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ABSTRACT. We present a generalization of Krein-Smul’jan theorem which in-
volves several operators. Given bounded selfadjoint operators A, Bi,..., Bm
acting on a Hilbert space H, we provide sufficient conditions to determine
whether there are A1, ..., Ay € R such that A+ 37", X\;B; is a positive semi-
definite operator.

1. INTRODUCTION

Along this paper (#, (-,-)) denotes a complex Hilbert space, and L£(H) stands
for the algebra of bounded linear operators in H. An operator A € L(H) is positive
semidefinite if ( Ax,x) > 0 for all x € H; and it is positive definite if there exists
a > 0 such that ( Az, z) > af|z||? for every x € H.

Given bounded selfadjoint operators A, By, ..., By, acting on H, the aim of this
work is to determine whether there are A{,...,\,, € R such that the operator
A+ 3" \B; is positive semidefinite. If > denotes Lowner’s partial order of
selfadjoint operators, the problem can be restated as whether the inequality

m
(1.1) A+ NiBi >0
i=1
is feasible. If H is finite dimensional this is known as a linear matriz inequality
(LMI), an area which has been thoroughly studied since the 1940’s for its applica-
tions in System and Control theory, see [2] and the references therein.
Another reason that makes this problem interesting is that it is closely related to

the existence of minimizers for quadratically constrained quadratic programming
(QCQP) problems. A QCQP problem can be posed as:

minimize  f(z) = (Az,2) + 2Re(yo,z) + ao
subject to  g¢;(x) = (Bijz,z) 4+ 2Re(y;, x) < ay, 1=1,...,m,

where the optimization variable x varies in H, and the data consists of bounded
selfadjoint operators A, By, ..., By, acting in H, vectors y; € H and scalars a; € R,
for : = 0,1,...,m. Note that the Hessian of such a quadratic function is constant.
In particular, the Hessian of f,g1,...,9m are given by the selfadjoint operators
A, By, ..., By, respectively. Hence, if z( is a minimizer of the above problem then
there exist A1,..., Ay, € R such that (1.1) holds, see e.g. [14, 1].

For a finite dimensional space, studies on the simplest case (i.e. m = 1) can
be traced back to works of Finsler [7], Hestenes [8], and Calabi [3]. But the result
characterizing the feasibility of A+AB > 0 in an arbitrary Hilbert space is known as
the Krein-Smul’jan theorem [10, 11], see also [12, 13]. Given a selfadjoint operator
B € L(H) we say that B is indefinite if it is not semidefinite i.e. there exist
x4, x_ € H such that (Bzy,z4) > 0and (Bx_,z_) <O0.
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Theorem 1.1. If B € L(H) is indefinite, then there exists A € R such that
A+ AB > 0 if and only if

(Az,z) >0 whenever (Bz,x) =0.
In this case,
(Ay,y) _ (Az2)
(By,y) ~ (Bzz)
for every y,z € H such that ( By,y) <0 and ( Bz,z) > 0. Also, if

A A
(1.2) A :=— inf m and Ay i=—  sup w7
(Bz,x)>0 { Bx,z) (Brz)<o ( Bz, z)

8

then A\_ <Ay and {A e R: A+ B >0} =[A_, 4]

To the best of our knowledge, there is no such a result for an inequality which
involves several variables like (1.1). Even in the finite dimensional setting, there are
only a few results. Among them, it is worthwhile mentioning the works by Dines
[4, 5] and Hestenes and McShane [9].

The paper is organized as follows. Section 2 starts with a discussion about weakly
indefinite sets of selfadjoint operators. We show that this notion is only sufficient to
prove a generalization of Krein-Smul’jan theorem in the case of pairs { By, B2}. For
finite sets { By, ..., By, } with m > 2 it is necessary to impose some extra condition,
named strongly indefiniteness. After discussing what strongly indefiniteness means,
in Theorem 4.6 we state a generalization of Krein-Smul’jan theorem. Finally, in
Section 5 we give a sufficient condition on {Bjy,..., B} to be strongly indefinite,
which is inspired by the results of Hestenes and McShane in [9].

