Minimal compact operators, subdifferential of the
maximum eigenvalue and semi-definite programming

Tamara Bottazzi*?, Alejandro Varela®d

@ Universidad Nacional de Rio Negro. CITECCA, Sede Andina (8400) S.C. de Bariloche,
Argentina.
bConsejo Nacional de Investigaciones Cientificas y Técnicas, (1425) Buenos Aires,
Argentina.
¢Instituto Argentino de Matemdtica “Alberto P. Calderén”, Saavedra 15 3er. piso,
(C1083ACA) Buenos Aires, Argentina
dInstituto de Ciencias, Universidad Nacional de Gral. Sarmiento, J.M. Gutierrez 1150,
(B1613GSX) Los Polvorines, Argentina

Abstract

We formulate the issue of minimality of self-adjoint operators on a complex
Hilbert space as a semi-definite problem, linking the work by Overton in [18]
to the characterization of minimal hermitian matrices. This motivates us to
investigate the relationship between minimal self-adjoint operators and the sub-
differential of the maximum eigenvalue, initially for matrices and subsequently
for compact operators. In order to do it we obtain new formulas of subdifferen-
tials of maximum eigenvalues of compact operators that become useful in these
optimization problems.

Additionally, we provide formulas for the minimizing diagonals of rank one
self-adjoint operators, a result that might be applied for numerical large-scale
eigenvalue optimization.
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1. Introduction and preliminaries

Let B(H) and K (H) be the spaces of linear bounded and compact operators
defined on a complex Hilbert space H, respectively. We call A € B(H) a minimal
operator if |A|| < ||[A + D|, for all D diagonal in a fixed orthonormal basis
E = {e;}ier of H and || - | the operator norm. Note that when A € K(H), we
can suppose that H is separable since there is only a numerable set {e;, }ren
such that A(e;,) # 0.
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In particular, minimal compact self-adjoint operators are related with the
distance to the subspace of diagonal self-adjoint operators, denoted by Diag(K (H))%¢,
since for A € K(H) self-adjoint

dist (A, Diag(K(H))**) = DEDiai;l(fK(H)) |A+ DJ.
Minimal operators allow the concrete description of geodesics in homogeneous
spaces obtained as orbits of unitaries under a natural Finsler metric (see [11]).
We use the superscript °** to note the subset of self-adjoint elements of a par-
ticular subset of B(H).

In the case that H = C™, B(H) is the space of complex square matrices of
n x n, that is M, (C). The matricial case of minimal operators was extensively
studied in [1], [2] and [15].

In [7], [5] and [4] we studied minimal self-adjoint compact operators where
it was stated that in general neither existence nor uniqueness of compact min-
imizing diagonals was granted. Some of these results were recently generalized
to more general subalgebras of K(H) and to C*-algebras in [23, 24].

The characterization of minimal self-adjoint matrices can be stated as a semi-
definite programming problem [18]. Moreover, in [19] Overton develops several
algorithms using the subdifferential of the maximum eigenvalue of a matrix,
which is the set

OAmaz(A) = {V e M*(C) : Apaa (V) — Anaz(4) = Re tr(V(Y — A)), VY e M *(C)}.

This subdifferential was also studied in [22] and is a powerful tool in cases of
non-differentiable functions [9, 10].

The work of Overton in [18] and [19] motivated us to study the relation
between minimal operators and subdifferentials, first for matrices, and then for
compact operators.

In [3, 13, 21], the authors give useful expressions for the subdifferential of
the norm operator and they relate this concept with the distance to some closed
subsets in B(H).

In the present work, we relate minimal operators with subdifferentials of the
maximum eigenvalue and of the norm. We vinculate these concepts with the
moment of the eigenspace of the maximum eigenvalue and the joint numerical
range, which was developed in [16] for matrices, and [6] for compact operators.

Indeed, one of our main results is an explicit formulation for the largest
eigenvalue subdifferential of a compact self-adjoint operator A(z) with variable
real diagonal =z,

a()\maw<A(5€))) = Diag(0Amaz (A(2))) = ms,,..,

in terms of mg,,,, = co{|v|? : v € Spaz, |v| = 1}, the moment of the eigenspace
related to the largest eigenvalue A4, (A(2)) (see (3.2), (3.3) and Theorem 3.3).
Additionally, when the smallest eigenvalue \.,;n(A(x)) is negative, we give ex-
plicit formulas for 6(/\,nin(A(3:))) and vinculate 0\,,q. and O\, with the sub-
differential of the spectral norm of A(z). The above leads us to a new charac-
terization of minimal self-adjoint compact operators that involves d(A1(A(z))),



J| A(x)||, the intersection of moments of the maximum and minimum eigenvalues
of A(x) and the joint numerical range of a certain family of operators that has
been studied in [6] and [16].

We first obtain the subdifferential formulas and the characterization of min-
imal operators when A(x) € M;:*(C). In order to extend it to the compact
operator case, we needed some additional tools from non-smooth analysis and
optimization. We used [9] and [10] as our main references of the topic.

The formula of the subdifferentials that we obtain can be applied to eigen-
values with multiplicity higher than one, but in case of a simple eigenvalue, our
formula coincides with the definition of gradient and partial derivatives of the
maximum eigenvalue of a matrix (see [17] and [14]). This may be useful to
develop or improve algorithms for large-scale eigenvalue optimization.

The results we present in this paper are divided in three parts. Section
2 is devoted to state the minimality of self-adjoint matrices as a semi-definite
problem, relating some of the results obtained by Overton in [18] with the main
characterization theorems that appear in [2]. Inspired by [19], in Section 3
we study the subdifferential of the maximum eigenvalue, first for matrices and
then for compact operators, and we link it with the moment of its eigenspace.
In order to obtain these results we calculate new formulas of subdifferentials of
eigenvalues of compact self-adjoint operators and operator norms (see Theorems
3.15 and 3.20). Finally, in section 4 we show explicit formulas for the minimizing
diagonals for a given rank-one self-adjoint compact operator. These results
might be used to improve some algorithms recently obtained for large-scale
eigenvalue optimization problems (see [14]).

Next we introduce some additional definitions and notations.

A self-adjoint element A € B(H) is called positive if (Ax,x) > 0 for allx € H
and it is denoted by A > 0. For an operator A € B(H) we use ker(A) to denote
the kernel of A and |A| the modulus of A given by (A*A)Y2.

For every compact operator A € K(H), let s1(A), s2(A),--- be the singular
values of A, i.e. the eigenvalues of |A| in decreasing order (s;(A) = \;(J4|), for
each i € N) and repeated according to multiplicity. Let

0

JAlly = ] si(A) = ] 4], (L.1)

i=1
where tr(-) is the trace functional, i.e.

[o0]

tr(A) = > (Aej,e;) (1.2)

Jj=1

where e; are the elements of a fixed orthonormal basis £/. Observe that the series

(1.2) converges absolutely and it is independent from the choice of basis and

this coincides with the usual definition of the trace if H is finite-dimensional.
We define the usual ideal of trace class operators as

By(H) = {Ae K(H): |A], < o}, (13)



2. The characterization of minimal matrices as a semidefinite-problem
Let Ag € M:*(C) and ¢ : R® — R be the function given by

= Ai(A
pla) = max |Ai(A(z))],
where A(x) = Ao + Diag(z), x € R” and {\;(A(x))}?_, are its eigenvalues in
decreasing order counted with multiplicity. We are interested in studying the
following convex optimization problem:

min p(z). (2.1)
TeR™
Any solution of (2.1) gives us the spectral norm of a minimal matrix A(xg) and
a best real diagonal approximation to the subspace of real diagonal matrices
Diag(zo) (may not be unique). In this case, we say that A(xp) is a minimal
matrix, that is
[A(zo)| < |A(z)], for every z € R™.

