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Abstract
A quadratically constrained quadratic programming problem is considered in a Hilbert space
setting, where neither the objective nor the constraint are convex functions. Necessary and sufficient
conditions are provided to guarantee that the problem admits solutions for every initial data (in an
adequate set).

1 Introduction

As the simplest form of non-linear programming, quadratic programming (QP) plays a significant role in
optimization. Portfolio optimization, (determination of) economic equilibria, control theory and machine
learning [28, 19, 25], are all areas that are naturally approached via QP. In particular, quadratically
constrained quadratic programming (QCQP), which we consider here, appears in the context of the steering
direction estimation for radar detection, the maximum cut problem and boolean optimization [16, 10, 6],
among others. QCQP problems have been extensively studied, particularly in the finite dimensional
setting [38, 46, 37, 33]. In the infinite dimensional setting, these problems were first analyzed in [23, 4,
41, 45, 40] and more recently algorithms have been developed for particular cases [1, 9].
In Hilbert spaces, QCQP can be posed as

minimize  f(z) = (Tox,z) +2Re(yo, ) + oo
subject to  g;(z) = (T;x,z) + 2Re(y;,x) < oy, i=1,2,...,m,

where the optimization variable z is in a Hilbert space (H,(-,-)), and the data consists of bounded
selfadjoint operators T; acting in H, vectors y; € ‘H and scalars a; € R, for ¢ = 0,1, ..., m. Such problems
have been recently analyzed in [3] for real Hilbert spaces assuming the existence of solutions, and were
studied in [11, 12] assuming the operators T; were positive semidefinite, leading to convex constraints.
These cases can be analyzed with classical convex optimization techniques [39, 44, 5, 6].

The case where only one constraint is considered (QP1QC) is related to practical issues derived from
system identification and machine learning theory. In the finite dimensional setting, QP1QC occur in the
time of arrival geolocation problem [22], and in time series model identification under noisy measurements
[36, 34, 35]. In classical machine learning theory, usually formulated in reproducing kernel Hilbert spaces
(RKHS) [42], the objective functions in the QCQP are convex due to the fact that the kernel is positive
definite [14, 30, 29]. However, verifying that the kernel is positive definite (known as the Mercer condition)
is computationally very hard. In [8, 7, 31, 32] it has been proposed to use reproducing kernel Krein spaces
(RKKS) where the kernel is indefinite, thus avoiding the need to verify the Mercer condition. Indefinite
kernel techniques have also proved useful in pattern recognition theory [20, 43].

This paper is devoted to studying the following QP1QC:

Problem 1. Given A, B bounded selfadjoint operators acting in a Hilbert space (H,({-,-)), vectors
a,b € H, and a constant 8 € R, analyze the existence of

min (Az,z)+2Re(a,z) subject to (Bz,z)+2Re(b,z) <p,
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and the associated quadratic programming problem with one equality quadratic constraint (QP1IEQC):

Problem 2. Analyze the existence of

min ( Az,x) +2Re(a,z) subject to (Bz,z)-+2Re(b,x)=p.

We assume that A and B are indefinite (neither positive nor negative semidefinite), so the objective
function and the constraint in Problem 2 are not convex. This gives rise to significant difficulties since
the problem is not amenable to classical convex optimization techniques, though in the finite dimensional
setting its analogous version has been shown to be polynomially solvable [6, 37, 21].

The main result of this paper provides necessary and sufficient conditions for Problem 1 to admit a
solution for every initial data point in (R(A)+ R(B)) x R(B). A necessary condition for the existence of
solutions to Problem 1 is that there exists Ay € R such that A+ \gB is positive semidefinite. In this case,
there exists a closed interval [A_, A, ] such that the operator pencil A+ AB is positive semidefinite for A
in [A_, A;]. We first show that also A_ > 0 is a necessary condition for Problem 1 to admit a solution,
and (under this hypothesis) Problem 1 admits a solution if and only if Problem 2 does. Then the sets of
solutions to both problems are the same, and we can focus on Problem 2.

In what follows, Section 2 introduces the notation and presents some results on linear operator pencils
which are used in the rest of the paper. Given bounded selfadjoint operators A and B, a well known
result by Krein and Smul’jan [24] states that if B is indefinite then there exists A9 € R such that A+ Ao B
is positive semidefinite if and only if ( Az, ) > 0 whenever ( Bzx,z) = 0. Moreover, A+ AB is positive
semidefinite for every A € [A_, A\;], where

(Az,x) and U sup (Az,x)

Ao =— inf —— —.
{z€H:(Bz,z)>0} <B£C,.’I,'> {zeH:(Bx,xz)<0} <B(E,{L‘>

Section 3 presents necessary and sufficient conditions for the existence of solutions to Problem 2 for a
fixed constant 5 € R and initial data (a,b) € H x H.

Section 4 is devoted to finding a set of necessary and sufficient conditions for the existence of solutions
to Problem 2 for every initial data point in (R(A)+ R(B)) x R(B). We reduce the initial problem to an
equivalent simpler problem. First, it is necessary that A_ < A; with values obtained at

(Az,2) and Ay = max (Az, @)

Al =— — — —
{xeyz%ﬂx»o} (Bzx,z) {zeH:(Bz,z)<0} { Bx,z)

Then it is necessary to have R(A + AB) = R(A) + R(B) for every A € (A_, A1), and that an analogous
condition is satisfied for the case in which A = A_ or A = A;. The necessary conditions are also
shown to be sufficient. Necessary and sufficient conditions for Problem 2 to admit a solution for every
(a,b) € H x R(B) are also established.

2 Some results on linear operator pencils with a range of posi-
tiveness

In this work A denotes a complex separable Hilbert space, and £(H) stands for the algebra of bounded
linear operators in H.

An operator A € L(H) is positive semidefinite if { Ax,x) > 0 for all z € H; and it is positive definite
if there exists a > 0 such that { Az,z) > al|z||? for every 2 € H. The cone of positive semidefinite
operators is denoted by L(H)*. If A,B € L(H) are selfadjoint, A > B stands for A — B € L(H)".
Every selfadjoint operator A € L(#H) admits a canonical decomposition as the difference of two positive
operators: there exist unique closed subspaces H4 and H_ of H, and injective operators Ay € L(H )T
and A_ € L(H_)" such that

H=Hy DH_®N(A), (2.1)
Ay 0 0
and A = < 0 —A_ 0) with respect to (2.1).
0 0 0



We say that a selfadjoint operator A € L(H) is indefinite if it is neither positive nor negative semidef-
inite; i.e., if A, and A_ are both non-zero. If A € L(H) is selfadjoint, define the sets

QA) = {2 eH : (Av,z) =0},
P (A)={zeH: (Az,x) <0} and PH(A):={zeH: (Ar,z)>0}.

In this section we consider linear pencils of the form P(\) = A 4+ AB, where A, B € L(H) are
selfadjoint, and the parameter A € R. Let

Is(A,B):={ eR: A+ ABec LH)"},
I.(A,B):={X€R: A+ \B is positive definite }.

