UNIFORM BOUNDS FOR THE NUMBER OF RATIONAL POINTS ON VARIETIES OVER
GLOBAL FIELDS
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ABSTRACT. We extend the work of Salberger; Walsh; Castryck, Cluckers, Dittmann and Nguyen; and Vermeulen
to prove the uniform dimension growth conjecture of Heath-Brown and Serre for varieties of degree at least 4 over
global fields. As an intermediate step, we generalize the bounds of Bombieri and Pila to curves over global fields
and in doing so we improve the B factor by a log(B) factor.

1. INTRODUCTION

Let X be a projective variety defined over a global field K. A central problem in diophantine geometry is to
find bounds for the number of K-rational points in X of bounded height, for some adequate height function. When
K = Q and X is a hypersurface, perhaps the first account of such results with great generality is due to Cohen.
Specifically, as a consequence of the results in [15] concerning Hilbert’s irreducibility theorem, in the appendix of
Heath-Brown’s article [23] it is proved that for an absolutely irreducible form G € Z[X7,..., X, ] of degree d > 2, it
holds

@ = (z1,...,2,) €Z": G(x) = 0, hoc.f(a1,...,20) = 1, max|z;| < B} sc.q B" 2,
3

for any ¢ > 0. Furthermore, in [23, Page 227] Heath-Brown posed the question:

Question 1.1. Let G be an absolutely irreducible form with coefficients in Z. of degree d > 2 in n variables. Is it
true that for every € >0 it holds

{x = (21,...,2,) € Z" : G(x) = 0, max |z;| < B}| S..¢ B" 2?7
K2
The results in [15] where later generalized by Serre in [10] to the context of projective varieties over number
fields. Morever, in [40], Serre proposed the following variation of Question 1.1 (see [11, Page 178]),

Question 1.2. Let K be a number field of degree di, and let X ¢ P be an integral projective variety which is not
a linear variety. Let H be the absolute projective multiplicative height. Is there a constant ¢ such that

(@ e X(K): H(z) < B)| sx B ™09 (log(B))“?

By considering the quadric zy = zw in ]P’i(, Serre remarked in [11, Page 178] that the logarithmic factor in
Question 1.2 can not be dispensed. Moreover, in [12, Page 27], he formulated a variant to Question 1.2 where the
logarithmic factor is replaced by a factor B® for all e.

It turns out that for many applications one requires uniformity in the coefficients of the polynomial defining the
variety X. The first breakthrough concerning bounds in terms of the degree and dimension of X is due to Bombieri
and Pila in [3]. In that article they developed the now called determinant method of Bombieri-Pila and proved that
the number of integral zeroes of size up to B of an absolutely irreducible polynomial F(X,Y") € Z[X,Y] of degree
d>2is 5.4 B @*< for all e > 0. This result was used in [31] by Pila to prove uniform bounds for projective and affine
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varieties, for instance, he proved that the number of rational zeroes of height up to B of an absolutely irreducible
form G e Z[X1,...,X,] of degree d is . Bn2tate,

The determinant method of Bombieri-Pila is of an affine nature. Subsequently, in [24] Heath-Brown developed
a p-adic determinant method which allowed him to prove general uniform bounds for projective hypersurfaces. In
particular, he gave a positive answer to Question 1.1 in the case d = 2 and also he proved the following projective
version of the main result in [3].

Theorem 1.3 ([24]). Let F € Z[ X1, X2, X3] be an absolutely irreducible form of degree d. Then for all € > 0 the
number of rational zeroes of height up to B of F' is at most Sc 4 Bite,

Moreover, in this article Heath-Brown stated a uniform version of Question 1.1 ([24, Conjecture 1.2]). A more
general version of this conjeture for projective varieties over Q appeared first in the literature in [7, Conjecture 3.3]
where it is called the “dimension growth conjeture”.

Conjecture 1.4 (Dimension growth conjecture). Let X ¢ Py be an integral projective variety of degree d > 2. Let
H be the absolute projective multiplicative height. Then for any € >0 it holds:

{z € X(Q): H(z) < BY| Sdim(x).d.e Rdim(X)+e

Conjecture 1.4 was established in the case d = 2, and the cases n =3 and n = 4 for any degree, by Heath-Brown
in [24, Theorem 2] and [24, Theorems 3 and 9], respectively. For n = 5 and d > 4 the conjecture was proved by
Broberg and Salberger in [6, Theorem 1], and for n = 5 and d = 3 it was proved by Browning and Heath-Brown in [8,
Theorem 3]. Moreover, Conjecture 1.4 was proved for varieties of degree d > 6 for all n by Browning, Heath-Brown
and Salberger in [9, Corollary 2].

In order to tackle Conjecture 1.4 in the cases of lower degrees, Salberger further developed the determinant
method. In [37] he extended the p-adic determinant method devised in [24] to prove Conjecture 1.4 for d > 4
whenever X contains finitely many linear varieties defined over Q, of dimension r — 1. This result was superseded
by those of the article [38], where Salberger introduced a global version of the method of Heath-Brown and proved
the following theorem.

Theorem 1.5 ([9, 38]). The dimension growth conjecture holds for every integral projective variety X < Py of
degree d > 4. In the case that X has degree d =3, it holds

Hx € X(Q): H(x) < B}| Sdim(x),e Bdim(x)_“\%%.

Theorem 1.3 and Theorem 1.5 (the latter when d > 4) have exponents that are essentially optimal, up to the
e-factor. Then, it remained an open question if in general one could remove the factor B®. Building on the global
determinant method of Salberger, and using the polynomial method in a clever way, in [16] Walsh proved that this
is indeed the case for curves.

Theorem 1.6 ([10]). Let F € Z[ X1, X2, X3] be an absolutely irreducible form of degree d. Then the number of
rational zeroes of height up to B of F is at most $q Bi.

This was further explored in [11] by Castryck, Cluckers, Dittmann, and Nguyen where they provided effective
versions of several results in [17, 8, 38, 46], which allowed them to prove that the dimension growth conjecture holds
without the e factor when the degree is at least 5.

Theorem 1.7 ([11]). Given n > 1, there exist constants ¢ = ¢(n) and e = e(n), such that for all integral projective
varieties X C PG of degree d>5 and all B >1 one has

{z € X(Q): H(x) < BY| < cd*BY™),
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While there has been a lot of progress in giving uniform bounds for varieties defined over Q, there are not as

many results for global fields. In [5], Broberg generalized several of the estimates in [24] to number fields. Also, the
determinant method was reinterpreted in the framework of Arakelov’s theory in [12], [13] and [29]. For function
fields, the Bombieri-Pila bound was proved for F,(7') in [39] by Sedunova, adapting a reinterpretation given in [25]

by Helfgott and Venkatesh of the determinant method of Bombieri-Pila. Also, by methods of model theory, in [14]
Cluckers, Forey and Loeser proved a stronger bound than the one in [39] for F,(T") with char(F,) large enough.
Quite recently, in [45] Vermeulen proved analogues of Theorem 1.6 and Theorem 1.7 for hypersurfaces over F,(T")
of degree d > 64.

In this article we extend the work of Salberger, Walsh, and Castryck, Cluckers, Dittmann and Nguyen on the
determinant method of Heath-Brown and Salberger, to give uniform estimates for the number of rational points
of bounded height on projective varieties defined over global fields. More precisely, we first prove the following
extension of Theorem 1.6, [11, Theorem 2] and [15, Theorem 1.1] to global fields.

Theorem 1.8. Let K be a global field of degree di. Let H be the absolute projective multiplicative height. For any
integral projective curve C € Py of degree d it holds
d4BMTK if K is a number field,

2d e

d®B~a if K is a function field.

{zeC(K): H(x) < B} Sk.n {

Theorem 1.8 is new when K is a global field different from Q and F4(T"). Previous to this result, in the number
field case the only known bound was O K,md(BMTK”) given in [5, Corollary 1]. For number fields different from Q,
our bound was simultaneously obtained by Liu in [30].

Adapting the strategy devised in [17, Remark 2.3] and developed in [11, Proposition 4.2.1], from Theorem 1.8
we deduce the following extension of [11, Theorem 3] and [45, Theorem 1.2] to global fields.

Theorem 1.9 (Bombieri-Pila type of bound). Let K be a global field of degree dg. For any integral curve C ¢ A%
of degree d, it holds

d*Bi(log(B) +d) if K is a number field,

|{az €CE)n [B]%KH S {d7Bé (log(B) +d) if K is a function field,

where [ B, is defined in Section 5.2.

We remark that in the function field case, we obtain more precise bounds in the exponent of d than the ones
presented in Theorem 1.8 and Theorem 1.9 which depend on the characteristic of the field as in [15] (see Definition
3.22, Theorem 5.9 and Theorem 5.16 for the precise statements).

Next, we obtain the following estimate for the number of points of bounded height on affine hypersurfaces,
extending [38, Theorem 0.4], [11, Theorem 4] and [15, Theorem 4.2] to global fields.

Theorem 1.10. Let K be a global field of degree di. Given n > 2 there exist a constant e = e(n) such that for all
polynomials f € Ox[Y1,...,Y,] of degree d, whose homogeneous part of degree d is absolutely irreducible, it holds
|{a: eZ(f)n [B]’(})KH Sk d°B"%, whenever d > 5.
In the case when d = 3,4, for any € >0 we have
. Bn—2+s Zf d= 47
{2 e 2(N)n Bl ) Skome {B"‘3+f§+8 ifd=3.

Theorem 1.10 is new when K is a number field different from Q. When K is a function field, the result is new
when K is a function field different from F,(7T) or K =F,(T) and 3 < d < 64.

By means of an effective projection argument as in [31] which relies on the Combinatorial Nullstellensatz [1]
and on an argument of Mumford found in [32], from Theorem 1.10 we deduce the dimension growth conjecture for
global fields. More precisely, we have
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Theorem 1.11 (Dimension growth conjecture for global fields). Let K be a global field of degree di. Given n > 1,
there exists a constant e = e(n) such that for all integral projective varieties X € P of degree d it holds

T e cH(x) < SKon m(X) whenever d > 5.
{x e X(K): H(x) < B} Si.n d°B ) yp d>5
In the case d = 3,4, for any € >0 we have

BdK(dim(X)+€) ’Lf d= 4,
Hx e X(K):H(x) < B}| SKne {Bdk(dim(x)-1+j§+s) ifd=3

Theorem 1.11 is new for number fields different from Q. When K is a function field, the result is new when K is
different from Fy(T") or when K =TF,(7T") and X is a hypersurface of degree 3 <d < 64 or when K =F (T and X is
a projective variety of codimension at least 2 and degree d > 3. Arguably, these are the first bounds appearing in
the literature estimating the number of points of bounded height for varieties over global fields different from Q or
F,(T).

The proof of all these theorems are obtained by adapting and extending the strategies developed in [24, 37, 9, 38,

, 11] to global fields. Roughly speaking, the proof are obtained by the polynomial method (as it was presented
in [40]), namely by constructing a polynomial g of small degree vanishing on {x ¢ X(K) : H(x) < B}, which does
not vanishes identically on X. Then we study the rational points lying in the irreducible components of Z(g) n X.

For those irreducible components of high degree we argue as in [11], while for those of small degree we rework
and simplify the proof of [38, Main Lemma 3.2]. Carrying out this last step adds difficulties all along the article,
which were not present in [11, 46]. Also new challenges appear from dealing with general global fields that will be

explained as they arise. It is relevant to emphasize that this article presents a unified treatment that deals with
number fields and function fields simultaneously.

When we were at the final stages of writing the first arXiv version of this manuscript, Liu uploaded to the arXiv
the article [30] where he proved Theorem 1.8 for number fields by reinterpreting [33] in the framework of Arakelov
theory and by using ideas of [16, 11].

Acknowledgments. We thank Juan Manuel Menconi for useful discussions. We thank Floris Vermeulen for
pointing us a mistake in the first version of the proof of Proposition 7.3 in the case of function fields. We thank
Chunhui Liu for useful comments regarding the effectiveness of the estimates in our results.

2. HEIGHTS AND PRIMES IN GLOBAL FIELDS

The purpose of this section is manifold. First we establish a normalization of the absolute values of a global
field. We use this to define the height function that will be used in this article and recall some basic properties of
it. Secondly, we prove a proposition that allows us to find affine coordinates of projective points with controlled
affine height. Then we recall the theorems of Bombieri and Vaaler, and Thunder, that give solutions of controlled
height of a system of linear equations. Next, we define and analize two notions of heights of polynomials that will
be used in this article. Finally we present some estimates regarding the distribution of primes in global fields and
we comment on how to make all the bounds in all the statements in this manuscript effective on the dependence of
the global field K.

Notation 2.1. We use the asymptotic notation X = O(Y) or X $Y to mean | X| < C|Y] for some constant C. We
also use Ok . a(Y) or Sk on.a Y to mean that the implicit constants depend on K,n and d.

2.1. Absolute values and relative height. Throughout this paper, K denotes a global field, i.e. a finite separable
extension of Q or Fy(T'), in which case we further assume that the field of constants is Fy. We will denote by dx
the degree of the extension K /k, where k indistinctively denotes the base fields Q or Fy(T").

Let K be a number field and let Ok be its ring of integers. Then each embedding ¢ : K — C induces a place v,
by means of the equation

(2.1) jalo = lo(2)]F
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where | -|. denotes the absolute value of R or C and n, =1 or 2, respectively. Such places will be called the places
at infinite, and denoted by Mk . Note that ¥ ,cpr, 7w = di. They are all the archimedean places of K. Since
the complex embeddings come in pairs that differ by complex conjugation, we have |[Mk | < dk.

Now let p be a non-zero prime ideal of the number field K, and denote by ord, the usual p-adic valuation.
Associated to p, we have the place v in K given by the equation

ordp (x)

[y = |2lp = N (p) ™ 7%

where Nk (p) denotes the cardinal of the finite quotient O /p. Similarly, the norm of a non-zero ideal I € Ok,
denoted by Nk (1), is just the cardinal of the finite quotient O /I. Such places will be called the finite places, and
will be denoted by Mk g,. They are all the non-archimedean places of K. The set of places of K is then the union
Mp 0o UMk fn, and it will be denoted by M.

Now, let us suppose that K is a function field over F,, such that F, is algebraically closed in K (in other words,
the constant field of K is F;). A prime in K is, by definition, a discrete valuation ring O,y with maximal ideal p
such that F, € p and the quotient field of O(,) equals to K. By abuse of notation, when we refer to a prime in K,
we will refer to the maximal ideal p. Associated to p, we have the usual p-adic valuation, that we will denote by
ordy,. The degree of p, denoted by deg(p) will be the dimension of O(,)/p as an F,-vector space, which is finite.
Then the norm of p is defined as Nk (p) := q2¢(®) - Any prime p of K induces a place v in K by the equation

ordp ()

[zl = falp = N (p) 75
They are all the places in K. The set of all places in K is denoted by M. Now we fix an arbitrary place v in
My above the place in Fy(T) defined by ‘g‘m = gdee()=dee(9)  Tts corresponding prime will be denoted po; it has

degree at most dx. The ring of integers of K is the subset
Og:={xeK:|r|y<1forall ve Mg, v+ vo}.

