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Abstract

We formulate the issue of minimality of self-adjoint operators on a complex
Hilbert space as a semi-definite problem, linking the work by Overton in [18]
to the characterization of minimal hermitian matrices. This motivates us to
investigate the relationship between minimal self-adjoint operators and the sub-
differential of the maximum eigenvalue, initially for matrices and subsequently
for compact operators. In order to do it we obtain new formulas of subdifferen-
tials of maximum eigenvalues of compact operators that become useful in these
optimization problems.

Additionally, we provide formulas for the minimizing diagonals of rank one
self-adjoint operators, a result that might be applied for numerical large-scale
eigenvalue optimization.
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1. Introduction and preliminaries

Let BpHq and KpHq be the spaces of linear bounded and compact operators
defined on a complex Hilbert spaceH, respectively. We call A P BpHq a minimal
operator if }A} ď }A ` D}, for all D diagonal in a fixed orthonormal basis
E “ teiuiPI of H and } ¨ } the operator norm. Note that when A P KpHq, we
can suppose that H is separable since there is only a numerable set teikukPN
such that Apeikq ‰ 0.
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In particular, minimal compact self-adjoint operators are related with the
distance to the subspace of diagonal self-adjoint operators, denoted by DiagpKpHqqsa,
since for A P KpHq self-adjoint

dist pA,DiagpKpHqqsaq “ inf
DPDiagpKpHqq

}A`D}.

Minimal operators allow the concrete description of geodesics in homogeneous
spaces obtained as orbits of unitaries under a natural Finsler metric (see [11]).
We use the superscript sa to note the subset of self-adjoint elements of a par-
ticular subset of BpHq.

In the case that H “ Cn, BpHq is the space of complex square matrices of
nˆ n, that is MnpCq. The matricial case of minimal operators was extensively
studied in [1], [2] and [15].

In [7], [5] and [4] we studied minimal self-adjoint compact operators where
it was stated that in general neither existence nor uniqueness of compact min-
imizing diagonals was granted. Some of these results were recently generalized
to more general subalgebras of KpHq and to C˚-algebras in [23, 24].

The characterization of minimal self-adjoint matrices can be stated as a semi-
definite programming problem [18]. Moreover, in [19] Overton develops several
algorithms using the subdifferential of the maximum eigenvalue of a matrix,
which is the set

BλmaxpAq “ tV P Msa
n pCq : λmaxpY q ´ λmaxpAq ě Re trpV pY ´Aqq, @ Y P Msa

n pCqu .

This subdifferential was also studied in [22] and is a powerful tool in cases of
non-differentiable functions [9, 10].

The work of Overton in [18] and [19] motivated us to study the relation
between minimal operators and subdifferentials, first for matrices, and then for
compact operators.

In [3, 13, 21], the authors give useful expressions for the subdifferential of
the norm operator and they relate this concept with the distance to some closed
subsets in BpHq.

In the present work, we relate minimal operators with subdifferentials of the
maximum eigenvalue and of the norm. We vinculate these concepts with the
moment of the eigenspace of the maximum eigenvalue and the joint numerical
range, which was developed in [16] for matrices, and [6] for compact operators.

Indeed, one of our main results is an explicit formulation for the largest
eigenvalue subdifferential of a compact self-adjoint operator Apxq with variable
real diagonal x,

B
`

λmaxpApxqq
˘

“ DiagpBλmaxpApxqqq “ mSmax
,

in terms of mSmax
“ cot|v|2 : v P Smax, }v} “ 1u, the moment of the eigenspace

related to the largest eigenvalue λmaxpApxqq (see (3.2), (3.3) and Theorem 3.3).
Additionally, when the smallest eigenvalue λminpApxqq is negative, we give ex-
plicit formulas for B

`

λminpApxqq
˘

and vinculate Bλmax and Bλmin with the sub-
differential of the spectral norm of Apxq. The above leads us to a new charac-
terization of minimal self-adjoint compact operators that involves B

`

λ1pApxqq
˘

,
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B}Apxq}, the intersection of moments of the maximum and minimum eigenvalues
of Apxq and the joint numerical range of a certain family of operators that has
been studied in [6] and [16].

We first obtain the subdifferential formulas and the characterization of min-
imal operators when Apxq P Msa

n pCq. In order to extend it to the compact
operator case, we needed some additional tools from non-smooth analysis and
optimization. We used [9] and [10] as our main references of the topic.

The formula of the subdifferentials that we obtain can be applied to eigen-
values with multiplicity higher than one, but in case of a simple eigenvalue, our
formula coincides with the definition of gradient and partial derivatives of the
maximum eigenvalue of a matrix (see [17] and [14]). This may be useful to
develop or improve algorithms for large-scale eigenvalue optimization.

The results we present in this paper are divided in three parts. Section
2 is devoted to state the minimality of self-adjoint matrices as a semi-definite
problem, relating some of the results obtained by Overton in [18] with the main
characterization theorems that appear in [2]. Inspired by [19], in Section 3
we study the subdifferential of the maximum eigenvalue, first for matrices and
then for compact operators, and we link it with the moment of its eigenspace.
In order to obtain these results we calculate new formulas of subdifferentials of
eigenvalues of compact self-adjoint operators and operator norms (see Theorems
3.15 and 3.20). Finally, in section 4 we show explicit formulas for the minimizing
diagonals for a given rank-one self-adjoint compact operator. These results
might be used to improve some algorithms recently obtained for large-scale
eigenvalue optimization problems (see [14]).

Next we introduce some additional definitions and notations.
A self-adjoint element A P BpHq is called positive if xAx, xy ě 0 for all x P H

and it is denoted by A ě 0. For an operator A P BpHq we use kerpAq to denote
the kernel of A and |A| the modulus of A given by pA˚Aq1{2.

For every compact operator A P KpHq, let s1pAq, s2pAq, ¨ ¨ ¨ be the singular
values of A, i.e. the eigenvalues of |A| in decreasing order (sipAq “ λip|A|q, for
each i P N) and repeated according to multiplicity. Let

}A}1 “

8
ÿ

i“1

sipAq “ tr|A|, (1.1)

where trp¨q is the trace functional, i.e.

trpAq “

8
ÿ

j“1

xAej , ejy (1.2)

where ej are the elements of a fixed orthonormal basis E. Observe that the series
(1.2) converges absolutely and it is independent from the choice of basis and
this coincides with the usual definition of the trace if H is finite-dimensional.

We define the usual ideal of trace class operators as

B1pHq “ tA P KpHq : }A}1 ă 8u. (1.3)
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2. The characterization of minimal matrices as a semidefinite-problem

Let A0 P Msa
n pCq and φ : Rn Ñ R be the function given by

φpxq “ max
1ďiďn

|λipApxqq|,

where Apxq “ A0 ` Diagpxq, x P Rn and tλipApxqquni“1 are its eigenvalues in
decreasing order counted with multiplicity. We are interested in studying the
following convex optimization problem:

min
xPRn

φpxq. (2.1)

Any solution of (2.1) gives us the spectral norm of a minimal matrix Apx0q and
a best real diagonal approximation to the subspace of real diagonal matrices
Diagpx0q (may not be unique). In this case, we say that Apx0q is a minimal
matrix, that is

}Apx0q} ď }Apxq}, for every x P Rn.

When A0 is a real symmetric matrix, this problem is a specific case of [18]
and can be stated as

min
wPR, xPRn

w such that ´ w ď λipApxqq ď w, 1 ď i ď n, (2.2)

or equivalently

min
wPR, xPRn

w such that
"

wI ´Apxq ě 0
wI `Apxq ě 0.

(2.3)

Problem (2.3) can be viewed as a Semi-Definite Programming (SDP) issue with
two semidefinite constraints. Fletcher in [12] deals with a similar problem with
only one semidefinite constraint.

If Apxq is minimal, then there exist natural numbers 1 ď s, t ă n such that
$

’

’

&

’

’

%

λipApxqq “ λi i “ 1, 2, ..., n
λi “ w i “ 1, 2, ..., t
λi “ ´w i “ n´ s` 1, ..., n
w “ λ1 “ ... “ λt ą λt`1 ě ... ě λn´s ą λn´s`1 “ ... “ λn “ ´w.

(2.4)

If tq1, ..., qnu is an orthonormal set of eigenvectors corresponding to tλ1, ..., λnu,
we define

Q1 “ rq1|...|qts and Q2 “ rqn´s`1|...|qns, (2.5)

matrices of nˆ t and nˆ s, respectively.
Let Ek “ ek b ek “ eke

˚
k , with tekumk“1 the canonical basis of Rm for any

m P N.
The next result is a particular case of Theorem 3.2 in [18] applied to our

context.
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Proposition 2.1. Let A0 P Rnˆn, A0 “ At
0 and x P Rn. The following condi-

tions are equivalent:

1. x is a solution of (2.2) (i.e: Apxq is minimal).
2. Apxq fulfills (2.4) and there exist semidefinite positive symmetric matrices
U of tˆ t and V of sˆ s such that

• trpUq ` trpV q “ 1,
• trpQt

1EkQ1Uq ´ trpQt
2EkQ2V q “ 0, k “ 1, ..., n.