The following statement is a version of a well known result by Krein-Smul’jan [24, Thm. 1.1], see also
[2, Lemma 1.35]. It characterizes the case in which I>(A, B) is non empty, and also describes this set as
a closed interval.

Proposition 2.1. If B is indefinite, then I>(A, B) # @ if and only if
(Az,2) >0 whenever (Bz,xz) =0.

In this case, if

A_:=— inf {dz,z) and Ay = — sup (A:E,x>’
zeP+(B) (Bx,x) zeP—(B) (Bz,z)

then A < Aj and I>(A, B) = [A_, A\4].

(2.2)

When both A and B are indefinite with I (A, B) # @, then either A_ > 0 or Ay < 0. Moreover,
Proposition 2.2. If A and B are indefinite, the following conditions are equivalent:
i) (Az,x) > 0 whenever { Bx,z) < 0;
ii) I>(A,B) # @& and A\_ > 0;
iii) I>(A,B) # @ and (Az,z) > 0 whenever ( Bz,z) < 0.

Proof. i)—ii) If i) holds, in particular ( Az,x) > 0 whenever ( Bz,z) = 0 and, by Proposition 2.1,
Is(A,B) # @. Also,

>0

)

(Az,z)
AL =— sup
* z€P~(B) <B£C7.'I,‘>
and since A is indefinite, 0 ¢ [A_, A;]. Thus, A_ > 0.
it)—iii) If I> (A, B) # @ and A_ > 0, consider o € H such that (Bz,z) < 0. From ((A+ A_B)z,z) >0

we get that (Az,z) > —A_ (Bz,z) > 0.
i11)—1) Since I> (A, B) # @, (Ax,x) > 0 whenever ( Bx,z) = 0. Then 4) follows. O
Replacing B by —B we also get
Corollary 2.3. If A and B are indefinite, the following conditions are equivalent:
i) (Az,z) >0 whenever { Bx,xz) > 0;
it) I>(A,B) # @ and Ay < 0;
iii) I>(A,B) # @ and (Az,z) > 0 whenever ( Bzx,z) > 0.

From now on we assume that B is indefinite and that I>(A, B) # @. The following results can
be found in [18]. If A\_ < A, the ranges of (A + AB)/2 are constant for A € (A_,\,), implying that
N(A+ AB) are also constant (and equal to N(A) N N(B)), while N(A+ A_B) and N(A+ A, B) contain
N(A) N N(B). If the supremum (respectively, the infimum) is attained in (2.2), then N(A + A_B)
(respectively, N(A + Ay B)) strictly contains N(A) N N(B).



Proposition 2.4. Assume that \_- < A\y. Then,
i) N(A+ AB)=Q(A)NQ(B) =N(A)NN(B), forevery A€ (A_,\});

(Az,x)
(Bz,z)

Proposition 2.5. Assume thath A_ < Ay. Then,
i) R((A+AB)Y/2) = R((A+ XNB)'2)  for every A, X € (A, Ay);

i) N(A+ A+B) = {x e PF(B) : = s } U (N(A) N N(B)).

i) R((A+A+B)Y?) C R((A+ AB)Y?)  for every A € (A_,Ay).

In the following, using Proposition 2.5 we show how the study of the behaviour of pencil A + \B
can be reduced to studying the behaviour of an auxiliary pencil of the form I + nG acting on a dense
subspace of H, where G is some selfadjoint operator. This reduction technique is widely used in the
operator pencils context, considering that the auxiliary pencil is easier to analyze, see e.g. [15].

Since A+ AB =0 in N(A) N N(B) (and it is an invariant subspace for the pencil), from now on we

assume that N(A) N N(B) ={0}. Whenever A\_ < A4, set p:= % and write
W= (A+pB)Y? and R:=R(W). (2.3)
By Propositions 2.4 and 2.5, W is injective and R is dense. Moreover,
R=R((A+ )\B)1/2) for every A € (A_, \}).

For A € [A_,\;], let D = D(\) € L(H) be the (unique) solution to (A+AB)Y/? = WX given by Douglas’
Lemma [13]. It follows that

A+ AB=WDD*W  for every X € [A_, A\4], (2.4)
and if A € (A_,\;), then D = W1 (A 4 AB)'/2 is invertible.
Lemma 2.6. Assume that A_ < Ay. Then, there exists a selfadjoint operator G € L(H) such that
B=WGW.

Proof. Given A\ € (A_,A;), A # p, since A+ AB = A+ pB+ (A —p)B=W?2+ (\—p)B, by (2.4) we
have that WDD*W = W?2 + (X — p)B, or equivalently, (A — p)B = W(DD* — I)W. Then,

1
where G := /\#_p(DD* — 1) € L(H) is selfadjoint. Since W is injective, we get that
_ -1 -1
Gl, =W 'BW [,
and therefore G only depends on p. O

Denote by G € L(H) the (unique) selfadjoint operator given in Lemma 2.6. Then, DD* = [+(A—p)G
is positive semidefinite for A € [A_, A;] and

A+XB=W({I+(X—p)G)W for each A € [A_, A\4]. (2.5)
Thus,
Corollary 2.7. If \_ < Ay then,

R(A) + R(B) = span{ U R@A+ )\B)} CR.
AEA 4]



We now analyze the case in which R(A+pB) = R(A)+ R(B). We frequently use that for C, D € L(H),
R(C+D)=R(C)+R(D) ifandonlyif R(C)C R(C+ D),
Proposition 2.8. Assume that A\_ < ;. Given A € (A_, Ay ):
i) if \#p, R(A+AB) C R(A+ pB) if and only if R(A+ pB) = R(A) + R(B);
ii) R(A+ AB) = R(A) + R(B) if and only if (I + (A —p)G)(R) =R+ G(R);
iii) R(A+ AB) = R(A+ pB) if and only if (I + (A — p)G)(R) = R.
Proof. i) If R(A+ AB) C R(A + pB), then
(A=p)Bx=(A+ AB)x — (A+ pB)x € R(A+ pB) for every z € H.
Hence, R(B) C R(A + pB), or equivalently, R(A 4+ pB) = R(A) + R(B). The converse is trivial.
ii) Since R(A+AB) = W (I + (A — p)G)(R) and
R(A)+ R(B) = R(W?) + R(B) = W(R + G(R)),

applying W' on both sides of R(4A + AB) = R(A) + R(B) yields (I + (A — p)G)(R) = R + G(R). The
converse follows again applying W to both sides of the equality.

iii) By (2.5), R(A+ AB) = R(A + pB) if and only if W (I + (A — p)G)(R) = W(R), or equivalently,
applying W~ on both sides of this last equality, (I + (A= p)G) (R) =R. O

Since I + (A — p)G is invertible for any A € (A_, ), the equality (I + (A — p)G)(R) = R can be
trivially expressed as
(I+(A=p)G)(R)=RNR(I+(XA—p)G).

The next lemma states a more general result that also considers the case in which A takes the values in
the extrema of the interval. This is a technical result required in the last section.

