processes.

2.3.3 The Ergodic Theorems

Natural estimators of the mean, variance and other statistics of a stationary process
X are appropriate time averages. We say that the strictly stationary process X
is metrically transitive if the only measurable sets which are invariant under the
shift X — X7 = (X (t + T))ser have probability zero or one. If we consider the
measurable space (R¥ ¥) where ¥ is the o-algebra generated by the cylinder sets,
then Birkhoff’s ergodic theorem states (See e.g. [6, p. 76| or [28, Theorem 5.1, p.
157]):

THEOREM 2.5. Let X be a strictly stationary random process. If f is a (R®,X)-
measurable function and E|f(X)| < oo then: Tli_r>noo% fOTf(Xt) dt = E(f(X)|S)
a.s. and in the norm of LP(Q, F,P) for 1 < p < oo, where S is the o-algebra of
shift-invariant sets.

One can deduce that X is metrically transitive if and only if in the above limit
E(f(X)|S) = E(f(X)) for every such f. Metric transitivity, if X is Gaussian, can
be elegantly described in terms of its spectral measure p by Maruyama’s theorem
(See e.g. 6, p. 76| or [28, p.163-166]):

THEOREM 2.6. A stationary Gaussian process X is metrically transitive if and only
if its spectral measure p is continuous.

If X is only wide sense stationary, Von Neumann’s mean ergodic theorem gives
also an answer (See e.g. |28, Theorem 6.2, p. 25]):



THEOREM 2.7. If X is a w.s.s. random process then the equality

holds if and only if n({0}) = 0. The limit is taken in the mean square sense.

These results can be adapted to the two-sided averages since f_TT f(XYdt =

fOT f(XY) dt+ fOT f(X %) dt. We shall apply directly this device without any mention

of it. In particular we will consider the averages given by the norms || X ||232(R) =

Tli_r}rloo = _TT | X ()2 dt or || X HQBQ(K) in the discrete case, since the same results hold
for stationary random sequences replacing the integrals with sums. Indeed, as a

consequence of these facts we have also the following useful result:

PROPOSITION 2.8. Let X be a zero mean Gaussian stationary random processes
with continuous spectrum. Then for all T € R the limit
1 /7

px(r) = lim o [ XWXt

exists a.s. and equals to BE(X(0)X (1)) = Rx (7).

For a proof and additional details, see a more general result for LCA groups in
[21]. In particular an equivalent result holds for processes indexed over oZ.

2.3.4 Stationary processes and the space B?(R)

At this point, we can describe with more detail how the space B?*(R) is related to
stationary random processes. In general, an element of B?(R) may be not definable
as a function on R (see for example [9]). But, at least we can take an apparent
advantage if X is a w.s.s. mean square continuous random process since we can
consider a measurable and equivalent process [8]. If additionally X is stationary,
note that by Theorem 2.5, the value of || X||3: (or [ X524, in the case of a
random sequence) always exists and is finite a.s.. Wide sense stationary random
processes are always the mean square limit of random trigonometric polynomials.
However we note that X cannot always be described as an element of B*(R) or
equivalently it is not the limit in B?(R)-norm of trigonometric polynomials. In
fact one has the following claim of [4], however its original proof may contain some
obscure details. We include a part of an improved analogous argument from [21] to
make the discussion self contained.

LEMMA 2.9. Let X be a zero mean Gaussian stationary random process. Then:
(i) If X has discrete spectrum then X € B?*(R) a.s.. Moreover, if (20) is the spectral
representation of X, then: (20) converges a.s. for allt € R and || X |[|gor) =

S CVP as..

AEA
(ii) If X has continuous spectrum and X € B?*(R) a.s. then X is the trivial null

process. i.e. for everyt € R, X(t) =0 a.s..

Proof. The proof of (i) is the same as in [4].
(ii) Recalling Property 2 of Section 2.1, since X € B%*(R) a.s. then P (Q4p) = 1
where

Qup = {w €0 px(',W) € AP(R)} .
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Let D be a countable and dense subset of R and define, for each d € D,

Q= {w € Qup: px(dw)=Rx(d)} and Q= [ Q.

de D

Therefore, recalling Proposition 2.8, P(£2y) = 1. Noting that px(d,w) = Rx(d) for
all d € D and w € §y and that for each w € Qp: px(,w) — Rx € C(R), then
px(t,w) = Rx(t) for all t € G and w € . Now, suppose that % = E|X(0)|? =
Rx(0) = px(R) > 0. Then recalling again Property 2 of Section 2.1, for any w € Qy,
px(-,w) is the Fourier Transform of a non-zero discrete random measure. But, on
the other hand Ry is the Fourier transform of a continuous measure, which is a
contradiction by the uniqueness of the Fourier transform. O

2.3.5 Stochastic Integration

Finally, we state a result on the interchange of an stochastic integral with an ordinary
integral with respect to the Lebesgue measure. This simple lemma is an adaptation
of one presented in [8], so the proof is left to the reader. The measures ® and p are
as described before.