According to [8] we can convert an SDP complex problem into a real SDP,
using the following result.

Lemma 2.2. For every Y P Msa
n pCq,

Y ě 0 if and only if
„

ℜpY q ´ℑpY q

ℑpY q ℜpY q

ȷ

ě 0, (2.6)

(here ℜpY q “ 1
2 pY ` Y q and ℑpY q “ 1

2i pY ´ Y q).

Proof. First define the block matrix U “ 1?
2

„

In iIn
iIn In

ȷ

, and observe that

UU˚ “ U˚U “

„

In 0
0 In

ȷ

.

Then,

U˚

„

Y 0
0 Y

ȷ

U “
1

2

„

Y ` Y ipY ´ Y q

´ipY ´ Y q Y ` Y

ȷ

“

„

ℜpY q ´ℑpY q

ℑpY q ℜpY q

ȷ

.

Therefore,
„

ℜpY q ´ℑpY q

ℑpY q ℜpY q

ȷ

is unitary block equivalent to
„

Y 0
0 Y

ȷ

and

„

ℜpY q ´ℑpY q

ℑpY q ℜpY q

ȷ

ě 0 if and only if
„

Y 0
0 Y

ȷ

ě 0.

So, in order to prove (2.6), we only need to show that

Y ě 0 if and only if
„

Y 0
0 Y

ȷ

ě 0.

It is evident that the inequality
„

Y 0
0 Y

ȷ

ě 0

implies Y ě 0. On the other hand, if Y ě 0, there exist a unitary V P MnpCq

such that Y “ V ˚DiagpλpY qqV , with λipY q ě 0, for every i “ 1, ..., n. Then,

Y “ V
˚
DiagpλpY qqV “ V

˚
DiagpλpY qqV ě 0,
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since V is also unitary, and
„

Y 0
0 Y

ȷ

ě 0.

Proposition 2.3. Let A0 P Msa
n pCq, x P Rn and Ārxs P R2nˆ2n such that

Ārxs “

„

ℜpA0q ´ℑpA0q

ℑpA0q ℜpA0q

ȷ

`

„

Diagpxq 0
0 Diagpxq

ȷ

. (2.7)

Then, we state problem (2.1) as the following real SDP

min
wPR, xPRn

w such that (2.8)

w

„

I 0
0 I

ȷ

´ Ārxs ě 0 and w

„

I 0
0 I

ȷ

` Ārxs ě 0. (2.9)

Proof. By Lemma 2.2, linear matrix restrictions wI´Apxq ě 0 and wI`Apxq ě

0 are equivalent to conditions in (2.9).

If Ārxs is a solution of (2.8) and (2.9), then there exist natural numbers
1 ď s̄, t̄ ă 2n such that
$

’

’

&

’

’

%

λipĀrxsq “ λi i “ 1, 2, ..., 2n
λi “ w i “ 1, 2, ..., t̄
λi “ ´w i “ n´ s̄` 1, ..., 2n
w “ λ1 “ ... “ λt̄ ą λt̄`1 ě ... ě λ2n´s̄ ą λ2n´s̄`1 “ ... “ λ2n “ ´w.

(2.10)
If tq1, ..., q2nu is an orthonormal set of eigenvectors corresponding to tλ1, ..., λ2nu,
we define

Q̄1 “ rq1|...|qt̄s and Q̄2 “ rqn´s̄`1|...|q2ns, , (2.11)

matrices of 2nˆ t̄ and 2nˆ s̄, respectively.
Therefore, we arrive to the next result in relation with the study of

min
xPRn

}Ārxs}. (2.12)

Theorem 2.4 (SDP Complex into SDP real). Let A0 P Msa
n pCq, x P Rn and

Ārxs P C2nˆ2n as in (2.7). The following conditions are equivalent:

1. x is a solution of (2.1) (i.e. Apxq is a minimal matrix of nˆ n).
2. }Ārxs} ď }Ārys} for every y P Rn (i.e., px, xq P R2n is a solution of

(2.12)).
3. Following the same notation as in Proposition 2.3, (2.10) and (2.11), there

exist semidefinite positive symmetric matrices Ū of t̄ ˆ t̄ and V̄ of s̄ ˆ s̄
such that

6



• trpŪq ` trpV̄ q “ 1,

• trpQ̄1
t
pEk `En´kqQ̄1Ūq ´ trpQ̄2

t
pEk `En´kqQ̄2V̄ q “ 0, k “ 1, ..., n.

Proof. It follows directly from the conversion of Problem (2.1) into a SDP real
problem, as we did in Proposition 2.4.

Theorem 2.4 indicates that Apxq is minimal if and only if the real 2n ˆ 2n
block matrix Ārxs is a solution of the problem (2.12).

Observe that a solution Ārxs of (2.12) is not necessarily a minimal matrix
of 2nˆ 2n, since it can exist a 2nˆ 2n best real diagonal approximant D such
that

}Ār0s `D} ă }Ārxs} with D ‰

„

Diagpxq 0
0 Diagpxq

ȷ

“

n
ÿ

k“1

xkAk,

where Ak “ Ek ` En´k and

Ārxs “

„

ℜpA0q ´ℑpA0q

ℑpA0q ℜpA0q

ȷ

` x
n
ÿ

k“1

eke
t
k ` x

2n
ÿ

k“n`1

eke
t
k

“

„

ℜpA0q ´ℑpA0q

ℑpA0q ℜpA0q

ȷ

`

n
ÿ

k“1

xk Ek ` En`k
looooomooooon

Ak

“

„

ℜpA0q ´ℑpA0q

ℑpA0q ℜpA0q

ȷ

`

n
ÿ

k“1

xkAk,

However, Apxq (with the same x) is a minimal matrix of nˆ n.
Next, we obtain another characterization of the solution of problem (2.1)

without converting it into a real SDP problem.

Theorem 2.5. Let A P Msa
n pCq and x P Rn. The following conditions are

equivalent:

a) x “ DiagpAq is a solution of (2.2) (i.e: A “ Apxq is minimal).
b) (Adapted to the more general case of A P Msa

n pCq from [18, Theorem 3.2])
If tq1, . . . , qnu is an orthonormal basis of eigenvectors of A corresponding
to the eigenvalues }A} “ λ1 ě ¨ ¨ ¨ ě λn “ ´}A}, Q1 “ rq1| . . . |qts,
Q2 “ rqn´s`1| . . . |qns are the n ˆ t and n ˆ s matrices whose columns
correspond to the eigenvectors of λ1 and λn respectively, then there exist
semidefinite positive self-adjoint matrices U P Ctˆt and V P Csˆs such
that

trpUq ` trpV q “ 1, and (2.13)

trpQ˚
1EkQ1Uq ´ trpQ˚

2EkQ2V q “ 0, @k “ 1, ..., n. (2.14)

c) (Adapted from [23, Theorem 2.1.6] to the particular case of W pHq “

DiagpMsa
n q)

There exists X P MnpCq with DiagpXq “ 0 such that AX “ }A}|X|, where
|X| “ pX˚Xq1{2.
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d) (From [2, Theorem 2 (ii)]) Let E` (respectively E´) be the spectral pro-
jection of A corresponding to the eigenvalue λ1 “ λmaxpAq (respectively
λn “ λminpAq). Then there is a non-zero X P Msa

n pCq such that

DiagpXq “ 0, E`X
` “ X`, E´X

´ “ X´ and trpAXq “ }A} }X}1,

where X` “
|X|`X

2 and X´ “
|X|´X

2 (with |X| “ pX2q1{2 ě 0).

Proof. The equivalences a) ô c) ô d) have already been proved in the provided
citations. The equivalence with item b) is the only that needs a proof.
Let W be the unitary nˆ n matrix whose columns are the eigenvectors of A:

W “ rQ1|Q2|Rs,

with R “ rqt`1| . . . |qn´ss (following the notation used in (2.5)) and Q1, Q2 from
b).
Now consider the diagonal blocks of tˆ t, sˆ s and pn´ t´ sq ˆ pn´ t´ sq to
define the following nˆ n self-adjoint matrix

X “ W ¨

´

U 0 0
0 ´V 0
0 0 0

¯

¨W˚

using the positive semidefinite matrices U and V from b) of sizes tˆ t and sˆ s
respectively.
Then using (2.14) it can be proved that DiagpXq “ 0. Moreover, using (2.13)
and the fact that U ě 0, V ě 0 we obtain

}X}1 “ tr|X| “ tr
ˇ

ˇ

ˇ
W ¨

´

U 0 0
0 ´V 0
0 0 0

¯

¨W˚
ˇ

ˇ

ˇ
“ tr

´

W
ˇ

ˇ

ˇ

´

U 0 0
0 ´V 0
0 0 0

¯
ˇ

ˇ

ˇ
W˚

¯

“ tr
ˇ

ˇ

ˇ

´

U 0 0
0 ´V 0
0 0 0

¯
ˇ

ˇ

ˇ

“ tr
´

U 0 0
0 V 0
0 0 0

¯

“ 1.