Given z € O \ {0} we define N () = [Tpup. Ni(p)°" ¥ *). By definition, ord,(z) > 0 for all p # peo, so that
Nk () is a positive integer. The primes in O will be the primes p # po, of K . We will denote M o = {ve } and
Mk fin = Mg \ MK o.

Now, given a global field K, we define the absolute multiplicative projective height of K of a point x = (x¢g:...:
Zn) € P*(K), to be the function

H(x):= [] max{lzi,},
veM g ¢

and the relative multiplicative projective height by

Hy (x) = H(x)%.

If v € K, Hik(x) will always denote the projective height Hg (1 : ).
For our purposes, it will be necessary to understand how the affine height of a point behaves under the action
of a polynomial. It is easy to show (see [20, Proposition B.2.5]) that if f(T1,...,T%) = X, i) Civrin T T,

c=(¢y,...in )i1,....i, and R is the number of (i1,...,4,) with ¢;,,__;, #0, then
(2:2) HK(f(X))SRdKHK(l:C)HK(l:x)dEg(f)_
Now, let ¢y, ..., ¢, be homogeneous polynomials of degree m in Xo,...,X,, with coefficients in K. Let ¢ be the

projective point consisting of the coefficients of all the polynomials ¢;. Let us suppose that the maximum number
of monomials appearing in any one of the ¢; is R. Then for all € P"(K) such that ¢;(x) is not zero for all i, it
holds

(2.3) Hy(¢o(x):...: ¢p(x)) < R¥™ Hy () Hpc ()™,
Also, for any z € O \{0}, it holds
(2.4) Nx(2) < Hg ().
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We will require to lift a bounded subset in projective space to a subset in affine space. The next proposition,
which is a generalization of [41, Section 13.4], states that this can be done in a controlled manner.

Proposition 2.2. Let K be a global field, and let d > 1 be an integer. There exist effective computable constants
c1:=c1(K), ca = co(K) and c3 = c3(K) such that for every x € PY(K) there ewists (yo,...,ya) € OF' a lift of x
verifying:

(1) if K is a number field, for all embedding o : K - C, max;|o(y;)| < c1H(x), thus for all v € Mg o,

max; [y;|o < et Hg () & after relabeling 1. If K is a function field, for the place veo it holds max; |yi|s. <
1
crH () 7 ;
(2) for any prime p ¢ Mg o with Ni(p) > co, it holds that p | Y4 0 y:Ok. Equivalently, for any place v
corresponding to such primes it holds max; |y;|, = 1;
(3) it holds

H mzax|yi|v 2C3.

veEMEK fin
Proof. Given x as in the statement, we choose cordinates (xo, ...,xq) with z; € Ok for all ¢ and consider the ideal
Oggg = Z?:o 2;Ok. Note that
1
H(x) = — ]I mzax|:ci|v.

-A/‘K(al'o,-uﬂ%)K veM K, 00

The ideal a,,... ., depends on the coordinates, but its ideal class depends only on x. Hence, if we take integral
ideals ay,...a,, representing all the ideal classes of Of, satisfying Minkowski’s bound N (a;) < ¢y for all I, it
holds that ﬂzo,...,xdﬂ[l = aOk for some [ and some a € K*. Thus, ofl(’)KazO,Mmd = a;. We conclude that
(xfy...,2Y) = (o txg,...,a 'z,) are coordinates of ¢ in O and Ay .27, = 4. In particular, since Nk () < ca,
all the prime ideals p dividing a; have norm Nk (p) < co. We conclude that

d
for all prime p ¢ My oo with Ng(p) > ca, pf Zx;OK.
i=0

L
Moreover, if c3 = ¢, | we see that Moerry o, Max; i), = — L >
" Nk (ar) 7K

If K is a function field, Mk o consists only of the place ve, thus condition (1) of Proposition 2.2 is immediately
verified with ¢; == c3'. If K is a number field, the argument follows the same lines given in [11, Section 13.4], [31,
Proposition 2.1], namely we find ¢; and € € O} such that the set of coordinates (yo,...,ya) = (¢ af,...,e 'z} is
a point in OF!, representing x, satisfying for all embedding o : K < C the bound max; | (y;)| < c1 Hy (x). More
precisely, let o1,...,0,,0441,...,0,+5 be all the non-equivalent embeddings of K, rearranged in such a way that o;
is a real embedding for all 1 <¢ <r, and o; is a complex embedding for all ¢ > r. Since the Z-span

W = ({(log(lo1 (). - og (o (D)), Joglor-1 ()P, - Jog (e ())) € O })

has dimension r + s — 1 by Dirichlet’s unit theorem, so the same holds for the Z-span

W= {{(10g(lo1 (@), . 1og (o (). 1og (1 (). - Jog(lorss (E)D)) & € O ). -

The vector 1 = (1,...,1) e R™* does not lie in W' because e is transcendental. Then, we have that Wy := W & Z1
is a lattice in R™™°. Let ||-|| be the £*-norm in R"™®. Let 2 € R"™* be a bounded subset containing a representative
of each class of R""* /W, (this subset exists since R""*/W; is compact) and set Cyw, = sup,q [[y||- Then it follows
that

(2.5) for any z € R™* there exists w € W verifying ||z — w|| < Cyw,.



Now, for any x € P4(K) with coordinates (o, ...,7q) such that a,, ., =a; for some I, we have

1 ng g
H(x)= —— | | max|o;(x;)|9x ~ max |o;(x;)| %,
(@) = ey TTmielos (w0l ~ic [Tomaxlor (o)

where nj =1 if 0} is real and n; = 2 if it is complex. Let h, := max;|o(x;)| > 0. Let z := (log(hs, ), ...,log(he,,.)).
By (2.5) there exists w € Wy such that ||z — w|| < Cw,. In particular, there exist ¢ € O} and m € Z such that
w = (loglo1(e)|,- ., loglowss(e)]) + m1 and

~Cw, <logloj(e)|+m —log(hes,) < Cw, for all j.
Hence, if Ck = €“"1 ,we have that there is some ¢ € Oj and t = e™ such that

hy. by _
t] <loj(e)] < CKT] for all j.

(%

Equivalently,

Ot max|oj(ze™")| < t < Cr max|oj(w;e™")| for all 4.
K3 K2

Thus, since Y ; =1, for any jg it follows that

n;
dk
n;

n g
H(x) = H(z—:’lm) ~K Hmlax|aj(:ci571)|ﬁ = H (mlax|aj(mi571)|C’K) e CKdK
J J

nj
g _ 1\ 9 _
2 [[t7< 2k H(m?ﬂajo(ﬂfif 1)|CK1) "2k max |, (5 Y-
i i

We conclude that H(z) 2k max;;|o;(z;e™")| 2k max, |o(z;e7)| for all i. Then y = (z1671,...,2qe7") is a lift of
with the required properties. O

2.2. Small solutions to linear equations. For our purpose, we will need a strong version of Siegel’s lemma,

given by the well known theorem [1] of Bombieri and Vaaler, and its function field generalization [14] of Thunder.
In order to state these results, we recall the notion of the height of a matrix. Let A = (a;;);; be an m x n matrix
with entries in K and rank m <n. If J € {1,2,...,n} is a subset with |J| = m elements, we write A := (a; ;) 1<i<m,jeJ

for the corresponding submatrix. For each place v € My we define

max| jj-,, |det(Ay)}, if v is non-archimedean,
1
|det(AA*)|2 if v is archimedean,

H,(A):= {

where A* is the complex conjugate transpose of A. The Arakelov height of A is defined as the product
Ha(A) = ] Hi(A).
veMx
Let us state the theorems of Bombieri and Vaaler, and Thunder.
Theorem 2.3 ([1, Theorem 9], [14, Corollary 2]). Let K be a global field. Suppose that A = (a;j) is an m xn

matriz of rank m < n with entries in K. Then there exist an effective constant C = C(K) and linearly independent
bi,...bu_m € K™ with Abf =0 for all i, satisfying

nﬁnH(bl) < C(K)n_mHAr(A).

i=1

In this paper we will use a different formulation of Theorem 2.3, requiring a more explicit definition of the
Arakelov height of a matrix. For that, let A be an m x n matrix of rank m < n with entries in Og. Let A be the
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greatest common divisor in Ok of the determinants det(A;) with |J| = m. Since for any non-archimedean place
v ¢ Mk o with corresponding prime p, it holds

_ordy (det(A 7)) — min ordp (det(A 5)) _ordp(A)
HU(A):‘IL%?‘XNK(]’) K = Nk (p) = K =Ngk(p)
we conclude that )
_OK' p _L
[[ Ho(A)=T]Nk(p) I =Nx(A) 7.
’U¢MKYOQ p‘A
Hence, we may express the Arakelov height of a matrix as the product:
J\/'K(A)fi I1 |det(AA*)|§ if K is a number field,
Ha (A) = 1)51:11?,(, :
1 eg(Poo .
Ny (A) T g™ ax  MH=m ordpes (4e8(47)) i 1¢ §s a function field.

Using this, we conclude the following implication of Theorem 2.3.

Theorem 2.4. Let K be a global field of degree di. Suppose that A = (a;j) is an m xn matriz of rank m <n with
entries in K. Then there exist an effective constant C = C(K) and a non-zero solution b = (by,...,b,) € OF with
Ab' =0, satisfying

dx
C(E)"™Ng (AT [T |det(AA")],* if K is a number field,
HK(bl an)n_mg VEM K oo

C(K)MI N (A) 71 g deg(pee) minyjem ordpoe (de(A0)) £ K s q function field.

Another useful consequence of Theorem 2.3 (which is slightly stronger than Siegel’s lemma) is the following
result. Given an m x n matrix A with entries in K, we denote by Hy(A) the K-relative height of the point in
P71 corresponding to the matrix A.

Corollary 2.5. Let K be a global field. Suppose that A = (a; ;) is an m x n matriz of rank r with entries in K.
Then there exists an effective constant C = C(K) and a non-zero solution x € O% of Ax =0 with

r

n-r

Hic(1:2) < C(K) (ndTKHK(A))

Proof. When K is a number field, in [2, Corollary 2.9.9] it is proved that Theorem 2.3 implies the existence of a
non-zero x € O% of Az =0 with

r
n-r

(2.6) Hic () < C(K) (ndTKHK(A))

By the same argument, if K is a global field one may find a non-zero solution x € O verifying (2.6). Then a
solution verifying the statement of the lemma can be found by lifting & with Proposition 2.2. O

2.3. Polynomial heights. We will use a notion of height for a polynomial that is defined in [2, § 1.6]. Specifically,
given a global field K of degree dg, and f=Y;a; X’ ¢ K[Xi,...,X,] a non-zero polynomial, for any v € My we
let

| flo = max|arl,.

Also, for f =Y ;a: X" e C[X1,...,X,], we define Lo, (f) := max |as]eo and £1(f) := Y7 |ar]eo, Where |-|o is the usual
absolute value of C.
Following [2, § 1.6], the height of f e K[Xy,...,X,] is defined as

H(f):= [T Ifl,

veM
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thus, the height of f is just the projective height of the projective point defined by the coefficients of f. In particular,
for any A € K we have H(Af) = H(f).
Similarly, in this article we define the affine height of f by
27 Hag(f) = [T max{1,|fl.}.
veM

It holds that for any non-zero polynomial f, H.g(f) > H(f) > 1.
We will also use the K-relative versions of the projective and affine heights of polynomials:

dx di
HK(f) = H(f)dK = ( H |fv) , HK,aff(f) = Haf‘f(f)dK = ( H maX{l’ |f|v}) :

veM veM g

We will need the following easy variant of the inequality (2.2). First, let us suppose that K is a number field.
Let f=>; arX’e Z[X1,...,X,] be a non-zero polynomial, and let « = (z1,...,2,) € K. For any place v € Mg o,
it holds

[F(@)lo < X larlolz o < 3 larly max{1, |z}, } 4=,
T T
Using that the coefficients a; are integers, for any v ¢ Mg o, we have
|f (@)l < max{as|,|z’|,} < max{1, ], Y4B ).

It holds that

ny

(2.8) H(f(z))= ]] maX{1,|f(:c)|U}g( [I Z|a1|‘$)H(1:m)d°g(f) Sl I1 (Z|a1|)dk‘|H(1:w)dcg(f)

veM g VEMK 0o I VEMEK oo I
<O(HH( ),

Hence
(2.9) Hi(f(2)) < (f)=Hg(1: )% for all feZ[Xy,...,Xn]

Now, suppose that K is a global field over F,(T"). Let f=3; arX!e F,[X1,...,X,] be a non-zero polynomial,
and let = (21,...,2,) € K. Since all places in K are non-archimedean, and trivial on F,, for any v € M we have

|F (@)l < max{laglo|z"],} < max{1, |, } =0,
from where it follows immediately the bound
(2.10) Hig(f(x)) < Hg(1:2)%8P | for feF,[X1,...,X,].
2.4. Distribution of primes in global fields. Let K be a global field of degree dg. For any @ > 0, let us denote

P :={p prime in Og}, P(Q):={peP:Nk(p)<Q}.

There exist constants ci,x,c2 x and c3 i such that

log(NVk (p))

(2.11) =log(Q) + Ok (1),
per(e)  Nr(p) "
(2.12) c,kQ< ) log(Nk(p)) < cax@,
peP(Q)
(2.13) %Qg S log(Nic () for all Q> cs 1,
QSNK?F')SQQ

where the logarithms are in base ¢ and Q is of the form ¢ with h € N when K is a function field. Indeed, if K is
a number field, (2.11), (2.12) and (2.13) follow from Landau Prime Ideal Theorem (see [27, Theorem 5.33]) which
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states that [P(Q)| ~ %. Meanwhile, if K is a function field over F; of genus g, this follows from the Riemann
Hypothesis over function fields (see [35, Theorem 5.12]), which states that the number of primes in K of degree N
N
is 4+ O (42).
By summation by parts, there exists a constant c4 g such that for all @ > 0 it holds

log(NVk (p))

< C47KQ_%.
peP\P(Q) NK(P)%

(2.14)
We will use the following lemma, which is similar to [38, Lemma 1.10]. We provide a simple proof of it, which

holds for global fields.

Lemma 2.6. Let J# (1) be a non-zero ideal. Then

log(Nk (p))

" Nac(p) < mellogllog (Wi (1)), 03 + Oxc ().
p|J

Proof. Let ¢>0. By (2.11) we have

0Bk () s losWic(p)) oEWic() o Tor(N(2)
;% Ne(p) < % N (p) + %; . <max{log(c),0} + Ok (1) + . .
Nk (p)<c Nk (p)>c
The lemma follows by taking ¢ = log(Nx (J)). m

Remark 2.7. Let K be a function field of degree di. By inspecting the proof of [35, Theorem 5.12] one sees that
N

[{p prime in K :deg(p) = N}| = % +0, %) is effective, with the implict constant depending only on the genus of
the function field K. Since the prime v, has degree at most dg, it follows that all the bounds in § 2.4 for function
fields are effective, with constants depending only on ¢,dx and the genus of K.