2. WEAKLY INDEFINITE SETS OF SELFADJOINT OPERATORS

We start with a definition which is mainly motivated by [5, 9].

Definition 2.1. A set of selfadjoint operators {B,..., By} is weakly indefinite if

m
Z i B; is indefinite for every (ui, ..., um) € R™\ {0}.
i=1

If {By,Ba,...,B,,} is weakly indefinite, then any subset of it is also weakly indef-

inite. In particular, B; is indefinite for every i = 1,2,...,m. Also, if {By,..., By}
is weakly indefinite then it is a linearly independent set.

Given a selfadjoint operator B € L£(H), denote by Q(B) the set of neutral vectors
for the quadratic form induced by B, Q(B) = {z € H : (Bz,z) = 0}. Given a
set of selfadjoint operators {By, ..., By, } for brevity we write Q; = Q(B;) for each
i =1,...,m. Also, we consider the sets of vectors which are positive (negative)
with respect to the quadratic form induced by B;:

Pr={zeH :(Bx,x)>0} and P; ={ze€H : (Bix,x)<0}.

It is well known that B is indefinite if and only if Q(B) \ N(B) # {0}, i.e. if
there exists x € H such that

(Bz,x) =0 and Bx # 0.

The next result presents a sufficient condition to guarantee the weakly indefiniteness
of {Bl, ey Bm}’
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Proposition 2.2. Given selfadjoint operators By, ..., B, € L(H), if there exists
x € ‘H such that

T € ﬂ;-n:le and {Bix,...,Bnx} is linearly independent in H
then {By,..., B} is weakly indefinite.

Proof. Tt suffices to show that Q( Y72, A;B;) \ N(X72, AjB;) # {0} for every
(AL, Am) € R™\ {0}, Given (Ay, ..., Ap) € R™\ {0}, note that (37", \;Bj)x
is not trivial because {Bix,..., By,x} is linearly independent. Then,

w e (MJLiQi) \ N (XL A B;) € QX)L A By) \ N (X275, Ay By),
and since (A1, ..., \;,) was arbitrary the proof is complete. O

Given x € H, note that {Bjz,..., Bz} is linearly independent if and only if
x & N(QJTL, AjBj) for every (A1, ..., Am) € R™\ {0}.

The sufficient condition presented above is not necessary to guarantee weakly
indefiniteness of a set of operators, because it imposes that ()", Q; # {0}. In
Example 3.4 below we present a set { By, Ba, Bs, B4} which is weakly indefinite but

Mz @i = {0}

Lemma 2.3. Given two indefinite selfadjoint operators By, Ba € L(H), the family
{B1, B3y} is weakly indefinite if and only if B; is indefinite in Q; for j #i. In this
case Q1 N Qs £ {0}

Proof. Assume, for example, that By is indefinite in Q2 but there exists (A1, A2) #
(0,0) such that AyB; + AoBy > 0. If Ay = 0 then A\;Bs > 0 leading to a contra-
diction. If Ay > 0 then B; + %Bg > 0. In particular By > 0 in ()2, which is a
contradiction to our assumption. If \; < 0 then it is easy to see that B; < 0 in @2,
which leads to another contradiction.

Conversely, suppose that {Bj, B2} is weakly indefinite and that B is definite
in Q2. If By > 0 in Q2 then, by Theorem 1.1, there exists A € R such that
B 4+ AB2 > 0, which is a contradiction to {B;, By} being indefinite. If By < 0 in
@2, consider —B;. By symmetry, Bs is indefinite in Q1.

To see that Q1 N Q2 # {0}, take y € Py N Q2 and z € P;" N Q2, and choose
6 € [0,7) such that Re ( Boy, ez ) = 0. Consider
yt)=ty+ (1 —1)e?z,  te]o,1].
Since y, z € Qo, for t € [0, 1]
(Boy(t),v(t)) = t* (Bay,y) + (1 = t)? (Baz, 2 ) + 2t (1 —t)Re<B2y,ewz> =0.
Hence, 7([0, 1]) C Q- and the real valued function
f@) = (Biy(t),~(t)),  tel0,1],

satisfies f(0) = (B1y,y) < 0 and f(1) = (Byz,2z) > 0. Thus, there exists ty €
(0,1) such that f(to) = 0. This implies that v(t9) € Q1 N Q2. Also, v(tg) # 0
because {y, z} is a linearly independent set. O

In the following we denote by € the feasibility set for inequality (1.1), i.e.