And A can be diagonalized using W as

A “ W ¨

ˆ

λ1It 0 0
0 ´λ1Is 0
0 0 D0

˙

¨W˚

where D0 is the diagonal matrix with the eigenvalues of A distinct from λ1 and
´λ1 “ λn (including multiplicity) and Ik denotes the k ˆ k identity matrix.
Hence

A ¨X “ W ¨

ˆ

λ1IS 0 0
0 ´λ1It 0
0 0 D0

˙

¨W˚ ¨W ¨

´

U 0 0
0 ´V 0
0 0 0

¯

¨W˚ “ W ¨

´

λ1U 0 0
0 λ1V 0
0 0 0

¯

¨W˚

“ λ1 W ¨

´

U 0 0
0 V 0
0 0 0

¯

¨W˚ “ λ1|X|

hold, which together with the fact that λ1 “ }A} and item c) of Proposition 2.5
imply that A is a minimal matrix.

To prove the implication a) ñ b) we will use that the statement d) is equiv-
alent to the condition of being a minimal matrix. Then given a minimal ma-
trix A P Msa

n pCq there exists X such that DiagpXq “ 0, trp|X|q “ }X} “ 1,
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trpAXq “ }A}, E`X “ X and E´X “ X.
Now consider the unitary matrix Q “ rQ1|Q2|Q3s constructed as follows. The
nˆ t and nˆs matrices Q1 “ rv1| . . . |vts, Q2 “ rvn´s`1| . . . |vns are constructed
with columns of eigenvectors corresponding to the eigenvalues λ1 “ }A} and
λn “ ´}A}, and Q3 “ rvt`1| . . . |vn´ss is a nˆ pn´ s´ tq matrix with columns
formed by eigenvectors of A that complete an orthonormal basis of Cn.
Then, from the proof of (i) ñ (ii) in [2, Theorem 2 (ii)] follows that there exists
Y ě 0, Z ě 0 such that

X “ Q
´

Y 0 0
0 ´Z 0
0 0 0

¯

Q˚ and A “ Q ¨

ˆ

λ1It 0 0
0 ´λ1Is 0
0 0 D0

˙

¨Q˚.

Then since tr|X| “ 1 it must be

1 “ tr|X| “ tr
´

Q
ˇ

ˇ

ˇ

´

Y 0 0
0 ´Z 0
0 0 0

¯
ˇ

ˇ

ˇ
Q˚

¯

“ tr
ˆ

|Y | 0 0
0 |Z| 0
0 0 0

˙

“ trpY ` Zq. (2.15)

Moreover, using the expression Q “ rQ1|Q2|Q3s “
`

Q1 Q2 Q3

˘

we can com-
pute

X “
`

Q1 Q2 Q3

˘

´

Y 0 0
0 ´Z 0
0 0 0

¯

ˆ

Q1

Q2

Q3

˙˚

“ Q1Y Q
˚
1 ´Q2ZQ

˚
2 .

Hence, since DiagpXq “ 0 follows that

Xk,k “ pQ1Y Q
˚
1´Q2ZQ

˚
2 qk,k “ trpEkpQ1Y Q

˚
1´Q2ZQ

˚
2 qEkq “ 0, @k “ 1, . . . , n

and therefore

0 “ tr pEkpQ1Y Q
˚
1 ´Q2ZQ

˚
2 qq “ tr pQ˚

1EkQ1Y ´Q˚
2EkQ2Zq (2.16)

Then considering U “ Y and Z “ V the equations (2.15) and (2.16) prove that
item b) holds if A is minimal.

Observe that the proof of Theorem 2.5 is different than the one made by
Overton [18] and Fletcher [12], and it is related with the characterization of
minimal self-adjoint matrices made in [2].

3. Subdifferential and moment of a subspace

Here we generalize some of the results developed by Overton in [19] to com-
plex matrices and compact self-adjoint operators. Also, we relate the concept of
subdifferential of the maximum eigenvalue with the moment of a subspace. In
order to do this, it is necessary to state some particular definitions and previous
results.

Recall that, given a subspace S of a separable Hilbert space H, the moment
of S is defined by

mS “ cot|v|2 : v P S, }v} “ 1u, (3.1)

9



where v “ pv1, v2, ...q are the coordinates of v any fixed basis of H, and |v|2 “
`

|v1|2, |v2|2, ...
˘

. In particular, if H “ Cn, by Proposition 3.2 in [16]

mS “ Diag ptY P Msa
n pCq : Y ě 0, trpY q “ 1, ImpY q Ă Suq , (3.2)

and if H is an infinite dimensional Hilbert space, by Proposition 1 in [6]

mS “ Diag ptY P B1pHqsa : Y ě 0, trpY q “ 1, ImpY q Ă Suq . (3.3)

On the other hand, consider a sequence A “ tAju8
j“1 of self-adjoint compact

operators or matrices Aj with bounded norm (}Aj} ď c, for all j). We define
the joint numerical range of A by

W pAq “
␣

ttr pρAjqu8
j“1 : ρ P Msa

n pCq ^ trpρq “ 1 ^ ρ ě 0
(

, (3.4)

when A Ă Msa
n , and

W pAq “
␣

ttr pρAjqu8
j“1 : ρ P Bsa

1 pHq ^ trpρq “ 1 ^ ρ ě 0
(

, (3.5)

when A Ă KsapHq.
For E “ teju8

j“1 we will denote with ej b ej “ Ej , the rank-one orthogonal
projections onto the subspaces generated by ej P E, for all j P N. We will
be particularly interested in the study of W pAq in the case of A “ AS,E “

tPSEjPSu8
j“1 and S a finite dimensional subspace of H

W pAS,Eq “
␣

ttr pPSEjPSρqu8
j“1 : ρ P B1pHq, ρ ě 0 and trpρq “ 1

(

. (3.6)

Note that W pAS,Eq Ă ℓ1 pRq XRN
ě0. In this context, we will consider the set of

its density operators

DS “ tY P B1pHq : PSY “ Y ě 0 , trpY q “ 1u (3.7)

(note that PSY “ Y PS “ PSY PS for Y P DS). If dimS ă 8, the affine hull of
DS is also finite dimensional.

There exists a relation between the moment of a subspace and the joint
numerical range of the particular family AS,E, as we illustrate in the next result.

Proposition 3.1 (Proposition 2 [6]). The following are equivalent definitions
of mS, the moment of S (see (3.6)), with dimS “ r ă 8, related to a basis
E “ teiu

8
i“1 of H. Note the identification made between diagonal operators and

sequences.
a) mS “ DiagpDSq.
b) mS “ co

␣

|v|2 : v P S and }v} “ 1
(

.
c) mS “

Ť

tsiuri“1o.n. set in S

cot|si|2uri“1.

d) mS “ tptrpE1Y q, . . . , trpEnY q, . . . q P ℓ1pRq : Y P DSu.
e) mS “ W pPSE1PS , . . . , PSEnPS , . . . qX

␣

x P ℓ1pRq : xi ě 0 and
ř8

i“1 xi “ 1
(

,
where PS is the orthogonal projection onto S, and W is the joint numerical
range (3.5).

See [16, 6] for more properties about mS in finite and infinite dimensional
cases, respectively.

10



3.1. The finite dimensional case
Let A P Msa

n pCq, define λmaxpAq “ λ1pAq and assume that it has multiplicity
s ě 1. Then, λ1 : Msa

n pCq Ñ R is a convex function, since it can be written as
the maximum of a set of linear functions,

λ1pAq “ maxtxAq, qy : q P Cn, }q} “ 1u “ max ttrpAqq˚q : q P Cn, }q} “ 1u(3.8)
“ maxtxA,Rytr : R P Msa

n pCq, R ě 0, trpRq “ 1u.

The proof of the previous statement is done in Proposition 3.11 in a more general
context.

Definition 3.2. For any convex function f : X Ñ R defined on a Banach space
X , and X ˚ its dual, it can be defined the subdifferential of f at x P X as

Bfpxq “ tv P X ˚ : fpyq ´ fpxq ě Re vpy ´ xq,@ y P X u, (3.9)

as in [3].

In particular, if X “ Msa
n pCq and fp¨q “ λ1p¨q, the subdifferential at x “

A P Msa
n is

Bλ1pAq “ tV P Msa
n pCq : λ1pY q ´ λ1pAq ě Re xV, pY ´Aqytr , @ Y P Msa

n pCqu.

Then, using (3.8) and similar arguments than those in [19], the subdifferential
of λ1 at A is the set

Bλ1pAq “ cotqq˚ : Aq “ λ1pAqq and }q} “ 1u (3.10)
“ tQ1RsQ

˚
1 : Rs P Msa

s pCq, Rs ě 0, trpRsq “ 1u,

where the columns of Q1 form an orthonormal set of s eigenvectors for λ1pAq

(an orthonormal basis of the eigenspace of λ1pAq). Observe that Q1 depends
on the matrix A.

