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1. INTRODUCTION

In [HC57] Harish-Chandra proved a formula for orbital integrals, see the expository arti-
cle [McS21] and the references therein. The importance of such integrals for mathematical
physics was first noted by Itzykson and Zuber [IZ80], the unitary integral is now known as
the Harish-Chandra-Itzykson-Zuber (HCIZ) integral and has become an important identity
in quantum field theory, random matrix theory, and algebraic combinatorics. It is usually

written
] n=1 Y det [enits]”
(1 [ mau— {10 ) “xaa o
v 17 ) =5tam)

where det is the determinant of a matrix, U is the group of n-by-n unitary matrices, A
and B are fixed n-by-n diagonal matrices with eigenvalues a1 < --- < ap and by < --- < b,
respectively, and
A(4) = (4 - a)
1<)

is the Vandermonde determinant. In this article we link the HCIZ integral formula to the
theory of Segal-Bargmann spaces thereby giving two new proofs of the integral formula. We
first prove that the HCIZ integral formula is equivalent to the unitarity of a canonical map
between invariant subspaces of Segal-Bargmann spaces. We then prove that the unitarity
of the canonical map is equivalent to two known results: it is equivalent to a formula
for the differentiation of conjugation invariant functions in terms of differentiation on the
restriction to the Cartan algebra [HC57|, and it is also equivalent to the orthonormality
of scaled Schur functions of the spectrum [FR09]. Also, the orthonormailty of the Schur
functions yields the character expansion of the HCIZ integral [IZ80] as the diagonalization
of a reproducing kernel.

In Segal-Bargmann spaces [S60, B61] holomorphic and reproducing kernel techniques
are available. Also, the orthonormal bases and annihilation and creation operators have a
simple form, see [Ha00] and Chapter 4 of [N11]. Previous research on invariant subspaces
of Segal-Bargmann spaces was done for example in [KL07| where rotationally invariant
subspaces where studied. Also, in [Z02, Section 6| a unitarity result for the restriction to
the Cartan algebra was given in the context of Dunkl theory.

The paper is organized as follows. In Section 2 we derive the reproducing kernels of
invariant subspaces of two Segal-Bargmann spaces. We prove that the canonical map
between these two spaces is unitary if and only if the HCIZ integral formula holds in
Section 3. Finally, we provide alternative proofs of the HCIZ integral formula and other
results in Section 4.

2. INVARIANT SUBSPACES OF SEGAL-BARGMANN SPACES

2.1. Fixed point subspaces of Segal-Bargmann spaces. In this section we recall
results about Segal-Bargmann spaces and show properties of fixed point paces of these
spaces. References are Section 2, 3.2 and 6.1 of the lecture notes [Ha00] and Chapter 4 of
[N11].

Let V be a complex vector space of dimension n € N with hermitian form (-,-). The
Segal-Bargmann space F (V') consists of the holomorphic functions on V' which are square
integrable with respect to the measure 7 "¢~ (%2 dz where dz is the volume with respect
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to the inner product R]((-,-)). This space is L?-complete and its hermitian form is given
by

(F,G) = w‘”’/ F(2)G(z)e *?)dz
for F,G € F(V). For a € V the function '
Ko(2) = )
is called the coherent state with parameter a and it satisfies the reproducing property
Fa) = (Ko, F)
for all FF € F(V). The function K : V x V — C given by
K(z,a) = K,(z) = ¢®

is the reproducing kernel for the Segal-Bargmann space. We note that in F (V') multipli-
cation by a variable is the adjoint of differentiation by the same variable. These are the
creation and annihilation operators, see section 6.1 in [Ha00].

Remark 2.1. A general reproducing kernel space of holomorphic functions is a Hilbert
space H C O(W) such that the point evaluations are continuous. Since for a point a € W
the evaluation ev, is continuous by the Riesz representation theorem there is an element
M, € H called the coherent state with parameter a such that ev,(F) = F(a) = (Mg, F) for
all F € H. The reproducing kernel is given by M(x,y) = (M, My).

Let G be a compact topological group with normalized Haar measure and let p : G —
U(V)and x : G — U(C) be unitary representations of G, where U (W) denotes the unitary
operators acting on a Hilbert space W. We can define a unitary representation

m:G—= F(V)
given by
(m(9)F)(2) = x(9) F(p(g~")z)
for ge G, F € F(V) and z € V. This is the the representation obtained from the regular
representation defined by rho by tensoring with the unitary character x. It is unitary since

the measure 7 "¢~ (%% dz is invariant under the representation p. The fixed point space of
this representation is

FWV)Y ={FeF(V):n(g)F = F for all g € G}.