2.1)  Q=Q(A,(B)",) = { (Mo A2,- s Am) ER™ 2 A+ \B; > 0} .
i=1
It is easy to check that €2 is a closed convex subset of R™.
The next proposition characterizes the feasibility of (1.1) for m = 2. Its proof
follows the lines of one given in [6].
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Theorem 2.4. Given selfadjoint operators A, By, By € L(H), assume that { B, Ba}
is weakly indefinite. Then,

A>0 in Q1NQ2 if and only if O #£2.

Proof. The fact that Q # @ trivially implies A > 0 in @1 N Q2. To prove the
converse, assume that A > 0 in Q1 N Q2. By Lemma 2.3, B; is indefinite in
Q2. Hence, fixing y € P; N Qa, z € P{ N Q2 and choosing § € [0,7) so that
Re < Boy, ewz> = 0, consider

yi(t) =ty £ (1 —t)e? 2, te0,1].

Note that v+ ([0,1]) € Q2 and take ¢+ € (0,1) as in the proof of Lemma 2.3 such
that v4(t+) € @1 N Q2. Now, we have the equations

a(Biy,y) + & (Biz,z) + 2Re( By, ¢”z) = gty ( By (t4), 7+ (4) ) = 0,

b(Biy,y)+ 4 (Biz,z) —2Re( Biy,e’z) = iy (Bi-(t-),7-(t-)) = 0.

where a := 1i”;+ and b := 1:_ are positive. Then, adding these two we get

(a4 ) (Biy,y) + (2 + 1) (Biz2) =0,

or equivalently,

< Blz7 z >
2.2 ab=———-.
22 (Bu.v)
Now, since ( Ayx(t4),v+(t+)) > 0, in the same fashion we get that
1

< —(A A .
0< —(Az,2) +(Ayy)

Combining this with (2.2) yields

(Ay,y) _ (Azz)
(Bry,y) = (Biz,2)’
for arbitrary y € P, N Q9 and z € P;” N Q2. Therefore,
A A
qp Ay oy (Az2)

YEPT NQ2 (B1y,y) ~ 2ePinQ. (B1z,2)

o . (Az,z) 3 (Ay,y)
If \; € R is such that — mfzepfran TBie2) <)\ < - SUDycp—nQy TBrgy) then

((A4+ M By)z,z) >0 for every x € (P; NQ2) U (P NQa).
Considering that ( Az, z) > 0 for every & € Q1 N Q2, we then have that
((A4+MBy)z,z) >0 for every z € Qs.

Finally, by Theorem 1.1 there exists Ay € R such that A + A\ By + A2By > 0, i.e.
(A1, A2) € . O

Corollary 2.5. Given three indefinite selfadjoint operators By, Ba, Bs € L(H), the
family { By, Ba, B} is weakly indefinite if and only Bj is indefinite in (;; Q; for
every j =1,2,3.

Proof. Tt is analogous to the proof of Lemma 2.3, using Theorem 2.4 instead of
Theorem 1.1. O
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3. INDEFINITE SETS

Definition 3.1. Given selfadjoint operators By,...,B,, € L(H), m > 2, the set
{B1,...,Bn} is indefinite if B; is indefinite in ﬂ#j Q; for every j=1,...,m.

Note that the above definition imposes that (), ,; Q; # {0} for any j =1,...,m.

Lemma 3.2. Assume that {Bi,...,Bn} is indefinite. Then, {Bi,...,B,} is
weakly indefinite.

Proof. The proof is similar to that corresponding to Lemma 2.3. Suppose that there
exists u € R™ \ {0} such that >/, u;B; > 0 and p; # 0 for some j = 1,...,m.
If ij > 0 then Bj + 37, /‘j—]Bz > 0, so that B; > 0 in [, ; @i, leading to a
contradiction. A similar argument holds if p; < 0. O
Remark 3.3. Consider an indefinite set {B1,..., By, }. If (2, Q; = {0} then it
is a maximal indefinite set.