Let Apxq “ A0 ` Diagpxq “ A0 `
řn

j“1 xkeke
˚
k , with A0 P Msa

n pCq, tekunk“1

a fixed orthonormal basis of Cn and x P Rn. The maximum eigenvalue of Apxq,
λ1pApxqq “ λmaxpApxqq, is a map from Rn to R. Observe that λ1pApxqq is a
composition of a smooth function Ap¨q and a convex map λ1p¨q. Moreover, for
every k, the partial derivatives of A are

BA

Bxk
pxq “ eke

˚
k .

Adapting Theorem 3 in [19] to the self-adjoint case, the subdifferential of λ1pApxqq

is

B pλ1pApxqqq “ tv P Rn : vk “ xRs, Q1pxq˚eke
˚
kQ1pxqytr ,

Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1u,

(3.11)

where s is the multiplicity of λ1pApxqq and the columns of Q1pxq form an or-
thonormal basis of eigenvectors for λ1pApxqq. Note that Q1pxq depends on Apxq

and
vk “ xRs, Q1pxq˚eke

˚
kQ1pxqytr “ trpRsQ1pxq˚eke

˚
kQ1pxqq ě 0,

11



for every k, since Rs and Q1pxq˚eke
˚
kQ1pxq are semidefinite positive matrices.

Using (3.11), we obtain the following characterization of the subdifferential.

Theorem 3.3. Let Apxq “ A0 ` Diagpxq, with A0 P Msa
n pCq and x P Rn, and

S1 be the eigenspace of λ1pApxqq. Then

B
`

λ1pApxqq
˘

“ DiagpBλ1pApxqqq “ mS1 , (3.12)

where mS1
is the moment of the eigenspace S1 and we have identified diagonal

matrices with vectors in the last equality.

Proof. Suppose λ1pApxqq “ λmaxpApxqq has multiplicity s and S1 is the eigenspace
of λ1pApxqq with a fixed orthonormal basis of eigenvectors tq1pxq, ..., qspxqu. If
Q1pxq “

“

q1pxq|...|qspxq
‰

P Cnˆs. By (3.11), any v P Bλ1pApxqq has coordinates

vk “ tr pRsQ1pxq˚eke
˚
kQ1pxqq “ tr pY pxqeke

˚
kq “ xY pxqek, eky “ Ykk,

with Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1, for every k “ 1, ..., n. Then, v “

pv1, v2, ..., vnq “ DiagpY pxqq with Y pxq “ Q1pxqRsQ1pxq˚ P Bλ1pApxqq satisfies

• Y pxq “ Y pxq˚ ě 0,

• trpY pxqq “ trpQ1pxqRsQ1pxq˚q “ trpRsQ1pxq˚Q1pxqq “ trpRsq “ 1, and

• ImpY pxqq Ă S1. Indeed, for every h P Cn note that

Y pxqh “ Q1pxq

¨

˝RsQ1pxq˚h
looooomooooon

w

˛

‚“ Q1pxqw P S1,

with w a column vector of s coordinates.

Therefore, by (3.2)

v “ DiagpY pxqq “ Diag pQ1pxqRsQ1pxq˚q P mS1 .

On the other hand, take any v P mS1 . Then, it can be written as

v “ ptrpe1e˚
1Y q, trpe2e˚

2Y q, ..., trpene˚
nY qq ,

with Y “ Y ˚ ě 0, trpY q “ 1 and ImpY q Ă S1. In terms of the orthogonal
decomposition Cn “ S1 ‘ SK

1 , given by the matrix Q “
“

Q1pxq Q2pxq
‰

(Q2

is a matrix whose columns form an orthonormal set for SK
1 and Q is a unitary

matrix), Y is defined by

Y “ Q

„

V 0
0 0

ȷ

Q˚ “ Q1pxqV Q1pxq˚

with V P Msa
s pCq, 1 “ trpY q “ trpV q and V ě 0. Therefore, v P Bλ1pApxqq.

12



Corollary 3.4. Under the assumptions of Theorem 3.3, if λ1pApxqq has multi-
plicity one (i.e., s “ 1), then

Bλ1pApxqq “ t|v|2 : Apxqv “ λ1pApxqqv, }v} “ 1u,

λ1pApxqq is derivable and Bλ1

Bxk
pxq “ |vk|2 for every k “ 1, 2, . . . n.

The next result gives a concrete formula to the directional derivative of
λ1pApxqq and appears in [19], but here we include an explicit proof for the
self-adjoint case.

Proposition 3.5. Let Apxq “ A0 ` Diagpxq, with A0 P Msa
n pCq and x P Rn.

Suppose λ1pApxqq “ λmaxpApxqq, has multiplicity s, with a corresponding or-
thonormal basis of eigenvectors tq1pxq, ..., qspxqu and Q1pxq “

“

q1pxq|...|qspxq
‰

.
Then the directional derivative of λ1 at x P Rn in the direction w P Rn that is
defined by

λ1
1px,wq “ lim

tÑ0`

λ1px` twq ´ λ1pApxqq

t

is the largest eigenvalue of

Bpwq “

n
ÿ

k“1

wkQ1pxq˚eke
˚
kQ1pxq.

Proof. Recall that λ1pApxqq “ λ1 ˝ Apxq, is a composition of a smooth map
Apxq with a convex function λ1. Then, for every w P Rn

λ1
1px,wq “ max

vPBλ1pApxqq
xv, wy ,

since the generalized derivative and generalized gradient coincide with the direc-
tional derivative and subdifferential, respectively (see Proposition 2.2.7 in [9]).
Therefore,

λ1
1px,wq “ max

#

n
ÿ

k“1

vkwk : vk “ xRs, Q1pxq˚eke
˚
kQ1pxqytr , Rs P Msa

s pCq, Rs ě 0, trpRsq “ 1

+

“ max

#C

Rs,
n
ÿ

k“1

wkQ1pxq˚eke
˚
kQ1pxq

G

tr

: Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1

+

“ max txRs, Bpwqytr : Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1u

“ λ1pBpwqq,

where the last equality is due to (3.8).

Lemma 3.6. Let Apxq “ A0 ` Diagpxq, with A0 P Msa
n pCq and x P Rn,

λnpApxqq be the minimum eigenvalue of Apxq and Sn its corresponding eigenspace.
Then,

BλnpApxqq “ Bλnpxq “ ´mSn . (3.13)

13



Proof. Since λnpApxqq “ ´λ1p´Apxqq for any Apxq P Msa
n pCq, then

BλnpApxqq “ ´Bλ1p´Apxqq

“ ´Diag pcotuu˚ : }u} “ 1, ´Apxqu “ λ1p´Apxqquuq

“ ´Diag pcotuu˚ : }u} “ 1, Apxqu “ λnpApxqquuq

“ ´mSn .

The subdifferential of the spectral norm of a matrix A is

B}A} “ cotuv˚ : Au “ }A}v and }u} “ }v} “ 1u

“ tV RtW
˚ : Rt P Msa

t pCq, Rt ě 0, trpRtq “ 1u,
(3.14)

where V,W are unitary matrices of the singular value decomposition of A, i.e.
A “ VDiagpspAqqW˚ and s1pAq “ }A}. The proof of (3.14) appears first in [22]
for the real case and, more recently for the complex case, in [3] and [13].

The subdifferential (3.14) can be closely related with the subdifferentials of
λ1 and λn in some cases, as we observe in the next statement.

Remark 3.7. The expression in (3.14) for any Apxq “ A0 ` Diagpxq, with A P

Msa
n pCq and x P Rn is

B}Apxq} “ cotuu˚ : Apxqu “ }Apxq}u and }u} “ 1u. (3.15)

Let λnpApxqq and λ1pApxqq be the minimum and maximum eigenvalue of Apxq,
respectively. Considering (3.15) and Lemma 3.6, it is evident that

B}Apxq} “

$

&

%

Bλ1pApxqq if }Apxq} “ λ1pApxqq

BλnpApxqq if }Apxq} “ ´λnpApxqq “ |λnpApxqq|

co pBλ1pApxqq Y BλnpApxqqq if }Apxq} “ ´λnpApxqq “ λ1pApxqq.

Theorem 3.8. Let Apxq “ A0 ` Diagpxq, with A0 P Msa
n pCq and x P Rn such

that λ1pApxqq “ ´λnpApxqq. Then, the following statements are equivalent,

(1) 0 P B}Apxq}.
(2) 0 P Bλ1pApxqq ` BλnpApxqq.
(3) mS1

X mSn
‰ H, where S1 and Sn are the eigenspaces of λ1pApxqq and

λnpApxqq, respectively.
(4) W

`

tPS1
eie

˚
i PS1

u
n
i“1

˘

XW
`

tPSn
eie

˚
i PSn

u
n
i“1

˘

‰ t0u.
(5) Apxq is minimal.