LEMMA 2.10. /8, p. 237]. Let g(\,t) and h(t) be two Borel measurable functions
such that:

//|g()\,t)|2dp,()\) dt <oo and he L*(R), (22)

/R h(t)( / ) d<I>()\)> it — / ( /R Bt 1) dt> A0\ as.

The following examples of application of this result will be useful in the forth-
coming.

then:

2.3.6 Example

Let X be a w.s.s. process with a spectral representation given by equation (17).
If f € LY(R), it is possible to write an alternate expression for the inner product
(X, f), which now defines a random variable. Indeed,

(X, f) :/R (/e’“d@(A))Ft)dt.

R

Since we can find fi, fo € L*(R) such that f = fi f> a.e. then if we write in equation
(22), g(A\, 1) = €™ fi(t) and h = fo,

/R / 9OV d(A) dt = Ry (0) | fill2aqe < o0

Therefore, it is possible to interchange both integrals and thus
<Xaf>=/X(t)mdt:/</ mf( ) /f )dP(N)  a.s. (23)
R
R
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2.3.7 Example

Under additional conditions, from Example 2.3.6, we can give a more intuitive in-
terpretation of the filtering operation of equation (18) as a convolution. Suppose
that f = @, with ¢ € L'(R). Then given t € R:

Y(t) = (X *xp)(t /X ot —s) ds-/@()\)ei)‘td(b()\) a.s

R

2.3.8 Example

The stochastic integral of Example 2.3.6, in the general case, has to be interpreted as
a mean square limit. However if in addition X is Gaussian with discrete spectrum,
Le. X(t) = X,ca C(N)e with C(A) uncorrelated Gaussian random variables.

Then,
Z‘f )PEIC(N)|* < ”fHLoo R)ZM {A}) <

AEA AEA

and a similar argument to Proposition 2.8 gives that

0 = [ Foaeo) = Y Foem,

A€A

where the right hand series converges a.s..

3 AP-frames and stationary processes

Along this section A C L'(R) () L*(R) will be an affine system which verifies the
additional conditions:

(C1) My ; —supzw (N+d))P<My<oco VjeZ,
AeT 55
(C2) G(-)(0,q9) € C(R~{0,q}) for each q € Q.

Under these assumptions, given X a Gaussian stationary random process, recalling
Example 2.3.6 (equation (23)) we can calculate its random frame coefficients and
get, for each j € Z, the random sequence ((X, ;) )kex given by:

(X,1;5) = / M9 DI \) dB(N), (24)

R

It is immediate that these sequences belong to H(X) and are also Gaussian. More-
over, for each j, ((X,%;x))kex s stationary, since from (19) the covariance of this
sequence takes the form:

E((X, ) (X, 50)) = / AT (@I N) P dpa(N), (25)

R

which only depends on the difference & — k' € K. We shall characterize A with these
coefficients. The apriori continuity conditions like (C2), as noted in [15] for the case
of AP(R), are due to the fact that the L*(R) setup is associated with the Lebesgue
measure in the frequency domain, while in the present setup the frequency domain
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is associated to stationary random processes with an arbitrary finite Borel spectral
measure p. As a result, conditions like (13) which are valid a.e. with respect to the
Lebesgue measure will be valid for every A. We recall from [4] this auxiliary lemma
before proving the main results.

LEMMA 3.1. Let f € C(RY), X : Q — RY be a random vector with a joint
probability density px such that supp(px) = RY and C C R a closed subset such
that P(f(X) € C) =1 then f(x) € C for all z € RN.

Now, we can prove:

LEMMA 3.2. Let A be an affine system. Then A is an L*(R)-frame if and only if
there exist constants 0 < A < B such that:

1
2 . 2 2
A”X“B?(R) < E thoo —(2N+1) § (X, Y5007 < B||X||B2(R) a.8.. (26)
JEL k€EK(N)

for every Gaussian stationary random process X with discrete spectral measure p
satisfying w({0}) = 0.

Proof. (“Only if” part) Recall from the beginning of this section that if (X (¢))cr is
stationary and Gaussian, then for each j € Z, the sequence ((X, v, k) )kek, given by

(X, 1hjp) = [ ik’ E(aj)\) d®()) is also stationary (see equation (25)) and Gaussian.