On the other hand, if K is a number field of degree dx and discriminant Ay, by [27, Theorem 5.33] if one
assumes the Generalized Riemman Hypothesis there exists an effective absolute constant ¢ > 0 such that it holds
Y e ()< M (@) = Q+O(V/|Ak|Q exp(-cdi\/10og(Q))), where Ax (a) is the usual von Mangoldt function on ideals
of Ok . Then, all the bounds in § 2.4 for number fields would be effective, with constants depending only on dx, Ak
(see also [21] for explicits versions of Landau Prime Ideal Theorem under the Generalized Riemann Hypothesis).

3. THE LOCAL AND THE GLOBAL DETERMINANT METHOD OVER GLOBAL FIELDS

In this section we start by recalling some uniform estimates for Hilbert functions given by Salberger in [37]. Then,
in Lemma 3.14 we generalize the local determinant method [37, Main Lemma 2.5] as it is presented in [11, Corollary
2.5] to varieties over global fields. Afterwards, our next main result is Theorem 3.20, which is a generalization of [11,
Proposition 3.2.26] where the authors made explicit the dependence on the degree in the bounds of [16, Theorem
2.3] when K = Q. Finally, in Lemma 3.23, we bound the contribution of the primes p for which the reduction
modulo p of a homogeneous absolutely irreducible polynomial f € Og[Xo,..., X,11] is not absolutely irreducible.
This generalizes [10, inequality (2.1)], [L1, Corollary 3.2.3] and [45, Lemma 2.3] to global fields. In order to do that,
we use the theory of effective Noether forms as in [11, 45], forcing us to distinguish the characteristic of the global
field.

We remark that a difference between this article and [46, 11, 45] is the introduction of a finite subset of primes
in the bounds. The reason to do so is rather technical and will be apparent much later (see the introduction to
Section 6); in a few words it will be needed to prove the dimension growth conjecture for small values of d.
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3.1. Uniform estimates for Hilbert functions. We start by recalling the definition of the Hilbert function of
a projective variety.

Definition 3.1. Let K be a field and I € K[Xj,...,X,] be a homogeneous ideal. Given a non-negative integer
k, we will denote the elements of degree k in K[Xy,...,X,]/I by (K[Xo,...,Xn]/I)r. Then we define the Hilbert
function as

h](k) = dimK(K[Xo, N 7AXn]/I)k
If X cP% =Proj(K[Xo,...,X,]) is a closed subscheme, then we define hx (k) := h;(k) for the saturated homoge-
neous ideal I corresponding to X = Proj(K[Xo,..., X,]/T).

By a classic theorem [22, p. 51-52], there is a unique polynomial p;(t) € Q[¢], the Hilbert polynomial, such that
hi(k) =ps(k) for all sufficiently large positive integers, verifying

pi(t) = d% Lo,

where r is the dimension of X = Proj(K[Xy,...,X,]/I) and d is the degree of X ¢ P".
For our purposes, we need to have a uniform estimate in the implicit constant appearing in the error term of the
Hilbert polynomial. For this, we require the following two lemmas of Salberger.

Lemma 3.2 ([37, Lemma 1.3]). Letn be a positive integer and let K be a field. Let X = Proj(K[Xo,...,X,]/I) cP%
be a closed subscheme, with I a homogeneous saturated ideal. Then X is defined by forms in K[ Xy, ..., X, ] of degree
bounded in terms of n and pr(t).

Lemma 3.3 ([37, Lemma 1.4]). Let d and n be positive integers and let K be a field. Then there are only finitely
many possibilities for the Hilbert function hx : N — Z of closed geometrically reduced equidimensional subschemes

X c P of degree d.

In order to obtain uniform results in the degree and the dimension, we use Grobner basis as in Broberg’s article
[5]. We recall the following classic definition from [16, Chapter 2, § 2, Definition 1 and Chapter 8, § 4, p. 416] :

Definition 3.4 (Graded monomial ordering and leading monomial). A graded monomial ordering < is a well-
ordering on the set of monomials X% = X7°--- X% satisfying the following conditions for the corresponding order
on the set of exponents a = (ayg,...,a,) € Zgglz

(1) If > B and v € Z¢*, then av +v > B +7;

(2) ifa,ﬁeZgal and ag+...+a, <Po+...+ By, then a < 3.
Moreover, if f =3, aq X%, the leading monomial of f, denoted by LM(f), is the maximum of all X* with a # 0.

Let I ¢ K[Xy,...,X,] be a homogeneous monomial ideal, i.e. an ideal generated by monomials. By the same
argument given in the proof of [16, Chapter 9, § 3, Proposition 3], h;(k) is the number of monomials not in I of
degree k. Furthermore, given a homogeneous ideal I € K[Xj,...,X,], let < be a graded monomial ordering, and

consider the set {LM(f) : f € I}, where I} denotes the elements of degree k in I. Then {LM(f) : f € I} =
{LM(f1),...,LM(fm)} for some polynomials fi,..., f,, of degree k. It holds that {f1,..., fim} is a basis for I}
and {LM(f1),...,LM(fmn)} is a basis of the k-degree graded part of the ideal (LT(I)}, where

LT(I):={cX*: exists f € I\{0} satisfying LT(f) = cX*},
(see [16, Chapter 9, § 3, Proposition 9]). We conclude
(K[Xo, ..., Xnl/Dk = (KXo, Xp ]/ {LT(I)))k
and thus
hi(k) = by (k).
This is quite useful, since this reduces the problem of computing h;(k) to the problem of computing the Hilbert

function of a monomial ideal, which is easy to do, and moreover, the monomial ideal (LT'(I)) can be computed by
means of a Grobner basis of I. Furthermore, (K[Xo,...,X,]/(LT(I)))r has as a K-basis those monomials which
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are not the leading term of some form of degree k in I. From this, it follows easily that the same does hold for

(K[Xo,...,Xn]/T)k. This is because the monomials of degree k which are not the leading term of some form of

degree k in I are linearly independent on (K[Xy,...,Xn]/I)k, and have cardinal hy(k), thus they are a K-basis.
We will also require:

Definition 3.5. Let K be a field and I € K[Xj,...,X,] be a homogeneous ideal. Let < be a graded monomial
order on {X*: e Z¢'} and m € {0,...,n}. Define

Jl,m(k) = Zaww

where a = (ayg,...,a,) runs over the exponent set of all monomials X which are not leading monomials of any
form of degree k in I.

Since the monomials of degree k which are not leading monomials of any form of degree k in I form a K-basis
of (K[Xo,...,Xn]/I)k, it holds

(31) U[’O(k)+...+01’n(k)Ikh[(k).
It turns out that the functions oy, (k) are numerical polynomials. More precisely:

Lemma 3.6 ([5, Lemma 1]). Let X = Proj(K[Xo,...,Xn]/I) S P} be a closed subscheme of dimension r and degree
d, such that I ¢ K[Xo,...,X,] is generated by forms of degrees at most 6. There is a positive integer ko Sps 1,
such that for all k > ko, hx (k) is equal to some polynomial of degree v, and o;o(k),...,or1n(k) are equal to some
polynomials of degree r+ 1. Furthermore, the coefficients of these polynomials can be bounded in terms of n and d.

As a consequence of Lemma 3.6, the limit limy_ o %((:)) exists. This, together with Lemma 3.2, Lemma 3.3,

and equation (3.1) gives:

Lemma 3.7 ([37, Lemma 1.9]). Let K,I,<,07, be as above and suppose that X = Proj(K[Xo,...,X,]/I) is reduced
and equidimensional. Denote d = deg(X). For all m € {0,...,n}, there exists 0 < arm <1 with ajg+...+ar, =1
such that
U[’m(k)
khr(k)

=a1,m+0d,n(%), me{0,...,n}.

3.2. Prime powers dividing certain determinants. We begin with the following lemma.

Lemma 3.8. Let K be a global field, and let X = Proj(K[Xo,...,X,]/I) be a closed reduced subscheme of P};.
The schematic closure of X in P  =Proj(Ok[Xo,...,X,]) is equal to

== PI‘Oj(OK[Xo, ce ,Xn]/(lﬂ OK[Xo, - 7Xn]))

Proof. Due to the reduced hypothesis, I nOk[ Xy, ..., X, ] is reduced, thus = is reduced. We have a ring morphism
v:O0k[Xo,...,Xn]/(INnOk[Xo,...,X,]) > K[Xo,...,X,]/I.

Since, for any homogeneous prime ideal P ¢ K[Xy,...,X,,]/I which does not contain (Xy,...,X,), it holds that
@ 1(PB) is an homogeneous prime ideal which does not contain (X, ..., X, ), we see that there exists a morphism
Proj(¢) : X — = given by f — ¢ (). Now, note that the minimal primes of K[Xy,...,X,]/I correspond
to the primes appearing in the primary decomposition of I. If I = By n--nP,, then I n Ox[Xo,...,Xn] =
(ipl n OK[X(), P ,Xn]) NN (;‘]37 n OK[X07 cen ,Xn]) and {‘Bl n OK[Xo, e ,Xn], . 7%374 n OK[Xo, e ,Xn]} is the
set of minimal primes of I n Ok[Xo,...,X,], thus they are the set of generic points of Z. Since Proj()(%;) =
BN Ok[Xo,...,X,] for all i, the image of Proj(¢) contains all the generic points of Z, thus its closure is Z. Since
E is reduced, by [20, (10.8)] we conclude that = is the schematic closure of X. ]
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From here on, K will denote a global field. We shall work with closed subschemes X = Proj(K[Xy,...,X,]/I)
of P}, which are geometrically reduced, equidimensional of dimension r, and degree d. Also, we will denote

= = Proj(Ox[Xo, . .., Xu]/(I n Ok [Xo, ..., Xn])).

Furthermore, given a prime p ¢ Mk o, if Fy, := Ok /p, we let I, c Fy[Xo, ..., X, ] be the image of InOk[Xy,..., X, ]
in Fy[Xo,...,X,], and we set
X, :=Proj(Fy[Xo,..., X, ]/1y) =Exz Fy.
The following lemmas, that are global field variants of [38, Lemma 2.2, Lemma 2.3] show that the reductions
modulo p of X, i.e. the Fy-schemes X, retain the same uniform bounds of Lemma 3.2 and Lemma 3.3.

Lemma 3.9. Let d and n be given and X, X, as above. Then X, is defined by forms of degree San 1.

Proof. In order to prove Lemma 3.9, we will use the key property that a flat morphism has all its fibres with the
same Hilbert polynomial. Let X and Z be as above, and let f:Z — Spec(Of) be the structural morphism. If 7 is
the generic point of Spec(Ok), by Lemma 3.8 the schematic closure of f~!(n) = X is Z. Then by [20, Proposition
14.14] f is flat.

By hypothesis, X is geometrically reduced, so we may apply Lemma 3.3. There are thus <4, 1 possible Hilbert
polynomials for the schemes X ¢ P%. But the Hilbert polynomials of X = 2 xp, K and X, = = xp, F, coincide
since they are fibres of f, which is flat (this follows from [22, Theorem 9.9]). There are thus $4, 1 possible Hilbert
polynomials also for the IFy-subschemes X,. The result follows from Lemma 3.2. O

Lemma 3.10. Let d and n be given and X, X, be as above. Let A be the stalk of X, at some Fy-point P on X, of
multiplicity . Let m be the mazimal ideal of A. Let gx p : Zso — Z be the function where gx p(k) = dim 4y mF /mkrL,
Then there are Sqn 1 different functions gx,p among all pairs (X, P) as above, and we have

r—1

k r—2
gx,p(k) < Mm +Oan (k")

for all k > 1, where r = dim(X). Furthermore, If X is a hypersurface, the implicit constant in the second summand
does not depend on d.

Proof. The function gx,p coincides with the Hilbert function of the projective tangent cone PTCpX ¢ ]P’f;;l of X,
at P. Moreover, from Lemma 3.9 X, is defined by forms of degree $4, 1, thus this is also the case for PTCpX
(this follows from the fact that the tangent cone can be effectively computed in terms of a Grobner basis of I, and
the fact that the degrees of the elements in a Grébner basis of I are bounded in terms of n and the degrees of the
elements in a basis of I, see [33, II1.3] and [16, Chapter 9, § 7, Proposition 4 |). By Lemma 3.6, there is a positive
integer ko $n,a 1 such that the Hilbert function gx p(k) coincides with a polynomial px p(k) for all k > ko, with
coefficients bounded in terms of n and d. In particular, gx p(k) < up(if%l)! +Ogn(k™?) for all k> 1.

If X is a hypersurface, the projective tangent cone PTCpX ¢ ]P’{Flp‘l is a hypersurface of degree y in P™, thus the
function gx p has the explicit formula

("F) for k < p,
gx,p(k) = {(T+k) _ (r+k:—u) for k> pu.
Now, the same argument in [11, Lemma 2.1] finishes the proof. m]

We will need the following lemmas.

Lemma 3.11 ([37, Proof of Main Lemma 2.5],[11, Lemma 2.2]). Let ¢,r, > 0 be integers. Let g : Zso = Zso be a
function with g(0) =1 and satisfying g(k) < M(l:%l)! +ck™2 for k> 0. Let (n;)is1 be the non-decreasing sequence of
integers m > 0 where m occurs exactly g(m) times. Then for any s >0 we have

1
rl\* r 1
n1+---+n52(—) s 1+ 0,.0(5).
wl r+1
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Lemma 3.12 ([11, Lemma 2.3], see also [30, Proposition A.1] for explicit bounds). Consider A as in Lemma 3.10,
and let (n;(A))is1 be the non-decreasing sequence of integers k > 0 where k occurs exvactly dim 4y mk /mFrL times.
Write A(s) =ni(A) +-+ns(A). Then

1

I\~

A(s) > (7;) gty Odn(s),
wl r+1

where v = dim(X). Furthermore, if X is a hypersurface, the implicit constant in the second summand does not

depend on d.

In order to provide our generalization of [37, Lemma 2.4 and Main Lemma 2.5] to global fields, we follow the
exposition in [11, §2]. We denote O,, for the localization of Ok at the prime p.

Lemma 3.13. Let R be a commutative noetherian local ring containing Oy as a subring and let A= R[pR. Let m
be the mazimal ideal of A and let (n;(A))ien be the non-decreasing sequence of integers k > 0 where k occurs exactly
dim 4/ mk/m’chl times. Let rq,...,7rs be elements of R and ¢1,...¢s: R - O, be ring homomorphisms such that

dilo, = 1d. Then the determinant of the s x s matriz (¢;(r;)); is divisible by pAG) for A(s) =n1(A)+...+ng(A).