Lemma 2.9. Assume that A\_ < Ay. Given X € [A_, A\y], then
R(A+ AB) = R(A+ pB) N R(WDD*) if and only if (I + (X —p)G)(R) =RNR(I+ (A —p)G). (2.6)
Proof. To prove the equivalence, note that
R(A+ AB) = R(A+ pB)NR(WDD") if and only if R(WDD*W) = R(W?) N R(WDD*).

The last equality holds if and only if W (DD*(R)) = W (RNR(DD*)), or equivalently, (I+(A—p)G)(R) =
RN R(I + (A= p)G), where we used that W is injective. O

Remark 2.10. The first equality in (2.6) can be expressed in terms of the operators A and B. In fact,
by (2.4) we have that WDD*W = A + AB. Then DD*W = W~1(A + AB), or equivalently,

WDD* = (W' (A+AB))".

3 Quadratically constrained quadratic programming with a con-
straint

Given two indefinite selfadjoint operators A, B € L(H) and vectors a,b € H, consider the real valued
functions

f(z) = (Az,z) +2Re(a,z) and g(x) == (Bz,z)+2Re(b,x), x € H.

The main purpose of this paper is to study the following QP1QC:



Problem 1. Given a constant § € R, analyze the existence of
min f(z) subject to g(z) < 6.
Denote by W(S, a, b) its set of solutions.

Under certain conditions the analysis of this problem reduces to analyzing the associated problem
with an equality constraint.

Problem 2. Given a constant § € R, analyze the existence of
min f(z) subject to g(x) = B.
Denote by Z(8,a,b) its set of solutions.

Using Fréchet derivatives we now show that if Problem 1 admits a solution, then the sets of solutions
to Problems 1 and 2 coincide. The functions f and g are Fréchet differentiable at every z € H and the
first and second order Fréchet derivatives of f are given by

Df(z) Az = 2Re({ Az + a, Ax)), Az € H,
D?f(x) (Az1, Axy) = 2Re({ AAxy, Axy)), Azq,Azy € H.
The derivatives of g can be expressed analogously.

Proposition 3.1. Given 8 € R and (a,b) € H x H, if W(B,a,b) # & then

gggl)igﬁf(xﬁ(rg)mﬁf() and  W(B,a,b) = Z(B,a,b).

Proof. Assume there exists zg € W(3,a,b) \ Z(8, a,b), that is g(x¢) < S. Then f has a local minimum
at o. By [27, Prop. 2.4.18 and 2.4.19] we have that D f(z) = 0 and

0 < D*f(x0)(Az,Ax) = 2 ( AAz, Ax) for every Ax € H,

but this is a contradiction because A is indefinite. Then zo € Z(8,a,b), ming)<g f(z) = ming,)—g f(x)
and W(B,a,b) = Z(5,a,b). O

The next theorem provides necessary and sufficient conditions for Problem 2 to admit a solution, as
a direct consequence of Lagrange multipliers techniques. We first show a technical result.

Lemma 3.2. Given (a,b) € H x H, let f and g be as above.
i) If there exist x € H and X € R such that (A + AB)x = —(a + A\b), then

(f+29)(y) = (f +Ag)(z) = ((A+ AB)(y —x),y —x)  for everyy € H.
ii) If there exists x € H such that Bx = —b, then
9(y) —g(x) =(Bly—=x),y—x)  for everyy € H.
Proof. i) For y € H,

(f(y) +Ag()) — (f(2) + Ag(x)) =

((A+2AB)y,y) +2Re(a+Ab,y)) — (((A+ AB)z,z) +2Re(a+ Ab,z))
((A+AB)y,y) —2Re((A+ AB)z, >)—(((A—i—)\B)x,x)—2<(A—|—)\B)x,x>)
(

(

(
A+ AB)y,y) —2Re((A+ AB)z,y) + ((A+ AB)z,z)
A+ AB)(y—z),y—x).

(
(
{
{

i) It follows analogously. O



Theorem 3.3. Let § € R and (a,b) € HxH. Then, x € Z(8,a,b) if and only if there exists A € I>(A, B)
satisfying

(3.1)

(A+ AB)x = —(a+ Ab),
(Bz,z)+2Re(b,z)= 0.

Proof. Assume that there exist A € I> (A, B) and x € H satisfying g(z) = 8 and (A+AB)x = —(a+ \b).
If y € H is such that ¢g(y) = 8, then using Lemma 3.2,
Fy) = f@) = (fy) + AgW)) — (f(2) + Ag(x)) = ((A+ AB)(y — 2),y —x) > 0.

Hence, x € Z(3,a,b).

Conversely, suppose that z € Z(5,a,b). If Bx # —b, then the proof follows the lines of the proof
of [17, Thm. 3.5]. Now assume that Bx = —b, and let y € Q(B). Considering that g(z) = § and

(By,y) =0,

gz +y)=(Bx+y),z+y)+2Re(bz+y)
= ((Bz,z)+2Re(b,z)) + (By,y) +2Re(Bz,y) +2Re (b,y)
=B +2Re(Bzx,y)+2Re(b,y) = 5. (3.2)

Let 6 € [0,27) and t € R, since te'’y € Q(B),
(Az,2) +2Re(a,z) = f(z) < f(z +te'y) = <A(m+tei‘9y),x+tei9y> +2Re<a,x+tei9y>,

which yields ‘
0 §t2<Ay,y)+2tRe<Aac—|—a,e’9y>.

If 0 € [0,27) is such that ( Az + a,e”y ) = | (Az +a,y)|, then
0<t*(Ay,y)+2t| (Az +a,y)| for every t € R.

It follows that ( Ay,y) > 0 and ( Az + a,y) = 0. This implies that ( Ay,y) > 0 for every y € Q(B).
Since B is indefinite it then holds that I~ (A, B) # @ and Ax +a € Q(B)t = {0}, i.e. Ar = —a. Then,
choosing any A € I> (A, B) we have that (A + AB)z = —(a + Ab). O

From the above proof it is clear that the case in which there exists x € ‘H such that

Ar = -—a,
{Bm = =b, (3.3)

has to be treated separately. Let A be the set of those (a,b) € H x H such that there exists a solution
to the system (3.3) and A° = H x H \ A. If Problem 2 admits a solution for (a,b) € A, then any
A € Is (A, B) is a suitable Lagrange multiplier. But if (a,b) € A°, then the Lagrange multiplier A in (3.1)
is unique, as states the next proposition. Its proof, which is similar to the proof of [17, Prop. 5.1], is
included in the Appendix.

Proposition 3.4. Given 8 € R, let (a,b) € A€ be such that Z(8,a,b) # &. Then, there exists a unique
A € I> (A, B) such that
(A+ AB)x = —(a + A\b),

for every x € Z(8,a,b).

In Proposition 3.1 we show that the existence of solutions to Problem 1 guarantees the existence of
solutions to Problem 2. We now state under which conditions Problem 2 admiting a solution implies that
Problem 1 admits a solution.

Theorem 3.5. Given 8 € R and (a,b) € H x H, the following conditions are equivalent:

i) W(B,a,b) # @;



it) Z(B,a,b) # & and A_ > 0.
In this case, W(B,a,b) = Z(8,a,b).