R
If X has discrete spectrum there exists A C R~ {0} countable or finite, such that
X(t) = Y yen C(N)e™ converges a.s. for all ¢t € R, where the C'())’s are normal, zero
mean and independent random variables such that Y, E[C(V)]* = p(R) < occ.
Moreover, by Lemma 2.9, X € B?(R) a.s.. In this case, C(\) = 0 a.s. except for
finite or countable A’s, then the coefficients (X, ;) of equation (24) take the form
of an a.s. convergent series for each j and k:

(X, ) = 3 €™M D NC (), (27)

AER

since, as in Example 2.3.8, we have that

Y (@ NPEICO)P < P17 yp(R) < 00
A

the same argument holds for any rearrangement of this sum.
For each j € Z let D; := a/D and T; := aJT. Then, for each j € Z and k € K,
by periodization, we have the a.s. equality

(X, hin) = > (Z Z(af(A +d)C(\+d) > ika? = D\ j)e ekl (28)

)\GTJ‘ dG]D)j )\ET

since e** = 1 for any d € D; and k € K. Therefore there exists Q% € F such
that P(€25) = 1 where, for every k£ € K, the series (28) converges. On the other
hand, due to Theorem 2.5 there exists 5 € F such that P(€2) = 1 and where
(X, %) ke || g2y exists and is finite. Define for each j € Z: €; = Q5 N Q5.

z/\ka

Now, for each j € 7Z the system { A€ ’]I‘j} is an orthonormal basis
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for B%(K). Thus equation (28) implies that D(),j) is the Bohr Transform of the
sequence ((X, ¥ ) )rex € B*(K) over ; and then Wiener’s formula (2) asserts that:

X, e kexll gy = IDC Dz, a0 = D 1D
AET;
and then over (; Q;:
Z” (X, Yjk) keK”mK) ZZ]D)\j
jez JEL AET;

We want to change the order of summation in the last equality. For this we will
change the indexes of summation. To begin with we have

> IDOP = Z med»cmd)
- Z Z COA+ DT+ dVb(a? O\ + d))d(a (A + d')).
AET; d,d’ eD;

The boundedness assumption (C1) yields the estimation

SN CO+ DT+ )b (A + d)D(a? (A + )| =

AET; d,d’ €D,

-y (Z\c A+d5aﬂ(x+d))y>

/\ETJ' debD
<My Y Y [COA+ ) = My X|[Begmy < oo

AET; deD;,

thus the series is absolutely (and unconditionally) convergent and hence, the follow-
ing change in the summation order is valid

> D CO+ATO+ )@ (A +d)da (A +d) =

AET; d,d’ €D,

= 3 SO+ AT+ D)@ (A + d)D(a (A + )

d,d'eD; A\eT;

We define the following equivalence relation on R: X\ ~g X if and only if A — N €
Q = U;D;. Let A be a system of representatives of ~¢. Thus, if A € R then there
exist unique § € A and ¢ € @ such that A\ = § + ¢. By straightforward calculations,
for each j € Z the following sets are identical.
Rj={(z,y) eR*:x = +d,y=\+d,N€Ty, d,d €D},
S;={(v,y) eR*:2=8+qy=0+q,0 €A, qg—q¢ €D}
These yield to
STIDOHE=Y" D COA+ AT+ d)(a! (A + d)d(a! (A + d)

AET; AET; d,d'€D;

=" Y CO+a)T0 + ) 6+ )b’ (6 + )L, (4 — )

0€A q,4'€Q

— Z 05,05 52(Q

0eA

13



where Cs := (C(6 4 q))4eq € (*(Q).
Now, by summing over j € Z, since (G;(8)Cs, Cs)2(q) > 0 for each j € Z, we
can change the order of summation (by Fubini’s Theorem) to obtain

Z” (X, Yk keKHAPK) ZZ]D)\]

jez JEZ AT,

=3 (G(6)Cs, Co)exo

JEZ deA

=) {G(5)Cs, Cr)engg)

SEA jEZL

= (G(8)Cs,Ca) e

JEA

where in the last equality is used (12). Since we are assuming that A is an L*(R)-
frame, by applying Theorem 2.3 we have

Al|GCsll72 gy < (G(6)Cs, Cs)erq) < BlICsll o

The result follows by noting that

D Gl =D > 106 +a)f ZIC’(A)\2 = X5 @)

dEA d€A geQ

(“If” part) Let Q be a finite subset of Q and define the random process X (t) =
>ac0 Cla)e HatM with C(g) ~ N(0,02) independent random variables, A € R. By
a direct Calculatlon, from the definition of Fourier Transform, for all j € Z and
k € K, we have:

(X, hix) = ZC / i(g+A)t %k t)dt = ZC Z o’ (g+N) i(q+>\)ka.7'7 (29)
9€Q €@
thus - A _
(X v = S Clo)T(a) (el (¢ + N) (el (g + N)ella DR - (30)
2,4'€Q

and summing over k, then for all N € N:

1
NI (X, ) ]? =
(2N + 1) kGKZ(N) i
= 3 COTWI + )@+ N) g 3 @ 6
0.4 €Q k eK(M)
Since for any A\, \" € R holds
1 PN
3 i(A=Aka’! _ Y
N BN T > e 1p, (A =), (32)
kEK(N)
then
1 = .
J J —
D, 2 [l = 3 C@OW@E@ ) S a0, o)
(N) qu

14



On the other hand:
: 1 )2
lim ﬁ/ (P dt =Y "|C(q) (33)
9€Q
Combining equations (26),(31),(32),(33) and then summing over j € Z it follows a.s.

that
AY CW@PF < Y C@Cd)GN(aq) <BY |C(9)f, (34)
9€@ 2,9'€Q 9€q
or equivalently, given A € R and C(q) ~ N(0,07) independent random variables,
q € Q, if we define the finite random vector Z(q) = C(q)1 5(q) it holds that

Al Zlzg) < (GNZ, Z)pg) < Bl Zlleg)

Recalling Lemma 3.1 with pz the Gaussian probability density of Z, one gets that
for all A € R and z € R?:

Allzllzig) < (G, 2)eg) < Bllellag, - (35)

for all finite sequences z. Thus G()\) is bounded with continuous inverse, since the
subset of finite sequences is dense in ¢?(Q). Then (35) holds for arbitrary = € 3(Q).
And the claim is proved recalling Theorem 2.3 (see (13)). O

LEMMA 3.3. Let A be an affine system. There exist constants 0 < A < B such
that A verifies equation (26) for every Gaussian stationary random process X with
continuous spectrum if and only if:

A< W@ <B (36)
j€z
for all X.
It is worth noting in this case that x({0}) = 0 and || X%z, = u(R).

Proof. Let X = (X (t))ter be a Gaussian stationary random process with continuous
spectrum. Then, recalling equation (25), for each j € Z the sequence of coefficients
((X, gjx))kex of equation (24), is also stationary and Gaussian. Noting that this
sequence has continuous spectrum (for a proof including this assertion see Lemma
3.5), then by Proposition 2.8, considering 7 = 0,

. 1 ~
i 2 v = B ) = [ @NE ) s 3)

A similar consequence of Proposition 2.8 holds for the original process X:

1 (T
||X||232(R) = hm — \ (t)]*dt = E|X(0)]*> = u(R) as.. (38)

Now, set €. as the subset where equation (38) holds, and for each j, Q; as the
subset where equation (37) holds. Clearly, if Q = [;5(2 N §Y;) then P(Q) =1

and consequently equation (38) is true over Q) as well as

1

im — (X, E|(X e

NLr%o<2N+1)k€KZ(N) Vi) ]EZZ‘ il /]GZZWMM“)
(39)

JEZ
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Now, we can prove both implications.

If equation (36) is true, as equations (38) and (39) hold over () is immediate that

equation (26) holds a.s..

Conversely, let U C R be any Borel subset of finite Lebesgue measure. Define the

process X (t) := [e™d®P(\), where ® is chosen as the Wiener random measure
U

(Example 2.3.1). Assuming that equation (26) holds, and noting that in this case
is the restriction of the Lebesgue measure m over U, equation (38) combined with
(39) implies that:

Am(U) < /UZW@M)FCZA < Bm(U),

and then equation (36) holds m-a.e., but the continuity condition (C2) proves the
claim for every . O

LEMMA 3.4. i) Let (Z(k))rex be a zero mean, Gaussian, stationary sequence. Then:
2 2 2
12152y = 12l B2y + 11 Zall g2y 2. (40)
ii) Let (Z(t))er be a zero mean, Gaussian, stationary process. Then:
2 2 2
12152y = 1Zell 2@y + 1 Zall oy a5

Proof. We shall prove the discrete case (i), the argument for the continuous param-
eter case (ii) is almost the same. By Theorem 2.5, since the sequences (Z(k))gek,
(Z.(k))rex and (Z4(k))rex are strictly stationary then the limits

1
lim —————— 1Z(k)* (41)
N—oo (2N + 1) ke%(:N)
m ———— S ZW)P and  lm S |Z(k)
N—oo (2N + 1) KeK(N) N—oo (QN + 1) KeR(N)

exist with probability one. Noting that the sequence (Z.(k)Z4(k))xex is also strictly
stationary, similarly it follows that

. 1 =
]\}1_{1(1)0 (2N—+1) k%(:m Za(k)Z(k) (42)

exists a.s.. Thus, it will be sufficient to check that this limit equals 0. On the other
hand, since Zy(k) and Z.(k) are orthogonal and independent, then E(Z,(k)Z.(k)) =
E(Z4(0))E(Z.(0)) = 0. Define the stationary sequence Y (k) = Z4(k)Z.(k), let us
check that its spectral measure is continuous. From the independence of Z,;(k) and
Z.(k), its covariance is given by