Proof. Choose one of the homomorphisms ¢;, say ¢1. Let I := Ker(¢,). Since the map O, = R N Oy, is the identity,
it holds ¢1(O,) = Op, hence R/T = O,. If ¢1 : R/T - O, is the induced homomorphism, then &71(p(9p) =(pR+1)/I
is a maximal ideal, from where it follows that pR + I is the maximal ideal of R. Furthermore, ¢;(I + pR)O, # O,,
otherwise we would find « € I +pR and a € O, with a¢;(z) = 1, hence ¢;(az - 1) = 0, with contradicts that I +pR is
the only maximal ideal of R. We conclude that ¢;(I) is a proper ideal of Oy, and hence ¢;(I) € pO,. In particular,
for all 4, ¢;(I*) c p*O,. From Nakayama’s lemma, it follows that for all k£ >0, I¥/I**! is an Op-module generated
with at most dim 4 /m mF /m**! elements. Now, suppose that there are more than g(k) := dim g /m mF /m**1 elements
in I* — I**1 among r,...,rs, say 71,... ,7q- There exists an Op-module homomorphism A : Op — IF /%Y where
A B,y By) = Bir1 + ...+ Byrg (mod I**1). Since I¥/IF*1 is generated by at most g(k) < ¢ elements we conclude
that there exists (B1,...,03,) € Ker(\) with, say, 8, = 1 (this is because I*/I**1 is a finite Op-module generated
by at most g(k) elements and O, is local, then by Nakayama’s lemma there exists j € {1,...,q}, say j = ¢, such
that spany {ri,...,rq} = spang, {ri,...,74-1}). Denoting p, = B1r1 + ...+ By174-1 + ¢, We see that p, € I**1
furthermore, since the homomorphisms ¢1,..., ¢, restrict to the identity in O,, we see that the determinant of
(¢i(r5))s,; will not change if we replace rq with pgy. If we continue making such elementary transformations, we
arrive to a situation where there are at most dim 4/ mk/m’“rl elements in I* — I*** among 71, ..., rs, for each k > 0.
After rearranging, we have that r; is in 1™ (4 forall j = 1,...,s. Thisimplies that all the elements ¢; (75)5 - bs(15)
are divisible by p™ ) hence pA(*) divides the determinant of (¢;(7;))i ;- mi

Lemma 3.14. Let p be a prime and let X,r,d,n,Z, X, be as above. Let P be an IFy-point of multiplicity up on X,
and let &,,...,&, be points in (’)’;{1, such that, for all i, &; has its coordinates not all divisible by p and it represents
a K-rational point of X which reduces modulo p to P. Let Fy,...,Fs be forms in (Xo,...,X,) with coefficients
in Ok, and let det(F;(&;);.1) be the determinant of the s x s matriz (F;(&;));i. Then there exists a non-negative

integer N = (1) 7 L gl*% 4 Oan(s) such that pN|det(F;(&,);1). Furthermore, if X is a hypersurface, the implicit

wp r+1
constant in the second summand does not depend on d.

Proof. Let P = (29:21:...:2,) with z; € F, for all 4. It holds that there is some ¢ with 2; # 0, which we may
suppose that it is ¢ = 0. By hypothesis, it also follows that the xo-coordinates of the points £, ... &, are not divisible
by p and we replace the forms Fj,j =1,...,s by the rational functions f; = Fj(1, %, e io) without changing the
p-adic valuation of the determinant.

Now, we define a prime ideal in Ok [Xo,...,X,] by B = (p, Xo - 20,..., Xpn — 2). Let R:= Og[Xo,..., Xpn]p.
It is clear that R is noetherian local ring containing O, as a subring, and the rational functions f;,7=1,...,s are
elements in R. Moreover, the evaluations eve ,...eve : Og[Xo,...,X,] - Ok are ring homomorphisms, which
restrict to the identity on O, and can be extended to ring homomorphisms eve ,...,eve_ : R — O, which restrict
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to the identity on O,. Taking ¢; = evg, for all i, we see that R and ¢1,...,¢, are as in Lemma 3.13, hence
pA) | det(d1(f;)) ;.1 = det(Fj(€;)) 1 The proof finishes using Lemma 3.12. o

3.3. From local estimates to global estimates. In this section, X ¢ P! will denote a geometrically integral
hypersurface of degree d. Hence, X is defined by an absolutely irreducible homogeneous polynomial f =3 ;a;X I'e
Ok[Xo,...,Xn+1] of degree d. We shall begin with an important remark concerning the polynomial f defining X.

Remark 3.15 (Primitive polynomials in global fields). We recall that f is said to be primitive if a:= ¥ ;a;Ok = (1).
Also, given a prime p of Ok, we will say that f is p-primitive if p does not divide a. Note that in general we can not
take the polynomial f defining X to be primitive as in the case k = Q or F¢(7'). Indeed, by the proof of Proposition
2.2, the ideal class of a = ¥;arOk is determined by the projective point with coordinates (ar);. Hence, if Ok
is not a principal domain, it may occur that the ideal class of a is not principal, thus there is no non-zero scalar
A € Ok such that Af is primitive. Nevertheless, by Proposition 2.2 we may find a non-zero A € Ok such that Af is
p-primitive for all primes p € Ok with N (p) > co, where ¢, is the constant in Proposition 2.2. Also, by Proposition

2.2, for all v € Mk o, it holds max; [Aagl, < clH(f)”’K if K is a number field, and maxy [Aas|,, <1 H(f) if K is a
function field, for some effective computable constants ¢, and ¢z which depend on K. By definition 2.7, it holds

dK dK
Hican(Mf) = [1 max{l,Aasl} | = [T max{LParl}| <c*Hr(f).
veM g I VEMK oo 1
Furthermore, since the height is invariant under multiplication by non-zero scalars, it holds Hx (Af) = Hx (f).
For this reason we may assume that X is defined by an absolutely irreducible homogeneous polynomial f = > ;a; X I'e
Ok[Xo,...,Xns1] of degree d, which is p-primitive for all primes p with N (p) > co, and

Hian(f) < < Hi (f).

We proceed to generalize [46, Theorem 2.2], [L1, Corollary 2.9] and [45, Lemma 2.1] to global fields.

Theorem 3.16. Let p be a prime for which the reduction X, is absolutely irreducible, and for which either char(K') =
0 and N (p) > max{27d* ¢}, or 0 < char(K) < max{27d*,¢s} and Nx(p) > d%, or char(K) > max{27d*,c,}.
Let (&1,...,&,) be a tuple of points in O, such that, for all i, &; has its coordinates not all divisible by p and it
represents a K -rational point of X. Let Fy,..., Fs € Og[Xo,...,Xn+1] be forms with Ok -coefficients, and write A
for the determinant of (F;(§;))i,j- Then, there exists some

n 81+%

n+ 1 N (p) + On(d®>Nk (p)?)

such that pe»|A.

Proof. Let P be an Fy-point on X, and let us write sp for the cardinal of the subset Ip ¢ {1,...,s} of indices I
such that &; reduces to P modulo p. Let

1

I\ n 1

Np = ( i ) i Sl+" +On(5p)
HP

be the integer in Lemma 3.14. Then by Lemma 3.14, for each sp x sp minor A = (ax,1)x, of (F;(&;))i; with l € Ip,
it holds that p™¥7|det(A). If we apply this to all the Fy-points on X, and use the Laplace expansion, we see that

per|A, where
( > SP)+On( > sP):n!TlL n ( > 8P)+O (s).

(3.2) ep> S Np=nln
PeX(Fy) pp PeX (Fy) n+ 1\ pex(r,) [

PeX (Fy) n+1
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1+1

To conclude the proof, we need to estimate ¥ pcx(r,) % By Holder’s inequality,
Kp

T SH% FEa
s= Y, SPS( > ,up) ( > Pl) ;

PeX (F,) PeX (Fp) PeX(Fy) fujs
hence
1+L 1
n 1+
Sp ERNT

(3.3) > T2
PeX(Fy) pip (

3=

> NP)

PeX(Fy)
If we denote ny = ¥ pex (r,) 4P, from (3.2) and (3.3) we see that

1
81+;

+O0p(s).

1 n
(3.4) ep 2nln
n+1 ny

In order to bound n,, namely the number of Fy-points in X, counted with multiplicity, we observe that the singular
points of X, say X, sing, consist of the intersection of f and the partial derivatives 9L Hence, we may suppose

Bwi :
687];, which is the intersection of two hypersurfaces of degree
at most d. By Bézout’s Theorem [18, Example 8.4.6], the number of irreducible components of X, ging is bounded
by d?, and their degree is also bounded by d?. Then the standard Schwarz-Zippel estimate for Xp sing yields

| X sing (Fp)| S d®Ni (p)" . Hence

(3.5) mp = [ X(Fp)l = 35 (up 1) < (d= DXy singl S0 d*Nic (0)"" S0 NG ()"
PeX(F,)

that X, sing is contained in the intersection of f and

Claim 3.17. | X (Fp)| < N (p)" + Op (>N (p)"2).

Proof of Claim 3.17. This follows from an effective version of the Lang-Weil estimate. If K is a number field,
by hypothesis, we have N (p) > max{27d* co}. On the other hand, if K is a function field over F,(T) with
char(K) > max{27d*, co}, it holds Nk (p) > ¢ > char(K) > max{27d*,co}. In either case, since X, is absolutely
irreducible and N (p) > 27d*, from [10, Corollary 5.6] it follows that the number of Fy-points of X, counted without
multiplicity is bounded by

Nic(p)"*! + (d=1)(d=2)Nre(p)™"2 + (5> + d + N (p)" ~ 1
Nk (p) -1
Similarly, if K is a function field over F,(T) with char(K) < max{27d*,c2}, by hypothesis Nk (p) > d’%, thus [10,
Theorem 5.2] gives that the number of Fy-points of X, counted without multiplicity is bounded by
Nic(p)™ + (d = 1)(d = 2)Nic (p)"*2 +5d5 Nic(p)" - 1
Nk(p) -1

< N (p)™ + O (d*Nic (p)" 7).

< Nie(p)" + On(d®Nic (p)""2).

O

Combining (3.5) and Claim (3.17) we obtain n, < N (p)™ +On (d*Ni (p)"2). Applying the bound |z — 1| < |z - 1]
ES 1

to x = #‘Zm, we conclude that ny < N (p) + On(d*Nk (p)"2). Replacing this in (3.4) finishes the proof. mi

Our next objective is to obtain a global bound for the determinant A in Theorem 3.16, without making any

assumptions over its reductions X,. We follow the presentation given in [11, Proposition 3.2.26] where the authors
made explicit the dependence of the degree in the bounds of [46, Theorem 2.3].
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Definition 3.18. Let c; be the constant in Proposition 2.2. We let

27d*  if char(K) =0,
B:={d%  if 0<char(K) < max{27d* c,},

1 if char(K) > max{27d*, c;}.
Given f € Og[Xo,...,Xn+1] we define b(f) := 0 if f is not absolutely irreducible, otherwise we set
log(Nk (p))
b(f) = exp( >
pgf NK (p)
where
(3.6) Pri={p ¢ Mk o Nk (p) >max{f,co} and f mod p is not absolutely irreducible} .

Remark 3.19. Observe that if X ¢ P! is a geometrically integral hypersurface defined by an absolutely irreducible
homogeneous polynomial f € Og[Xo,..., Xp+1] which is p-primitive, then X, is geometrically irreducible if and
only if f mod p is absolutely irreducible.

Theorem 3.20. Let (&4,...,&,) be a tuple of K -rational points in X, let Fi; € Ok [Xo, ..., Xn+1], 1 <I<L,1<i<s,
be homogeneous polynomials with integer coefficients, and write A; for the determinant of (Fi;(€;))i;- Let A be
the greatest common divisor of the Ay, and assume that A # 0. Let {p1,...,pu} be (a possibly empty) subset of
primes and set q = [Ii=;p; if u>1 and q:= (1) if u =0. Let Px be the collection of primes p ¢ Mk o such that
either N (p) < max{f3,ca}, X, is not geometrically irreducible, or p € {p1,...,pu}, namely Px = Pru{p: Nk (p) <
max{f8,ca}} U{p1,...,pu}- Then there is some non-zero ideal J, relative prime with all the primes lying in Px,
such that 3|A, and

log(Nk (7)) 2

143 (log(5) ~ Onac(1) = n(log(9) + max{log(og(Wic (), 0) + 10gb(1))).

Proof. We fix O%-coordinates for the tuple (£, ..., &,) satisfying the conditions of Proposition 2.2. Let us suppose
that all prime p with NV (p) < s# is contained in Px. Then by (2.11) and Lemma 2.6 we have

1o ) log (N (p)) gV () < log(Wi() < log(Nic(p))
B 0= 0 T s 2 Ne®) "% Ne() T2 Nk
NK(p)Ss% Nk (p)<max{B,ca} pePy plg
< log(8) + Log(b(f)) + max{log(log(Nx (1)), 0} + Oxc (1).

Thus, if the term O,, k(1) is large enough, we may take J = (1), since the right hand side of the bound in Theorem
3.20 is negative.

Hence we may suppose that there is some prime p ¢ Px with Ng(p) < s Applying Theorem 3.16 for each
prime p ¢ Px with N (p) < s, we obtain [] p|A. Let J:=T] p . Then the Landau

estimate (2.12) yields

PEPxNK (p)<sT PEPxNK (p)sT

) Fa log (N (+))
log(Nx (7)) = ep log(Nx (p > B asg — —O,(s log(Nk (p
( K( )) P;X ’ ( K( )) n+1 ng:X NK(p)+On(d2NK(p)§) () Zp: 1 ( K( ))
N (p)ssw N (p)ssw N (p)gs
> L!%nSl*—% log(NK(p)) N On K(31+%).
n+l pepx  Ni(p) + On(d® Nk (p)2) 7

Nic(p)<sm
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The inequality ﬁ > %—On(d?)L§ for all z > 0, the Landau estimates (2.11), (2.12), and (2.14), and Lemma
xz+0,, x2 x2
2.6, allow us to deduce

log(Nk (p)) > Y log(Nk (p)) 5 log(J\/K(P))_On(dg) > log(Nk (p))

v Ni(p) + O (2Nk(p)2) 5 ) Nk (p) vy Ni(p) viPx  Nx(p)?
N (p)<s Nk (p)ssn N (p)ssw
log(s) log(Nx (p)) log(Nx (p)) 2 log(Nk (p))
> _ Ok (1) - - “logb(f) - Op(d?) 3 -BLEKWD))
> 8 0x(n) - TR - B loga(1) - 0u(d) 3SR
Nk (p)<max{B,c2} N (p)<s
2 20D 05(3) - max{log o (N5 (), 0} ~ logb() - Oxe(1) - Op(a?) 3 2EVELE)
n 7 Nk(p)2
Nk (p)>B
> 2) 1005~ max{log(108(N ())),0} 08 b(/) ~ Ok (1) + Or e (6?5 7)
> 2] 05 (8) — ma o (loa (Wi ()),0} ~logb(f) ~ O xc (1)
The bound in Theorem 3.20 follows. O

Remark 3.21. When q = (1), Theorem 3.20 gives the bounds in [1 1, Proposition 3.2.26] and [15, Proposition 2.4] in
the cases K = Q and K =F,(T), respectively.