Proof. The equivalences p3q ô p4q ô p5q have already been proved in [16].
(1)ô(3) If 0 P B}Apxq} and λ1pApxqq “ ´λnpApxqq, then using Remark 3.7

0 P co pBλ1pApxqq Y BλnpApxqqq “ co pmS1 Y ´mSn
q
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and there exist α P p0, 1q, Y0 P tY P Msa
n pCq : Y ě 0, trpY q “ 1, ImpY q Ă S1u

and Z0 P tZ P Msa
n pCq : Z ě 0, trpZq “ 1, ImpZq Ă Snu such that 0 “

αDiagpY q ` p1 ´ αqDiagp´Zq. Using that trpY q “ trpZq “ 1 we obtain that
α “ 1

2 and then DiagpY q “ DiagpZq. Therefore, mS1 XmSn ‰ H.
The converse implication can be proved reversing the previous steps.
To prove (2)ô(3) we can use the formulas B

`

λ1pApxqq
˘

“ mS1
and BλnpApxqq “

´mSn
from (3.12) and (3.13). Then it is trivial that mS1

X mSn
‰ H if and

only if 0 P mS1
´mSn

“ Bλ1pApxqq ` BλnpApxqq.

3.2. The compact operator case
Lemma 3.9. Let B1pHq be the ideal of trace class operators. Then,

co pthh˚ : h P H, }h} “ 1uq “ tY P B1pHq : Y ě 0, trpY q “ 1u,

Proof. If
ř

j ajh
jphjq˚ is a convex combination of unitary vectors hj P H, then it

fulfills that is a semidefinite positive compact operator with tr
´

ř

j ajh
jphjq˚

¯

“
ř

j aj “ 1. On the other hand, every Y P B1pHqsa, with Y ě 0 and trpY q “ 1
can be written as a (maybe infinite) convex combination of rank one operators.

Definition 3.10. Given a Banach space X , a function f : X Ñ R is said to be
regular at x P X if

1. for all v, the usual one-sided derivative

f 1px, vq “ lim
tÑ0`

fpx` tvq ´ fpxq

t

exists.
2. For all v, f 1px, vq coincides with the general derivative.

To see more details of this definition, see [10] and [9].

Proposition 3.11. Let A P KpHqsa and

λmaxpAq “ maxtλ P R : A´ λI is not invertibleu (3.16)

be the maximum of the spectrum of A, then the following statements hold.

1. If λmaxpAq ‰ 0, then λmaxpAq is an eigenvalue of A and it has finite
multiplicity.

2. The following are equivalent forms to describe λmaxpAq,

λmaxpAq “ max
}h}“1

xAh, hy (3.17)

“ maxttrpAhh˚q : }h} “ 1u “ maxtxA, hh˚ytr : }h} “ 1u(3.18)
“ maxtxA, Y ytr : Y P B1pHqsa, Y ě 0, trpY q “ 1u. (3.19)

3. λmax : KpHqsa Ñ R is a convex function and is Lipschitz near A and
regular in the sense of Definition 3.10.
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4. As a particular case of Lemma 3.9, we define the set

DSmax
“ co ptqq˚ : q P H,Aq “ λmaxpAqq, }q} “ 1uq . (3.20)

Then,

DSmax
“ tY P B1pHqsa : Y ě 0, E`Y “ Y E`, trpY q “ 1u, (3.21)

where E` is the orthogonal projection onto the eigenspace of λmaxpAq.
Moreover, if λmaxpAq ‰ 0, then

DSmax
“ tQmaxRsQ

˚
max : Rs P Msa

s pCq, Rs ě 0, trpRsq “ 1u, (3.22)

where s is the multiplicity of λmax and the columns of Qmax form an
orthonormal basis of eigenvectors of λmax.

Proof. 1. It is a well-known fact of the spectrum of compact operators.
2. Equality (3.17) holds since for any λ eigenvalue of A and v P Sλ, v ‰ 0,
Av “ λmaxpAqv and xAv, vy “ λ xv, vy P R. Then,

λmaxpAq ě maxtλ P R : Dv P H such that Av “ λvu “ max

"

xAv, vy

xv, vy
: v P H

*

“ max
}h}“1

xAh, hy .

(3.18) follows from the equality xAh, hy “ trpAhh˚q, and (3.19) is due to
Lemma 3.9, since maximizing a linear function (the trace) over a set gives
the same result as maximizing it over its convex hull.

3. By (3.17), if A,B P KpHqsa and t P r0, 1s, then

λmaxptA` p1 ´ tqBq “ max
}h}“1

xptA` p1 ´ tqBqh, hy “ max
}h}“1

rt xAh, hy ` p1 ´ tq xBh, hys

ď t max
}h}“1

xAh, hy ` p1 ´ tq max
}h}“1

xBh, hy

“ tλmaxpAq ` p1 ´ tqλmaxpBq.

Therefore, λmax : KpHqsa Ñ R is a convex function. On the other hand,
λmax is bounded above on a neighborhood of A “ A˚ (since λmaxpAq ď

}A} ă 8 for all A P BpHq), so by [9] (Prop. 2.2.6 and 2.3.6), λmax is
Lipschitz near A and regular.

4. The first equality is evident, since any Y ě 0, such that E`Y “ Y E` and
trpY q “ 1 can be written as

Y “

s
ÿ

i“1

aiqq
˚,

where
řs

i“1 ai “ 1, ai ě 0 for every i, and tqiu
s
i“1 is an orthonormal basis

of the eigenspace Smax of A. If λmaxpAq ‰ 0, then s ă 8 and we can
define Qmax “ rq1|q2|...|qss and Rs “ Diag ptaiu

s
i“1q P Msa

s pCq, such that

Y “ QmaxRsQ
˚
max.
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For λmax : KpHqsa Ñ R, it can be defined the subdifferential at A P KpHqsa,
using (3.9), as

BλmaxpAq “ tY P B1pHqsa : λmaxpBq´λmaxpAq ě Re trpY pB´Aqq,@B P KpHqsau,
(3.23)

In the next result, we obtain more useful expressions of Bλmax.

Proposition 3.12. If A P KpHqsa, λmaxpAq has multiplicity s ě 1 and DSmax

is as in (3.20), then the subdifferential of λmaxpAq is the set

BλmaxpAq “ DSmax (3.24)
“ tY P B1pHqsa : Y ě 0, E`Y “ Y E`, trpY q “ 1u,

where E` is the orthogonal projection onto the eigenspace of λmaxpAq. In par-
ticular, if λmaxpAq ‰ 0, then

BλmaxpAq “ tQmaxRsQ
˚
max : Rs P Msa

s pCq, Rs ě 0, trpRsq “ 1u, (3.25)

where the columns of Qmax form an orthonormal basis of eigenvectors for λmax.

Proof. As a consequence of (3.18), the subdifferential of λmax at A can be
expressed as

BλmaxpAq “ cotqq˚ : Aq “ λmaxpAqq and }q} “ 1u.

Then the formulations of BλmaxpAq in (3.24) and (3.25) follow directly from
(3.21) and (3.22), respectively.

Definition 3.13. Let X and Y be Banach spaces. A function F : X Ñ Y is
strictly differentiable at x P X if there exists a continuous linear operator from
X to Y, denoted by DsF pxq, such that

lim
x1Ñx,tÑ0`

F px1 ` tvq ´ F px1q

t
“ Re tr pDsF pxq, vq , (3.26)

for every v P X . The operator DsF pxq is the strict differential of F at x.

Lemma 3.14. Let c0pRq “ c0 be the space of real sequences that converge to 0
and

Apxq “ A0 ` Diagpxq “ A0 `
ÿ

kPN
xkeke

˚
k (3.27)

be an affine function with A0 P KpHqsa fixed and x P c0.

1. For every k,
BA

Bxk
pxq “ eke

˚
k .

and Ap¨q is a smooth function
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2. A : c0 Ñ KpHqsa is strictly differentiable at x and

DsApxq “
ÿ

jPN
xkeke

˚
k “ Diag pxq P DpKpHqsaq,

where DsA is the map defined in (3.26).
3. DsA : c0 Ñ KpHqsa satisfies that its adjoint DsA

˚ : KpHqsa Ñ c0, is

DsApCq “ DiagpCq “ Diag ptxCei, eiyuiPNq , for every C P KpHqsa.

Proof. The proof of item 1 is direct, since each partial derivative of A is a
constant function. Then, for every x P c0 the differential DsA is

DsApxq “
ÿ

jPN
xkeke

˚
k “ Diag pxq P DpKpHqsaq.

Additionally, if A is a smooth function, then it is strictly differentiable ([9], p.
32) andDsApxq is the strict derivative of A at x. The adjointDsA

˚ : KpHqsa Ñ

c0 fulfills

DsA
˚pCqx “ Re trpC˚DsApxqq, @ C P KpHqsa, @ x P c0.

Then, for each Eij “ eie
˚
j

DsA
˚pEijqx “ Re trpEijDsApxqq “ Diagpxq,

and for every C P KpHqsa and ei

DsA
˚pCqei “ Re trpCDsApeiqq “ Cii.

Basically, DsA
˚ is the pinching operator, which extracts the main diagonal of

every C P KpHqsa (with respect to the orthonormal prefixed basis teiuiPN of
H), that is

DsA
˚pCq “ DiagpCq “ Diag ptxCei, eiyuiPNq .