Ry (k) = E(Y:Yo) = E(Za(k) Za(0)) E(Z(k)Z(0)) = /T e d(pae % pa)(N) -

Now, recalling that p. is continuous, the convolution p. * g4 is also a continuous
measure. Therefore by Von Neumann’s Mean Ergodic Theorem 2.7 the variance

1 R
Var(m kGKZ(N) Zd(k’)Zc(k;)> A:;O and then equation (42) equals zero. [
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Recall that given j € Z the sequence of coefficients (X, 1);) is also stationary.
Then we have:

LEMMA 3.5. For each j € Z, if k € K define Z (k) = (X,v;x). Then:
Zi(k) = (X, ¥ya) - and - Zj(k) = (Xa, ).
Proof. First, note that for each j:

<X7 %‘,k) = <X07 770]‘,k> + <Xda ¢j7k> :

Let v and p denote the spectral measures of the sequences ((X.,;x))rex and
((X4, Y k) )kex respectively. Recall that v is the unique measure such that

E((Xo, 1) (Xor Gy0)) = / M dy(N),

J

for all k& € K. But if u. is the continuous part of u, the spectral measure of X, a
direct calculation shows that,

E((Xo ) (Xor G70)) = / M | (0 N2 dpe(N)

Z/T M |G(a M) dpic(N)

deb;

Therefore, by uniqueness of the Fourier Transform, ~ is given by:

ya) =Y / RV

dGD]‘

for all A € B(T;). Then, in particular, for any Ay € T; and taking A = {\o},
v({Xo}) = 0. Hence ~ is continuous. On the other hand the discrete part of p

can be written as g = > )0y, with A a countable subset of R, §, the unit mass
AEA
measure concentrated on A\, and ¢, > 0. Then

E((Xa, ¥jx)(Xa, ¥50)) :/R e | (a? N)[? dpsa(A Z / e |4 (aT€)[2 iy (€) .

AEA

This shows that if A € B(T;), then

=33 e [ 1P dbrals).

AEA deD;
which is clearly discrete. O]

THEOREM 3.6. Let A be an affine system. Then A is a L*(R)-frame if and only if
there exist constants 0 < A < B such that equation (26) holds for every Gaussian
stationary random process X .

Proof. First, we prove the "only if" part. Noting that X (¢) can be decomposed
in two orthogonal (or independent indeed) processes X .(t) and Xg4(¢) such that
X(t) = X.(t)+Xq4(t) a.s. with continuous and discrete spectral measure respectively,
we get that:

(X, k) = (Xe, Vi) + (Xa, Vjk) -
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By Lemmas 3.4 (i) and 3.5 then, with probability one, for each j € Z:

1K, i ke = I i) s ey + 10K a i el (43)

and therefore, since Z is countable,

D IUX, i el =

JEZ

=D X Yy kexllBagey + D (X Vip)nerlipoy s (44)

= JEZ.

Similarly, by Lemmas 3.4 (ii) and 3.5,
||X||1292(R) = ||XC||2BQ(R) + ||XdHQBQ(R) a.s.. (45)

If Ais a L*(R)-frame then by Lemma 3.2 the result holds for X,;. Additionally, by
Theorem 2.3, taking the canonical vector x = ey, eo(q) = 1yo1(¢) in equation (13)

we get A < (G(XN)eo, €0)2g) = Y \J(aj)\ﬂ? < B, with [leg[|j2(q) = 1 and therefore
jez

equation (36) holds. Therefore, by Lemma 3.3, equation (26) also holds for X..
Finally, as the claim holds for X, and X the desired conclusion follows by recalling
equations (44) and (45).

Conversely, the "if part" is a direct consequence of Lemma 3.2 since equation (26)
in particular holds for every process with discrete spectral measure. O

4 Fractional processes associated to stationary Gaus-
sian processes and smoothness analysis

It is relevant in several applications to study which statistical information can be
extracted from the discrete and random coefficients (X, ;x) [20]. In this section
we will apply the results of Section 3 to characterize smoothness of a Gaussian
stationary random process X. We shall prove that the wavelet coeflicients give a
good description of the behavior of such processes. In fact, we will see that an
appropriately weighted version of (26) does this job in analogous way to some char-
acterizations of classical Sobolev spaces, see e.g. Chapter 6 of [22].