In [16] Walsh proved the bound b(f) $q max{log(Hk a(f)),1} for K = Q. In order to keep track of the
dependence on the degree of f, in [11, Corollary 3.2.3] and [15, Lemma 2.3] the authors gave an effective bound of
b(f) for K = Q and K =TF,(T), respectively. We follow their strategy to give an effective bound for global fields.
We will use the following notation

Definition 3.22. Let d € N, and let K be a global field. Then for any a1, a2, asz,as € R we denote
ap if char(K) =0,

ag if 0 <char(K) <d(d-1),

az if d(d-1) < char(K) < max{27d*, c3},

ay  if char(K) > max{27d*, c3}.

[al,a27a37a4] =

Lemma 3.23. Let f=3; arX! e Ok [Xo,...,Xn+1] be an absolutely irreducible homogeneous polynomial of degree
d>2. We have

b(f) S max{dl>575 M og(Hr aa(f)), 1}

Proof. We will use Noether forms as they are presented in [36, 28, 19]. Let Py be as in (3.6). First, let us suppose
that K is a number field. By [36, Satz 4], there is a homogeneous form ® with coefficients in Z, of degree d? -1 and
) d d’-1
(3.7) 0(®) < 34D [(” i )3d] 7
n

such that ® applied to the coefficients of f is non-zero, but is divisible by any prime in Py. In particular, by
inequalities (2.4), (2.9) we have

(3.8) T N (p) < Nic(®(ar)s) < H(®(ar) 1) < (D)5 Hye (1 (ar)1) B = 0, (B)* He age(£)25®.,
pePy
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Let ¢:= £1(®) Hye ai(f)2°8(®). Using the above inequality and (2.11), we have
log(b(f)) = 3 log(Nk(p)) _ 5 log(Ni (p)) , 5 log(Nx (p))

pePy NK(p) - p NK(p) peP; logc
max{27d* ca} <Nk (p)<logc log c<Nk (p)
logc

<max{log(logc) —4logd,0} + Ok (1) + loge

< max{log(deg(®) log(Hr ai(f))) — 4logd,log(dk log ¢1(®)) — 4logd} + Ok (1).
Using that deg(®) =d? - 1 and (3.7), the result follows in the number field case. Indeed, note that

(3.9) log(dx deg(®)log(Hx ax(f))) - 4logd < log(dx ) +log(d* log(Hk . (f))) - 4logd
<log(dx) +log(log(Hk aa(f))) — 2logd.

Meanwhile,

(3.10) log(dx log 1 (®)) < log (dK log (d3(d2‘1) [(” i d)?ﬂ]dz_l))

n
<log(dk) + 2log(d) + log (3log(d) + dlog(3) + dlog(n + d) —log(d!)) .
Now we bound log(dx log¢1(®)) —4logd. Since
3log(d) + dlog(3) + dlog(n + d) —log(d!) <1
d2 ~n I
from (3.10) we obtain log(dx log ¢1(®)) —4log(d) $n.x 1. This together with (3.9) gives the bound for b(f) in the
number field case.
Now let us suppose that K is a function field over F,(T"). We will follow [45], and consider separately the cases
of small and large characteristic.
Let K be with 0 < char(K) < d(d-1). By [28, Theorem 7], there is a homogeneous form ® with coefficients in
7Z, of degree 12d°® such that ® applied to the coefficients of f is non-zero, but divisible by any prime in Pr. On the
other hand, if char(K) > d(d-1), by [19, Lemma 2.4], the result in [36, Satz 4] still holds in the function field case

and then we may take ® of degree d? — 1. In any case, since the coefficients of ® are integers, their height in K is
1, then ¢, (®) = 1. Then by inequalities (2.2), (2.4), (2.10) we have

{HK@H( 1122 if 0 < char(K) < d(d - 1),

(3.11) [T Nk(p) <Ng(®(ar)r) < Hx (®(ag)r) <

pE'Pf
Now, denoting ¢ := Hy an(f)9°8(®) by (2.11) and (2.12) it follows that

log(b(f)) = Z log(Nk (p)) <210g(NK(p)) 4 Z w

pep, Ne(p)  — % Nk(p) peP; loge
max{B,c2} <Nk (p)<logc log <Nk (p)

< max{log(deg(®)(log Hx ag(f))) —log(5),0} + Ok (1)
< max{log(deg(®)) +log(log(Hx a(f))) —10g(8),0} + O (1).

From this last estimate it follows the bounds for function fields. |

Hicat(f)© L if char(K) > d(d - 1).

4. AN ADEQUATE CHANGE OF COORDINATES

For technical reasons that will appear in the next section, given two non-zero polynomials f, h € Og[Xo, ..., Xn+1],
we will need to obtain a lower bound for the quantity Hx (fh) in terms of Hx (f) and Hg (h). This turns out to
be rather easy in the function field case. Indeed, suppose that K is a function field. Then every place v € M is
non-archimedean. Thus, by Gauss’ lemma, (e.g. see [2, Lemma 1.6.3]), it holds

(4.1) Hy(fh) = Hx(f)Hr (h).
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In the number field case, while it is possible to bound Hg (fh) in terms of Hg (f) and Hg (h), this bound will
necessarily depend on the degrees of f and g, which is not good enough for our purposes (see Remark 5.6). In
Claim 5.7 we will prove that, if f is of an adequate form, it is possible to bound from below Hg (fh) in terms of
Hi (f) and of the degree of f. By making an adequate change of variables as in [16, §3], in this section we will
show that any polynomial can be taken into a polynomial that verifies the hypothesis of Claim 5.7.

Let us suppose that K is a number field. Let f =3, e X! e Oxk[Xo,- ., Xn+1] be a homogeneous polynomial of

degree d. Let ag,...,a, € Ok and consider the new variables X/ := X; —a;X,41 for all i = 0,...,n+ 1. Then the
linear change of variables gives
FXoyooy X)) = F(XGs o X X)) = 2 i (X0 = 00 Xn41) (X = 0 X1 ) X!

o+ +ins1=d
= . . io-.. i7,‘ d e — d e
=+ Z Cigyeurying1 g Ay Xn+1 + - if(aoa"'7an71)Xn+1 + o
i0+...+in+1:d

So, the coefficient of X2, in f is £f(ag,...,an,1). Next, we will require that this coefficient is large enough. More
precisely, we shall prove the following generalization of [46, § 3] and [11, Lemma 3.4.2].

Lemma 4.1. Let K be a number field and let f =3 ; e X! e Ok[Xo,- .., Xn+1] be a homogeneous polynomial of

degree d. There exist integers aq, . ..,a, with 0 < a; <d for all i such that
_('n.+1)d _
[T If(aos-- van, D23 274 T |flo.
veEMK oo VEMK oo

Proof. Given an embedding o : K — C, we define o(f) := ¥ ; O'(C])XI and f¢ = [1, o(f) where the product runs
over all the embeddings of K in C. By (2.1) it holds

(4.2) [T If(ao, - an, Dy =1f%(ao, ..., an, 1)|7x .
VEME oo
By [11, Lemma 3.4.2], there exist integers ay, ..., a, with 0 < a; < d for all ¢ such that

1f% (a0, .. an, 1)| > 3790 (f9).

Since f¢ is a polynomial of degree dgd, by [2, Lemma 1.6.11] we have
17 ao.. an, 1)| 2 370 D274 T (1)),

dl
If v is the place corresponding to o, we have lo,(o(f)) = |f]o”. Then, since the complex embeddings come in
conjugate pairs, both corresponding to the same place, it follows that

dx
(4.3) 1% (a0, .- ., an, 1)| > 3~ (m+1dg-ddx ( I1 |f|v) .
VEMEK oo
Combining (4.2) and (4.3) yields the desired result. O
From Lemma 4.1 we find integers ag, . . ., a,, with 0 < a; < d for all 4, such that f(Xo, ey Xy X)) = f(XGy o, X X)) =
(n+1)d

Xy + o with [yenr,e o leflo 237 7% 27 TTenr,e . | flo- Since for all v € M o, it holds

P n+d+1 n "
(44) Fo|(" 25| il < 200 D A
we conclude that

_(n+1)d _ —d —(n ~ n 1+% ~
(4.5) [T leflo23 o 22D+ ) 4a D T |flo2Cc™ " T fls

VEMEK oo VEMEK oo VEMEK oo
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where C' is a positive constant depending on K and n. The bound is not sharp, but having it in this form will be
convenient for our purposes. Now, if p is a prime such that f is p-primitive, it also follows that f is p-primitive.
Furthermore, if f =7 b_]XJ, the proof of Proposition 2.2 shows that there exists a constant ¢; = ¢1(K) and a unit
£ € O% such that ef satisfies

Hi(1:(eby)y) < i Hg (ef).
Since the p-adic valuation of any unit is 0, and by the product formula it holds [T,ens, . €lo = 1, we see that

the coefficient of X2, in f) := ef also satisfies (4.5). Moreover, from the identity f(Xo,..., Xn:1) = " f1(Xo +
a0 Xn+1s -+, Xn + anXni1, Xns1), proceeding as in (4.4), we have that for all v e Mk o

(4.6) [Flo < lel, 120 + 1) 2™ | fao-
Also, for all v € Mg gn, it holds
(4'7) |f|v = |f1‘va

hence (4.6) and (4.7) imply
_ n 1+L
Hr(f)< 1 [eR'2+ D)%™ LAl [T 1Al <O " Hie(f1),
’L)QMKYOO 'UGMK,fin

for some constant C’ depending only on n. We summarize all this in the next proposition.

Proposition 4.2. Let K be a number field, and let f =Y arX! e Ok [Xo,...,Xn+1] be an absolutely irreducible
homogeneous polynomial of degree d > 2, which is p-primitive for all primes p with N (p) > co and

(4.8) Hican(f) < cf* Hy (f).
Then there are integers ag,...,an with 0 < a; < d and a unit € € O such that f1(Xo,...,Xn, Xp+1) = ef(Xo -
a0 Xn+1s -+, Xn — nXni1, Xns1) 15 a polynomial with coefficient cy, in X2, verifying
1+1 1+L
[T lealozCc™ ™ TT Ifilo and Hi(f) <C™ " Hg(f1)
veM K oo veMK, o0

for some positive constants C' = C(n,K), C'=C(n). Furthermore, fi verifies (4.8) and it holds b(f) = b(f1).

5. CONSTRUCTION OF THE AUXILIARY HYPERSURFACE AND BOUNDS FOR THE NUMBER OF RATIONAL POINTS OF
CURVES OVER GLOBAL FIELDS

This section is divided in two parts, the first one dealing with the proof of Theorem 1.8 extending and improving
the bound of Heath-Brown [24] and the second one dealing with Theorem 1.9 extending and improving the bounds
of Bombieri and Pila.

The main technical tool in the first part is Theorem 5.2 (which is a generalization of [46, Theorem 1.3], 11,
Theorem 3.1.1] and [45, Theorem 3.1] to global fields) where we construct an auxiliary hypersurface of bounded
degree that vanishes on the rational points of the hypersurface X of prescribed height. From Theorem 5.2 and
Bézout’s theorem, Theorem 1.8 follows for plane projective curves. By means of a projection argument used in [31]
we deduce the general form of Theorem 1.8. In the proof of Theorem 5.2, the change of variables done in Section
4 will allow us to assume that in the number field case the polynomial defining X has its height concentrated on
a prescribed coefficient. Unlike [45], in the function field case the proof presented here does not need a change of
variables. As in [46, 11, 45], the bound on the degree of the auxiliary hypersurface improves as the height of the
polynomial defining X gets larger. A difference with [46, 11, 45] is that the hypersurface we construct vanishes on
the rational points of X of bounded height and prescribed reduction modulo p for many primes p, and this produces
a saving in the degree of the hypersurface, which will be needed in Section 6.

The proof of Theorem 1.9 follows the same strategy of the proof of Theorem 1.8, the main technical tool being
Theorem 5.14, which is an adaptation of Theorem 5.2 to affine hypersurfaces. In the proof of Theorem 5.14 we
follow the strategy devised in [17, Remark 2.3] and developed in [11, Proposition 4.2.1].
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5.1. The projective case. We proceed to generalize [46, Theorem 1.3], [11, Theorem 3.1.1] and [45, Theorem 3.1]
to global fields. Moreover, this generalization also improves [38, Theorem 2.2] when (By,...,Bn+1) = (B,...,B) by
removing a logarithmic factor. We will require the following notation.

Notation 5.1. Let X ¢ P’}{l be a projective variety. Given B € R, we will denote
X(K,B):={xe X(K):Hk(x) < B},
Moreover, if {p1,...,p,} is a subset of primes such that for all 1 <¢ < u we let P; be a non-singular F,,—point on
Xp,, we denote
X(K,B;P,...,P,):={x e X(K,B): x specialises to P; in X, for all i}.
We denote
N(X,K,B):=|X(K,B)|.
Theorem 5.2. Let K be a global field of degree di. Let X < P be an integral hypersurface of degree d > 2,
defined by an irreducible homogeneous polynomial f € Ok [Xo,...,Xn+1] of degree d. Let {p1,...,p.} be (a possibly

empty) subset of primes and let P; be a non-singular Fy,, —point on X,, for each i € {1,...,u}. Set q:= [Tj— p; if
u>1 and q:= (1) if u=0. Then for any B > 1, there exists a homogeneous g € Ox[Xo, ..., Xn+1] of degree

M SK,nBﬁ dl4 55,011 b(f? m;ax{log(NK(q), 1}) gt log( BN ()
Hg(f)" "% Nk(a)
I ICE RS )] (max{log(NK(q)), 1} 4 1)
Ni(q) 7

not diwvisible by f and vanishing on all X (K, B; Py,...,P,).

Remark 5.3. Observe that if a polynomial f is irreducible but not absolutely irreducible over K, then by the
argument in [24, Corollary 1], there exists a homogeneous polynomial g € Og[Xo,...,X,+1] of degree d, not
divisible by f and vanishing on all K-rational points of X. Thus, in the proof of Theorem 5.2 we may assume that
f is absolutely irreducible.

In order to prove Theorem 5.2, first we will prove a seemingly weaker version of it where the polynomial f
defining the hypersurface X satisfies the following assumption, afterwards the work done in Section 4 will be used
to deduce the general case.

Assumption 5.4. f € Og[Xo,...,Xn+1] s an absolutely irreducible homogeneous polynomial of degree d that
verifies:

(1) f is p-primitive for any prime p of O with N (p) > co;

(2) Hican(f) < Hic(f).
(3) If K is a number field, the coefficient cy of X3,, in f verifies:

vk
[T lesozC™ 1T £l

vEM K oo VEMK oo

where C' is a constant that depends only on K and n.