In fact, given any selfadjoint B € L(H) such that B # B; fori = 1,...,m, by
definition, a necessary condition for the set { By, ..., By, B} to be indefinite is that

ﬂ?;1 Qi 7é {O}

Example 3.4. In what follows we give an example of a maximal indefinite set.

Consider the operators By, ..., By acting on C* which are represented by

(1 0 0 0] [0 1 0 0]
0 -1 0 0 1 0 0 O

Bi=lg 0 o 1|" P2=lo 01 ol
0 0 1 0] 0 0 0 —1]
[1 0 0 0] [0 0 0 1]
0 01 0 01 0 O

Bs=1o 10 of P*Tlo o -1 0
0 0 0 -1 10 0 O0f

These four matrices satisfy that B; is indefinite in ﬂi# Q; for j =1,2,3,4. Indeed,

(1-v2,-1,1-v2,1) € P{ N ﬂ Q;, (3—v/2,1+2v/2,—~1+5v/2,7) € Pf“ N ﬂiﬂ Q;,
i#1
(1-v21,-14v21) € Py N[ ) Qs (14v2.1,-1-v2,1) € PF Ny Qi
i#2
(1-v2,-1,-1+v2,1) € P3 N ﬂ Qs, (1-v2,—142v2,3—1/2,1) € 73;' N ﬂ#?) Q;,
i#3
(1-5v2,—1-2v2,-3+v2,7) € Py N ﬂ Q;, (—14+v2,1,-14+/2,1) € Pj' N ﬂ#él Q;.
i#4
Nevertheless, ﬂ?:l Q; = {0} because the system of equations
|z1|% + |22|? + 2Re(x324) = 0
2Re(z122) + |z3|> + |za|* =
|£L'1‘2 + ZRG(IEQIg) + |174|2 =
2Re(z124) + |22|? + |23 =

o O O

admits only the trivial solution.

Lemma 3.5. Let {Bi,..., By} be an indefinite set. Take y € P;” N[, Qi and
z € ’P,;"ﬂﬂ#in for some k=1,...,m and consider S := {ay + Bz : a,8 € R}.
Then,

either SC ﬂ#k Q; or SNQLNQ, ={0} for some | # k.
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Proof. Assume that there exists { # k such that S ¢ Q. This is equivalent to
Re(Bjy,z) # 0. Then for any o, € R, o # 0, 8 # 0, ay + Bz ¢ Q,. Since
Y,z & Qr we get that SN QN Q; = {0}. O

The following lemma shows that, under suitable hypotheses, proving that the
notions of indefinite and weakly indefinite sets coincide is equivalent to generalizing
Krein-Smul’jan theorem.

Lemma 3.6. Given By,...,B,, € L(H), assume that {Bi,...,Bp} is linearly
independent, Bj # 0 in (), ; Qi for every j = 1,...,m, and {B;};e; is weakly
indefinite for every J C {1,...,m} with |J| = m—1. Then, the following statements
are equivalent:

i) there exists j = 1,...,m such that B; > 0 in ﬂi# Q; if and only if B; +

Z#j AiBi > 0 for some (\;)jzi € R™ 1.

ii) {B1,...,Bm} is indefinite if and only if {Bu,...,Bmn} is weakly indefinite.
Proof. Assume that i) holds and also that {By, ..., B,,} is not indefinite, i.e. there
exists j = 1,...,m such that B; is semidefinite in ﬂi# Q;. If B; > 0in ﬂ#j Q;
then, by 4), there exists (\;)i2; € R™™! such that B; + > izj NiBi > 0. 1f B; <0
in (2, @i then —B; >0 in (), ; Q; and, by i), there exists (11;)iz; € R™~! such
that —B; + Z#j w;B; > 0. Therefore, {Bj, ..., Bny} is not weakly indefinite. The
converse implication is always true, see Lemma 3.2. Thus, i) implies ii).