Proof. Suppose that W(8, a,b) # @. By Proposition 3.1, Z(5,a,b) # @, which implies that I~ (A, B) # @
and ( Az,z) > 0 whenever ( Bx,z) = 0. Now let y € W(8,a,b) and suppose that there exists x € H
such that ( Bx,z) < 0 and ( Az,x) < 0. Then, there exists ag > 0 such that

glar) = o® (Bz,z) +a2Re(b,z) < j for every a > ay.

But
f(y) < flax) = o® (Az,z) + a2Re (a,2) —— —o0,

a—+o0

and this is a contradiction. Then ( Az, z) > 0 whenever ( Bz,z) <0, and A_ > 0 by Proposition 2.2.

Conversely, assume that Z(8,a,b) # @ and I>(A,B) = [A_, Ay] with0 < A_ < A;. Ifz € Z(8,q,b),
then there exists A € [A_, A;] such that (A + AB)Z = —(a + A\b). Let & € H be such that g(z) < S.
Considering that g(Z) = 8 and 0 < A, by Lemma 3.2,

f@) = f(@) = (f(x) + Ag(2)) = (f(@) + Ag(@)) = ((A+ AB)(z —=T),2 = T) > 0.

Hence, * € W(3, a,b). Finally, by Proposition 3.1 this implies that W(g, a,b) = Z(5, a, b). O

Even in a finite dimensional setting, it is easy to construct examples where for given 5 and (a,b),
W(B, a,b) is empty while Z(3, a,b) # 2.

To finish this section, we describe the set of solutions Z(f, a,b) when (a,b) € A. In the next section

we show that under certain conditions the same behaviour is present when considering a larger set of
initial data points.

Proposition 3.6. Assume that I>(A,B) # @. Given f € R and (a,b) € A, let v9 € H be such that
Axg = —a and Bxg = —b. The following conditions hold:

i) if g(xo) = B, then
Z(B,a,b) = z0 + Q(A) N Q(B);

ii) if g(zo) > B, then Z(B,a,b) # @ if and only if N(A+ A\ B) # {0}. In this case,
Z(B,a,b) =20+ {2 € N(A+ A\ B) : (Bx,z) =B+ (Bxg,20) };
iii) if g(z0) < B, then Z(B,a,b) # @ if and only if N(A+ A_B) # {0}. In this case,
Z(B,a,b) =29+ {2 € N(A+ A_B) : (Bax,z) =B+ (Bxg,20) }.

Proof. Denote v = 8+ ( Bxg,xo ). Using that Azg = —a and Bxy = —b yields
f@)={A(x —xo),x —xo) — { Azp, 0 ) and g(x) = (B(x —xq),x —xg) — { Bxo,x0 ) -

Also, note that g(zg) = — ( Bxg, 29 ) = 8 —v. Then, x € Z(f,a,bd) if and only if y := 2 — x¢ is a solution
to
min ( Az, z) subject to (Bz,z) = .
It follows that Z(5,a,b) # @ if and only if Z(»,0,0) # &, and in this case
Z(B,a,b) = z¢ + Z(v,0,0).

i) If g(xg) = B, then v = 0. Considering that (Az,z) > 0 whenever (Bxz,z) = 0, it follows that
Z(v,0,0) = £(0,0,0) = Q(A) N Q(B).

i) The fact that g(x) > /8 implies that v < 0. Given x € H, z € Z(v,0,0) if and only if (A+AB)z = 0, for
some A € [A_,A\;], and ( Bz,z) = v < 0, see Theorem 3.3. This only happens if z € N(A+AB)NP~(B),
or equivalently, * € N(A + A\;B). Hence, z € Z(v,0,0) if and only if x € N(A + AL B) is such that
(Bzx,z)=wv.

ii1) The result follows using similar arguments as above. O



4 Necessary and sufficient conditions for the existence of solu-
tions

The aim of this section is to provide necessary and sufficient conditions for Problem 2 to admit a solution
for an appropiate set of initial data points (a,b). In the first place, if b = Bz for some z( then g(z) =
(B(z —xp),x —xo ) + g(xg), and z € Z(f,a,b) if and only if x + x9 € Z(v,a,0) for v = (Bxg,zo ) + .
Hence, we focus on vectors b belonging to R(B). In the second place, if Z(v,a,0) # &, then by Theorem
3.3 there exists A € I> (A, B) such that a € R(A+ AB). Since, for I> (A4, B) = [A_, A4] with A_ < Ay,

span{ U RA+ )\B)} = R(A) + R(B),
AEA_ 4]

we consider vectors a belonging to R(A) + R(B).
Given 5 € R and vectors a € R(A) + R(B), b € R(B), if Problem 2 admits a solution then the set of
solutions contains an affine manifold parallel to N(A) N N(B). Indeed, if z(4) € Z(8,a,b) then

T(a,b) +N(A) ﬂN(B) C Z(B7a7b)'

From now on we assume that N(A) N N(B) = {0}, though in Subsection 4.1 we discuss how the results
can be easily expressed for the general case.

We start by giving alternative formulations for the problem under consideration in this section.
Proposition 4.1. The following conditions are equivalent:
i) for a fized B € R, Z(B,a,b) # & for every a € R(A) + R(B) and every b € R(B);
it) for each v € R, Z(v,a,0) # & for every a € R(A) + R(B);
iii) for each 8’ € R, Z(8',a,b) # & for every a € R(A) + R(B) and every b € R(B).
Proof. i)—ii) Given v € R and a € R(A) + R(B), let 1,22, x5 € H be such that
a = Az, + Bxo and (Bzs,xz3) =v —f.

Since Z(B, A(xq1 + x3) + Bao, Bxg) # &, by Theorem 3.3, there exist A € I> (A4, B) and x € H satisfying

(A + )\B).r = —(A(acl + l‘3) + Bxo + /\B$3),
(Bzx,z)+2Re(Bxs,z) =,

or equivalently, using that v = ( Bz, z3) + 3,

(A+AB)(x +23) = —(Azy + Bxg) = —
(B(x 4+ z3),x +23) = 1.

Hence,  + 23 € Z(v,a,0).
ii)—4ii) Given 8’ € R, a € R(A) + R(B) and b € R(B), let 1,2, 23 € H and v € R be such that

a = Axq + Bz, b= Bxs and (Bzs,z3) =v— .

Since Z(V, A(xy — x3) + Baxo, 0) # &, by Theorem 3.3, there exist A € I~ (A, B) and z € H satisfying

{ (A+AB)z = —(A(a1 — x3) + Bua),
(Bz,z) = .

Using that v = 8’ + ( Bzs, z3 ),

{ (A+ AB)(z — 23) = — (A1 + Bz + ABx3) = —(a+ Ab),

(B(x —x3),x —x3) + 2Re(Bxz,x —x3) =,



which implies  — x3 € Z(8', a,b).
iii)—1i) This is trivial.
O

Remark 4.2. From the proof of Proposition 4.1 follows a fact that we often use in the rest of the section.
Namely, given 8 € R, a € R(A)+R(B) and b € R(B), if x1,x2,x3 € H are such that a = A(x;+2x3)+ Bzs
and b = Bxg, then Z(5,a,b) # @ if and only if there exists (A, y) € I>(A, B) x H satisfying

(A+AB)y =c, 49
{(By,y>:v, 2

with
¢ = —(Axy + Bzxs) and v=(Bxz,x3)+f (4.3)

To see this, take y = z + x3 in (4.1).