The orthogonal projection P onto this fixed point space is given by
P(F) = [ nlg)rds,
geG

where the integral is over the normalized Haar measure on GG. The coherent states on
F(V)& are given by

(2) Sa = PK,
since for F(V)% and a € V we have

F(a) = (K, F) = (Ko, PF) = (PK,, F).
We denote by S : V x V — C the reproducing kernel on F(V)%.
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Proposition 2.2. The reproducing kernel on F(V)C is given by

(1) = ( /g )l ) () = /g _ la)e =g

for z,aeV.

Proof. Note that for z,a € V

S(a.) = PE(z) = [ (o) >y,
geG

where we used the identity (2) for the coherent on the fixed point space. O

2.2. Segal-Bargmann space of functions on complex matrices. For n € N let
C™"™ = M,(C) be the space of n x n complex matrices with hermitian form (z,y) =
Tr(zy*), where Tr is the trace. Let U C M,(C) be the group of unitary matrices and
GL,(C) € M,(C) the group of invertible matrices. We consider the Segal-Bargmann
space F(C™™).

Remark 2.3. The Gaussian measure 7" ¢~ "2 dz is the measure of the complex Gini-
bre ensemble, see [M04, Chapter 15|. An ensemble is a set endowed with a probability
measure. In this ensemble the expectation of the modulus squared of the sum of eigenvalues

18

E A (2) 4+ M\ (2) 2 = (Tr(2), Tr(2)) = <Tr <a> Tr(z)) ' =n,

0z
z=0

0 0
where Tr(57) = g7+ + g5 -
scaled monomials form an orthonormal basis, but we used the fact that multiplication by z;;
1s the adjoint of 8%. The expectation of the modulus squared of the product of eigenvalues
18

. One can compute the inner product directly knowing that

E A (2). .. Mn(2)]% = (det(2), det(z)) = (det <§> det(z)> | = nl.

z
z=0

Let p be the unitary representation of U on C™*" given by conjugation and let y be the
trivial character. In this case the subspace of fixed points are

F(CMU = [F e F(C™") : F(z) = F(utzu) for all u € U}.

We apply the “unitarian trick”: for fixed F € F(C"™™)V and fixed z € C" " the map
C™"™ — C given by

x> F(z) — F(e®ze™™)
is holomorphic and vanishes for skew-Hermitian x, so it vanishes for all z € C"*™. There-
fore, the functions in F(C"*™)V are actually the functions invariant under conjugation

by all g € GL,(C), so they are functions of the spectrum. The reproducing kernel on
F(C™™V is given by

(3) Q(Z,(l) — / eTr(u—lzua*)du
U

for z,a € C™*™.
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2.3. Segal-Bargmann space of alternating functions. Let C" be endowed with the
hermitian form (z,y) = Y | 2;7; and let S, be the symmetric group of degree n. Let p be
the representation of S™ on C™ given by permutation of variables and let x be alternating
character sgn of S™. Note that o(z;) = (2,-1(;)). The fixed point space is the space
F(C™)5» = F(C™)ay of alternating holomorphic functions:

F(C")ay ={F € F(C") : F(21,...,2n) = 8gn(0)F(25-11), - - - , Z-1(ny) for all o € S }.

We denote by R : C" x C" — C the reproducing kernel on F(C"),;; and note that it is
given by

1 -1
— (071(2),0)
(4) R(z,a) = oy E sgn(o)e .

’ UESn

3. HCIZ INTEGRAL FORMULA AS UNITARITY OF A CANONICAL MAP

In this section we prove the main result of the article. The next proposition gives a
formulation of the HCIZ integral formula in terms of inner products in F(C™*™)V and in
F(C™)ars. We denote with D C C™*™ the set of complex diagonal matrices, with Dyeg the
set, of complex diagonal matrices with distinct eigenvalues, and with Dg the set of diagonal
matrices with real entries. As before A denotes the Vandermonde determinant. We set
the constant

D=

n
c= H p!
p=1
Proposition 3.1. The HCIZ integral formula is equivalent to

R. R
(5) (Qu, Qy) p(crxnyy = <cA(a:)’ cA(yﬂ) >]-'((Cn)alr,

for all x,1y € Dyeg.