Conversely, assume that ii) holds and also that there exists j = 1,...,m such
that B; > 0 in ﬂ#j Q;. Then, by i), {B1,...,Bn} is neither indefinite nor
weakly indefinite. Hence, there exists (\;);z; € R™~! such that B; + Zi# \iB;
is semidefinite. Since B; # 0 in ﬂ#j Q;, there exists = € ﬂi# @; such that
(Bjx,x) > 0. Hence,

< (Bj +Z)\iBi)x,x> = (Bjz,xz) >0,
i#]

which proves that B; + ). £ AiB; > 0. The converse implication is immediate.

Therefore, i7) implies 7). O

4. STRONGLY INDEFINITE SETS

Given a set {By,..., By} of selfadjoint operators, our aim is to impose condi-
tion(s) onto it in order to prove a generalization of Krein-Smul’jan theorem of the
form: if A € L(H) is selfadjoint then,

(4.1) A>0 in NZ,Q; if and only if Q#£02.
Remark 4.1. If (4.1) holds for a weakly indefinite set { By, ..., By, } then )\, Q; #
{0}.

Indeed, given a weakly indefinite set {Bi,..., By} (where m is less than the
dimension of the real subspace of selfadjoint operators in H) suppose that ﬂ;zl Q; =
{0} and consider any selfadjoint operator B € L£(#) such that {Bi,..., B, B} is
a linearly independent set. Since both B > 0 and —B > 0 in (-, Q; = {0}, if
(4.1) holds then there exist (Ar,..., A\m), (1, .-, tm) € R™\ {0} such that

B+> \B;>0 and ~B+ Y pB; > 0.
i=1 =1
Then, there exists j = 1,...,m such that u; # —\;, otherwise, B + Z:’;l AiB; =0
which is a contradiction to {Bj, ..., By, B} being linearly independent.
Hence, adding the above inequalities we get that > .., (\; 4+ p;)B; > 0 which is
a contradiction to {By,..., By} being a weakly indefinite set.
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Example 3.4 presents an indefinite set {Bj, Ba, Bs, B4} such that ﬂ?zl Q; =
{0}. Hence, for m > 3 assuming that {Bi,..., By} is weakly indefinite, or even
indefinite, is not enough as a suitable hypothesis for generalizing Theorem 1.1.

If {B1,...,Bn} is a weakly indefinite set with m > 3 then, by Corollary 2.5,
any trio {B;, B;, By} is an indefinite set. In particular B; is indefinite in Q; N Qg,
i.e. there always exist 2, € P;" NQ; NQ and z_ € P; NQ; N Q.

Also, by Lemma 3.5, if x4 € Pii NQ;NQrand S :={ax_ + Pay : o, € R}
then either SC Q; NQr or SNQ; NQ; = {0} or SNQ; NQr = {0}.

Definition 4.2. Given selfadjoint operators By, ..., B,, € L(H), m > 2, the set
{Bi,..., B} is strongly indefinite if
i) {Bi,..., By} is weakly indefinite;
ii) given 4,5,k =1,...,m, if x4 € ’Pii N Q; N Qr then there exists 6 € [0, )
such that B; and By, are definite in {ax_ + Be?z, : a, B € R}.

Given a selfadjoint operator B € L(H), assume that {y, z} is a linearly inde-
pendent set in Q(B). Then, B is definite in {ay + Bz : a, 8 € R} if and only if
Re(By,z) =0. In fact, if zy =ty £+ (1 —t)z for some ¢ € R then

(Bry,xzy)==2t(1 —t)Re(By,z),

and these two real numbers have the same sign if and only if Re(By,z) = 0.
Therefore, item ii) in Definition 4.2 can be alternatively stated as:

ii") given 4, j,k =1,...,m, if z+ € PEnN Q; N Qy, then there exists 6 € [0, 7)
such that Re < Bz, e _ > = Re < Byxg,elz_ > =0.
Remark 4.3. If {By,...,B,,} is strongly indefinite, then it is immediate that
{B;}icF is strongly indefinite for every F C {1,...,m}.
From now on we assume that m > 2. Given y,z € H, y # z, consider
[y,z] == {ty+(1—t)z : t€[0,1]},
and (y,z) == {ty+ (1 —t)z : t € (0,1)}.