When Ay is a real symmetric matrix, this problem is a specific case of [18]
and can be stated as

min  w such that —w < A\(A(z)) <w, 1 <i<n, (2.2)
weR, xeR™

or equivalently

wl — A(xz) =0

wl + A(z) = 0. (2.3)

weR, zeR”

min  w such that {

Problem (2.3) can be viewed as a Semi-Definite Programming (SDP) issue with
two semidefinite constraints. Fletcher in [12] deals with a similar problem with
only one semidefinite constraint.

If A(z) is minimal, then there exist natural numbers 1 < s,¢ < n such that

)\Z(A(SU)) = /\Z‘ 1= 1,2, ey

)\i:w 7::1, ,...,t

A= —w t=n—s+1,...n (2.4)
w = )\1 =..= )\t > )\t+1 = .= /\n—s > )\n—s+1 =..= >\n = —w.

If {q1, ..., qn} is an orthonormal set of eigenvectors corresponding to {A1, ..., A\, },
we define

Q1 = [q1]---lg] and Q2 = [gn—s+1]---|gn], (2.5)

matrices of n X t and n x s, respectively.

Let Ey = er ® e, = eref, with {ex}}"; the canonical basis of R™ for any
me N.

The next result is a particular case of Theorem 3.2 in [18] applied to our
context.



Proposition 2.1. Let Ag € R"*", Ay = Al and z € R™. The following condi-
tions are equivalent:

1. x is a solution of (2.2) (i.e: A(x) is minimal).
2. A(x) fulfills (2.4) and there exist semidefinite positive symmetric matrices
UoftxtandV of s x s such that

o ir(U)+ tr(V) =1,
o r(QEQ1U) — tr(Q5ErQ2V) =0, k=1,...,n.

According to [8] we can convert an SDP complex problem into a real SDP,
using the following result.

Lemma 2.2. For every Y € M3*(C),

Y =0 if and only if [282 _ygg/y)’)] =0, (2.6)

(here R(Y) = 2(Y +Y) and S(Y) = £(Y = Y)).

Proof. First define the block matrix U = 2 [In il

=
3
&

Then,

o[ ] % T D[R am)

Therefore, [C\

SR

is unitary block equivalent to [

[?R(Y) ~3(Y)

Y 0
3(Y)  R(Y) ] > 0 if and only if [ ] = 0.

0 Y

So, in order to prove (2.6), we only need to show that

Y > 0 if and only if [}(; 3] = 0.

It is evident that the inequality

Y O

[0 Y] >0
implies Y > 0. On the other hand, if Y > 0, there exist a unitary V € M,,(C)
such that Y = V*Diag(A(Y))V, with X\;(Y) = 0, for every ¢ = 1,...,n. Then,

Y = V' 'Diag(A(Y))V = V" Diag(A(Y))V = 0



since V is also unitary, and

Y 0
HEIEL
O
Proposition 2.3. Let Ag e M:%(C), x € R" and A[z] € R*"*2" such that
i1 - [ R(Ao)  —S(Ao) Diag(x) 0
Alrl = [%(Aw R(Ao) | T| 0 Diagw)|" @7
Then, we state problem (2.1) as the following real SDP
min  w such that (2.8)
weR, zeR™
I 0 - I 0 -
w [0 I] —A[z] 20 and w [0 I] + Afz] = 0. (2.9)

Proof. By Lemma 2.2, linear matrix restrictions wl — A(x) > 0 and wl+ A(x) >

0 are equivalent to conditions in (2.9).
O

If A[x] is a solution of (2.8) and (2.9), then there exist natural numbers
1 < 5,t < 2n such that

A =w i=1,2,..,1
A= —w i=n—5+1,...,2n
w = )\1 =..= )\f > )\[+1 = .= )\ang > )\2n7§+1 =..= >\2n = —w.

(2.10)
If{q1,...,q2n} is an orthonormal set of eigenvectors corresponding to {A1, ..., Aap },
we define

Ql = [Q1|~-~|QE] and Qz = [Qn—.§+1|"'|q2n]77 (2.11)

matrices of 2n x t and 2n x 3, respectively.
Therefore, we arrive to the next result in relation with the study of

min | A[z]]. (2.12)
reR™

Theorem 2.4 (SDP Complex into SDP real). Let Ag € M;;*(C), z € R and
Alz] € C?>"*2n g5 in (2.7). The following conditions are equivalent:

1. x is a solution of (2.1) (i.e. A(x) is a minimal matriz of n x n).

2. ||A[2]| < |A[y]| for every y € R™ (i.e., (z,x) € R* is a solution of
(2.12)).

3. Following the same notation as in Proposition 2.3, (2.10) and (2.11), there
exist semidefinite positive symmetric matrices U of t x t and V of 5 x 5
such that



o tr(U)+tr(V) =1,
b tr(Qlt(Ek +En7k)QlU) - tr(QQt(Ek + Enfk)QQV) = 07 k= ]-7 ey T

Proof. Tt follows directly from the conversion of Problem (2.1) into a SDP real
problem, as we did in Proposition 2.4. O

Theorem 2.4 indicates that A(z) is minimal if and only if the real 2n x 2n
block matrix A[z] is a solution of the problem (2.12).

Observe that a solution A[z] of (2.12) is not necessarily a minimal matrix
of 2n x 2n, since it can exist a 2n x 2n best real diagonal approximant D such
that

P - . Diag(z) 0 R~
|A[0] + D|| < |A[z]| with D [ 0 Diag(x>] = ;;1 o Ar,

where Ay = Ey + E,_; and

o1 [R(Ae) —S(4g) S S
Al = |3(40)  R(Ao) +$§16k6k+xk§+le‘“ek
_ [R40) =S(4A0)] | ¥
" 5010 R | T 2B P

k=1 A

R n
= A
%(AO) %(AO) +k§1xk ks

However, A(z) (with the same z) is a minimal matrix of n x n.
Next, we obtain another characterization of the solution of problem (2.1)
without converting it into a real SDP problem.

Theorem 2.5. Let A € M3%(C) and x € R™. The following conditions are
equivalent:

a) x = Diag(A) is a solution of (2.2) (i.e: A = A(x) is minimal).
b) (Adapted to the more general case of A € M:*(C) from [18, Theorem 5.2])

If {q1,-..,qn} is an orthonormal basis of eigenvectors of A corresponding
to the eigenvalues |[A| = A\ = - = A\, = —|A], Q1 = [¢1] -],
Q2 = [Gn-s+1]---1qn] are the n x t and n x s matrices whose columns

correspond to the eigenvectors of A1 and A, respectively, then there exist
semidefinite positive self-adjoint matrices U € C**t and V e C*° such

that
tr(U) + tr(V) =1, and (2.13)
tr(QF Ex@Q1U) — tr(Q3ErQ2V) =0, Vk = 1,...,n. (2.14)
¢) (Adapted from [23, Theorem 2.1.6] to the particular case of W(H) =
Diag(M;"))
There exists X € M, (C) with Diag(X) = 0 such that AX = ||A||X|, where
|X] = (X*X)12.



d) (From [2, Theorem 2 (ii)]) Let E. (respectively E_) be the spectral pro-
jection of A corresponding to the eigenvalue A\1 = Apaz(A) (respectively
An = Amin(A)). Then there is a non-zero X € M3%(C) such that

Diag(X) =0, E, X" =X", E. X" =X~ and tr(AX) = |A||X]1,
where X1 = ‘X‘%X and X~ = ‘X‘T_X (with | X| = (X?)Y2 > 0).

Proof. The equivalences a) < ¢) <> d) have already been proved in the provided
citations. The equivalence with item b) is the only that needs a proof.
Let W be the unitary n x n matrix whose columns are the eigenvectors of A:

W = [Q:1]Q2|R],

with R = [¢¢41] - - - |gn—s] (following the notation used in (2.5)) and Q1, Q2 from
b).