The next lemma establishes some necessary conditions for Problem 2 admitting a solution for any of
the data points of interest.

Lemma 4.3. Given 8 € R, if Z(8,a,b) # @ for every a € R(A) + R(B) and every b € R(B), then the
following conditions hold:

i) I>(A, B) = [A_, \y] with A\_ < A\y;
ii) N(A+XA_B)#{0} and N(A+ X B) #{0}.
Proof. By Theorem 3.3, I>(A,B) # @. If \_ = Ay = A, then N(A+ AB) = {0}. In fact, given
a € R(A) + R(B) there exists x € H satisfying g(x) = 8 and
(A+ AB)z = —a,

because Z(0,a,0) # @. Since a is arbitrary, R(A+ AB) = R(A) + R(B), and thus N(A+ AB) ={0}.

Now consider g € H such that ( Bxg,z9) > —8. Since Z(8,a,b) # & for every a € R(A) + R(B)
and every b € R(B), by item ii) of Proposition 4.1 we have that Z(v,0,0) # &, with v = ( Bxg, x¢ ) + 5.
Then, there exist A € I> (A4, B) = [A_, A\;] and y € H satisfying

(A+AB)y=0 and (By,y)=v>0.

Hence, y € N(A + AB) NPT (B). By Proposition 2.4, this can only happen if A = A_ # A,. Then
y € N(A+ A_B).

Taking a vector zyp € H such that ( Bxo,z9) < —f and following the same procedure we get that
NA+X:B)#{0}. O

Hypothesis 4.4. From now on, we assume that
I (A, B) = [A_, 4] with A < Ay
Fixing p := A‘;Aﬂ consider the operator W, the subspace R defined in (2.3), and the selfadjoint

operator G € L(#) given in Lemma 2.6. If x := A*g)‘* , then I (I,G) = [A_ —p, Ax — p] = [—kK, K]. Also,
by Corollary 2.7, it follows that

R(A)+ R(B) C R.
The next lemma shows that (4.2) can be simplified by expressing it in an equivalent way.

Lemma 4.5. Given v € R and ¢ € R(A) + R(B), define the vector ug := W~tc. Then, there exists
(A ) € [A-, A\y] X H satisfying

(A+AB)z =c,

(Bzx,xz) =,
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if and only if there exists (v,y) € [—k, k] X R satisfying
I —
(Gy,y) =v.

Therefore, given 8 € R, a € R(A) + R(B) and b € R(B), Z(8,a,b) # @ if and only if there exists
(7,y) € [=kK, k] x R satisfying (4.4) with ug = W~1c, where ¢ and v are given by (4.3).

Proof. Let € H and X € [A_, Ay]. The equation (A + AB)x = c is satisfied if and only if
W(I+(\=p)G)Wz =c,
see (2.5). If y := Wz and v := A — p € [—k, k], this last equation is equivalent to
(I +vG)y = up.

Also, (Gy,y) = (Bzx,x) = (WGWz,x) = ( Bx,x) = v, completing the proof.

Finally, fix 8 € R, take a € R(A) + R(B) and b € R(B), and let x1,z2,x3 € H be such that b = Bzs
and a = A(x; + x3) + Bxo. Defining ug :== —W~1(Ax; + Bxs) and v := ( Bxg,x3) + 3, using Remark
4.2 we get that Z(8,a,b) # @ if and only if there exists (v,y) € [k, k] X R satisfying (4.4). O

Proposition 4.6. Given v € R and ug € H, assume that there exists (y1,y1) € [—k, k] X H satisfying
(4.4). If up ¢ N(G) and (y2,y2) € [—k, k] X H also satisfies (4.4), then v1 = 2.

Proof. Let ug ¢ N(G), and assume there exist (v1,v1), (72,y2) € [—k, k] X H satisfying (Gyi,y1) =
(Gy2,y2) = v and

(I +7G)y1 = o,
(I +72G)y2 = uo. (4.5)

On the one hand, since (Gy;,y;) = v and I + ;G is positive semidefinite for i = 1,2, (ug,y;) =
llyill? +~; v > 0. On the other hand,

il + v = (uo,yr ) = (I +72G)y2,y1) = (y2,y1) + 72 (Gya, y1 ),
lyoll> + 72 v = (o, y2) = ((I + 1G)y1,y2) = (Y1, 92 ) + 711 (Gy1, 92 ) (4.6)

This implies that

(11 = 72) ({Gyr,p2) +v) = [lyal* = Il ]]*. (4.7)

Next, we see that ||y1]| = ||ya||. Consider a;; := ||(I +~;G)/?y;|| for i,j = 1,2. By the Cauchy-Schwarz

inequality, and the fact that ||(I 4+ v;G)Y?y;||? = ||yil|? + ;v it follows that
aty = | (uo, 1) | = [ (T +7%2G)yz,y1) | < (Ilg2)® +920) 2 (|y1]l® + 12 v)/? = azsaro,
a3y = [(uo,y2) | = [{(T + MGy, y2) | < (lnll® + 7 v) 2 (|lyel® + M v)? = ar1a21.
By adding these inequalities, we get a%l + a§2 < ag2a12 + a11a21, or equivalently,
(a11 — a21)” + (a2 — a12)® < a3, +afy —af; — a3y = 0.

Then a1 = ag1 and age = aqg, ie. ||yl = ||ly=||. By (4.7), this implies that v1 = v2 or (Gy1,y2) = —v.
However, if {Gy1,y2) = —v then (4.6) says that

(y1,92) = Iy > + (. +22)v,
and consequently, if C' =T + LJQFWG then
<Cl/2y1,01/2y2> =(Cy1,y2) = (y1,92) — M;iwl/ = ||ZU1H2 + 71;7%”
= (lyall? + 25220) V2 (|fyo|* + 25220) /2
= [C Py |CMys].

Since C' is positive definite, then y; and yo are collinear and from (4.6) it is easy to see that y; = ys,
which by (4.5) implies that (71 —72)Gy; = 0. But y; ¢ N(G) because ug ¢ N(G), and hence v = v2. O
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The existence of solutions to Problem 2 for every a € R(A) + R(B) and every b € R(B) implies a
range additivity condition for the ranges of the pencil A + AB.

Proposition 4.7. Given 8 € R, assume that Z(3,a,b) # @ for every a € R(A) + R(B) and every
b e R(B). Then,
R(A+ AB) = R(A) + R(B) for every A € (A, Ay). (4.8)

Proof. By Proposition 2.8, it is sufficient to prove that
GMR)C(I+7G)(R) for every T € (—k, k).