Proposition 4.4. Let {By,..., By} be a strongly indefinite set. Giveni=1,...,m,
if there exists x4 € ’Pii N,z Qj then there exists 0 € [0,7) such that

[z, ieiexﬂ < ﬂ#iQr
Moreover, there exists yii € (zv_,+e%z) such that
(4.2) v € @i\ NI, 1;B))
i=1
for every (p1, ..., um) € R™ with p; # 0.

Proof. Suppose that x4 € ’Pii n ﬂl# @, for some fixed i = 1,...,m. Now choose
jeA{1,....,m}\{i}. Considering k1,ks € {1,...,m}\{¢}, there exist 61,6, € [0, )
such that

Re (e7 (Bjz_,z4)) = 0=Re (e (By,z_,21)), and
Re (6402 (Bjz_,z1)) =0=Re (67”2 (Bp,x_, x4y )).
This implies that 6o = 61 + nx for some n € N, and consequently
Re < B,z e, > = =*Re < Bp,x_, e, > =0.
Since ko was arbitrary, it then holds that
Re < Byx_, %z > =0 for every k # i.
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Therefore, [z_,+e?x ] C Q, for every k # i because x4 € Mizi Q-
Finally, following the same procedure as in the proof of Proposition 2.3, there
exists ¢ € (0, 1) such that

yi =t + (1= 1)’z € (72,00 {0}

Given (pi1, ..., ) € R™ with p; # 0, consider B := B; + 3., %Bj and assume

that By;r = 0. Then, Bx_ = —%eieBau. Since z1 € ﬂj# Qi, we have that

0=(By,y/)y=t*(Bx_,z_)+ (1 —t)>(Bay,zq ) +2t(1 —t)Re(Bx_,eiaa:+>
=t*(Bx_,x_ )+ (1 —t)*(Bry,ry)—2(1—t)>Re(Bry,x,)
=t*(Bix_,x_) — (1 —t)?Re(Bjzy,z, ) <0,

leading to a contradiction. Therefore, yf ¢ N(B). A similar argument proves the
existence of y; . O

Remark 4.5. By the proof of Theorem 2.4, every weakly indefinite set {B;, Ba}
is strongly indefinite. Also, if {Bi,..., By} is a strongly indefinite set and there
exists j = 1,...,m such that B; is indefinite in ﬂ#j Q;, then 2, Q; # {0} (see
Proposition 4.4). Hence, {Bj, Ba, B3, B4} from Example 3.4 is an indefinite set
which is not strongly indefinite.

The following result generalizes Krein-Smul’jan theorem for m > 3.

Theorem 4.6. Given selfadjoint operators A,By,..., B, € L(H), assume that
{B1,Ba,...,Bn} is strongly indefinite. Then,

A>0 in NL,Q; if and only if  Q# @.

Proof. The fact that Q # @ implies A > 0 in ()", Q; is trivial. We prove the
converse by induction on m. The case for m = 2 operators By, By follows readily
from Theorem 2.4.

For the inductive step fix n € N, n > 3, and assume the statement holds for
m = n — 1. Now consider selfadjoint operators By, Ba,...,B, € L(H) such that
{Bi1, Ba, ..., By} is strongly indefinite.

First, let us show that B; # 0 in ﬂ#j Q; for every j = 1,...,n. Indeed, if there
exists j = 1,...,n such that B; =01in ﬂ#j Q; then, by inductive hypothesis, there
exists (A;);2; € R" ! such that Bj+> 4 AiBi > 0, which is a contradiction. Then
{Bx,...,B,} is indefinite (by Remark 3.6) and, by Proposition 4.4, ", Q; # {0}.

Now, assume that A > 0 in (\/_, Q;. Since B, is indefinite in ()" Qi, take
y PN ﬂ;:ll Qi and z € P, N ﬂ;:ll Q;. Again, by Proposition 4.4, there exist
0 € [0,m) and ¢t € (0,1) such that x4 := tyy + (1 —t1)ez € (., Q;. Then
(Azg, 24 ) > 0.