Now consider the diagonal blocks of ¢ x ¢, s x s and (n —t —s) x (n —t — s) to
define the following n x n self-adjoint matrix

X=w-(8-vo) w
000
using the positive semidefinite matrices U and V from b) of sizes t x t and s x s
respectively.
Then using (2.14) it can be proved that Diag(X) = 0. Moreover, using (2.13)
and the fact that U > 0, V > 0 we obtain

IX]y = | X| = tr‘W~ (’é Y §) W

0
U 0O
:tr(ovo>:1.
000

And A can be diagonalized using W as

MI; 00 N
A=W 0o —-xI, 0 |- W
0 0 Do

where Dy is the diagonal matrix with the eigenvalues of A distinct from A\; and
—A1 = Ay, (including multiplicity) and I} denotes the k x k identity matrix.
Hence

T
A~X=W~< 1057,\011t 8)~W*~W~(%—0v8)~W*=W~</\bUA?v8)~W*
0 Do 0 0 0 0 0

0
:Alw.(%88)-W*ZA1|X|
000

hold, which together with the fact that A\; = |A|| and item c) of Proposition 2.5
imply that A is a minimal matrix.
To prove the implication a) = b) we will use that the statement d) is equiv-

alent to the condition of being a minimal matrix. Then given a minimal ma-
trix A € M3%(C) there exists X such that Diag(X) = 0, tr(|X]|) = | X| = 1,



tr(AX) = |A|, E; X = X and E_X = X.
Now consider the unitary matrix @ = [Q1|Q2|Qs3] constructed as follows. The

n x t and n x s matrices Q1 = [v1]...|v], Q2 = [Vn—s+1|-..|vn] are constructed
with columns of eigenvectors corresponding to the eigenvalues A; = [|A| and
An = —|All, and Q3 = [vit1]. .. |vn—s] is a n x (n — s — t) matrix with columns

formed by eigenvectors of A that complete an orthonormal basis of C".
Then, from the proof of (i) = (ii) in [2, Theorem 2 (ii)] follows that there exists
Y >0, Z = 0 such that

A1y 0 0
ro(fE)e ma-a (§ 4 ) o
o

Then since tr|X| = 1 it must be

1 = tr]X] = tr (Q‘(§ %8)‘@*) _tr<§| %8) —te(Y +2).  (2.15)

0 0 00
Moreover, using the expression @ = [Q1]Q2|Q3] = (Q1 Q2 @3) we can com-
pute
y o0 o\ [@\*
X=(@& Q@ Qs)(0-29) (g) = QY QT — Q2G5
3

0 0

Hence, since Diag(X) = 0 follows that

Xk = (Q1Y QT —Q2ZQ5 )ik = tr(Ep(Q1Y QT —Q2ZQ35)Ey) =0, Yk =1,...,n

and therefore

0= tr (Ex(@1Y QT — Q22Q3)) = tr (QTExQ1Y — Q5 ExQ27) (2.16)

Then considering U = Y and Z = V the equations (2.15) and (2.16) prove that
item b) holds if A is minimal. O

Observe that the proof of Theorem 2.5 is different than the one made by
Overton [18] and Fletcher [12], and it is related with the characterization of
minimal self-adjoint matrices made in [2].

3. Subdifferential and moment of a subspace

Here we generalize some of the results developed by Overton in [19] to com-
plex matrices and compact self-adjoint operators. Also, we relate the concept of
subdifferential of the maximum eigenvalue with the moment of a subspace. In
order to do this, it is necessary to state some particular definitions and previous
results.

Recall that, given a subspace S of a separable Hilbert space H, the moment
of S is defined by

ms = cof|vf? i ve S, Jv] = 1}, (3.1)



where v = (v, vs,...) are the coordinates of v any fixed basis of H, and |v|? =
(|vl\2, |vg |2, ) In particular, if H = C™, by Proposition 3.2 in [16]

mg = Diag ({Y e M;*(C):Y = 0,tx(Y) = 1,Im(Y) c S}), (3.2)
and if H is an infinite dimensional Hilbert space, by Proposition 1 in [6]
mg = Diag({Y e Bi(H)**:Y 2 0,tr(Y) = 1,Im(Y) = S}). (3.3)

On the other hand, consider a sequence A = {A4; };?Ozl of self-adjoint compact
operators or matrices A; with bounded norm (|4, < ¢, for all j). We define
the joint numerical range of A by

W (A) = {{tr (pA;)}7, : pe M3*(C) A tr(p) =1 A p =0}, (3.4)
when A < M;°, and
W(A) = {{tr (ij)}jO:l cpeBIY(H)Atr(p) =1Ap= 0}, (3.5)

when A c K**(H).

For E = {e;}72, we will denote with e; ® e; = Ej, the rank-one orthogonal
projections onto the subspaces generated by e; € E, for all j € N. We will
be particularly interested in the study of W(A) in the case of A = Agg =
{PSEJ-PS};?C=1 and S a finite dimensional subspace of H

W (Asg) = {{tr (PsE;jPsp)};, : p€ Bi(H), p=0and tr(p) =1}. (3.6)

Note that W (Ag g) < ¢! (R) nRY. In this context, we will consider the set of
its density operators

Ds={Y eBy(H): PsY =Y >0 ,tr(Y) = 1} (3.7)

(note that PsY = Y Pg = PsY Pg for Y € Dg). If dim S < oo, the affine hull of
Dg is also finite dimensional.

There exists a relation between the moment of a subspace and the joint
numerical range of the particular family Ag g, as we illustrate in the next result.

Proposition 3.1 (Proposition 2 [6]). The following are equivalent definitions
of mg, the moment of S (see (3.6)), with dimS = r < o, related to a basis
E = {e;}?, of H. Note the identification made between diagonal operators and
sequences.

a) mg = Diag(Dg).

b) ms=cof{|[v]*:veS and |v]| =1}.

¢) ms = U co{|s' [P}
{s'}7_j0.n. setin S

d) mgs={{tr(E1Y),...,tr(E,Y),...) e }(R): Y € Dg}.

e) ms=W(PsE\Ps,...,PsE,Ps,...)n{ze*(R) :2; >0 and Y z; =1},
where Pg is the orthogonal projection onto S, and W is the joint numerical
range (3.5).

See [16, 6] for more properties about mg in finite and infinite dimensional
cases, respectively.

10



3.1. The finite dimensional case

Let A € M3:*(C), define A\, (A) = A1 (A) and assume that it has multiplicity
s = 1. Then, A; : M3%(C) — R is a convex function, since it can be written as
the maximum of a set of linear functions,

A1 (4) max{(Aq,q) : ¢ € C", |lq| = 1} = max {tr(Aqq™) : g € C", |q| £318)
max{{A, R), : Re M;*(C),R=>0,tr(R) = 1}.

The proof of the previous statement is done in Proposition 3.11 in a more general
context.

Definition 3.2. For any convex function f : X — R defined on a Banach space
X, and X* its dual, it can be defined the subdifferential of f at z € X as

0f(x) =fveX*: f(y) - f(x) 2 Re v(y — ),V y € X}, (3.9)
as in [3].

In particular, if X = M3%(C) and f(-) = A1(-), the subdifferential at z =
Ae M is

oM (A) = {V € M(C) : M (Y) — Ay (A) > Re (V,(Y — A)),,, ¥ Y € M:*(C)}.

Then, using (3.8) and similar arguments than those in [19], the subdifferential
of A1 at A is the set

0M(A) = co{qq* : Ag= A (A)g and |¢| = 1} (3.10)
= {QleQT tRs € Mssa((c)aRs = Oatr(Rs) = 1}7

where the columns of 1 form an orthonormal set of s eigenvectors for A\;(A)
(an orthonormal basis of the eigenspace of A;(A)). Observe that Q); depends
on the matrix A.