Proof of Theorem 5.2 assuming f verifies Assumption 5./. The proof follows the usual strategy of the polynomial
method: first we find a small characteristic subset C ¢ X(K, B; Py, ..., P,), which detects the algebraic structure
of X(K,B;P,...,P,). Then, we use a dimensional argument (which usually is a variation of the Siegel’s lemma)
to construct an adequate polynomial g of small complexity that vanishes on C. From the nature of the subset C, it
will follow that g vanishes on X (K, B; Py,...,P,) and has the desired property.
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In order to accomplish the above strategy, we let M be a positive integer of size

st J4 550w p( f) max{log(N (), 1}

(5.1) M ~g pBnan 2 +d" 7 log(BN¥(q))
Hy(f)" "% Ni(q)
1o 14 1 N, (9)), 1}
%75 %3] (max{log( K 1l
’ Nic(a) ’

This integer will be the degree of the polynomial g to be constructed. Now we construct the characteristic subset,
which should be a subset such that any polynomial of degree M, vanishing on it also vanishes on X (K, B; Py, ..., P,),
without vanishing completely on X. The construction is rather natural. Using Proposition 2.2 we represent points
in X(K,B;Py,...,P,) with coordinates in O%?. Afterwards, we take C = {&;,...,&,} to be a maximal subset
of X(K,B;Py,...,P,) with the property that if A is the matrix whose i'" row is the evaluation of the different
monomials of degree M at §;, then A has rank s.

The next step is to construct an adequate polynomial by means of the Bombieri-Vaaler theorem. Given an
integer D, we write B[ D] for the set of monomials of degree D; it follows that |[B[D]| = (D+"+1). Since the elements

n+1

of fB[M - d] provide linearly independent polynomials vanishing on X (K, B; P, ..., P,), it follows that
(5.2) s =rank(A) <|B[M]| - |B[M -d]|.

Now, let us note that since A has coefficients in Ok, if the inequality (5.2) is strict we can find a polynomial in
the Og-span of B[M] which vanishes on C (so it also vanishes on X (K, B; P,...,P,), by the maximality of C),
and it is not divisible by f. This would conclude the proof. Then we may suppose that

(5.3) s=|B[M]|-|B[M -d]|.
The remaining of the proof is to show that (5.3) does not hold if the implicit constant in (5.1) is large enough.
Let us note that (5.3) implies

_daMm
T onl

(5.4) s +Op(d*M™ ).

From (5.4) and the fact that M > d*> we obtain

(5.5) log(s) =log(d) + nlog(M) - O,(1),
and
1 i 2
(5.6) st _dr +0n(d).
M n!; M

Now, let A be the greatest common divisor in O of the determinants of the s x s-minors of A and let us denote
r:=|B[M]].

To find an Ok- homogeneous polynomial of degree M that vanishes on C amounts to find a non-trivial solution
in O} of the system of linear equations given by A. For that, using Theorem 2.4, there exists a polynomial
g=Y,a: X" € Og[Xo,...,Xns1] of degree M, vanishing on C and satisfying the inequality

C(K)r=9)dx Ay (A) L det(AA™)
57 Hi(g) < (K) K(A) MI;IIWI et(AA")]

C(K)r=9)ax N (A) 71 g des(Pee) minyges 0rdpe (det(As)) if K js a function field.

if K is a number field,

Claim 5.5. It holds that

dpe  dgs
172

(5.8) Hy(g)" ™ < C(K) "IN (A) L Mol = p 72 BMs,
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Proof of Claim 5.5. The proof amounts to bound the contribution of the places v € M o in the right-hand side of
(5.7). Since the coordinates of the points &, were chosen according to Proposition 2.2, given any 1 <4 < s and any
monomial of degree M corresponding to an index set J ¢ N"*2 it holds that for any place v € M K00

ny Mny
(5.9) €7, = &0 ginen |, < ] el (BP--B/nt) % = c}' B & if K is a number field,

: 7 7, 1,n+ - . . 1 M . . .
M (BJo...BIn+1) ik = M Bk if K is a function field.

Let us suppose that K is a number field. Let v € Mg o. If 0 € S5 then

2Mmn,
<EMr|,B % .

|(AA*)i,U(i) |v =

T
Z Qi kAo (i), k
k=1 v

Hence

|det(AA™)|, =

Y, (1) _Ij(AA*)i,a(i)

ogeS,

2Mnq, \ S
<|s!o (C%M|T|UB % ) .
v

The above inequality allows us to conclude that

aK AdK  Msny  AKS 2 d dpes
(5.10) [T Idet(AA"),2 < [ ¢ Molsll,> B ax " |r], 2 < e Mos1 05 pMs,

veM K oo veMK, o

ordp o (z)

On the other hand, if K is a function field over F,(T), recalling that for all z € K, |z|,.. = Nx(poo) &
(5.9) implies that every entry a;; of A verifies ord,_ (a;;) > —%(d;( log,(c1) +1og,(B)). Then, for any minor
Ay it holds

og€eSs

ord, (det(4)) = ord ( > (1) f{(Ama(i)) > mip fordy (" [T )|

RS sM
> min {7 1Ordpm((AJ)iyo-(i))} > —m(d;( log,(c1) +1log,(B)),

O€EDs

and from this, we get the bound
(511) q—deg(pw)minm:s ordy, (det(Ay)) < qu(dK log, (c1)+log,(B)) _ CfKSMBSM.
2

Denoting ¢y := c'fK or ¢y := c‘fK according to K being a number field or a function field, respectively, the inequalities
(5.10) and (5.11) applied in (5.7) yields the desired result. o

Now, the standing hypothesis (5.3) implies that g must be of the form g = fh with h homogeneous of degree
M —d. We shall bound Hg (g) = Hx(fh) in terms of the height Hg (f).

Remark 5.6. If K is a number field, for f,h € K[X1,...,X,], it holds (e.g. see [2, Theorem 1.6.13]) that
Hg (fh) Zdeg(f),deg(r) Hr (f)Hx (h). Since in our case the polynomial h has degree M - d, such a bound would
depend on the parameter M. The next claim shows that under the Assumption 5.4(3) it is possible to obtain a
bound independent of the degree of h.

L
Claim 5.7. There exists some positive constant C, depending only on n, K, such that Hx(g) > Cnd"n Hx(f).

Proof of Claim 5.7. If K is a function field, then by identity (4.1) and the fact that Hg (h) > 1 the claim follows
by taking C = 1.

Now, let us suppose that K is a number field. If h = Y cIXI, let ¢p, = (¢r)r be the projective point defined by
the coordinates of h. Following the proof of Proposition 2.2, we find a non-zero scalar A € O such that (Aer)r
satisfies the conditions of Proposition 2.2. Thus, we get [Tyear, o, Ah|, > e3. Since the polynomial height is invariant
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under multiplication by scalars, we get H(g) = H(Ag) = H(f(A\h)). Hence, after multiplication by a scalar, we may
suppose that g = fh with h € Og[Xo,..., X,11] satisfying

(5.12) [T |kl >cs.

veMK fin

Let W be the greatest monomial (in right to left lexicographical order) appearing in h with non-zero coefficient and
let w its coefficient. Then the monomial W X¢, | appears in g with crw as its coeflicient, where cy is the coefficient
of X¢,, in f. By Gauss’ lemma (see [2, Lemma 1.6.3]), it holds

(5.13) H(g)=H(fh)= T Ifhlo=" IT Ifle IT 1Ihl IT [£Bh-

veM g veM K fin veEM g fin VEMEK oo

Now we bound |fh|, for any infinite place v. Since W X2, appears in g with coefficient cw, from Assumption 5.4
we have

ndtE
(5.14) 1 1> T1 lepwl>C™™ T1 Ifl I1 lwl.
VEM K oo veEM K oo veEM K oo VeEMK oo

Moreover, if given v € Mg o, we let o, be the embedding corresponding to v, then

1

[T fwle= IT loe(@)™  TI |Uv($)|di<:(n|0(w)|)d1< >1

VEMEK oo v real v complex

where the last inequality is because w is an algebraic integer and [, o(w) is the constant term of the minimal
polynomial of w. Thus from (5.14) it follows

1+1
(5.15) [T Iralezc™ " IT Ifle-
VEMK oo VEM K oo

Using inequalities (5.12) and (5.15) in (5.13) we deduce

(5.16) H(g) 2 csC™™ T |fly = caC " H(f).
veM g

Thus, from (5.16), after relabelling C, the claim follows. ]

Multiplying (5.8) by Nk (A) and using Claim 5.7 it follows that

L1 r—s s

(5.17) (o-mil " H( f)) Nic(A) € CE) T 6 Mo 51 55 pMs.

Now we take logarithm in (5.17). By Theorem 3.20, there is some non-zero ideal J, relative prime with all the
primes lying in Px, such that J|A, and

1

(5.18) log(Nk (7)) > %8“5 (log(s) = On, k(1) = n(log(B) + max{log(log(Nk(q))),0} +1ogb(f))).

Recall that given i € {1,...,u}, P; is a non-singular F,,-point on X,,. So, by Lemma 3.14, there exists a non-
negative N; = nlw oglts 4 O, (s) such that pfv A. Hence, if we set I’ := []}, plNi, then J’|A, it is relative prime

with 7, and "
(5.19) log(Ni (') = ! ——s"" log(Nix (a)) + On (s log(Ni (a)))-

On the one hand, bounding log(Nk (A)) by means of (5.18) and (5.19), the logarithm of the left hand side of
(5.17) has as lower bound

nlw

177 (log(s) + nlog(Ni (4)) + O, (1) = n(log(B) + max{log(log(Wi (4))), 0} +logb(f)))

+ O, (slog(N(a))) + (r = 8) log(Hx (f)) = (r = s)nd** = log(C).

(5.20)
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On the other hand, the logarithm of the right hand side of (5.17) is
~ dK SdK
(5.21) (r-s)log(C(K)) + Mslog(éy) + - log(s!) + Mslog(B) + - log(r).

Since log(s!) < slog(s), r = [B[M]| = (M™™") < (M +1)"*! and M % d, by (5.5) it holds log(r) S, log(M) <

n+1
log(s), and so the terms TKlog(s!) and S%K log(r) are majorized by s'*#. Replacing (5.20) and (5.21) in (5.17)
gives

(5.22)
T % (1og(5) + nloB(Nik (9)) + Or i (1) ~ n(log(8) + maxc{lox(log(Nic(9))),0) + ogb(1)))
< Mslog(cy) + Mslog(B) - (r—s)log(Hg (f)) + (r —s)log(Ck) + (r - s)nd“% log(C) + O, (slog(Nk(q))).

We will now estimate the right hand side of (5.22). By (5.1), M > d? and this implies

_ n+1
res=ppr-al= (M - s o,
n+1 (n+1)!
hence from (5.4) we obtain
r-s (n+1)‘ +Op(dM™1) 1 1+0,(dM™) 1

(5.23)

1
Ms = £40,(>M) d(n+1)1+on<dM-1)‘d(n+1)+0”(ﬂ)'

1
dnn

Since log(¢y) and <5 log(C) are majorized by ¢ 20y, (1), and since by (5.1), M 2 log(Nx (q)), using (5.23) and
that M 2 d? 2 d“%, the quotient by Ms of the right hand side of (5.22) is equal to

(5.24) log(¢é1) +log(B) - (d(nl+1) +0, (;4)) log(Hi (f)) + (d(nl+1) +0, (]\14)) nd'* = log(C)
00 (3 108 Nic(a) ) = oe(B) - (L5 4 00 () ottt () + 500,

We will now estimate the left hand side of (5.22). Using the inequalities (5.5) and (5.6) the quotient by Ms in
the left hand side of (5.22) is equal to

(5.25)

(5 0u (7)) (10806 108N () + O se(1) ~ n(1(5) o os (N (0)),0) + o 4(1))
dwn 4>
Tn+l (1 " On( M

- o (1og(M>+1og<NK(q>> o8(304) + 0, (1) (10, (417 ) ) 08(0() - malon(ox i (@),

}) (ox01) L1080 + 108 () + 0 (1) < Yo(3) - {108 Vi 4))).0) - 0(8())

where the terms O,, ( log(M)) On(d log(NK(q))) O, (d D max{log(log(Nk(q))),0}), and O, (d D log(d))
were merged in the term On.x(1).
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Replacing the inequalities (5.24) and (5.25) in (5.22) gives

(5.26)
jﬁ(mm FToR(Wie(a)) Tog(5 )+ 0,e(1) - (0 (417 ) 1) o)) - a0 Wi (), 0})

<log(B) - (d(nlﬂ) +0, (;4)) log(Hx (f))-

The leading term in the right hand side (5.26) depends on the size of Hx (f). In the case when Hg (f) is small,
namely Hy (f) < B2+ we use (5.1) to bound M > d'~# log(B). From this it follows

log(Hk (f)) < 2d(n +1)log(B) 1

M - M Sn dr
Assumption 5.4(2) and Lemma 3.23 yield
(5.27) b(f) Sk.n max{d>5 "5 log(H (f)),1}.

Then it holds that dQ_%% Sk.n 1, hence in (5.26) the terms Ok ,, (W) and O,, (dQ_% %) can
be merged in the term O,, x(1). Then, rearranging (5.26), we obtain

tog(01) <" D 10g(5) - tog(Wic()) - “EEID s tog (58 + 0,,1e(1) + o (5() + el 108 (N (0))). 0}

Hence we reach a contradiction if the implicit constant in (5.1) is large enough.
In the case when Hp (f) is large, namely Hg(f) > B2 ™D let us take the implicit constant in (5.1) large
enough such that OMW) is bounded by %. Then the right hand side of (5.26) is
log(B) - log(Hk (f)) _o, log(Hk (f)) < _log(Hk(f)) |, log(Hk(f)) _ log(Hr(f))
d(n+1) M 2d(n+1) 4d(n+1) 4d(n+1)

1

Recalling that by (5.1), M 2 d?, we conclude that O( di\f ) = O(d™*). Then, rearranging (5.26) we obtain

(5.28) log(M) <Oy, i (1) + log(Bd™ ) = log(Nic () + (1 + On(d™*) ) log(b(£))
- mane{log (0g(Nic(0))).0} - 2K,
By (5.27),
(5:29)  0(1)108(0() - ) < 0, (1) log(amax{d >~ og(Hic (). 1)) - AL
< Op 5 (1) max{log log(Hx (1)) + [-2, % -%, 2] log(d), 0} - %
< max {0, [‘2’ g, -é 2] log(d) + O,k (1) loglog(Hg (f)) - W}

4

< max {0, [—2, 3 —%,2] log(d) + (1 + %) log(d) + On,K(l)} .