Proof. The left hand side is
(@e:Q)) = Qyfa) = [ ™0,
U

where we used the reproducing property and the formula for the kernel given in (3). The
right hand side is

R, R, \_ 1 i
<cA<x>’cA<y>> ZA@AG) )

= 1
- |\ l1#) 3eag

n
1 1 -1
pzl A(J;)A(y) s O'es'n
where in the third equality we used the formula for the reproducing kernel given in (4).
The HCIZ formula (1) states that the left hand side and the right hand side agree when
2,y € Dyeg N Dgr. Since both sides are holomorphic in # and anti-holomorphic in y we get
equality for all z,y € Dyeg. The converse is straightforward. O
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Theorem 3.2. The HCIZ integral formula implies that the map ¢ : F(C™*™)V — F(C™)a
given by

Y(F)(z) = cAz)F|p(x)
for F € F(C™™V and x € D is well defined and unitary. Conversely, if this map is well
defined and unitary, then the HCIZ integral formula holds. The map 1 satisfies

w(Qm) = CAR(Q;)

Jor any x € Dieg.

Proof. Define the map

Ry
¢ : Span{QQ}IEDreg _> Span{ — }
TEDreg
by

where «; € C. Equation (5) in Proposition 3.1 implies that the map is well defined and an
isometry, therefore it extends to an isometry between

R,
span{Q, ), d span = ’
span{Q } GDreg an span { CA(:'U) }JJEDreg

where span(A) denotes the closure of span(A).
We now prove that Span{Qs}sep,., = F(C"*"™)V. If this does not hold take an F €
F(C™™V which is orthogonal to span{Qz}zep,.,. This means that

F(z) = (Qe, F) =0

for all x € D,eg. Since F' is invariant by conjugation of the variables it vanishes on all
g € GL,(C) with n distinct eigenvalues. Since these matrices are dense in C™*" we
conclude that F' = (0. The fact that

[ R$ _ n
spatt { cA(7) }{L’EDreg = FE

is proved similarly. Therefore ¢ defines a unitary map from F(C"*™)V onto F(C")uy. For
F e F(C™™V and z € Dyeq We get

F) =(Qu F) = (6@, 6(F) = 55,007 )

1 1
— mmx, O(F)) = qu(F)(w),

where the first and last equalities follow from the reproducing property, the second from
the unitarity of ¢, and the third from the definition of ¢. Therefore

¢(F)(x) = cA(x)F(x)

for x € D,eg. Hence, the map ¢ is equal to the map 1 and the first assertion of the theorem
is proved.

To prove the second assertion assume that 1 is well defined and unitary. Then for
F e F(C™™V and z € Dyeg we have

F(x) = (Qz, F) = ($(Qz), ¥(F)) = (¥(Qa), cAF|p).
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Also
(Ry, (F)) = (Ra, cAF|p) = cA(z)F(x),

Fa) = (i 910

hence

Therefore for fixed x € Dyeg

Q) HF) = 3 v )

for all ' € F(C™ ™)V and since ¢ is unitary this implies that

Ry
Y(Qz) = A@)
From this property and Proposition 3.1 the HCIZ formula follows. g

Remark 3.3. Note that Theorem 3.2 implies that the map C [(C”X”]U — C[C"],y given
by F — A.F|p is a linear isomorphism, where C [V] denotes the polynomial functions of a
complex vector space V. Also note that multiplication by A defines a linear isomorphism
Ma : C[C"],,,
the restriction map

res: C [(C”X”

— C[C"],,, from the symmetric to the alternating polynomials. Therefore
]U — C[C"]yy,, given by res(F) = F|p

s a linear isomorphism. This is a special case of the Chevalley restriction theorem, see
[C55].

Remark 3.4. In the last remark we used the linear isomorphism Ma : (C[(C”]Sym —

C[C"],;x- There are more general ways to formulate this kind of spaces and maps as
follows. Assume the context of the first part of Section 2. Let p : G — U(V) be a unitary

representation and let x : G — U(C) be a unitary character. We define
CIVI¥={F € C[V]: F(p(9)2) = x(9)F(2) for all g € G}.

If X1, x2, and x are unitary characters and ¢y is a non-zero polynomial function in C [V]X,
the multiplication by ¢, defines a linear injection

M¢x :C [V]Xl S C [V]X-Xz )
If C[V]X' and C[V]*? are endowed by the L* norms defined by the measures
6 (2)Er e~ dz and we= s

then My, 1is an isometry which can be extended to the completions.