4.1 Some results on the regularity of w.s.s. random processes

Smoothness can be described in several ways, which under certain conditions, may
be equivalent. Generally, this is achieved by studying the increments X (t+h)— X (t),
the decay of the spectral measure or the existence of the (norm) derivatives. Previous
to introduction of the machinery of Section 3 we will make a brief but more precise
description of what is meant here by smoothness. We will see that this shares several
features with the classical description given by Stein for the Lebesgue and Sobolev
spaces in [30]. The next result establishes the equivalence between the “smoothness”
of the process X and an integrability condition satisfied by the covariance function
Ry, relating in this way the theory of singular integrals [19, 30, 29| with fractional
derivatives of a Gaussian stationary random process.
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THEOREM 4.1. Let X be a w.s.s. random process with spectral measure p and
0 < a < 1. Then the following are equivalent:

i) / IA2* dp(N) < oo.
dh
i) / |Rx(0) (h)| == [ < 00.
Proof. First of all, note that
E|X (h)—X(0)]* = 2Rx (0)—2RRx (h) = 2R(Rx (0)—Rx (h)) = 2|R(Rx (0)—Rx (h))]
and |Rz| < |z| for all z € C yields to

dh dh

A|RX(0)—RX(h)| iz <00 i and only i /RE|X(h)—X(0)|2 i <

By Kolmogorov’s isomorphism (16) we have

[ Exm - xOF i = [ ([ =1 a0) g 6o

We define
thA 2
/| —|h|1+2a A€eR.

By reasoning as in [19, p. 144] or |30, Proposition 4, p. 140], there exists a constant
C, > 0 such that F,(\) = C,|\** for all X € R.

Since
2 dh 2c
E[X(h) = XO) 5m = | FaN) du(X) = Co | [A** du(N),
R || R R
the equivalence follows by changing the order of integration in (46). H

When a = 1 we truly have a property in terms of the mean square sense derivative
of the process. We omit the proof of this result which is well documented in the
literature e.g. [8, 28], in fact it shares some features of the more general statement
of Theorem 4.3.

THEOREM 4.2. Let X be a w.s.s. random process with spectral measure . Then
the following are equivalent:

i) /R|)\|2d,u()\) < 0.
X({t+h)—X(t)

i) }ILIII(I) exists in the L*(Q, F,P)-sense for each t € R.
—>
The case @ = 1 shows that the (usual) derivative process ‘fi—)f exists in the

L*(Q, F,P)-sense and justifies the formal manipulations:

aX L X(E+h) - X() _d ( / d@m) _ / UG

dt h—0 h dt ot
R R

In the same vain, we finish this section with an analogue characterization of the
smoothness of the process related to singular integrals and fractional derivatives,
which enable us to work with a wider range of a € (0,2). By the a-th fractional
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derivative D*X of a Gaussian stationary random process X we mean, at least for-
mally, the process given by

(D*X)( / I\ dd (X (47)

By (18) when A — |A|* belongs to L*(R, dp) then D*X is a well-defined stationary
random process. The next theorem resembles a classical result in the Theory of
singular integrals and fractional Sobolev spaces (see for instance [30, Chapter V).
In particular, this shows that (47) can be also interpreted, in a more classic way, as
an appropriate limit of the increments of X.

THEOREM 4.3. Let X be a w.s.s. random process with spectral measure p and
0 < a < 2. Then the following are equivalent:

yéwmwm<m.
i) /E|X(t+ h)+ X (t —h) — 2X(t)|? __ .

‘h‘1+2a

iii) lim (X(t+h)—X(t

dh
im 1) ——— TED exists in the L*(Q, F,P)-sense for eacht € R.
€ |h|>e

Proof. By the same procedure as Theorem 4.1, on the one hand we have
E[X(t +h)+ X(t = h) = 2X(t)[* = [6R(Rx(0) — Rx(h)) — 2R(Rx(2h) — Rx(0))]

and on the other hand, for any ¢t € R we have
E|X(t+h)+X(t—h)—2X(t /ye”h+e 212 du(N).

i) < i) The proof is similar to that one of Theorem 4.1 and it is omitted.
i) = 4ii) The hypothesis guarantees the well-definiteness of the process

o) / AN dB(N) = ea)(DOX) (1),

where ¢(«) is a constant that will be specified further below. Also, Y, is a mean
square continuous w.s.s. random process. For 0 < € < 1 consider the process

R e e (a9

By doing the substitution h = ey we can rewrite (48) as

(D?X)(t)zia/ (X(t+€y)_X<t>> dy

ly[>1 y[*Fe

Now, by introducing the stochastic integral representation of X followed by a change
of order of integration (Lemma 2.10) and multiplying by %1%{0}(}\), conveniently
regrouped, yield to

(DX = die) [ (W Eale)e™ day), (49)

R
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where

— 1 (ei’\y — 1)
() = / dy, AeR~ {0},
d(a)[Al* ly|>1 |y| e
with K, € L*(R,dt) and d(a) is a constant so that K = [p Ka(t)dt =1 [29,

Corollary to Lemma 3.16, Corollary to Theorem 3.19 & Remark 3. 20] (here is used
0 < a < 2). We declare ¢(a) = d(a). Since K, is a continuous function on R
vanishing at infinity, it is bounded and satisfies li_r}r& [/(;(5)\) = I/(\a(()) = 1 for any
A € R. Thus, by the equality )

2

E|(D2X)(t) = Ya(t)|* = c(a)?