Let A(x) = Ao + Diag(z) = Ao + X7_, zreref, with Ag € M3*(C), {ex}i_,
a fixed orthonormal basis of C™ and x € R™. The maximum eigenvalue of A(x),
M(A(2)) = Mpae(A(2)), is a map from R™ to R. Observe that A;(A(x)) is a
composition of a smooth function A(-) and a convex map A;(-). Moreover, for
every k, the partial derivatives of A are

0A N
%(z) = epe}.

Adapting Theorem 3 in [19] to the self-adjoint case, the subdifferential of A\; (A(x))
is

(M (A(2)) = {veR": vy = (Rs, Q1(x)*exefQ1(2)),, ,

3.11
Ry € M**(C), Ry > 0,tr(R,) = 1}, (8-11)

where s is the multiplicity of A;(A(x)) and the columns of @ (z) form an or-
thonormal basis of eigenvectors for A\; (A(x)). Note that Q;(x) depends on A(x)
and

v = (Rs, Q1(2)%ere; Q1(2)),, = tr(RsQ1(x)*ere;Q1(x)) =0,

11



for every k, since Ry and Q1 (x)*erefQ1(x) are semidefinite positive matrices.
Using (3.11), we obtain the following characterization of the subdifferential.

Theorem 3.3. Let A(x) = Ag + Diag(z), with Ag € M:*(C) and x € R", and
Sy be the eigenspace of A1 (A(x)). Then

0(M(A(2))) = Diag(dhi (A(2))) = ms, (3.12)

where mg, is the moment of the eigenspace S1 and we have identified diagonal
matrices with vectors in the last equality.

Proof. Suppose \1(A(z)) = Anaz(A(x)) has multiplicity s and Sy is the eigenspace
of A1 (A(x)) with a fixed orthonormal basis of eigenvectors {q1(x), ..., qs(z)}. If
Q1(z) = [q1(2)]...]gs(x)] € C™*. By (3.11), any v € dA;(A(z)) has coordinates

v = tr (RsQ1(x)*ereyQ1(x)) = tr (Y (z)erer) = Y (x)ex, exy = Yir,

with Ry € M:%(C), Rs = 0, tr(Rs) = 1, for every k = 1,...,n. Then, v =
(v1,v2, ..., v) = Diag(Y(x)) with Y (z) = Q1(2)RsQ1(x)* € 0A1(A(z)) satisfies

e Y(z)=Y(x)* =0,
o tr(Y(x)) =tr(Q1(z)RsQ1(2)*) = tr(RsQ1(2)*Q1(x)) = tr(Rs) = 1, and
e Im(Y(z)) = S1. Indeed, for every h € C™ note that

Y(z)h = Q1(z) | RsQ1(2)*h | = Q1(x)w € S5y,
—_——

w
with w a column vector of s coordinates.

Therefore, by (3.2)
v = Diag(Y (z)) = Diag (Q1(z)RsQ1(x)*) € mg,.
On the other hand, take any v € mg,. Then, it can be written as
v = (tr(e1efY), tr(e2edY), .., tr(enelY)),

with Y =Y* >0, tr(Y) = 1 and Im(Y) < S;. In terms of the orthogonal
decomposition C" = S; @ Si, given by the matrix Q@ = [Q1(z) Q2(z)] (Q2
is a matrix whose columns form an orthonormal set for Si- and @ is a unitary
matrix), Y is defined by

Y=Q [‘g g] Q* = Qi (2)V Qi (x)*

with Ve M?*(C), 1 = tr(Y) = tr(V) and V = 0. Therefore, v € A1 (A(x)). O
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Corollary 3.4. Under the assumptions of Theorem 3.3, if A\1(A(x)) has multi-
plicity one (i.e., s = 1), then

O (A(z)) = {Jvf” : A(2)v = M (A@))o, o] =1},
M (A(z)) is derivable and %(x) = |vg|? for every k =1,2,...n.

The next result gives a concrete formula to the directional derivative of
A (A(x)) and appears in [19], but here we include an explicit proof for the
self-adjoint case.

Proposition 3.5. Let A(z) = Ay + Diag(x), with Ag € M:%(C) and x € R™.
Suppose A1 (A(z)) = Amaz(A(x)), has multiplicity s, with a corresponding or-
thonormal basis of eigenvectors {qi(x), ..., qs(z)} and Q1(z) = [q1(x)|...]¢s()].
Then the directional derivative of A1 at x € R™ in the direction w € R™ that is

d d b
efined by Ar(z + tw) — A (A(x))

1s the largest eigenvalue of
n
B(w) = Z wrQ1(z)*exer Q1 (z).
k=1
Proof. Recall that \j(A(z)) = A\ o A(x), is a composition of a smooth map

A(z) with a convex function A;. Then, for every w € R™

bV =
1 (17, w) vef)&??f(m)) <U7 ’LU> ’

since the generalized derivative and generalized gradient coincide with the direc-
tional derivative and subdifferential, respectively (see Proposition 2.2.7 in [9]).
Therefore,

N (z,w) = max { Z vgwy, 1 v = (R, Q1(x)*eref;Q1(x)),, , Rs € MJ*(C),Rs = 0,tr(R;) = 1}
k=1

= max {<Rsa i kal(I)*ekGZQl($)> : Rge M;U«(C),RS = O,tI‘(Rs) = 1}
tr

k=1
= max{(Rs, B(w)),. : Rse M;*(C),Rs > 0,tr(R,) = 1}
= Mi(B(w)),
where the last equality is due to (3.8). O

Lemma 3.6. Let A(z) = Ay + Diag(z), with Ay € M:*(C) and = € R",
A (A(z)) be the minimum eigenvalue of A(x) and Sy, its corresponding eigenspace.
Then,

(3.13)



Proof. Since A, (A(z)) = —A1(—A(x)) for any A(x) € M:%(C), then
OAn(A(z)) = —0M(—A(x))

= —Diag (cofuu™ : [u| =1, —A(z)u = M (—A(z))u})
— — Diag (co{uu® : Ju] = 1, A(z)u = An(A(x))u})
= —mgs,.
O
The subdifferential of the spectral norm of a matrix A is
0| A] = cofuv® : Au = [[Allv and [ju] = [v] = 1} (3.14)

= {VRW?*: Ry e M*(C),R; = 0,tr(Ry) = 1},

where V, W are unitary matrices of the singular value decomposition of A, i.e.
A = VDiag(s(A))W* and s1(A) = |A||. The proof of (3.14) appears first in [22]
for the real case and, more recently for the complex case, in [3] and [13].

The subdifferential (3.14) can be closely related with the subdifferentials of
A1 and )\, in some cases, as we observe in the next statement.

Remark 3.7. The expression in (3.14) for any A(x) = Ao + Diag(x), with A €
M:*(C) and x € R™ is

0| A(z)| = cof{uu™ : A(z)u = |A(z)|uw and |Ju| = 1}. (3.15)

Let A, (A(x)) and A1(A(x)) be the minimum and maximum eigenvalue of A(x),
respectively. Considering (3.15) and Lemma 3.6, it is evident that

OA1(A(x)) it [A(z)| = A (A(z))
A@)| = { An(A(z)) it [A(z)| = =An(A(z)) = [An(A(2))]
co (OA1(A(z)) v OA(A(2))) it [A(2)] = —An(A(2)) = M (A(2))

Theorem 3.8. Let A(x) = Ao + Diag(x), with Ag € M:*(C) and x € R™ such
that A\1(A(x)) = =M, (A(x)). Then, the following statements are equivalent,

(1) 0 € | A()]-

(2) 0 € 0A(A(z)) + oA (A(x)).

(8) mg, nmg, # &, where S and S, are the eigenspaces of A\ (A(zx)) and
An(A()), respectively.