We are now in position to state one of the main results of this subsection.

Theorem 3.15. Let λmax : KpHqsa Ñ R and A : c0 Ñ R be the functions
defined in (3.16) and (3.27), respectively. Consider the composition map λmax ˝

A : c0 Ñ R, given by λmax ˝ Apxq “ λmaxpApxqq. Let s be the multiplicity of
λmaxpApxqq and Smax the eigenspace of λmaxpApxqq.

Then, the subdifferential of λmaxpApxqq at x P c0 is

B
`

λmaxpApxqq
˘

“ Diag pDSmax
q

“ DiagpBλmaxpApxqqq

“ mSmax ,

(3.28)

where mSmax is the moment of the eigenspace Smax (see (3.1)).
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In particular, if λmaxpApxqq ‰ 0

B
`

λmaxpApxqq
˘

“ Diag ptQmaxpxqRsQmaxpxq˚ : Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1uq ,

(3.29)
where the columns of Qmaxpxq form an orthonormal set of eigenvectors for
λmaxpApxqq.

Proof. Let x P c0. As it was proved in Lemma 3.14, Apxq is a smooth function
and, particularly, strictly differentiable at x. Furthermore, by Proposition 3.11,
λmax is convex, Lipschitz near Apxq and regular (in the sense of Definition 3.10).
Therefore, by Theorem 2.3.10 (Chain rule) and Remark 2.3.11 in [9],

B
`

λmaxpApxqq
˘

“ B pλmax ˝Aq pxq “ DA˚BλmaxpApxqq,

where DA˚ is the adjoint of DA. By Lemma 3.14, DA˚ : KpHqsa Ñ c0 fulfills
that

DA˚pCq “ DiagpCq “ Diag ptxCei, eiyuiPNq .

By (3.24),

BλmaxpApxqq “ DSmax
“ tY pxq P B1pHqsa : Y pxq ě 0, E`Y pxq “ Y pxqE`, trpY pxqq “ 1u,

Combining the above,

B
`

λmaxpApxqq
˘

“ Diag pBλmaxpApxqqq “ Diag pDSmax
q “ mSmax

,

where the last equality is due to Proposition 3.1.
On the other hand, if λmaxpApxqq ‰ 0, by (3.25)

BλmaxpApxqq “ tQmaxpxqRsQmaxpxq˚ : Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1u,

where s is the multiplicity of λmaxpApxqq, and the columns of Qmaxpxq form
an orthonormal set of eigenvectors for λmaxpxq. In this case, we obtain the
following equality

B
`

λmaxpApxqq
˘

“ DA˚BλmaxpApxqq “ DiagtQmaxRsQ
˚
max : Rs P Msa

s pCq, Rs ě 0, trpRsq “ 1u.

Corollary 3.16. Under the assumptions of Theorem 3.15, the following formula
holds

Bλmaxpxq “ tv P c0 : vk “ tr pRsQmaxpxq˚eke
˚
kQmaxpxqq ,@k P Nu.

Proof. By the mentioned Theorem and its proof, any v P Bλmaxpxq

v “ DiagpQmaxpxqRsQmaxpxq˚q,

where Rs P Msa
s pCq, Rs ě 0, trpRsq “ 1 and the columns of Qmaxpxq form an

orthonormal set of eigenvectors for λmaxpxq. Then, the coordinates of v are

vk “ pQmaxpxqRsQmaxpxq˚qkk “ tr pQmaxpxqRsQmaxpxq˚eke
˚
kq “ tr pRsQmaxpxq˚eke

˚
kQmaxpxqq .

for every k P N.
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Recently, in [21], the author gave the following explicit expression for the
subdifferential of the operator norm of A P BpHq such that distpA,KpHqq ă

}A},

B}A} “ co tuv˚ : u, v P H,Au “ }A}v and }u} “ }v} “ 1u, (3.30)

where the closure of the convex hull co is in the operator norm.
WhenApxq is compact self-adjoint but not semi-definite, we obtain analogous

results as Lemma 3.6 and Remark 3.7, since λmaxpApxqq and λminpApxqq are real
eigenvalues of Apxq with finite multiplicity. We compile these facts in the next
proposition and we omit the proof, which is similar to the matricial case (see
Lemma 3.6 and Remark 3.7).

Proposition 3.17. Let Apxq “ A0 `Diagpxq, with A0 P KpHqsa and x P c0, be
such that Apxq is such that λminpApxqq ă 0 ă λmaxpApxqq. Then the following
properties hold.

1. If λminpApxqq is the minimum eigenvalue of Apxq and Smin its correspond-
ing eigenspace, then

B
`

λminpApxqq
˘

“ Bλminpxq “ ´mSmin . (3.31)

2. The equivalent expression of equation (3.30) in this case is

B p}Apxq}q “ cotuu˚ : Apxqu “ }Apxq}u and }u} “ 1u. (3.32)

3. Considering (3.31) and (3.32), it is evident that

B
`

}Apxq}
˘

“

$

&

%

BλmaxpApxqq if }Apxq} “ λmaxpApxqq

BλminpApxqq if }Apxq} “ ´λminpApxqq “ |λminpApxqq|

co
`

BλmaxpApxqq Y BλminpApxqq
˘

if }Apxq} “ ´λminpApxqq “ λmaxpApxqq.

Proposition 3.18. Let K P KpHqsa be such that K ď 0, with dimpkerpKqq “

8 and Y,Z P B1pHq that satisfy Y PSλminpKq
“ Y , ZPkerpKq “ Z, Y ě 0, Z ě 0,

trpY q “ trpZq “ 1 and DiagpY q “ DiagpZq. Then A “ K `
}K}

2 I is a minimal
operator.

Proof. Observe that K ď 0 implies that ´λminpKq “ |λminpKq| “ }K} and
hence SλminpKq “ S´}K}.

Now consider the spectral projection PλminpKq “ P}K} on the eigenspace
SλminpKq “ S´}K} corresponding to the eigenvalue λminpKq “ }K} and the
orthogonal projection onto the kernel of K denoted by PkerpKq. Note that then
A “ ´}K}P´}K} `R`

}K}

2 I with R orthogonal to P´}K}. Hence we can obtain
the following equalities

trpY Aq “ tr
ˆ

Y

ˆ

K `
}K}

2
I

˙˙

“ tr
ˆ

Y P´}K}K `
}k}

2
Y

˙

“ tr
ˆ

´}K}Y `
}k}

2
Y

˙

“ tr
ˆ

´}k}

2
Y

˙

“ ´
}K}

2
, (3.33)
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trpZAq “ tr
ˆ

ZK `
}K}

2
Z

˙

“ tr
ˆ

ZPkerpKqK `
}k}

2
Z

˙

“ tr
ˆ

0 `
}k}

2
Z

˙

“
}K}

2
.

(3.34)

Now consider X “ Z´Y
2 P B1pHq with null diagonal, and define ψ in the dual

of BpHq as ψpW q “ trpXW q. Then ψ satisfies

• ψpXDq “ 0 for every diagonal operator D since DiagpXq “ 0,

• ψpAq “ 1
2 tr

´

ZK `
}K}

2 Z
¯

´ 1
2 tr

´

Y K `
}K}

2 Y
¯

“ 1
2

´

}K}

2 ´

´

´
}K}

2

¯¯

“

}K}

2 “ }A}, where we have used (3.33) and (3.34), and

• }X}1 “ trp|X|q “ tr
ˆ
ˇ

ˇ

ˇ

ˇ

Z ´ Y

2

ˇ

ˇ

ˇ

ˇ

˙

“
1

2
tr
´

pZ2 ´ Y Z ´ ZY ` Y 2q1{2
¯

“
1

2
tr
´

pZ2 ` Y 2q1{2
¯

“
1

2
trpZ ` Y q “ 1

where we have used that Y and Z act on orthogonal subspaces.

This proves that ψ is a witness of the minimality of A with respect to the
diagonal operators, and hence A is minimal (see Section 5 and in particular
Proposition 5.1 of [20] and Remark 9 of [7]).

Example 3.19. We describe here a concrete case where Proposition 3.18 can
be applied. Given h P H, }h} “ 1, consider the rank one and hence compact
operator K “ ´hh‹ ď 0 with |hj |2 ď 1

2 and hj ‰ 0 for all j P N. Then
A “ K ` 1

2I is minimal as can also be proved using Theorem 4.4(2) since A is
minimal if and only if ´A is.

Now we can prove a similar result as that obtained in Theorem 3.8 for
matrices.