Following a procedure similar to the one in the proof of Theorem 2.4 we then
get that

(Ay,y) _ (Az2)

(Bny,y) — <an7z>’
for arbitrary y € P, N1} Qi and 2 € P;F NN’} Q;. Hence, there exists ), € R
such that

((A+X.Bp)z,z) >0 forevery z € (P N2 Qi) U (P NN Qi)
Considering that ( Az,z) > 0 for every = € (), Q;, we have that

((A4+M\,Bp)z,z) >0  for every z € (/=] Qi-
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Then, applying the inductive hypothesis to A’ := A + A\, B,, and the strongly
indefinite set {B1, Ba, ..., B,_1}, there exists (A, A2,...,An_1) € R"! such that
n—1
(A+ X\By) + > AiB; >0,
i=1
ie. (A1, A2,...,\n) € Q, completing the proof. O

Corollary 4.7. Given selfadjoint operators By,...,By € L(H), if {B1,...,Bm}
is strongly indefinite then {Bi,..., By} is indefinite.

Proof. Suppose that { B, ..., B,,} is strongly indefinite and there existsi = 1,...,m
such that B; is definite in ﬂj# Q;. Let us assume that B; > 0 in ﬂj# Q;. Note
that {Bi,...,Bi—1, Bit1, ..., Bm} is also strongly indefinite and, by Theorem 4.6,
there exists (\;); € R " such that B;+3,_; \;B; > 0, which is a contradiction
to {B1, ..., Bn} being weakly indefinite. O

Corollary 4.8. Given selfadjoint operators B, ..., By, € L(H), the following con-
ditions are equivalent:
i) {B1,...,Bn} is strongly indefinite.
it) (a) {B1,...,Bmn} is indefinite;
(b) if zx € PENQ,; NQy then there exists § € [0,7) such that
Re < Bjxy, e > =Re < By, ez > =0.
iii) (a) for each i = 1,...,m there exists x; € (j,Q; \ N(X_iL, piBy) for

every choice of (p1, ..., thm) € R™ with p; # 0;
(b) ifxy € R—i NQ; N Qy then there exist § € [0,7) and xg € (r_,efzy)
such that

g € Qi NQ; N Q.

Proof. i)—ii) If {By,..., Bny} is strongly indefinite then, by Corollary 4.7, the set
{Bi,...,Bp} is indefinite. We have already mentioned that (b) is equivalent to the
second condition in Definition 4.2.

ii)—i11) Ttem (a) follows from the fact that {By,..., By, } is indefinite and Proposi-
tion4.4. Fixi,j,k € {1,2,...,m} and take z+ € PiiﬁQjﬁQk. Since {B4i, ..., Bmn}
is indefinite, {B;, B;, B} is also indefinite, and the result follows from Proposition
4.4.

111)—1i) To see that {By,..., By, } is weakly indefinite, consider (u1, ..., ty) € R™
and suppose that u; # 0 for some ¢ = 1,...,m. Then, by (a), there exists x; €
Mj21Q; \ N(XCJLy i By). Hence, z; € Q7L p;B;) \ N(XL, p;B;), which
implies that Z;nzl w;Bj is indefinite. Since (p1, ..., tm) € R™ \ {0} was arbitrary,
we have that {B,..., By} is weakly indefinite.

Fix 4,7,k € {1,2,...,m} and take z4 € Pl»i N Q; N Qr. By iii) there exist
6 € [0,7) and to € (0,1) such that zg := toz_ + (1 —tg)e?zy € Q;NQr N Q. This
implies that Re ( Bjz_, ez} ) = Re(Byz_,ezy ) = 0, which in turn implies
that B; and By, are definite in {ax_ + Be?z, : a, B € R}. O

5. A SUFFICIENT CONDITION FOR STRONGLY INDEFINITENESS

Given a set of selfadjoint operators {Bi,..., B} in £L(H), we now present a
sufficient condition to guarantee that it is a strongly indefinite set. It is inspired
by previous works by Hestenes and McShane for the (real) finite dimensional case.
Given symmetric matrices A, By,..., B, € R™ ™, assume that {By,...,B,,} is
weakly indefinite. In [9] the authors included the following additional condition:
for every subspace L of R such that LN (.2, Q;) = {0} there exists (p1,. .., fm) €
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R™ \ {0} such that >_!", p; B; is positive definite in the subspace L. Under these
assumptions they showed that, if A is positive definite in ()]~ Q; then there exists
(A,-.., Am) € R™ such that A+ Y"1, A\, B; is positive definite.