(4) W ({Ps,eiefPs,}i_ ) n W ({Ps, e} Ps, }i_ ;) # {0}.

(5) A(z) is minimal.

Proof. The equivalences (3) < (4) < (5) have already been proved in [16].
(1)e(3) If 0 € 0| A(x)|| and Ay (A(x)) = =\, (A(x)), then using Remark 3.7

0 € co(OA1(A(z)) U 0N (A(z))) = co(mg, U —mg,)
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and there exist a € (0,1), Yo € {Y e M3*(C) : Y = 0,tr(Y) = 1,Im(Y) < S}
and Zy € {Z € M:*(C) : Z = 0,tr(Z) = 1,Im(Z) < S,} such that 0 =
aDiag(Y') + (1 — a)Diag(—Z). Using that tr(Y) = tr(Z) = 1 we obtain that
o =  and then Diag(Y") = Diag(Z). Therefore, mg, n msg, # &.

The converse implication can be proved reversing the previous steps.

To prove (2)<(3) we can use the formulas 0(A1(A(z))) = mg, and oA, (A(x)) =
—mg, from (3.12) and (3.13). Then it is trivial that mg, n'mg, # & if and
only if 0 € mg, —mg, = A1 (A(x)) + A (A(2)). O

8.2. The compact operator case
Lemma 3.9. Let B1(H) be the ideal of trace class operators. Then,

co({hh* :he H,|h| =1}) ={Y eBi(H): Y =0, tr(Y) = 1},

Proof. 1f 3, ajh (W)* is a convex combination of unitary vectors h/ € H, then it

fulfills that is a semidefinite positive compact operator with tr (Z jaih? (W )*) =

2. a; = 1. On the other hand, every Y € By (H)*, with Y > 0 and tr(Y) =1
can be written as a (maybe infinite) convex combination of rank one operators.
O

Definition 3.10. Given a Banach space X, a function f : X — R is said to be
regular at x € X if

1. for all v, the usual one-sided derivative

o) i TEET) @

t—0+ t

exists.
2. For all v, f'(x,v) coincides with the general derivative.

To see more details of this definition, see [10] and [9].
Proposition 3.11. Let Ae K(H)** and
Amaz(A) = max{\ e R: A — A\ is not invertible} (3.16)

be the maximum of the spectrum of A, then the following statements hold.

1. If Mpae(A) # 0, then Apas(A) is an eigenvalue of A and it has finite

multiplicity.
2. The following are equivalent forms to describe Apmaz(A),
Amax(4) = mnax (Ah, (3.17)

max{tr(Ahh*) : |h| = 1} = max{(A, hh*), : ||h| #31}8)
= max{(A,Y),. : Ye B (H)*Y >0,tr(Y) =1}. (3.19)

3. Amax : K(H)** — R is a convex function and is Lipschitz near A and
reqular in the sense of Definition 3.10.

15



4. As a particular case of Lemma 3.9, we define the set
DS = c0({g0™ 1 q € H, Aq = Amax(A)q, gl = 1}). (3.20)
Then,
Ds,...={YeB(H)*:Y=20,E,Y=YE_, tr(Y) =1}, (3.21)

max

where E is the orthogonal projection onto the eigenspace of Amax(A).
Moreover, if Amax(A) # 0, then

Ds,... = {QmaxRsQ% . : Rs € MI*(C),Rs = 0, tr(R;) = 1}, (3.22)

max

where s is the multiplicity of Amax and the columns of Qumax form an
orthonormal basis of eigenvectors of Amax-

Proof. 1. It is a well-known fact of the spectrum of compact operators.
2. Equality (3.17) holds since for any A eigenvalue of A and v € Sy, v # 0,
Av = Apax(A)v and (Av,v) = A{v,v) € R. Then,

A
Amax(A) = max{\ € R : Jv € H such that Av = \v} =max{<< v,1;> :UEH}
v,

= max (Ah,h).

IR]=1 < ’
(3.18) follows from the equality (Ah, h) = tr(Ahh*), and (3.19) is due to
Lemma 3.9, since maximizing a linear function (the trace) over a set gives

the same result as maximizing it over its convex hull.
3. By (3.17),if A,Be K(H)** and t € [0, 1], then

Amax(tA+ (1 —¢)B) = Hr’rllﬁicl {(tA+ (1—=t)B)h,hy = HrerlHin [t(Ah, by + (1 —t){(Bh, h)]
<t ”r’Ill‘FL:x1 (Ah,h)y + (1 —1t) \|rerlHa=X1 (Bh,h)

= max(A) + (1 — ) Amax(B).

Therefore, Apax : K(H)** — R is a convex function. On the other hand,
Amax 18 bounded above on a neighborhood of A = A* (since Apax(A) <
|All < oo for all A € B(H)), so by [9] (Prop. 2.2.6 and 2.3.6), Amax is
Lipschitz near A and regular.

4. The first equality is evident, since any Y > 0, such that E.Y = Y FE, and
tr(Y) = 1 can be written as

s
Y = Z aiqq*,
i=1

where Y.°_; a; =1, a; = 0 for every 4, and {¢;}{_; is an orthonormal basis
of the eigenspace Spax of A. If Apax(A4) # 0, then s < o0 and we can
define Qmax = [¢1q2]...]¢s] and Rs = Diag ({a;};_,) € M:%(C), such that

Y = QmastQ;’;a)c
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For A\pax : K(H)** — R, it can be defined the subdifferential at A € K(H)*%,
using (3.9), as

OMmax(A) = {Y € B1(H)®*" : Aax(B)—Amax(A) = Re tr(Y(B—A)),V Be K(H)*"},
(3.23)
In the next result, we obtain more useful expressions of O\ ax.

Proposition 3.12. If Ae K(H)*%, Anaz(A) has multiplicity s = 1 and Dg
is as in (3.20), then the subdifferential of Amax(A) is the set

max

OAmax(A) = Dg,..
= {(YeB(H*:Y >0,E,Y =YE,, tr(Y) =1},

(3.24)

where E is the orthogonal projection onto the eigenspace of Amax(A). In par-
ticular, if Amax(A) # 0, then

a>\max(A) = {QmastQ* ‘R e Mssa(c)v Rs > 0, t’l“(Rs) = 1}7 (325)

max
where the columns of Qmax form an orthonormal basis of eigenvectors for Amax-

Proof. As a consequence of (3.18), the subdifferential of Apax at A can be
expressed as

OAmax(A) = co{qq™ : Aq = Anax(A)g and |g| = 1}.

Then the formulations of dAmax(A) in (3.24) and (3.25) follow directly from
(3.21) and (3.22), respectively.
O

Definition 3.13. Let X and ) be Banach spaces. A function F: X — ) is
strictly differentiable at x € X if there exists a continuous linear operator from
X to Y, denoted by D F(z), such that

F(z' — F(z
lim (z' + tv) (")

' —x,t—0t t

= Re tr (DsF(z),v), (3.26)

for every v € X. The operator DsF(z) is the strict differential of F' at x.

Lemma 3.14. Let ¢o(R) = ¢ be the space of real sequences that converge to 0
and

A(z) = Ao + Diag(z) = Ao + Z Trexey (3.27)
keN

be an affine function with Ay € K(H)*® fized and x € cy.
1. For every k,
2

_ *
2z (x) = exer.

and A(-) is a smooth function
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2. A:cy— K(H)** is strictly differentiable at x and
D,A() = 3 snenel = Diag(z) e DK (H)™),
jeN
where DA is the map defined in (3.26).
3. DyA:co — K(H)*® satisfies that its adjoint DsA* : K(H)*® — ¢y, is
D,A(C) = Diag(C') = Diag ({{Cej, e;)},cy), for every C e K(H)*".