Theorem 3.20. Let Apxq “ A0 ` Diagpxq, with A0 P KsapHq and x P c0 such
that λmaxpApxqq “ ´λminpApxqq. Then, the following statements are equivalent,

(1) 0 P B
`

}Apxq}
˘

.
(2) 0 P BλmaxpApxqq ` BλminpApxqq.
(3) mSmaxXmSmin ‰ H, where Smax and Smin are the eigenspaces of λmaxpApxqq

and λminpApxqq, respectively.
(4) W

`

tPSmaxeie
˚
i PSmax

u
8

i“1

˘

XW
`

tPSmineie
˚
i PSmin

u
8

i“1

˘

‰ tp0, . . . , 0, . . . qu.
(5) There exists m P N, concrete C˚-isomorphisms USmax

: MdimpSmaxq Ñ

PSmaxBpHqPSmax and USmin : MdimpSminq Ñ PSminBpHqPSmin (for ex-
ample, as defined in Proposition 10 and subsection 5.1 of [6])), matri-
ces tBjumj“1 Ă Msa

dimpSmaxq
pCq and tCjumj“1 Ă Msa

dimpSminq
pCq with Bj “

U´1
Smax

pPSmaxeje
˚
j PSmaxq, Cj “ U´1

Smin
pPSmineje

˚
j PSminq such that

W ptBjumj“1q XW ptCjumj“1q ‰ tp0, . . . , 0qu.

(6) Apxq is minimal.
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Proof. The equivalences p3q ô p4q ô p5q ô p6q have already been proved in [6,
Proposition 12 and Theorem 4].

(1)ô(3) If 0 P B}Apxq} and λmaxpApxqq “ ´λminpApxqq, then using Propo-
sition 3.17,

0 P co pBλmaxpApxqq Y BλnpApxqqq “ co pmSmax
Y ´mSmin

q

and, with the same steps used on the proof of the (1)ô(3) equivalence in Theo-
rem 3.8, follows that mSmax

XmSmin
‰ H. The converse can be proved similarly.

To prove (2)ô(3) we can use the formulas BλmaxpApxqq “ mSmax and BλminpApxqq “

´mSmin proved in Theorem 3.15 and Proposition 3.17. Then it is trivial that
mSmax

X mSmin
‰ H if and only if 0 P mSmax

´ mSmin
“ BλmaxpApxqq `

BλminpApxqq.

Remark 3.21. Observe that item (5) of Theorem 3.20 allows the use of joint
numerical ranges of finite self-adjoint matrices to decide the minimality of the
compact operator.

4. Minimizing diagonals for rank one self-adjoint operators

Any rank-one self-adjoint (compact) operator R P BpHqsa is a positive scalar
multiple of an orthogonal projection hh˚ P BpHq with h P H and }h} “ 1. Then,
D0 is a minimizing diagonal of hh˚ if and only if rD0 is a minimizing diagonal of
rhh˚ “ R. In this subsection we will describe explicitly diagonalsD0 P BpHq (in
a fixed orthonormal basis E “ tejujPJ of H) such that }hh˚ `D0} ď }hh˚ `D},
for every diagonal (with respect to E) D P BpHq. We will call them minimizing
diagonals of hh˚ in the E basis. We can suppose that |hj | ą 0, @j and for
numerable j, since otherwise we can work in a closed subspace of H. In this
context ph1, h2, . . . , hn, . . . q P H, with hj denotes the coordinates of h in the
fixed orthogonal basis E. As mentioned, the results can be easily translated to
general rank-one self-adjoint operators.

Let us consider h P H with }h} “ 1 and the rank one projection hh˚ P BpHq.
We will explicitly describe diagonals D0 P BpHq (in a fixed orthonormal basis
E “ tejujPJ of H) such that }hh˚ `D0} ď }hh˚ `D}, for every diagonal (with
respect to E) D P BpHq. We will call them minimizing diagonals of hh˚ in the
E basis. We can suppose that |hj | ą 0, @j and for numerable j, since otherwise
we can work in a closed subspace of H. In this context ph1, h2, . . . , hn, . . . q P H,
with hj denotes the coordinates of h in the fixed orthogonal basis E.

The following is a slight generalization of the sufficient part of [1, Theorem
2.2] and its proof follows the same idea.

Lemma 4.1. Let A be a C˚-algebra, B Ă A a C˚-subalgebra, H a Hilbert space
and ρ : A Ñ BpHq a representation of A, and there exists ξ P H, }ξ}2H “ 1,
Z P A such that xρpZqξ, ρpDqξy “ 0 @D P B, ρpZ˚Zqξ “ }Z}2ξ then

}Z} ď }Z `D} ,@D P B.

That is, Z is a minimal element with respect to B.
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Proof. Observe that for every D P B

}Z `D}2 ě xρpZ `Dqξ, ρpZ `Dqξy

“ xρpZqξ, ρpZqξy ` xρpZqξ, ρpDqξy ` xρpDqξ, ρpZqξy ` xρpDqξ, ρpDqξy

ě xρpZqξ, ρpZqξy “ xρpZq˚ρpZqξ, ξy “ xρpZ˚Zqξ, ξy

“ }Z}2xξ, ξy “ }Z}2

and therefore }Z} ď }Z `D}@D P B.

We include here a result adapted to our needs.

Lemma 4.2. Let Z be an operator of BpHq, and ξ P B2pHq (a Hilbert-
Schmidt operator) with trpξ˚ξq “ 1 such that Z˚Zξ “ }Z}2ξ, trpZξpDξq˚q “

trpZξξ˚D˚q “ 0, @D P DiagpBpHqq (the algebra of diagonal operators in a fixed
basis), then

}Z} ď }Z `D}, @D P DiagpBpHqq.

Proof. The proof is also motivated in the previous lemma.

}Z `D} ě tr
`

pZ `Dqξ ppZ `Dqξq
˚
˘

“ trpZ˚Zξξ˚ ` Zξξ˚D˚ `Dξξ˚Z˚ `D˚Dξξ˚q

“ trpZ˚Zξξ˚q ` 0 ` 0 ` trpD2ξξ˚q ě trpZ˚Zξξ˚q “ trp}Z}2ξξ˚q “ }Z}2trpξξ˚q “ }Z}2

for all D P DiagpBpHqq.

The next result follows directly from [15, Theorem 9] and [5, Theorem 2].
We state it here for the sake of clarity.

Theorem 4.3. Let T P BpHqsa be described as an infinite matrix by pTijqi,jPN
in a fixed basis. Suppose that T satisfies that

a) there exists j0 P N satisfying Tj0,j0 “ 0, with Tj0,n ‰ 0, for all n ‰ j0,
b) if T pj0q is the operator T with zero in its j0th-column and j0th-row then

}colj0pT q} ě

›

›

›
T pj0q

›

›

›

(where }colj0pT q} denotes the Hilbert norm of the j0th-column of T ), and
c) xcolj0pT q, cnpT qy “ 0 for each n P N, n ‰ j0.

Then,

1. }T } “ }colj0pT q}.
2. T is minimal, that is

}T } “ inf
DPDiagpBpHqsaq

}T `D} “ inf
DPDiagpKpHqq

}T `D} ,

and D “ Diag
`

tTnnunPN
˘

is the unique bounded minimal diagonal opera-
tor for T .
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Next, we introduce equivalent conditions for a rank one orthogonal projector
in BpHq to achieve minimality.

Theorem 4.4. Let h be an element of H with }h}2 “ 1 and h “ ph1, h2, . . . , hn, . . . q
in a fixed basis E of H. Then,

(1) if there exists j0 such that |hj0 |2 ą 1{2 then

hh˚ ´ Diagp1 ´ |hj0 |2, . . . , 1 ´ |hj0 |2, |hj0 |2, 1 ´ |hj0 |2, . . . q “

“ hh˚ ` p|hj0 |2 ´ 1qI ` p1 ´ 2|hj0 |2q ej0e
˚
j0

is a minimal matrix and is unique if hj ‰ 0 @j.
(2) and if |hj |2 ď 1{2 for every j then D0 “ ´ 1

2I is a minimizing diagonal
for hh˚. Moreover, if hj ‰ 0 @j, then this minimizing diagonal is unique
(see also Corollary 4.6).

Proof. Recall that the diagonal of hh˚ P H is Diagphh˚q “ t|h1|2, |h2|2, . . . , |hn|2, . . . u
and hh˚ is a trace class positive operator (a projection or rank one) with
trphh˚q “

ř

jPN |hj |2 “ 1 and hence a Hilbert-Schmidt operator with }hh˚}2 “

trphh˚phh˚q˚q “ trphh˚q “ 1. We would also consider that the indexes j belong
to N although they could be finite in which case the proof is similar. We would
also suppose that the coordinates hj ‰ 0 for all j P N since otherwise the entire
j-th row and column of hh˚ must be null and we can reorder the basis and take
those j away.

(1) We will use Theorem 4.3 to prove that under the hypothesis |hj0 |2 ą 1{2
the infinite matrix

m “ hh˚ ` p|hj0 |2 ´ 1qI ` p1 ´ 2|hj0 |2q ej0e
˚
j0

is minimal. The diagonal of m is

Diagpmq “ p|h1|2`|hj0 |2´1 , |h2|2`|hj0 |2´1, . . . ,

j0
hkkikkj

0 , |hj0`1|2`|hj0 |2´1, . . . q.