Fix zg € R. If zy € N(G), then Gzg = 0 € (I + 7G)(R) for every 7 € (—k, ). Now suppose that
zo ¢ N(G) and fix 75 € (—r, k). Write zg = zf + 25 + 2 with 2 € H4 and 23 € N(G). Consider the
canonical decomposition of G with respect to (2.1), and the real constant v defined by

vi= |G+ mG ) G ad P = GYA (1 = 7G )G |1,

where the operators Iy + 790G+ and I_ — 70G_ are invertible because I + 719G is invertible by (2.5). On
the one hand, setting
zZo i — (I+ + T(]GJF)_IGJFCL.E)‘F + (I, — T()G,)_lel'a

yields
{ (I + 10G)z0 = Gy,

<GZO,Z()> = V.

On the other hand, by Lemma 4.5, there exists (v,y) € [—k, k] X R satisfying

(I +7G)y = Guo, (4.9)
(Gy,y) =w.

Hence, both pairs (79, 20) and (v, y) are solutions to the system
I =
(I +7G)z = Gy, (4.10)
(Gz,z) =v.

Also, Gzg ¢ N(G) because N(G?) = N(G) and z¢ ¢ N(G). By Proposition 4.6, this implies that v = 7o,
and thus
Gzo = (I +10G)y € (I + 10G)(R).

Since zg € R and 79 € (—k, k) were arbitrary, the proof is completed. O

The next proposition states the necessary range additivity condition for A = A_ and A = A;. Let
Dy € L(H) be the solution to (A + A B)'/? = WX.

Proposition 4.8. Given 8 € R, assume that Z(8,a,b) # @ for every a € R(A) + R(B) and every
be R(B). Then,
R(A+ A+B) = (R(A) + R(B)) N R(WD.DZ).

Proof. We prove that (I — kG)(R) = RN R(I — kG), then the statement for A_ follows from Lemma 2.9.
A similar argument can be used to prove the other equality.
By Proposition 4.7, R(W?) = R(A) + R(B), and by Proposition 2.8, G(R) C R. Then, the inclusion

(I —kG)(R) CRNR(I —kG)

is trivial. To see the other inclusion, take o € R N R(I — kG), and write x9 = z§ + x5 + 2 with
zE € R(I+ F kG+) and 2§ € N(G). Consider the real valued functions g, and g_ defined by

g+ (1) = |G (L4 +7G) e |?, 7€ (—k, ),
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and
g () = |GV2(I- —rG_) Yag | 7€ [k, k),

respectively. Since rf € R(I; — kG ), lim, ,_, g4 (1) = ||G3r/2(Lr — kG ) xd||?, and thus the extension
of g4 is a continuous function on the interval [—x, k]. Now, by the functional calculus for selfadjoint
operators, g4 is a continuous monotone decreasing function of 7, and g_ is a continuous monotone
increasing function of 7. Hence, choosing v € R such that g4 (—k) < g—(—k) + v we have that

max g4+(7) =g4+(—k) <g-(—k)+v= min g_(7)+v. (4.11)

TE[—K,K] TE[—K,K)

By Lemma 4.5, there exists (v,y) € [—k, k] X R satisfying

(I +G)y = o,
(Gy,y) =v.
Suppose first that v € (—k, k). Then,
y= I+ +7Gy) " af + (I- —7G-)"lag + g,

and
9+ (7) = g-(7) = |G 2 (I +7G) ad |2 — |G (1 =G ) ay|? = (Gy,y) = v

But by (4.11) this is a contradiction. Now suppose that v = k. Then z, € R(I- — kG_), and
y=(I4 +rGy) " tag + (- — kG_)Tag +ag +y-,

for some y_ € N(I_ — xkG_). Since lim,_,,, g_(7) = ||G1,/2(I, — kG_)tz5||?, the extension of g_ is a
continuous function on the interval [—x, k]. Considering that G_y_ = 1y_ and (I_ — kG_)Tz; Ly_, we
have that

v={Gy,y) = |G (L4 + kG) ad | — |GV (I — kG_) ey +yo)|?
=g+ (k) — g-(r) = Llly_|I> < g4 (r) — g-(k),

and thus
9+(k) > g-(x) +v.

But by (4.11) this leads to a contradiction. Hence, v = —« and xg = (I — kG)y € (I — kG)(R). Since
xo € RN R(I — kG) was arbitrary, it follows that

RNR(I — kG) C (I —kG)(R). O
Consider the subspaces N} := N(I — kG) and N_ := N(I + xG). Then,
W(N(A+AB)=N_NR and W(N(A+I_B))=N,.NR. (4.12)

We now establish necessary and sufficient conditions for the system (4.4) to admit a solution for every
ug € H and every v € R. The proof of the next proposition uses the same arguments used in the proof
of [17, Prop. 4.8], and can be found in the Appendix.

Proposition 4.9. For every ug € H and every v € R there exists (y,y) € [—k, k] X H satisfying

(I +~G)y = uo,
(Gy,y)=v,

if and only if N_ # {0} and Ny #{0}.
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The following theorem shows that the necessary conditions established in Lemma 4.3 and Propositions
4.7 and 4.8 are also sufficient for Problem 2 to admit a solution for every a € R(A) + R(B) and every
b € R(B), for a given B € R. Note that if A € (A\_,A;) and D € L(H) is the solution to (A 4+ AB)Y/? =
W X, the condition

R(A+ AB) = (R(A) + R(B)) N R(WDD")

is equivalent to R(A + AB) = R(A) + R(B).

Theorem 4.10. Given 8 € R, Z(8,a,b) # & for every a € R(A) + R(B) and every b € R(B) if and
only if the following conditions hold:

i) Is (A, B) = [A_, Ay] with A_ < Ay
i) N(A+A_B) £ {0} and N(A+ A\, B) # {0};

iii) for every X\ € [A_, A\;], R(A+AB) = (R(A) + R(B)) N R(WDD*), where D € L(H) is the solution
to (A+AB)Y/? =WX.

Proof. The necessity of the conditions follows from Lema 4.3, and Propositions 4.7 and 4.8.

Assume that conditions 3), 1) and i) hold. Fix 8 € R, and let a« € R(A) + R(B) and b € R(B).
Consider the vector ¢ € R(A) + R(B) and the constant v € R defined in (4.3), and set ug = W ~tc. Since
R(W?) = R(A) + R(B), we have that ug € W (R(W?)) = R. By Lemma 4.5, it is sufficient to show
that there exists (v,y) € [—k, k] X R satisfying

{(I+VG)y:uo, (4.13)

(Gy,y) =v,

in order to prove that y € Z(3,a,b). Since 7#) implies that Ny "R # {0} and N_ NR # {0}, there
exists (v,y) € [—k, k] x H such that (v,y) satisfies (4.13), see Proposition 4.9. If v € (—k, k), then y is
unique and since (I +vG)y = ug € R, by Proposition 2.8 we have that y € R, and thus y € Z(3, a, b).
By #) and Lemma 2.9, if v = & then ug € RNR(I +xG) = (I + KG)(R). Thus, there exists zg € N_
such that
wo = (I + kG)Tug + 29 € R.