Proof. The proof of item 1 is direct, since each partial derivative of A is a
constant function. Then, for every x € ¢y the differential Dy A is

DyA(x) = ) wxepej = Diag (z) € D(K(H)™).
jeN

Additionally, if A is a smooth function, then it is strictly differentiable ([9], p.
32) and D, A(x) is the strict derivative of A at . The adjoint D,A* : K(H)%® —
cp fulfills

DsA*(C)x = Re tr(C*DsA(z)), VC e K(H)*®, V x € co.
Then, for each E;; = eie;‘
D, A*(Eyj)x = Re tr(E;; D, A(x)) = Ding(x),
and for every C € K(H)** and e¢;
D,A*(C)e; = Re tr(CD,A(e;)) = Ci;.

Basically, D;A* is the pinching operator, which extracts the main diagonal of
every C' € K(H)** (with respect to the orthonormal prefixed basis {e;};en of
H), that is

D,A*(C) = Diag(C') = Diag ({{Ce;, €:)},en) -

O
We are now in position to state one of the main results of this subsection.

Theorem 3.15. Let Apax : K(H)** — R and A : ¢g — R be the functions
defined in (3.16) and (3.27), respectively. Consider the composition map Amax ©
A:cg — R, given by Amax © A(x) = Amax(A(x)). Let s be the multiplicity of
Amax(A(z)) and Smax the eigenspace of Amax(A(2)).

Then, the subdifferential of Amax(A(z)) at x € ¢q is

&()\max(A(x))) = Diag (Dg,,...)
= Diag(0Amax(A(2))) (3.28)

max ?

where mg,,,. s the moment of the eigenspace Smax (see (3.1)).
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In particular, if Amax(A(x)) # 0

a()‘maX(A(x))) = Diag ({Qumax(7) RsQmax ()™ : Ry € MJ*(C), Ry = 0, tr(R;) = 1}),
(3.29)
where the columns of Qumax(x) form an orthonormal set of eigenvectors for

Amax (A()).

Proof. Let x € ¢g. As it was proved in Lemma 3.14, A(x) is a smooth function
and, particularly, strictly differentiable at x. Furthermore, by Proposition 3.11,
Amax 18 convex, Lipschitz near A(z) and regular (in the sense of Definition 3.10).
Therefore, by Theorem 2.3.10 (Chain rule) and Remark 2.3.11 in [9],

O(Amax(A())) = 0 (Amax © A) (z) = DA*0Apax(A(2)),

where DA* is the adjoint of DA. By Lemma 3.14, DA* : K(H)** — ¢g fulfills
that
DA*(C) = Diag(C) = Ding ({((Ces, ) )

By (3.24),
OAmax(A(2)) = Dg,.._ = {Y(2) € Bi(H)** : Y(2) = 0,E,Y (2) = Y (2)E,, tr(Y(2)) = 1},

max

Combining the above,

O (Amax(A(z))) = Diag (0Amax(A(z))) = Diag (Ds,...) = Mg

where the last equality is due to Proposition 3.1.
On the other hand, if A\pax(A(z)) # 0, by (3.25)

a)\max(A(x)) = {Qmax(x)Rstax(I)* :Rs € M;G(C)7Rs = O,tI‘(RS) = 1}5

where s is the multiplicity of Apax(A(z)), and the columns of Quax(x) form
an orthonormal set of eigenvectors for Apax(2). In this case, we obtain the
following equality

O (Amax(A(2))) = DA*OAmax(A(z)) = Diag{QmaxRs Qs : Rs € M*(C), Ry > 0,tr(R,) = 1}.
O

Corollary 3.16. Under the assumptions of Theorem 3.15, the following formula
holds

OAmax(7) = {v € ¢ : v = tr (RsQmax(2)*ere) Qmax()) , Vk € N}.
Proof. By the mentioned Theorem and its proof, any v € OA\pax ()
v = Diag(@max(x)Rstax(I)*)a

where R, € M3%(C), Rs = 0, tr(R;s) = 1 and the columns of Quax(z) form an
orthonormal set of eigenvectors for Apax(x). Then, the coordinates of v are

VU = (Qmax(x)Rstax(x)*)kk =tr (Qmax(x)Rstax(x)*ekeZ) =tr (Rstax(iE)*ekeszax(z)) .
for every k € N. O
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Recently, in [21], the author gave the following explicit expression for the
subdifferential of the operator norm of A € B(H) such that dist(A, K(H)) <
IAl,

0| A|| =co {uwv* : u,v e H, Au = |A|v and |Ju| = |jv]| = 1}, (3.30)

where the closure of the convex hull €0 is in the operator norm.

When A(z) is compact self-adjoint but not semi-definite, we obtain analogous
results as Lemma 3.6 and Remark 3.7, since Anax(A(2)) and Apin (A(z)) are real
eigenvalues of A(x) with finite multiplicity. We compile these facts in the next
proposition and we omit the proof, which is similar to the matricial case (see
Lemma 3.6 and Remark 3.7).

Proposition 3.17. Let A(z) = Ao+ Diag(x), with Ag € K(H)** and x € ¢y, be
such that A(z) is such that Apmin(A(z)) < 0 < Apmaz(A(x)). Then the following
properties hold.

1. If Apin(A(2)) is the minimum eigenvalue of A(z) and Sy its correspond-
g etgenspace, then

O(Amin(A(2))) = Apin(z) = —ms, ... (3.31)
2. The equivalent expression of equation (3.30) in this case is
2 (JA@)]) = cofun® : A(w)u = |A@)|u and Ju] = 1}.  (3.32)

3. Considering (3.31) and (3.32), it is evident that

OAmax(A(z)) if [A@)] = Amax(A(z)
(A()]) = 2 Amin(A(2)) if JA@)| = —Amin(A(2))
Co(a/\maX(A@)) Y a)‘min(A(x») if [A@)]| = —Amin(A

Proposition 3.18. Let K € K(H)** be such that K < 0, with dim(ker(K)) =
w andY,Z € B1(H) that satisfy YPSMm(K) =Y, ZPxk)=%,Y 20,Z >0,
tr(Y) = tr(Z) = 1 and Diag(Y') = Diag(Z). Then A =K + ”L2H] is a minimal
operator.

Proof. Observe that K < 0 implies that —Xin(K) = [Amin(K)| = | K| and
hence Sy, (k) = S—|k]-

Now consider the spectral projection Py . (k) = Pk on the eigenspace
Sxmin(K) = S—|k| corresponding to the eigenvalue A, (K) = |K|| and the
orthogonal projection onto the kernel of K denoted by Pe;(x). Note that then

A=—|K|P_ g+ R+ @I with R orthogonal to P_| . Hence we can obtain
the following equalities

(Y 4) = tr (Y (K " |I2<I>> =t (YP—mK + |2k”Y> = tr (—KIY + ?Y)

~|&] ||
=u<jzy)::2, (3.33)
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tr(ZA) = tr ZK—&-MZ = tr ZPkcr(K)K—&-MZ = tr O—&-MZ :m.
2 2 2 [3.30)2

Now consider X = £5* € By (H) with null diagonal, and define ¢ in the dual
of B(H) as (W) = tr(XW). Then 1) satisfies

e (X D) =0 for every diagonal operator D since Diag(X) = 0,

(A) = Lor (ZK + @2) ~ Lt (YK + “ZL"Y) -1 (@ - (_”LQH)) -
IS

3 I = | All, where we have used (3.33) and (3.34), and

Z-=Y\ 1 2 2\1/2
5 D—Qtr((Z YZ - ZY +Y?) )

* Xy = (X)) =tr<

1 1
= St ((Z2 + Y2)1/2) = Jt(Z+Y) =1
where we have used that Y and Z act on orthogonal subspaces.