Observe first that if k ‰ j0, since
ř

j |hj |2 “ 1, then mk,k “ |hk|2 `

|hj0 |2 ´ 1 “ ´p1 ´ |hk|2 ´ |hj0 |2q “ ´
ř

j‰k,j0
|hj |2 and that mj0,j0 “

|hj0 |2`p|hj0 |2´1q`p1´2|hj0 |2q “ 0. With these elements in the diagonal
a direct computation shows that the columns colkpmq and colj0pmq are
orthogonal for k ‰ j0 (the elements of the diagonal were chosen for this
purpose).
Now consider the rank one operator ppj0q

h “ hpj0q
`

hpj0q
˘˚, where hpj0q

equals h except in the j0 entry where there is a zero. Then its spectrum
is σ

´

p
pj0q

h

¯

“ t0, }hpj0q}2u “ t0, 1 ´ |hj0 |2u and hence using functional

calculus σ
´

p
pj0q

h ` p|hj0 |2 ´ 1qIpj0q

¯

“ t|hj0 |2 ´ 1, 0u, where Ipj0q is the
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identity matrix with a 0 in the j0, j0 entry. Hence, denoting with colj0pmq

the j0-column of m, we have that

}mpj0q} “

›

›

›
p

pj0q

h ` p|hj0 |2 ´ 1qIpj0q
›

›

›
“ 1 ´ |hj0 |2 “

b

1 ´ |hj0 |2
b

1 ´ |hj0 |2

ď

b

1 ´ |hj0 |2|hj0 | “ }colj0pmq} (4.1)

where we used that
a

1 ´ |hj0 |2 ă |hj0 | ô 1{2 ă |hj0 |2 and that colj0pmq “

hj0h
pj0q then }colj0pmq} “ |hj0 |}hpj0q} “ |hj0 |

b

ř

j‰j0
|hj |2 “

a

1 ´ |hj0 |2.
Therefore, considering that colkpmq K colj0pmq for k ‰ j0 and that
}mpj0q} ď }colj0pmq} (see (4.1)) hold and Theorem 4.3 we can conclude
that m is a minimal matrix. Hence Diagp1´|hj0 |2, . . . , 1´|hj0 |2, |hj0 |2, 1´

|hj0 |2, . . . q is the closest diagonal to hh˚ if hj ‰ 0 for all j.
(2) This item could be proved using Proposition 3.18 but we include here

a proof using other techniques regarding this special case. First we will
show that there exists an element k P pspanthuq

K
Ă H such that |hj | “ |kj |

@j P N. This can be done considering an infinite polygon in the C plane
with sides |hj |2 that starts and ends in p0, 0q. This can be constructed
if and only if |hj |2 ď 1{2, @j P N. Then define a collection of angles
´π{2 ă θj ď π{2, for j P N, of the corresponding sides of length |hj |2 with
respect to the positive real axis required in order to obtain the mentioned
closed polygon. With these notations we obtain that

ÿ

jPN
eiθj |hj |2 “ 0

since the origin is where the polygon ends. Now, if hj “ |hj |eiαj , for j P N,
we have that

0 “
ÿ

jPN
eiθj |hj |2 “

ÿ

jPN
eiαj |hj |eipθj´αjq|hj | “ xh, ky (4.2)

for k “
ř

jPN |hj |e´ipθj´αjqej . Hence k P pspanthuq
K, satisfies that |kj | “

|hj | @j P N and hence }k}2 “
ř

jPN |kj |2 “
ř

jPN |hj |2 “ 1.
Then hh˚ is a rank one projector with eigenvectors h and k with corre-
sponding eigenvalues 1 and 0 (hh˚h “ h and hh˚k “ hxk, hy “ 0). Then
the operator Z “ hh˚ ´ 1

2I has eigenvalues 1
2 and ´1

2 with corresponding
eigenvectors h and k (where I P BpHq denotes the identity operator).
Now consider the operator Z “ hh˚ ´ 1

2I. Observe that the diagonal
of Z is

`

|h1|2 ´ 1{2, |h2|2 ´ 1{2, . . . , |hn|2 ´ 1{2, . . .
˘

in the fixed basis
and that if we choose ξ “ 1?

2
phh˚ ` kk˚q then Zξ “ 1

2
?
2

phh˚ ´ kk˚q

and Z˚Zξ “ ZZξ “ p 1
2 q2 1?

2
phh˚ ` kk˚q “ }Z}2ξ. Moreover, using that

Zξ2 “ 1
4 phh˚ ´ kk˚q and that the diagonal of hh˚ ´ kk˚ is null, follows

that trpZξpDξq˚q “ trpZξ2D˚q “ 1
4 trpphh˚ ´ kk˚qD˚q “ 0. Now we can

apply Lemma 4.2 with our defined Z “ hh˚ ´ 1
2I and ξ “ 1?

2
phh˚ ` kk˚q

to prove that Z is a minimal operator with respect to DiagpBpHqq.

25



Remark 4.5. Note that the minimizing diagonals for a rank one operator, as
stated in Theorem 4.4, are bounded but not compact.

Next we show that the uniqueness of the minimizing diagonal fails if h has
any zero coordinate.

Corollary 4.6. Let h P H such that |hj | ď 1{2 for all j P N, and suppose
that there exists j0 P N such that hj0 “ 0. Then, hh˚ ˘ 1

2ej0e
˚
j0

are minimal
operators.

Proof. By item 2 of Theorem 4.4, ´ 1
2I is a minimizing diagonal for hh˚ and

}hh˚ ´ 1
2I} “ 1

2 . Now consider hh˚ ˘ 1
2ej0e

˚
j0

, with h as in the hypothesis. Then,

1

2
“

›

›

›

›

ˆ

hh˚ ˘
1

2
ej0e

˚
j0

˙

ej0

›

›

›

›

“

›

›

›

›

Cj0

ˆ

hh˚ ˘
1

2
ej0e

˚
j0

˙
›

›

›

›

ď

›

›

›

›

hh˚ ˘
1

2
ej0e

˚
j0

›

›

›

›

and for each j ‰ j0,
›

›

›

›

Cj

ˆ

hh˚ ˘
1

2
ej0e

˚
j0

˙
›

›

›

›

“

d

|hj |4 `
ÿ

k‰j

|hj |2|hk|2 “

b

|hj |4 ` |hj |2p1 ´ |hj |2q “ |hj | ď
1

2
.

Also, observe that

Cj0

ˆ

hh˚ ˘
1

2
ej0e

˚
j0

˙

K Cj

ˆ

hh˚ ˘
1

2
ej0e

˚
j0

˙

for every j ‰ j0. Then, by Corollary 6.3 in [4],
›

›

›

›

Cj0phh˚ ˘
1

2
ej0e

˚
j0q

›

›

›

›

“

›

›

›

›

hh˚ ˘
1

2
ej0e

˚
j0

›

›

›

›

“
1

2
“

›

›

›

›

hh˚ ´
1

2
I

›

›

›

›

,

therefore hh˚ ˘ 1
2ej0e

˚
j0

are minimal operators.

The following is a related result with a different approach that provides
conditions under which a diagonal matrix D is minimal related to a rank-one
operator.

Lemma 4.7. Let h P H such that }h} “ 1 and D P DpBpHqsaq. If there exists
j0 P N such that

1. }hh˚ ´D} “ }phh˚ ´Dqej0} “ }Cj0phh˚ ´Dq}.
2. |hj0 |2 “ Dj0,j0 .

Then, hh˚ ´D is minimal with Cjphh˚ ´Dq K Cj0phh˚ ´Dq for every j ‰ j0.
Moreover, if hj ‰ 0 for all j P N, then D is the unique minimizing diagonal

and its entries are defined as

Djj “ |hj |2 ´ hjhj0p1 ´ |hj |2q, for every j ‰ j0. (4.3)
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Proof. The minimality of hh˚ ´D is a direct consequence of Lemma 6.1 in [4],
since

phh˚ ´Dqj0,j0 “ |hj0 |2 ´Dj0,j0 “ 0.

Moreover, if cj0phh˚ ´Dqj “ phh˚ ´Dqj,j0 ‰ 0 for all j ‰ j0, then hh˚ ´D has
a unique minimizing diagonal defined by

phh˚ ´Dqj,j “ ´

A

cjphh˚ ´Dq
qj , cj0phh˚ ´Dq

qj

E

phh˚ ´Dqj,j0
, for j ‰ j0,

where ckpXq
ql P Hagentelu is the element obtained after taking off the lth entry

of ckpXq P H. Then, for j ‰ j0

phh˚ ´Dqj,j “ ´

A

cjphh˚ ´Dq
qj , cj0phh˚ ´Dq

qj

E

phh˚ ´Dqj,j0

|hj |2 ´Djj “
ÿ

i‰j

|hi|
2hjhj0 ` hjhj0

`

|hi0 |2 ´Di0,i0

˘

|hj |2 ´Djj “
ÿ

i‰j

|hi|
2hjhj0

Djj “ |hj |2 ´
ÿ

i‰j

|hi|
2hjhj0

Djj “ |hj |2 ´ hjhj0p1 ´ |hj |2q
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