4. DIFFERENTIATION OF POLYNOMIALS AND ORTHONORMAL BASES

In this section we give alternative proofs of the HCIZ integral and other results. For
a polynomial F' we define F*(z) = W, that is, the coefficients of F* are the complex
conjugates of the coefficients of F. An alternative proof of the HCIZ integral formula is
given by the following

Proposition 4.1. The unitarity of the map 1 in Theorem 3.2 implies that for polynomials
F,G € F(C™™V the equation

(6) Alz).F (i) G(z) = (F‘D <8‘zl, o E;Zn) (A.GD)> ()
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holds for all x € D. Conversely, if formula (6) holds for all polynomials F,G € F(C"*™)V,
then the map ¥ is unitary.

Proof. We denote by MpG = F.G the multiplication operator. For a polynomial F €
F(C™™V it is easy to check that

Mp =4~" o Mp), 0.

Therefore, by applying adjoints

* 0 _ * =1 g * o = b1 o FF i i o
P (5) = 0ty =v o ) ow = vt o P (2 ) o

Here we used the unitarity of ¢ and the fact that multiplication by a variable is the adjoint
of differentiation by the same variable. We evaluate

(F D<621’”"8;Z71>O¢>G_CF D<821’.”’azn> (A.G|p).

Applying ¢~ and evaluating at z € D¢ is the same as multiplying by
1

cA(x)’

so we get the formula for F*. Since F' = (F™*)* the first claim follows.
We denote for simplicity 0 = %. To prove the second claim we need to verify that for
all polynomials F, G € F(C"™™)V the equality

(F",G) = ((F7),9(G)) = (cAF"|p, cAG|p)

holds. By the definition of the inner product in terms of differentiation at z = 0 we have
(F*,G) = F(9)Gl.mo
and
(cAF*|p,cAG|p) = > A(9)F|p(9)(AG|p)|.=o.
Therefore, we need to verify that
F(9)G|z=0 = *A(9)F|p(9)(AG|p)| 20,

which by formula (6) is equivalent to

%FID(G)(AGID) = CAO)FIp(9)(AG|p)l:=o.

We set
F|p(0)(AG|p) = A.(d+ H),
where d € C and H is a symmetric polynomial on C" without constant term.
Hence, we have to show that
1
KA (d+ H) = AA0)(A.(d+ H))|,=0-
The left hand side is d and the right hand side is

A (D) Ao + EAD)(AH)|s—o.

We have

- 1
AD)AL—o= [ [[»] = -
p=1

c2
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Since A is homogeneous of degree n(n —1)/2 and A.H is a sum of monomials of higher
degree we get

A(0)(A.H)|,=o = 0.
Therefore the right hand side is also d. 0

Formula (6) was obtained by Harish-Chandra in [HC57] for semi-simple Lie groups. His
proof of (1) is based on this result, see [HC57] and Theorem 3.8 in [McS21].

Remark 4.2. If F € F(C"™™)V is a polynomial then

F (;) Qu = F(a)Q

for any a € C"*™. This follows from
0 % * * % (),
<F (32) Qa,G> = (Qa, F*.G) = F*(a)G(a) = F*(a)(Qa, G) = (F*(a)Qq, G)
for any polynomial G € F(C"™YV. By the same argument

F (i) R, =F(a)R,

for any a € C" and any symmetric polynomial F on C".

Let Ny stand for the non negative integers. For p € Nj we denote the monomials as

M1

usual with 2# = 2{" ... 25" and we use the notation u! = p1!... u,!. In the Segal-Bargmann

space F(C™) an orthonormal basis of the space is

()

ok 7

\/m HENG

see [Ha00, Section 3.2]. The set II of partitions is defined as
M={AeNj: M >X>--- >\ }.

Weset d =(n—1,n—2,...,0)and 1 = (1,1,...,1). For XA € I, if (x1,...,z,) are the
eigenvalues of x € GL,,(C) we define

xa(x) = sa(z1, ..., Tn),

where s) is a Schur polynomial. These polynomials are defined by

a>\+5(x1, . ,xn)
Sx(T1,. .y xn) =
M@L-- ) as(x1,...,xn)
where
1n
au(xy,...,z,) = det [mf’]i’jzl .
Note that as(z1,...,2,) = A(z1,...,2y) is the Vandermonde determinant.

Remark 4.3. The irreducible polynomial representations of the general linear group GL,,(C)
are labelled by Young diagrams, which we think of as vectors A € II. The character of the
A-representation is given by X, the Schur polynomial evaluated at the eigenvalues of an
wnwvertible matriz.