E /<])\|a[[/(;(e)\)—1}>emd<1>()\)

R

o) / A2 | (2A) — 1P du(N),

we can apply Lebesgue’s dominated convergence Theorem (recall that p is a finite

measure) to obtain the desired result.

i11) = 1) Suppose now that liné(Dg‘X)(t) exists in the L?(€, F,P)-sense for each
E—

t € R, where (D2X)(t) is as in (49). Thus, by Fatou’s Lemma
o > lim B|(D2X) (1) > / ])\|2°‘ lim | %, (=) ) dp( / A2 (A

]

4.2 Regularity of Gaussian stationary random processes in
terms of affine frames

Given A := {¢;x : j € Z, k € K} an affine system for L*(R) and 0 < a < 1 we
consider the system I*A := {[*Y; : j € Z, k € K}, where (I%,)(t) denotes the
Riesz potential of 1), of the order o on ¢t € R |29, p. 37| given by the convolution
operator

V() = (R kb
(I wﬂf)(t)' 7(04) (Ra w} )(t)’ (50)
with .
v(a) = w22° LG o Ro(t) = [t|*", teR~{0}.

r(5e)

2

The constant () is chosen so that its Fourier transform is I/%_/J;f()\) = |)\|*%Zj,\k()\)
for A € R~ {0} (see [30, Lemma 1, p. 117] or |29, pp. 37-38]).

Under the additional condition of being Gaussian, a equivalent characterization
of the smoothness of X (in any of the equivalent interpretations of the Section 4.1) is
given in the following two Lemmas. This involves the decay of the frame coefficients
((X, v, k) )kex. Recall that by the results of the previous section it is necessary and
sufficient to study when |A\|**du defines a finite measure.

LEMMA 4.4. Let X be a Gaussian stationary random process with discrete spectral
measure u satisfying u({0}) = 0, suppose that A is an affine system such that A
and I*A are L*(R)-frames and 0 < o < 1. Then the following are equivalent:

i) /R|)\|2C“du(/\) < oo
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i) Y a7 (X, ) nelBe) < 00 as.

jET

Proof. We have seen in the proof of Lemma 3.2 that

14X g nellBe) = D _{(G5(8)Cs, Co)aas

LJSTAN

for each j € Z, thus

Z _Qja”<<X %k keK||B2 ZZ _2ja 05,C5>g2 a.s.. (51)

JEZ dEA JEZ

Now, since
a”¥(G;(6)Cs, Cs) () =
a ¥ Y CE+a)0(0 + )0 (6 +9))( (5 +¢)1s, (0 — )

q,4'€Q
and
a"5C(5 + q)C(6 + )0 (a’ (5 + ¢) (e’ (3 + ) =
= C(6 + q)I8 + q[*ToP(a? (5 + ))C(8 + ¢)|0 + | T (a? (6 + ¢')) .

Define in first place:
D§(q) ==D*(6+q)=C(0+4q)ld+q|%, d€AqeQ,

note that these are precisely the coefficients of the process DX if this exists. Also
write

G2(8)(q,q) := I°9(a? (8 + @) [*(a? (6 + ¢ )1, (a — ¢). € A,q,q €Q,

therefore we can rewrite equation (51) as

D a N (X, i) kex e = DD (GF(0)Ds, Ds)eg) = Y _(G(8) D5, D§)eq)

JEZ 0EA jJEZ J<TAN

where the last equality follows by reasoning as in Lemma 3.2. Since [*A is an
L*(R)-frame, there exist constants 0 < A, < B, such that

Aol D5 [Iz,q) < (G*(0) D5, D§)exq) < Ball D5 ll,()-

Now, the equality

Z ID3 1170y = ZZ [C(6+q) P[0 + q** = [|D* X || Bey

JSTAN 0EA qeQ

yields to

>N el <00 as. == DX <00 as.
JEZL

Finally, we can prove the claim observing that if X has discrete spectrum, then
(D*X)(t) takes the form of a series of Gaussian and independent random elements
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in H := span{e*™ : A\ € A} C B?(R) which is a separable Hilbert space. By noting
that

B[ DX 3000 = / AP dpa()

the implication i) < i) follows at once since: D*X € B?*(R) a.s. if and only if
E|D*X|? B2(r) < 00, since for Gaussian series of independent random elements in a
separable Hllbert space, a.s. convergence and convergence in the p-mean (p = 2 in
this case) are equivalent. See e.g. p.56, Section 2.2. of [18]. O

If X is a Gaussian stationary random process with continuous spectral measure,
by the Ergodic Theorem we have

Z a_2ja||((X, ¢j,k>)k€KHzBQ(K) _ Z a/—2jozE|<4X7 ¢j70> ’2 a.s. (52)

= JEZ

The next result shows that Lemma 4.4 holds true for Gaussian stationary random
processes with continuous spectral measure.