This proves that i is a witness of the minimality of A with respect to the
diagonal operators, and hence A is minimal (see Section 5 and in particular
Proposition 5.1 of [20] and Remark 9 of [7]). O

Example 3.19. We describe here a concrete case where Proposition 3.18 can
be applied. Given h € H, |h| = 1, consider the rank one and hence compact
operator K = —hh* < 0 with |h;|> < 1 and h; # 0 for all j € N. Then
A=K+ %I is minimal as can also be proved using Theorem 4.4(2) since A is
minimal if and only if —A is.

Now we can prove a similar result as that obtained in Theorem 3.8 for
matrices.

Theorem 3.20. Let A(z) = Ap + Diag(x), with Ag € K**(H) and = € ¢y such
that Amax(A(z)) = —Amin(A(2)). Then, the following statements are equivalent,

(1) 0eo(|A@)])-

(2) 0 € OAmax(A(2)) + OAmin (A(2)).

(8) ms,...OMs,,.. # &, where Spmax and Smin are the eigenspaces of Amax(A(z))
and Amin (A(2)), respectively.

(4) W ({Ps,..eiefPs,. 32 ) 0 W ({Ps,meief Psointiey) # {(0,...,0,...)}.

(5) There exists m € N, concrete C*-isomorphisms Us,,. : Maim(s,,..) —
Ps, . B(H)Ps,. and Ug B(H)Ps,,, (for ex-
ample, as defined in Proposition 10 and subsection 5.1 of [6])), matri-
ces {B;}L, < Mjiam(Smax)(C) and {C;}7, < Mji‘fn(smm)(([:) with B; =

STHLX(Psmaxeje;‘Psmax), C; = US:}“, (Pgmmeje;‘PSmm) such that

W({B;}j1) n W{C;}L) # {(0,..., 0)}.

(6) A(z) is minimal.

max max min : Mdim(smin) - Psmin
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Proof. The equivalences (3) < (4) < (5) < (6) have already been proved in [6,
Proposition 12 and Theorem 4].
(1)=(3) If 0 € 9| A(z)| and Apmax(A(z)) = —Amin(A(x)), then using Propo-
sition 3.17,
0 € co (OAmax(A(x)) U A, (A(2))) = co(mg,,., U —ms,,.)

max

and, with the same steps used on the proof of the (1)<(3) equivalence in Theo-
rem 3.8, follows that mg ., Nms, ., # . The converse can be proved similarly.
To prove (2)<>(3) we can use the formulas O\pax (A(x)) = mg,, .. and OApnin(A(z)) =

min

max

—mg,,;, proved in Theorem 3.15 and Proposition 3.17. Then it is trivial that
ms,.. N Mms,., # & if and only if 0 € mg_,. — ms,,, = OAmax(4(x)) +
OAmin (A(z)). O

Remark 3.21. Observe that item (5) of Theorem 3.20 allows the use of joint
numerical ranges of finite self-adjoint matrices to decide the minimality of the
compact operator.

4. Minimizing diagonals for rank one self-adjoint operators

Any rank-one self-adjoint (compact) operator R € B(H )" is a positive scalar
multiple of an orthogonal projection hh* € B(H) with h € H and ||h|| = 1. Then,
Dy is a minimizing diagonal of hh™* if and only if 7Dy is a minimizing diagonal of
rhh* = R. In this subsection we will describe explicitly diagonals Dy € B(H) (in
a fixed orthonormal basis E' = {e;};es of H) such that |hh*+ Dy| < |hh* + D|,
for every diagonal (with respect to F) D € B(H). We will call them minimizing
diagonals of hh* in the E basis. We can suppose that |h;| > 0, Vj and for
numerable j, since otherwise we can work in a closed subspace of H. In this
context (hi,ha,...,hy,...) € H, with h; denotes the coordinates of h in the
fixed orthogonal basis E. As mentioned, the results can be easily translated to
general rank-one self-adjoint operators.

Let us consider h € H with || = 1 and the rank one projection hh* € B(H).
We will explicitly describe diagonals Dy € B(H) (in a fixed orthonormal basis
E = {ej} ey of H) such that |hh* + Dy| < |hh* 4+ D|, for every diagonal (with
respect to E) D € B(H). We will call them minimizing diagonals of hh* in the
E basis. We can suppose that |h;| > 0, Vj and for numerable j, since otherwise
we can work in a closed subspace of H. In this context (h1, ha,...,hy,...) € H,
with h; denotes the coordinates of h in the fixed orthogonal basis E.

The following is a slight generalization of the sufficient part of [1, Theorem
2.2] and its proof follows the same idea.

Lemma 4.1. Let A be a C*-algebra, B < A a C*-subalgebra, H a Hilbert space
and p : A — B(H) a representation of A, and there exists £ € H, ||€|%, = 1,
Z € A such that {p(2)&,p(D)E) =0 VD € B, p(Z*Z)¢ = || Z|*¢ then

|Z| < |Z+ D| ,vD e B.

That is, Z is a minimal element with respect to B.
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Proof. Observe that for every D € B

1Z + DI > (o(Z + D&, p(Z + DS
— (p(2)¢. p(2)E) + (p(2)E, p(D)E) + (p(D)E, p(2)E) + (p(D)E, p(D)E)
> (p(2)¢, p(2)E) = (plZ)*p(2)E. &) = (p(Z* 2)&,€)
— 1212, & = 2]

and therefore |Z| < |Z + D|VD € B. O
We include here a result adapted to our needs.

Lemma 4.2. Let Z be an operator of B(H), and §& € Bo(H) (a Hilbert-
Schmidt operator) with tr(€¥€) = 1 such that Z*Z¢ = |Z|2¢, tr(ZE(DE)*) =
tr(Z&€*D*) = 0, VD € Diag(B(H)) (the algebra of diagonal operators in a fized
basis), then

|Z|| <||Z + D|, VD € Diag(B(H)).

Proof. The proof is also motivated in the previous lemma.
|Z+ D| = tr ((Z +D)((Z + D)f)*) =tr(Z*ZEE* + ZEE*D* + DECHZ* + D* DEE™)

= tr(Z*ZEE%) + 04 0 + tr(D¢E*) = tr(Z* ZE€*) = tr(|| Z)766*) = | 2]t (£€*) = | Z)?
for all D € Diag(B(H)). O

The next result follows directly from [15, Theorem 9] and [5, Theorem 2].
We state it here for the sake of clarity.

Theorem 4.3. Let T € B(H)** be described as an infinite matriz by (T;;)

i,jeN
in a fized basis. Suppose that T satisfies that

a) there exists jo € N satisfying T}, j, = 0, with Tj,,, # 0, for all n # jo,
b) if TUo) is the operator T with zero in its joth-column and joth-row then

Jeols, (T)] > | T)

(where ||col,(T)|| denotes the Hilbert norm of the joth-column of T ), and
c) {coljy(T),cn(T)) =0 for each n € N, n # jo.

Then,
LT = [ col, (T)]-

2. T is minimal, that is

IT| = inf |IT + D| = inf |T + DJ,
DeDiag(B(H)#®*) DeDiag(K(H))

and D = Diag ({Tnn}neN) is the unique bounded minimal diagonal opera-
tor for T.
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Next, we introduce equivalent conditions for a rank one orthogonal projector
in B(H) to achieve minimality.

Theorem 4.4. Let h be an element of H with |h|a = 1 and h = (hy, ha, ..., hy, ...
in a fized basis E of H. Then,

(1) if there exists jo such that |hj,|* > 1/2 then
hh* — Diag(1 — |hj, |, ..., 1 — |hjy |2 1o 1 1 — |Rj 12, ..) =

= hh* + (|hj0|2 )I + (1 - 2|hjo| ) €jo€ ]0

is a minimal matriz and is unique if h; # 0 Vj.

(2) and if |h;|* < 1/2 for every j then Dy = —31I is a minimizing diagonal
for hh*. Moreover, if hj # 0 Vj, then this minimizing diagonal is unique
(see also Corollary 4.6).