For A € II we denote

d)\(z) = m&)\+5(2) € J—"(Cn)alt.
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Proposition 4.4. An orthonormal basis of the space F(C")ay is given by

(dA)AeH :

Proof. Tt is straightforward to check that this set is an orthonormal set. To check that it

is a basis assume that F' € F(C"), and that (F,ayys) = 0 for all A € II. Take a p € Ny
and assume that all the u; are different. Then 2# = o(2**°) for a ¢ € S,, and a X € IL.
We consider as in Section 2 the orthogonal projection P onto F(C"),. Then

1
(F,z'') = (PF, z") = (F, Pz") = <F sgn(o )n a>\+5> =0.
If there are ¢ # j such that u; = p; take as o the transposition of ¢ and j. Then
(F,2") = (o(F),2") = (F,0(2")) = =(F, "),

so that (F,z") = 0. We proved that the inner product of F' with all the elements of the
orthonormal basis of F(C") vanish, so F' = 0. O

For A € II we denote

0!
(A+9)!

Another proof of the HCIZ integral formula is given by

ex(2) = | ——=xa(z) € F(CMY.

Proposition 4.5. The unitarity of the map 1 in Theorem 3.2 implies that (e))rem s an
orthonormal basis of F(C"*™)V. Conversely, the fact that (e))aer is an orthonormal basis
implies the unitarity of .

Proof. We check that for X € I1

w(eyn) = cagex|p = dy.
The proposition follows. O

The fact that (ex)xerm is orthonormal was proved in [FR09, Proposition 2|. Since
F(C™™)V and F(C").y are reproducing kernel spaces their kernels can be diagonalized
in terms of orthonormal bases. Proposition 1.6 in [Hi08] yields the character expansion of
the HCIZ integral formula. This expansion appeared in formula (3.20) in [IZ80] and it was
derived using the Frobenius identity and the Schur orthogonality relations.

Proposition 4.6. The kernel of F(C")a can be written as
z,y) =Y dx(z)dx(y)
AeIT

where the sum converges absolutely and uniformly on compact subsets of C* x C™. The
kernel of F(C™ ™V can be written as

Q(xa y) = Z e)\(x)ek(y)v
Aell
that is

[ et - Z(Aj&,m o)

where the sum converges absolutely and uniformly on compact subsets of C**™ x C"*",

A partial converse to this proposition is
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Proposition 4.7. If the expansion
Qz,y) = _ex(@)ea(y)
Aell

holds, then (ex)xem is an orthonormal basis of F(C™*™)V.

Proof. The ey with |[A| = A\ + -+ + A\, = m € Ny are polynomials of degree m and are
orthogonal to ey with || =m’ # m. Therefore, for X’ such that |\ | = m € Ny we have

ex(a) = (Q(z,a),ex(2)) = ex(a)(ex,ex) + Y ex(@)(exen).
A= AZN

For a X with |[\’| = m such that A" # X choose an a € D such that ey/(a) # 0 and
ex(a) = 0 for all other A with |A\| = m. We conclude that

6)\//((1) = 6)\N<CL) <6)\//7 6)\/> = 07

so the orthonormality of (ey)xerr follows. To prove that this set is a basis let F' € F(C"*™)V
be written as a sum F' =} P of polynomials Py, of degree m. If (ex, F)) = 0 for all
A € II, then for m € Ny we have (ey, P,,) = 0 for all A\ with |A\| = m. Therefore, for a € D
we have

Pp(a) = (Qa, Pn) = < Z eA(a)eA(z),Pm(z)> =0,

A A|l=m
so all the P,, vanish and F = 0. [l

The next proposition computes the coefficients of the expansion of an invariant holo-
morphic function in terms of the characters x).

Proposition 4.8. For an F € F(C"™)Y written as

F=Y fi

A€ll

the coefficients fy are given by
Hh= ( coefficient of 2210 in A.F|D>
for A e IL

Proof. We have the expansion of F' in terms of the orthonormal basis

F = Z<€)\,F>€)\.

A€l

By the unitarity of ¢ the Fourier coefficients are

(ex, F)) = (¢(er), ¥(F)) = (dxr, cA.F|p)
for A € II. Note that

|
P(AM) = | [ =P,

1 1
Vo v Tiasl o i (A+0)

where P is the orthogonal projection to the alternating functions as in Section 2. Therefore

dx(z) )

n!
(A+9)!

(dy, ¢AF|p) = <P(ZA+5),CA.F\D> _ <z’\+‘5,cA.F|D>.

(A+0)!



12 HCIZ INTEGRAL FORMULA AS UNITARITY OF A CANONICAL MAP

Also (M0 cAF|p) = (A + 6)!( coefficient of 2**° in cA.F|p). Some calculations yield

n
Hp! ( coefficient of 229 in cA.F\D) )
p=1

and since , /[}_, p! = 1 the proposition follows. O
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