If ( Gwg, wy ) = v, then the pair (x, wo) satisfies (4.13), and wg € Z(, a,b). Now assume that { Gwg, wo ) >
v, and choose z € N_ N'R with ||z|| = 1. Setting

a=—Re{wp,z)+ ((Re(wo,z>)2+n(<Gwo,wo> 71/))1/2’

we get that the pair (k,wp + az) satisfies (4.13), and also wg + az € R. Thus, wg + az € Z(8,a,b). If
(Gwo,wp ) < v, since N(A+ A_B) # {0} we can follow the same procedure for some z € N} N'R with
2l = 1.

A similar argument holds if we assume that v = —k, thus proving the sufficiency. O

In the proof above we showed that, under the stated conditions, given ug € R and v € R there exists
a pair (v,y) € [—k, k] x R that satisfies (4.13). On the one hand, if v € (—k, x) then the vector y is
unique. On the other hand, if v = & then there exist a > 0 and i € R such that any vector

yey+a-N_NRNS

satisfies that (k,y) is a solution to (4.13), where S denotes the unit sphere S={z e H : ||z[| =1}. An
analogous statement holds for v = —k.
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4.1 Final remarks

1. If R(A+ AoB) is closed for some Ao € (A_, A} ), then R(A+ AB) is closed for every A € (A_, Ay), see
[18, Cor. 3.7]. In this case,

R(A+AB)=R(A)+ R(B)=H for every A € (A_, A\4).
Also, W is invertible and it is immediate that
R(A+A_B) = R(WD_D*) = (R(A) + R(B)) N R(WD_D* )

and
R(A+X;B)=R(WD,D}) = (R(A) + R(B)) NR(WD,DY).

Then, following arguments similar to the ones used in the proof of [17, Prop. 4.3] we get the next theorem,
which shows that if we enlarge the set of admissible data points to R x R(B), then R(A+ AB) = H for
any A € (A_, ;).

Theorem 4.11. Given € R, Z(5,a,b) # & for every a € R and every b € R(B) if and only if the
following conditions hold:

i) Is(A, B) = [\, A\ with A < A;
ii) N(A+A_B) # {0} and N(A+XyB) #{0};
iii) R(A+ AB) =H for some A € (A_, \4).

Proof. The sufficiency follows from the discussion above. To prove the converse, assume that Z(8, a,b) #
& for every a € R and every b € R(B). By Theorem 4.10, we only have to prove i). By Proposition
4.7, R(A+ AB) = R(A) + R(B) for every A € (A_,Ay). Let a € R, since Z(f,a,0) # 0 by Theorem 3.3
there exists (A, x) € [A_, Ay] x H satisfying g(x) = 8 and

—a = (A+ AB)x € R(A) + R(B).

Since a € R is arbitrary, it follows that R((A+pB)Y/?) =R C R(A)+R(B) = R(A+pB),i.e. R(A+pB)
is closed. Since N(A + pB) = N(A)N N(B) = {0}, this implies that R(A + pB) = H. O

2. To end this section we comment on the case in which N(A) N N(B) # {0}. Assume that a €
R(A) + R(B) and b € R(B). Decomposing z € H as © = xg + x1 with g € N(A) N N(B) and
1 € H = (N(A)N N(B))J‘7 it is easy to see that

f(x) = f(wo+21) = fzo) + fz1) = f(z1) and g(x) = g(wo + x1) = g(w0) + g(21) = g(z1),
because f(z¢) = g(xo) = 0. Hence, if x € Z(5,a,b) then z1 € Z(5,a,b), and also
x1+u € Z(B,a,b) for every u € N(A) N N(B).
Note that z; is also a solution to Problem 2 if it is stated in the Hilbert space H’. Therefore,
Zu(B,0,) = Za(B,a,5) + N(A) 1 N(B),
where Z4(5,a,b) and 23,/ (8, a,b) are the sets of solutions to Problem 2 in A and in H', respectively.

Now, assuming that a € H and b € H’', we show that if Z(5,a,b) # & then a € H'. Indeed,
x € Z(B,a,b) if and only if g(z) = 8 and

(A+AB)xz = —(a+ A\b) for some A € [A_, Ay].
Decomposing x = g + 21 and a = ag + a1 with zg,a9 € N(A) N N(B) and z1,a; € H', we obtain

(A+AB)a1 = (A+ AB)z = —(a+ \b) = —(a1 + Ab) — ao.
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Thus, ap = 0 and a € H', as we announced it. A similar argument shows that, if Z(5,a,b) # @ for
a €M and b e H, then b e H'.

Finally, let us mention that the situation in which Z(8, a,b) # @ for both a ¢ H’ and b ¢ H’' is quite
rare. In fact, assume that x € Z(8,a,b) and decompose a, b, and = as a = ag + a1, b = by + by and
x = o + x1 with ag, by, 29 € N(A) N N(B) and ay, by, 1 € H'. Then, by Proposition 3.4, there exists a
unique A € [A_, \y] such that (A + AB)z = —(a + Ab), and this condition can be written as

(A4+AB)x1 = (A+ AB)x = —(a+ Ab) = —(a1 + Ab1) — (ag + Aby).
Hence, ag + Aby = 0. This is very restrictive due to the uniqueness of .

All these remarks imply that the subspace N(A) N N(B) plays no significant role in the study of
Problem 2.

5 Appendix: Proofs of Propositions 3.4 and 4.9

For the sake of completeness we include proofs of Propositions 3.4 and 4.9, which are similar to those of
some already published results.

Proposition 3.4. Given § € R, let (a,b) € A° be such that Z(5,a,b) # @. Then, there exists a unique
A € I>(A, B) such that
(A+ AB)x = —(a+ \b),

for every x € Z(B,a,b).

Proof. Let I>(A, B) = [A_, A;]. If A_ = A4, then the result is trivial. Assume now that A_ # A;. Given
x1,22 € Z(8,a,b), let A1, A2 € I>(A, B) be such that

(A + )\13)171 = 7(& + /\1b),
(A + )\QB)J,‘Q = —(a + /\2[)) (51)

Since g(z;) = g for i = 1,2,

Then,
(a+Mb,wy) —ANB = (a+ Ab,x2) — \af3, (5.3)

because f(z1) = f(z2). Also,

<(A+A1B)$171‘2> :—<Q+A1b,l‘2> = —(a—|—/\26,z2>+()\2—)\1)<b,:1:2>,
<(A+/\QB)$2,x1> :—(a+/\2b,x1> = —<a+)\1b,$1>+(/\1 —)\2)<b,l‘1>,

implies that

(Azy,2) 4+ A (B, xo) + (A — A2) (b,22) + Aoff = —((a+ Aab,z2) — X2f),
<A.’E2,$1>+)\2<B$2,$1>+()\2—)\1)<b,$1>+)\16: —(<G+A1b,$1> —)\16). (54)

Combining (5.3) and (5.4) yields

)\1(<BSL‘1,J]2>+<b,$1>+<b,l‘2>—,8): (55)
:)\2( <B$2,Z‘1>+<b,l‘1>+<b,$2> —ﬁ) +<A$2,l‘1>— <A.131,.132>.