Proof. Recall that the diagonal of hh* € H is Diag(hh*) = {|h1]?, |ha|?, ..., |hnl?,
and hh* is a trace class positive operator (a projection or rank one) with
tr(hh*) = > oy |hj|? = 1 and hence a Hilbert-Schmidt operator with |hh*|s =
tr(hh*(hh*)*) = tr(hh*) = 1. We would also consider that the indexes j belong
to N although they could be finite in which case the proof is similar. We would
also suppose that the coordinates h; # 0 for all j € N since otherwise the entire
j-th row and column of Ah* must be null and we can reorder the basis and take
those j away.

(1) We will use Theorem 4.3 to prove that under the hypothesis |hj,|* > 1/2
the infinite matrix

m = hh* + (|hjo|2 )I + (1 - 2|h70| ) €jo€ jo
is minimal. The diagonal of m is

Jo

. —
Diag(m) = (|h1[*+|hjo|>—1, |hal?+|hjol>~1,..., "~ 0 |hjos1]*+lhjo[*—1,...).

Observe first that if k # jg, since Zj |h;|> = 1, then myy = |hg]® +
hjol> =1 = —=(1 = [hg]* = [hjo]?) = — Xk, [hs]? and that my, 5, =
|hjo |2+ (|hjo | — 1)+ (1—2]hj,|?) = 0. With these elements in the diagonal
a direct computation shows that the columns colg(m) and col;,(m) are
orthogonal for k # jy (the elements of the diagonal were chosen for this
purpose).

Now consider the rank one operator pEfO) = h(jf’)(h(j“))*, where h(70)
equals h except in the jo entry where there is a zero. Then its spectrum

is o (pgl”)) = {0, [nU2)|2} = {0,1 — |hj,|?} and hence using functional
calculus 0( (o) 4 (|hjo|* — I(JO)) = {|hjo|> — 1,0}, where 1U0) is the
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identity matrix with a 0 in the jo, jo entry. Hence, denoting with col;, (m)

the jo-column of m, we have that
= 1 [ = 31 = [y [24/1 = B

S A/1 = [Ro P[] = lleoljy (m))] (4.1)

Im ] = [ + (b [* = 116

where we used that /1 — |h;, 2 < |hj,| < 1/2 < |hj,|? and that col;, (m) =

hijoht9°) then [[colj, (m)| = [y 1RV = |hjy |4 /3525, 1hs[? = /T = Thjo 2.
Therefore, considering that coly(m) L colj,(m) for k # jo and that
[me)| < |lcoly, (m)]| (see (4.1)) hold and Theorem 4.3 we can conclude
that m is a minimal matrix. Hence Diag(1—|h;,|%, ..., 1—|h;|%, |hjol% 1—
|hjo|?,...) is the closest diagonal to hh* if h; % 0 for all j.

This item could be proved using Proposition 3.18 but we include here
a proof using other techniques regarding this special case. First we will
show that there exists an element k € (span{h})™ < H such that |hj| = |k
Vj € N. This can be done considering an infinite polygon in the C plane
with sides |h;|? that starts and ends in (0,0). This can be constructed
if and only if |h;|> < 1/2, Vj € N. Then define a collection of angles
—m/2 < 0; < /2, for j € N, of the corresponding sides of length |h;|? with
respect to the positive real axis required in order to obtain the mentioned
closed polygon. With these notations we obtain that

DlefinP =0
JeN

since the origin is where the polygon ends. Now, if h; = |hj|ei"j, for j e N,
we have that

0= N ey = 3 eyl oDy = (hky (42)
jeN jeN
for k =2y |hjle=i—)e,. Hence k € (span{h})", satisfics that |k;| =

|hj| Vj € N and hence k] = 3,y [B5]* = X ey |77 = 1.

Then hh* is a rank one projector with eigenvectors h and k with corre-
sponding eigenvalues 1 and 0 (hh*h = h and hh*k = h(k,h) = 0). Then
the operator Z = hh* — %I has eigenvalues % and %1 with corresponding
eigenvectors h and k (where I € B(H) denotes the identity operator).
Now consider the operator Z = hh* — %I . Observe that the diagonal
of Z is (|h1|2 —1/2,|hal? — 1/2,...,|ha|* — 1/2,...) in the fixed basis

and that if we choose £ = \%(hh* + kk*) then Z¢ = ﬁ(hh* — kk*)

and Z*Z¢ = ZZ¢ = (%)2%(hh* + kk*) = | Z||*¢. Moreover, using that
7€* = 1(hh* — kk*) and that the diagonal of hh* — kk* is null, follows
that tr(Z£(DE)*) = tr(Z&2D*) = Ytr((hh* — kk*)D*) = 0. Now we can
apply Lemma 4.2 with our defined Z = hh* — 1 and ¢ = %(hh* + kk*)

to prove that Z is a minimal operator with respect to Diag(B(H)).
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Remark 4.5. Note that the minimizing diagonals for a rank one operator, as
stated in Theorem 4.4, are bounded but not compact.

Next we show that the uniqueness of the minimizing diagonal fails if & has
any zero coordinate.

Corollary 4.6. Let h € H such that |h;| < 1/2 for all j € N, and suppose
that there exists jo € N such that hj, = 0. Then, hh* + %ejoe;‘fo are minimal
operators.

Proof. By item 2 of Theorem 4.4, —%I is a minimizing diagonal for hh* and
|ph* — 11| = 1. Now consider hh* + %ejoe;‘o, with A as in the hypothesis. Then,

1
(o) -

and for each j # jo,
1
o (e Geaet, )| - \/|hj|4 3 Pl = oIl 2= ) = Ay <

=y
Also, observe that

1 1
o <hh 5o ]0) 1C; <hh 6]06]0>

for every j # jo. Then, by Corollary 6.3 in [4],

1 1
Cj, (hh* + zejoe;‘o) ‘ < ‘hh* + iejoe;‘o

‘Cjﬂ(hh* §ejo Jo) Hhh* * gejo JO T2 ‘hh* N 51 )
therefore hh* + % €jo e;’-‘o are minimal operators. 0

The following is a related result with a different approach that provides
conditions under which a diagonal matrix D is minimal related to a rank-one
operator.

Lemma 4.7. Let h € H such that |h]| =1 and D € D(B(H)**). If there exists
jo € N such that

L [nh* = D[ = [[(hh* = D)ejq | = [ Cj, (hh* — D)].
2. |hjo|2 = Djo,jo'
Then, hh* — D is minimal with C;j(hh* — D) L Cj,(hh* — D) for every j # jo.

Moreover, if hj # 0 for all j € N, then D is the unique minimizing diagonal
and its entries are defined as

5= |hil? = hjhj, (1 = |h;]?), for every j # jo. (4.3)
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Proof. The minimality of hh* — D is a direct consequence of Lemma 6.1 in [4],
since

(hh* - D)joyjo = |hjo‘2 - Djmjo =0.

Moreover, if ¢;, (Rh* — D); = (hh* — D); j, # 0 for all j # jo, then hh* — D has
a unique minimizing diagonal defined by

Cj(hh* — D);, Ciq (hh* — D); ] )
*
(h‘h - D)j,j == (hh* — D)j o ) for J # Jo,

where ¢, (X); € HOgen{e;} is the element obtained after taking off the I*" entry
of ¢, (X) € H. Then, for j # jo

<cj(hh* — D)5, ¢j, (hh* — D)3>

hh* —D);;, = -
( )i (hh* — D)j jo
hi> = Dj; = > |hil*hghg, + iy (1hiol® = Dig.i)
i#j
B> = Dj; = . |hal*hhy,
i
Dj; = |h> = [hil*hshy,
i
Djj = |hj]* = hjhjo (1 = |Ry[?)
O
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