28 M. PAREDES, R. SASYK

In the last line, we used that given ¢ > 0, for any = > 1 we have loglog(z) - % <log(c)+O(1) (see [11, Lemma
3.3.5]). Using (5.29) in (5.28) we get

log(M) < Oy, (1) +log(Bd™ ) - log(N (a)) + max{log(log(Nr (a))), 0}
+max {O, ([—1, T —1,3] + %) log(d) + O,L7K(1)}

373
< Oy, k(1) + max {log (Bd_%) Jog(Bdlmh57530) 4 On,K(l)} —log(Nk(q)) + max{log(log(Nk (g))),0}.
Hence if the implicit constant in (5.1) is large enough, we arrive at a contradiction. m]

Proof of Theorem 5.2. By Remark 5.3, we may assume that f is absolutely irreducible. Then, by Remark 3.15, we
may assume, after multiplication by a non-zero scalar in Ok that f satisfies conditions (1) and (2) in Assumption
5.4. This is enough to conclude the proof in the function field case.

For number fields, we use Proposition 4.2 to find integers ao,...,a, with 0 < a; < d and an unit € € O such
that f1(Xo,..., Xn, Xns1) = ef(Xo — a0 Xn+1,- -, Xn — anXns1, Xns1) satisfies all the conditions in Assumption
5.4. For each i € {1,...,u}, let P/ be the image of P; under the linear transformation (xo,...,Zn+1) — (2o +
A0Tr41s -y T — ApTnsl, Tn1); it is @ non-singular Fy, -rational point on Z( f1),. Then we can apply Theorem 5.2
to f1 and Pj,..., P. to conclude that for any B’ > 1 there exists a homogeneous polynomial g; € Ox[Xo, ..., Xn+1]
of degree
(5.30) Y 5K7n3’:d+% dl4 55015 b ( ) max{llog(l./\/‘K(q))7 1} e log(B'N (1))

Nic(Q)Hg (f1)" a"*>
457553 (max{log(J\fK(q)),l} + 1)
Nk (q) ,

not divisible by f1, which vanishes on Z(f1)(K, B’; P;,.. P’) Thus, g := g1 (Xo+a0Xns1s- s Xn +anXns1, Xns1)

is a polynomial of degree at most M, vanishing on X(K ;Pp,...,P,). Indeed, if L(Xo,...,Xn41) = (Xo -

aOXn+17 s 7Xn - aan+17Xn+1)a by (23)3 it holds
Hi(L(zo: ... Tne1)) € (2d) " Hyge (20t ...t Tv1).

Take B’ = (2d)% B. By Proposition 4.2, f, verifies b(f) = b(f1) and Hg (f) < C”dH%HK(fl). Replacing this in

’ (2d)dK )

(5.30), it follows that M verifies the bound on the statement of the theorem. m]
As a consequence of Theorem 5.2, Lemma 3.23, Remark 3.15, and Bézout’s theorem, we generalize [16, Theorem
1.2], [11, Corollary 3.1.2] and [45, Theorem 1.1]:

Corollary 5.8. Let K be a global field of degree dyc. For any irreducible homogeneous polynomial f € Ok [Xo, X1, X2]
of degree d and for any B > 1, if Z(f) € P% is the corresponding curve, it holds

2 dh 550 f)
Hy(f)#

v

N(2(f), K, B) sk B? + dlog(B) + dl854) ¢ g8 541 g%

Now we are in position to prove Theorem 1.8 of the introduction by extending Corollary 5.8 to general curves
using a projection argument. This is accomplished by means of an effective change of variables, as in [31]. The
approach presented here differs from the one given in [11, §5].

Theorem 5.9. Let K be a global field of degree dic. Given n > 1, for any integral projective curve C' ¢ Py of degree
d it holds

N(C,K,B) Sk d*®541B7.
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Proof. We are going to reduce Theorem 5.9 to the case of a planar curve, by means of an adequate change of
variables, as in [31]. More specifically, by the method of the proof of [31, Theorem 4.3] there exists linear forms
Lo, L1, Ly € Ok[Xo,. .., X,] of height bounded by Sy ,, "2 such that ¢ : C - P? given by ¢(x) := (Lo(x) : L1 () :
Ly(x)) is a finite morphism with fibres of size at most d and ¢(C') is a geometrically integral projective curve
defined over K of degree deg(¢(C)) < d. Furthermore, by (2.3), any point x € C'(K) of K-relative height at most
B verifies Hi (o(x)) Sk A" ?Hp (x) Sie,n d" 2 B. Hence, there is some constant ¢ = ¢(K,n) such that it holds

(5.31) N(C,K,B) <dN(¢(C),K,cd"*B).
By Corollary 5.8, we have
2
(5.32) N(¢(C),K,ed" 2 B) $n d5 4 (cd"2B) 7 5k, d435 1B,
The conclusion of Theorem 5.9 follows from (5.31) and (5.32). O

Remark 5.10. By Remark 5.3 and Bézout’s theorem, if f ¢ Og[Xy, X1, X2] is irreducible but not absolutely
irreducible, we have N(Z(f), K, B) < d?. In consequence, the argument of the proof of Theorem 5.9 shows that for
any integral projective curve C € P% of degree d, which is not geometrically irreducible, it holds N(C, K, B) < d?.

5.2. The affine case. In Theorem 5.2 we found a hypersurface of small degree vanishing on the rational points up
to height B of a given projective hypersurface X. Now we will obtain a similar result in the affine case. For this
purpose, given a number field K, for any x € O we define

= max [o(a)],

and )
[B]OK = {x €Ok < BW}
When K is a function field, we define

[Blo, = {z € Ok : |z]o. < BT}

Remark 5.11. The previous definition is to ensure that given = € P"*}(K) with Hg (x) < B, by Proposition 2.2 it
follows that @« has a lift (y1,...,yns2) € A"*?(K) which lies in the box [¢1 B]'2.

Similarly to the projective case, for any X ¢ A} affine variety, given B € R,y we will use the notation
Xan(Ok, B) = X(K)n[B]po,.,

Moreover, if {pi1,...,p,} is a subset of primes such that for all 1 <i < u we let P; be a non-singular Fy,-point on
Xy, , we denote

Xt (Ox,B; P1,...,P,) = {x € Xag(Ok, B) : « specialises to P; in X, for all i}.

We denote
Naff(X, OK,B) = |Xaff(OK,B)|.
We need the next application of the bound of Bombieri and Vaaler presented in Corollary 2.5, which will be
useful also in Lemma 6.1 and Lemma 6.2. A variant of this for K = Q and K = F,(T’) can be found in [24, Theorem
4] and [15, Lemma 3.5] with different proofs.

Lemma 5.12. Let f € Og[X1,...,Xn12] be a homogeneous polynomial of degree d.

+n+1

d d+n+1
(1) Let B> 1. Then, either Hi aa(f) sk (“2"1) <O g or there emists a homogeneous polynomial g

of degree d, vanishing on all Z(f).x(Ok, B), and not divisible by f;

+n+1

d d+n+1
(2) Let B> 1. Then, either Hg a5 (f) Sk (d+"+1) (5 )Bd(dn+1 ), or there exists a homogeneous polynomial

n+1
g of degree d, vanishing on all {x = (z1,...,Tp42) € [B]g;f txy =1 and f(1,29,...,Zne2) = 0}, and not

divisible by f.
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Proof. Let R := (") and let #,..., ™) € Z(f).a(Ok,B). Consider the N x R matrix M whose i*" row

n+1
consists of the R possible monomials of degree d in the variables X1,..., X,,12 evaluated in (Y. We have

dg

Hy (M) = ( [[ max{1, IMijlv}) <B".
VEMEK 0o ™

Denoting by f the vector in O%2 consisting of the coefficients of f, it holds M f = 0. Since f # 0, the matrix M

must have rank at most R — 1. Hence, by Corollary 2.5 the linear system Mg has a non-zero g € OIIE verifying

rank(M)
)R—rankw) d+n+ 1)dK( i) B din+l
n+1
n+1

Let g € Og[X1,...,Xn+2] be the polynomial of degree d corresponding to g. Then, either f divides g, in which

Hican(g) < C(K) (R Hic (M) <o

d +n+
case Hx(f) = Hi(9) = Hx(9) < Hr a(g) < (d;ﬁl) (5 )Bd(dnﬂl), or g is a non-zero homogeneous polynomial

of degree d, not divisible by f and vanishing on all Z(f).s(Ok,B). This proves Lemma 5.12(1). The proof of
Lemma 5.12(2) is analogous. o

Lemma 5.13. Let K be a global field of degree dg. Let f =Y, arX'e Ok[X1,..., Xn+2] be an absolutely irreducible
homogeneous polynomial of degree d. If we let 1 <y < Hg an(f) then

[2,1+21,8,1+1]

Jla4 4 0= b(f) < K d[2,6,2,2]—%10g(y) +d

1 ~T, 1 1

Hican()" 3 y"

Proof. The proof is similar to the one of [I1, Lemma 4.2.3 ] for number fields, and to the one of [15, Lemma 3.4]
for function fields, but instead of using [11, Corollary 3.2.3] or [15, Lemma 2.3] one uses Lemma 3.23. o

Now we use Lemma 5.12(1) and Lemma 5.13 to prove the following generalization of [11, Proposition 4.2.1] and
[45, Lemma 3.6]:

Theorem 5.14. Let K be a global field of degree dx. Let n > 0 be an integer. Let X € A% be an integral
hypersurface of degree d > 0, defined by an irreducible polynomial f € Og[X1,...,Xn11] of degree d. For each i
write f; for the degree i homogeneous part of f. Let {p1,...,pu} be (a possibly empty) subset of primes and P; be a
non-singular Fy, -point on X, for each i € {1,...,u}. Set q:=Tli.1p; if u>1 and q=(1) if u=0. Fiz B>1. Then
there is a polynomial g € Ok [X1,...,Xpn+1] of degree

o 262.2)-2 min{log(Hi (fa)) + dlog(B) + 1] g2-5.8-20p( £) ) max{log(N (q)), 1}
15[K(fd)”f’1+1 Nk (q)

%o L gt g [ max{log(NVi (4)), 1} )
:log(BNi(@)) + (retiestNe@) L) ),

not divisible by f, and vanishing on all X.5(Ok, B; Py, ..., Py).

M<K Bd

Proof. The proof follows the strategy devised in [17, Remark 2.3] and developed in [11, Proposition 4.2.1]. Recall
that k denotes the field Q if K is a number field, or F,(T) if K is a function field. By Remark 5.3 and Remark
3.15, we may assume, after multiplication by a non-zero scalar in Ok that f =Y ;a (X1 is absolutely irreducible
and it is p-primitive for any prime p of Ox with N (p) > ca, and Hg ag(f) < 9% Hyc (f).

For each L € Oy we consider the polynomial Fi, € Og[X1,..., Xns2] given by FL(X1,..., Xpio) = X0 L f; X
Then Fj, is an absolutely irreducible homogeneous polynomial of degree d. Furthermore if we denote by X, the
projective hypersurface in P! of degree d defined by FJ,, we see that each point (x1,...,2,41) € X (Ok) gives a

K-rational point (x1,...,%n1, L) in Xp. Given 1 <14 < u, we denote P = (P;,L) € (X1)p,(Fp,). If p; | L, then we
see that P; is a non-singular Fy,,-point on (Xz),,.
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Observe that given a subset of (9"*1 of size Sk 1, there exists a g € Ox[ X1, ..., Xn+1] of degree Sk ,, 1 vanishing
on it which is not divisible by f. Applying this to the subset [B]’“r1 with B Sk 1, we see that it is enough to prove
Theorem 5.14 when B 2 1.

Let P’ be the subset of primes L € O with H]k(L) € [(g)i,Bi] such that q = [1;.;p; || L. First let us
suppose that [P’| < $|{L € Oy prime : Hy(L) € [(Z )dK B%]H It follows that

1 1
) S S OV C))]
pla Nk (p) P Nk (p)
Nk (p)<B
where the second inequality is due to (2.11). Moreover, for any prime p;|q by definition any element of the sub-
set Xag(Ok, B; Py,...,P,) reduces exactly to one element modulo p;, namely P;. Then, by the larger sieve of
Gallagher as in [31, Lemma 3.2], it holds that |X.q(Ok,B;Pi,...,P,)| Sk 1. Hence, once again, there exists

g€ Ok[X1,...,Xn4+1] of degree Sk 1 vanishing on X,.5(Ok, B; Py, ..., P,) which is not divisible by f.
Then, we may suppose that

1 B, 1

(5.33) [P'| > §|{L € Ok prime : Hy (L) € [(5) ik Bk |}

We will split the rest of the proof in two cases: when there exists L € P’ for which L | fo and when for all L € P’,
Ll fo. )

In the first case, F, is p-primitive for all primes of norm at least c;. Moreover, for all i, P; is a non- singular
Fy,-point on (X )p,. We apply Theorem 5.2 to F7, to find a homogeneous polynomial G € Og[X1,..., Xpi2] of
degree

(5.34) M <k Bjiéd“%%%ﬁ-%bu%)nmxﬂmxA@«q»,u
Hy (FL)" % N (q)
LAt (maX{lOg(NK(CI)) 1} 1)7

+d" 7 log(BNk(q))

Nk (q)

not divisible by Fp, and vanishing on all X (K, B; P, ... ﬁu) By Remark 3.15, there exists A € O such that
Hp ag(AFp) < % Hi (F1). Since b(Fr,) = b(AFL), inequality (5.34) gives
n+1 |:47 147 14’ %
(5.35) M g Bt T2 bOFL) max{log(Nik (9)), 1)
Hy aff()\FL) ”n Nx(q)

+ﬂ%;z§¢3(nmﬂbdeWD1} q.
Nk (q)
From the definition of I, we see that for all v € Mg it holds

INFL|, = m?XP‘Lifng;av 2 |>‘Ldfd|v = |)‘|v|Ld|v|fd|v~

+d"" " log(BNk(q))

Then

dx dx
(5.36) HK,ag(AFL):( [1 maX{1,|/\FL|v}) 2( [1 |)\|v|Ld|v|fd|u) ZHK(Ld)HK(de];jHK(fd)

VEMK oo VEMK oo

Hence, from Lemma 5.13 we have the bound

qld550-5 b(/\FL) - (B)_ndli, Jl2:6.2.21-% log(Hk (fa)) +dlog(B) + dl21+55145]
s T\ 2 vy
Hicag(AFL)" a5 Hic(fq)" an

Replacing this on the first summand on the right hand side of (5.35), it follows that this summand is at most
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26.2.2]- 1(log(HK(fd))+dlog(B)+d21+n’§’1+ 1Y max{log(Nx (q)), 1
HK(fd) ”NK(q)

On the other hand, since the reduction modulo p of Fp, for all primes p not dividing L is absolutely irreducible
whenever f is so, and the number of primes in Ok dividing L is at most dg, it follows from Definition 3.18 that
b(FL) coincides with b(f) up to a factor Og(1).