LEMMA 4.5. Let X be a Gaussian stationary random process with continuous spec-
tral measure p1, suppose that A is an affine system such that A and I*A are L*(R)-
frames and 0 < a < 1. Then the following are equivalent:

i) /R\)\Fo‘du()\) < 00

ZZ) Zaina’K(X? wj:k>)k€KHZBQ(K) < 0 a.s..

jET

Proof. To begin with, by (52) we have

> a (X i) kexl g = Y a P BI(X, di0)|* as.

JEZ JEZ
Since
E| (X, ;0)/2 / D@0 du(N),

then

S a5 (X ) e oy = 3 a7 / D) du(N)

JEZ JEZ
2c WJ (l]/\ |2
/ A Z ) s
Now, since I*Ais an L*(R)-frame, there exist constants 0 < A, < B, such that

])\2
a_zwa |_ B, ae. A,

|ad A2
JEZ
thus

Aa/RMFadu(A) <D I ) Drex | B SBa/RIAIQ"dﬂ(A) a.s.

JEZ

which proves the desired equivalence. O
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Putting the last two lemmas together we have the next theorem.

THEOREM 4.6. Let X be a Gaussian stationary random process with spectral mea-
sure p satisfying u({0}) = 0, suppose that A is an affine system such that A and
I°A are L*(R)-frames and 0 < a < 1. Then the following are equivalent:

i) /R(|/\|2+1)°‘du(/\) < o0

”) Z _23"" ” X¢gk>)keK||Bz )<oo a.s..

JEZ

Proof. Since X is a Gaussian stationary random process and A is an L?*(R)-frame,
Theorem 3.6 yields to

ZH X%k>)keKH32 <BHX”B2 <00  as. (53)

JEL

i) = i) Since [A]** < (|]A]*> + 1) for all A € R, by hypothesis and monotony we

obtain
/ IA** dp(N) < oo
R

Since X can be decomposed as X = X ; + X,, with X; and X. Gaussian station-
ary random process with discrete and continuous spectral measures j1x 4 and fix .
respectively, satisfying (X, ;) = (Xa, Vi) + (X, ¢jx) for any j € Z, k € K and

also [|((X, vy kex ey = I((Xa ¥y kex 2y + 11 ((Xes ¥s) kel By as. for
any j € Z, then

[ dica) + [ P a0 = [P aun) < oo
R R R

The result follows by applying Lemmas 4.4 and 4.5 to X, and X, respectively to-
gether with (53). Indeed, since (a™% + 1)* < 2%(a=%* + 1) for any j € Z, by
monotony we obtain

D@ D)X g adrexlBae = D (@™ + D1 ({Xa, i) rexage +
<z JEZ
S (@ + 1) (K e lege
JEZ
<2 Z a2 ({Xy, ¢j,k>>k€K||2B2(K)+
JEZ
2% a7 ((Xe, ) e | By +
JEL

2% " a | (X, ) ke ey < 00 aus..

JEZ

it) = i) The reasoning is similar to the previous implication but reversing the
order. First we use the inequality a=#* < (a=% + 1) for any j € Z and then the
inequality (JA|? +1)* < 29(JA\** + 1) for all A € R. O

Note that the utility of the last results depends on verifying previously that /%A
is also a frame. We close this section with the following easy example which shows
that this is not a great obstacle in principle:
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4.2.1 Example

Bandpass wavelets. Recall that if ¢ is bandlimitted then the characterizations of

Section 2.2.2 are reduced to the following: A necessary and sufficient condition for
A to be a L*(R)- frame is that the following holds:

AN D@V < B ae. (54)
JEZ

where A, B are the frame bounds of A. Let us additionally assume that ¢ is a
bandpass, i.e. there exists A\; > Ag > 0 such that 1 vanishes outside D = {)\y <
|A| < A1}. This is the case of, for example, the Meyer wavelet, see e.g. Chapter 2

of [22]. Now we must verify (54) for l{w]\k()\) = ]A|_a@(A), A € R~ {0}. In fact,
we can estimate the lower frame bound as

7 2 7 2
Au= 2 o 3 Gy ZW"“' ac. A

N2 — | DY |2a ’CL])\PO‘
1 Fho<lai X<

The upper bound B, = can be obtained in a similar way.
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