This implies that if Re ( Bxy,z2) + Re (b, 21 ) + Re (b,z2) — 8 # 0, then A; = A\y. Suppose now that

Re(Bxyi,z2) + Re(b,x1) + Re(b,z2) — f=0. (5.6)
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By Cauchy-Schwarz inequality
(Re < (A + )\QB)LL'h.%‘Q > )2 < | < (A + )\23)1‘1,1’2 > |2 < < (A + )\2B>$1, X > < (A + )\QB)J}Q,LL'Q > . (57)

We now proceed to derive expressions for the left and right sides of (5.7), by using the assumption (5.6).
In the first place, (a + A2b, z2) € R, and combining the first equation in (5.4) and (5.6) we have that

Re<(A+>\2B)£U1,SC2> = 7<0J+>\2b7l‘2>+(>\1 *)\2)(}_{6<b71’1> 7ﬂ) (58)
Secondly, by (5.3),
((A4+XaB)zy,21 ) =

- (f<a+)\2b,:c2>+(>\1ng)(Re<b,x1>75)> —()\1—)\2)(<B:171,x1>+Re<b,x1)) (5.9)

Finally, considering that
(Bzi,21) +2Re(b,z1) — B =g(z1) — B =0,

it follows

<(A+/\QB)$2,$2> =
= (— (a+ Xob,z2) + (M1 —Ag)(Re(b,x1>—B)) + (M —)\2)((3:101,331>+Re<b,331>). (5.10)

Then, replacing (5.8), (5.9) and (5.10) in (5.7) yields
2
(— (a+ b, 22) + (M = Xo) (Re(bay) = §) ) <
9 2
< (= (@ dobywa) + (1 = Xa) (Re (b,a1) = B) ) = (()\1 - Ag)((Bxl,x1>+Re<b,w1>)) . (5.11)
Analogously, considering the inequality

(Re<(A—|—)\1B)1‘1,Z‘2>)2 < |<(A+/\13)l‘1,1‘2> |2 < <(A+/\1B)$1,$1><(A+/\13)l‘2,1‘2>,

and following the procedure above but interchanging x; with xo and Ay with Ao yields
2
(= {a+Aub,a1) + (o = A) (Re(bma) = ) ) <
9 2
< (— (a+Aib,a1) + (A2 — A1) (Re (b, 2) —5)) - (()\2 - )\1)(<Bx2,3;2> +Re<b,x2>)> . (5.12)

Hence, from (5.11) and (5.12), if (Bx1,z1)+Re (b, z1) # 0 or { Bxa,x2)+Re (b,x2) # 0, then Ay = Ao.
Assume that
(Bzy1,71)+Re(b,z1)=0  and (Bxza,z2) + Re(b,z2) = 0.

Since g(z1) = B and g(x2) = (3, this implies that
(Bzx1,21) = —Re(b,z1) = —p and (Bxa,x2) = —Re(b,z3) = —p,
which in turn, by (5.3), implies that
Re(a,z1) =Re(a,z2).

Since f(x1) = f(x2), from this last equation it follows that ( Az, 21 ) = ( Axs, x5 ). From (5.6) we also
have that Re ( Bx1, 22 ) = —(. Finally,

<AZ’1,{E1> = <(A+)\1.B)l'1,1}1> —>\1<BIE1,£L’1>:—<(L+)\1b71'1>—>\1<B(E1,(E1> :—Re<a,x1>,
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and by (5.8),

Re (Az1,22) =Re ((A+ XoB)x1,22) — Ay Re(Bxy,22)
=—(a+Xb,x2)+ (A1 — A2) (Re(b,x1) — ) — AaRe (Bxy,22)
=—Re(a,z2).

Hence,
R6<Al‘1,l‘2> = <A171,.T1> = <A$2,I2>.

Let p € (A_, A1), then
((A+pB) (21 —22), 21 —22) =

= ((Azy,21) + (Azg, w2 ) — 2Re (Azqy,22) ) + p((Bwy, 31 ) + (Baa, w2 ) — 2Re ( Bzy, 22 )
=0.

Then, by Proposition 2.4,
a1 — x5 € N((A+pB)Y/?) = N(A+ pB) = N(A)NN(B) = {0},
and thus xy = 5. Then,
—(a4+XMb) =(A+MB)xy = (A+ M\ B)xa = (A+ XaB)xa+ (A1 — A2)Bza = —(a+ Aab) + (A — A2) Bxa,

and consequently
(/\1 — )\2)(3.’1:2 + b) =0.

By (5.1), if Bxo = —b then Axs = —a which is a contradiction, because (a,b) € A°. Hence, \y = Ao. O

Define
D+ I:H+ @N+ and D_ Z:H_@N_,

the positive defect subspace of Ny and negative defect subspace of N_, respectively. For the proof of
Proposition 4.9 we make use of the next two technical lemmas. Their proofs follow the lines of the proofs
of [17, Lemma 4.5] and [17, Lemma 4.6], respectively.

Lemma. Given u € Hy, decompose it as u = v+ w with v € Ny and w € D4. Then, for every
T € (=K, K),

IGY2 (1 £ 7Ga) ™l = S0l + | GY (L £ 7G) M.

_r
(kxT)
Lemma. Given u € Hy, if lim,_,, ||G1i/2(Ii —7G1) || < +oo, then u € R(I+ — kG4).

Proposition 4.9. For every ug € H and every v € R there exists (v,y) € [—k, k] x H satisfying

(I +~G)y = uo,
(Gy,y) =v,

if and only if N_ # {0} and Ny # {0}.

Proof. The necessity follows by [17, Lemma 4.7]. Conversely, assume that N_ # {0} and Ny # {0}.

Consider the decomposition ug = ug + ug + ul with uf € Hy and ud € N(G), and the real valued

functions f; and f_ defined by

Fo(m) = 1GY2 (L +7G) TG |2, 7 € (=5 K] (5.13)
and
o) = 1GV2(I- —rG) g |1, 7€ [k, ), (5.14)
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respectively. If there exists 79 € (—k, %) such that fi(m9) = f—(70) + v, then setting v = 79 and

y= I+ +9G4)  ug + (I- = 4G-) " ug + ug

implies that (Gy,y) = v and (I +vG)y = uo.
Now assume that f(7) > f_(7) + v for every 7 € (—k, k). Then,

lim (| GY2(1- = rG-) ug [P = lim f-(7) < fi(x) = .

T—K

Thus u, € R(I- — kG_), and consequently ug € R(I + kG). Since N_ # {0}, we can choose z € N_
with ||z|| = 1. Considering that G_z = 1z and (I_ — kG_)Tuy Lz, and setting

with

y= Iy +kGy)tud + (1= — kG_)Tug +uf +a_z,

1/2
o = (n(nai/"’(u +KG) |2 = IGY(T = kG ) ug |2 - u)) :

we have that (Gy,y) =v and (I + kG)y = up.

A similar argument holds if we assume that fi(7) < f_(7) + v for every 7 € (—k, k). O
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