Hypotheses (HM). Given m > 3 and B1,..., B, € L(H), assume that the set
{Bi,...,Bn} is weakly indefinite. Assume also that if S is a real subspace of H
with dimS = 2 and {3, 4, k} C {1,...,m} is a trio such that
SN(QiNQ;NQyx) = {0}

then there exists (A\j, Aj, \x) € R3\ {0} such that \;B; + \;B; + A\, By > 0 in S and
AiBi + X\;Bj 4+ A\ By, #£0in S.

If the set {Bi,..., B} satisfies Hypotheses (HM) then it is immediate that
{B;}icr also satisfies Hypotheses (HM) for every F C {1,...,m} with |F| > 3.

Proposition 5.1. Givenm > 3 and By, ..., By, € L(H), assume that {By,...,Bn}
satisfies Hypotheses (HM). Then, {By,..., By} is a strongly indefinite set.

Proof. We prove the result by induction on m. First, assume that m = 3. By
Corollary 2.5, { By, Ba, B3} is indefinite. Fix ¢ € {1,2,3} and consider x4 € Pii N
Q;NQk. On the one hand, if k = j then z1 € Pii NQ; and we can choose 6 € [0, 7)
such that Re < Bz, e > = 0. Hence, in this case we have that B; = By, is zero
in S = {ar, +Ber_: a,B R}

On the other hand, if k # j choose 6 € [0,7) such that Re < Bjxy, ez > =0
and consider the real subspace

S={ary +eBz_ : a,B R} CQ,.

FSNQ:NQ;NQr ={0}, then there exist A\;, \j, \, € R such that B := \;B; +
AjBj 4+ A Br, > 0 (and non zero) in S. Thus,

0<(Braz_)=M\(Bx_,z_) and 0<(Bry,zy)=XN{(Bixs,xs).

But (Biz_,z_) <0 and (B;zi,z4 ) > 0 implies that \; = 0. Since B;
get that B|g = AxBg|g. Then

|$:0Vve

0<(B(z4 + er ), oy +e2_ ) = 2\; Re ( By, e _ ),
0<(B(z4 — e ), oy —ea_ ) = —2X\; Re ( By, e _ ),

and consequently either A\, = 0 or Re<ka+,ew:1:_> = 0. But if Ay = 0 then
B}S = 0, leading to a contradiction. Hence, Re < Bray, ez > = 0 and condition
ii’) is verified. Therefore, {B1, Ba, B3} is strongly indefinite.

For the inductive step fix n € N, n > 4, and assume the statement holds for
m =n — 1 operators. Now consider By, ..., B, € L(H) satisfying the hypotheses.

Hence, by inductive hypothesis, {Bj, ..., Bx—1, Bk+t1, ..., Bn} is strongly indef-
inite for k = 1,...,n. Then, by Remark 3.6, {B,..., B, } is indefinite.

Now take three different indices i,j,k € {1,...,n}. If none of them is equal
to n, by inductive hypothesis, item ii) in the definition of strongly indefiniteness
is satisfied. Assume that k = n and take y € P, N ﬂ?;ll Qi, z € P n ﬂln;ll Q.
Then, choose 8 € [0, 7) such that Re < By, ez > = 0 and consider the real subspace
S={ay+e8z: ,BER}CQ;. USNQ;NQ;NQ, = {0} then, following
the same procedure as in the previous step, Re < Bjy, ewz> = 0 and condition ii’)
is verified. Therefore, {By, ..., B,} is strongly indefinite. O

Corollary 5.2. Given Bi,...,B, € L(H) assume that {Bi,...,Bn} satisfies
Hypotheses (HM). If A € L(H) is selfadjoint, then

A>0 in ,Q; if and only if  Q# @.
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