This and (5.36) give that the first summand on the right hand side (5.35) is bounded by

(5.37) Sk Bt dl

]-2 b(f) max{log(Nk (1)), 1}
I_1 :
Hy(fa)" 7 N (a)
By inequalities (5.37) and (5.38), it follows that the polynomial G, has degree at most

_1
(5.38) Bah g5 50

%min{log(HK(fd))+dlog(B)+d2“31’?’1* ), dl2=55-21p( £)} max{log(Nx (), 1}

Hy(f4)" a s " Nk (q)
max{log(Nk(q)),1 }+1)_

1
(5.39) M SgcnBan dl26:22)-

1 1

Hlog(BAf() + i 7591

Nk (q)
Thus the polynomial g(Xi,...,X,41) == Gp(X4,...,Xns1, L) has degree bounded by the right hand side of
(5.39), it is not divisible by f and it vanishes on the subset
A= {w € Z(f) n O x specialises to P; for all 4 and Hg (x: L) < B}.

Now we will see that Z(f)a.g(Oxk, B; P, ..., P,) is contained in A. For that, it is enough to see that for x € [B]’g;{l,

’Lv

it holds Hg (@ : L) < B. In the case when K is a number field, for any v € My o, |L|, = \L|§<,K < B% . Then, for all
(1,...,Zns1) €[B ]’5’1 we have

(5.40)

dx dr di
HK(xl:...:xml:L):( I1 miax{|xi|v,|L|v}) S( I1 max{|0v(xl)|dk B”l2 }) S( I1 Bdi) = B.

veM i VEMK oo VEMEK oo

Nvoo Moo

In the case when K is a function field, since v, was chosen above the place |+ |co, it holds |L|, = |L|O§T <B% <

1
Bix | where n,_ is the degree of the finite extension K,_ [ke, with K,_ and ke the completions of K and k with

respect t0 v and |-[oo, respectively. Then, for all (21,...,%ns1) € [B]E!, we have
dx
1 y\dxK
(5.41) Hi(x1:...:xp4 L) = ( I1 max{|xi|v,|L|v}) < (max{|xi|vw,BdK }) <B.
veM g v

This ends the proof in the case when there exists a prime element L € P’ verifying that L | fo.

Now we must deal with the other case, namely, when H L|fo. If fo #0, using (2.4) we deduce
LeP’

Y. log(Nk (L)) =dx Y, log(L) <log(Nk(fo)) <log(Hk(fo)).

LeP’ LeP’

Since
dx

dx
Hic(o) < Hcaro) = ([0 1561 ) ¢ (TTma(11503) = ()
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we deduce

(542) di Z log(L) < 10g(HK,aﬁ(f)).
LeP’

d +n+1 g
Now, if Hx a(f) 2K (dMH) w (050 d(dnﬂl), we are done by Lemma 5.12(1). Otherwise, by (5.42) we get

n+1
d+n+1 d+n+1 d+n+1
d log(L) <d 1 d log(B) + Ok (1
KL;;, og(L) K( n+1 )og(( n+l1 ))+ ( n+1 )og( )+ Ox(1).
By (5.33) and inequality (2.12) for K =k, there exists a constant ¢ depending only on k, such that
d 1 d 1 d 1
(5.43) aen® <d( """ iog(m) =TT g (1011 + o),
n+1 n+1 n+

From (5.43) it follows that B is bounded by a polynomial in d, and hence B na® Sk 1.
Let us take L = 1 and consider the polynomial . Then Theorem 5.2 for F; gives a homogeneous polynomial
G1 € Og[X1,...,Xn+2] of degree

1 b(F) ma{log(Nic (@), 1}
1_1
Hy(Fy)" «*n Ni(a)
4 la-t 7415 (max{log(NK(q)), 1} N 1)
Nk (q) ’
not divisible by F, and vanishing on all X, (K, B; Py,...,P,). Now we use Remark 3.15 to find X € O% such that

Hyg a(AF1) < c‘liK Hyg (F1). The same argument used to prove inequality (5.36) gives Hg ag(AF1) > Hg (fq). This,
together with the fact that b(Fy) = b(f), Lemma 3.23 and Lemma 5.13 allows us to conclude the bound

(5.44) M SgpBaw d*5 5000 +d" 7 log(BNk(q))

+L1 8 1 _4 8 _
P R b()\Fl)1 < g dl2622-% min{log Hg (fa) +d>! 510l dl>505, 2]b(f)}.

1 ~T, 1

1 1
Hpc af(ANF) " a0 Hpc(fg)" an
From (5.40) and (5.41) with L = 1, and from (5.44) and (5.45), it follows that g(X1,..., X,1) == G1(X1,..., Xni1,1)
verifies the conclusion of Theorem 5.14.

In order to finish the proof of Theorem 5.14, it remains to cover the case when fy = 0, namely f(0) = 0. By the
Combinatorial nullstellensatz (see [1, Theorem 1.2]), we may find A = (ay,...,ans1) € (’)”*1 with f(a1,...,ap41) #0

and Hy(a;) < d for all 1 <i<m+1. Let us consider the polynomial f(X) = f(X + A); we see that f(O) %0,

Hiy(fa) = Hx (f4), and b(f) = b(f). Thus, reasoning as in the two previous cases with f in place of f and B = B+d
in place of B we obtain a polynomial g € OK[Xl, .oy Xn+1] of degree

(5.45)

d[gm_imm{log(HK(fd))+dlog(B)+d2“f’%’“ w755 20(f) ) max{log (W (a)). 1}

M ~K,n Bd”
Hi(fa)" % Nic(a)
1714 1 g1 ( max{log(Nk(q)),1}
nlog BNk(q)) +d* —w T 3 ( +1],
(BN (W) Nk (a)
not divisible by f, and vanishing on Z(f)ag(Ok, B; Py,...,P,). Then g(X) = §(X - A) verifies the conclusion of
Theorem 5.14. m]

log(HK(fd)) < d2
HK(fd)d2

As a consequence of Theorem 5.14, Bézout’s theorem, and the estimate we get the next

improvement of the bounds of Bombieri and Pila.
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Corollary 5.15. Let K be a global field of degree di. For any irreducible polynomial f € Ok [X1, Xa] of degree d
and any B> 1, if Z(f) ¢ Ai( denotes the corresponding curve, it holds

| mi d[2,6,2,2]1 H d[3,7,3,3]1 B d[4’8’ﬁ’4] d[4’1‘74’1‘74’0]b
Na(Z(1), O, B) sy i P T losacla)) v 0 FloglB) + 20 2 2 2 UA))
HK(fd)d2
14

+dlog(B) +d** 54 4 d3T331 B (log(B) + dlb 131y,

Now we are in position to prove Theorem 1.9 of the introduction by extending Corollary 5.15 to general curves
using a projection argument. This is accomplished by means of an effective change of variables, as in [31].
We also have:

Theorem 5.16. Let K be a global field of degree di. Given n > 1, for any integral curve C € A% of degree d, it
holds

Nagt(C, Ok, B) Sk dP T3 Bi (log(B) + dlbH5:1).

Proof. We argue as in the proof of Theorem 5.9, first reducing Theorem 5.16 to the case of a planar curve and then
we apply Corollary 5.15. We remark that the change of variables in [31, Theorem 4.3] works in the affine setting,
namely one takes the projective closure of C of C' in P% and then one constructs an adequate finite morphism
¢ :C — P2, which maps C to the affine part A? = P? np(A"). m]

Remark 5.17. As in Remark 5.10, if C' ¢ A}, is an integral curve which is not geometrically irreducible, then
Naﬂr(c, OK,B) <d?.

6. PARTITIONING A HYPERSURFACE IN P? BY CURVES OF SMALL DEGREE

The purpose of this section is to prove Theorem 6.9, which is an affine variant of [38, Theorem 3.16] for varieties
defined over global fields. This will be used in Section 7 to prove the dimension growth conjecture in the cases when
the variety has degree 4 < d < 15 if K is a number field, and in the cases when the variety has degree 4 < d < 65 if
K is a function field.

In [38, §3] Salberger developed a technique that allowed him to partition the Q-rational points of bounded height
of a projective variety X ¢ Pg in a small number of subvarieties of codimension at most 2. We follow the same
strategy of [38], that is, we construct a family of hypersurfaces which vanish on the rational points of X of bounded
height and prescribed reduction modulo p for many primes p. The degree of these hypersurfaces is bounded also
in terms of the density of this subset of primes, and this is reflected in the parameter q in the statements of the
theorems of the previous sections. This will allow us to control the number and the degree of the subvarieties
of the partition. The main technical tool is Proposition 6.3 which is a variant of [38, Main Lemma 3.2]. For its
proof, instead of using [38, Theorem 2.2] and [38, Lemma 2.8] we rely on the results of Section 5.2 and we give
a streamlined construction of a suitable large subset of primes with small norm. This allows us to simplify the
presentation of the proof given in [38].

Before ending this brief introduction we mention that all bounds in this section can be made effective on the
dependence on the degree d. Unlike the previous sections, we choose not to make this dependence explicit because
this would further complicate the proof and the final bound obtained by the methods of this section is double
exponential on d.

For any X ¢ P projective variety, given B € R,y we will denote

Xt (O, B) = {(x1,...,2n) € [Blp, - (1:x1:...12,) € X(K)},

Naff(Xa OK»-B) = |XafT(OK7B)|~
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Moreover, if {p1,...,p,} is a subset of primes such that for all 1 < < u we let P; be a non-singular F,-point on
Xy, , we denote

Xt (Ox,B; P, ..., P,) = {x € Xag(Ok, B) : « specialises to P; in X,,, for all i},
We will use the following notation. Given a hypersurface X ¢ P! and = € X, we will denote

T i= IT» and Tx = I[I»
peMk fin peMk fin
x speacilises to a X, is not geometrically integral
singular F, —point in X

The following lemmas, which generalize Lemma [38, Lemma 3.1] and [38, Lemma 3.2] give estimates for 7, and 7x.

Lemma 6.1. Let X ¢ IP”;(” be a geometrically integral hypersurface defined over K by a homogeneous polynomial
f e Og[Xo,...,Xns1] of degree d > 2. Let us suppose that X is the only hypersurface of degree d containing
Xaft(OK, B). Then for any non-singular point  in X,5(Ok, B), it holds log(Nk (7z)) $n. k.4 10g(B).

+n+1

d d+n+1
Proof. By Lemma 5.12(2) and the assumption on X, we have that Hg .a(f) Sk (d+"+1) (55 )Bd(dn+1 ). Now,

n+1
given a non-singular point x, there exists 1 < j <n + 1 such that %(w) # 0. Then for all prime p appearing in the
J

product g, we have p|%(sc). By (2.2) and (2.4), this implies:
J

d+n+1

of d +n\?* of d-1 (n+2)d (d +n+ 1)dK( (Y g
7 7 : < K n+1
NK(WZ)SHK(@X]'(Q:))S(TL+1) HK@H(@XJ‘ HK(]. CE) Nn,Kd 0+l B

By taking logarithms, we conclude log(N (7)) $n, k.4 log(B). ]
Lemma 6.2. Let X ¢ P%! be a geometrically integral hypersurface defined by a homogeneous polynomial f €
Ok[Xo,...,Xn+1] of degree d > 2. Then, either there is a polynomial g € Ok [X1,...,Xn+1] of degree d not divisible
by [ which contains X,5(Ok,B), orlog(Nk(mx)) $n k.4 log(B).

Proof. 1f there is no polynomial g € Ok [ Xy, ..., X,+1] of degree d, not divisible by f, which contains X,g(Ok, B),

d d+n+1 s
by Lemma 5.12(2) it holds H aa(f) sk (“7"1") O pa) Now, note that any prime p|ry is also a prime

for which f modulo p is not absolutely irreducible. Then, following the proof of inequalities (3.8) and (3.11) in
Lemma 3.23, we have

P (T _
n K,aft(f) if char(K) =0,

[T Nk(p) < HK7aH(f)12d6 if 0 < char(K) <d(d-1),
pemx Hicag(£)1 if char(K) > d(d - 1).
The proof finishes by taking logarithms. O
Now we are in condition to prove the main technical lemma of this section, which is a variant of [38, Main Lemma

3.2]. In what follows, by a prime divisor on X we shall mean a closed integral subscheme of codimension one.

Proposition 6.3. Let n > 2 and let X ¢ IFD"K+1 be a geometrically integral hypersurface defined by a polynomial
feOk[Xo,...,Xns1] of degree d > 2. Then there exists a family {D~}~er of prime divisors on X, and a (possibly
empty) subset {Z(q)}qeq of effective cycles of codimension 2 on X with Q a subset of ideals, such that the following
conditions hold:

1
(1) The index subset T has size |U| $p.x.a Baw and for each v €T, it holds deg(D-) $n.x.q log(B).
(2) There is some positive constant ¢ $n ka1 such that

n

ngeg(Z(q)) Sn.rc.d Ban exp (c(log(B))%) )
qe




36 M. PAREDES, R. SASYK

(3) For each non-singular point x € Xag(Ok, B) which does not lie in Uyer D there exists q € Q such that
x € Supp(Z(q)) and such x specialises to a non-singular Fy, -point for each prime p dividing q.

When n = 2, Proposition 6.3 says that we may partition a hypersurface X in such a way that those points
@ € X.g(Ok, B) either lie in a small family of curves of low degree, or lie in an exceptional subset of controlled size.

Roughly speaking, the proof of Proposition 6.3 is as follows. First, we localize a big subset of primes P such
that for all p € P, the reduction X, is geometrically irreducible, and all non-singular @ € X.g(Og, B) specialises
to a non-singular point in X, for many primes p € P. Then we construct a hypersurface Y that covers all points
of Xo5(Ok,B). By the second assumption on the subset P, a large family {D.},er of irreducible components
of x € X nY will have points which specialise to non-singular points for many primes in P. Then by the first
assumption on P and the Lang-Weil estimate, it will turn out that those non-singular points missed by {D.,}, lie
in a subvariety of codimension 2 with controlled degree.

Proof. First let us suppose that B $x 1. Then cover X.q(Ox, B) by S,k 1 hyperplanes and let (D.)~er be this
family of hyperplane sections and let Q = &.

Now, let us suppose that X.g(Ox, B) is contained in another hypersurface Y of degree d. In this case let (D~ )~er
be the components of X nY. By Bezout’s Theorem [13, Example 8.4.6], |T'| < d* and deg(D.) < d? for each yeT.
Let Q =g.

In the previous two cases, all the assertions of Proposition 6.3 are verified. Thus, we may suppose that X c IE”%+1
is the only hypersurface of degree d containing X.¢(Ok, B) and that B 2k 1. The next step will be to construct a
family of auxiliar hypersurfaces.

By Lemma 6.1 and Lemma 6.2, there are positive constants k1 $n x.d 1, 6 Sn,k,q 1 such that

(6.1) for all non-singular @ € X,¢(Ok, B), Nx(7z) < B¥* and > log(Nk (p)) < élog(B).

plmx

We begin by localizing an adequate large subset of primes.

Claim 6.4. Given ¢’ 21, for all ¢>2(d+c"), if I = [clog(B),2clog(B)] we have ¥, yyr, log(Nk(p)) 2 c'log(B)

Nk (p)el
for B2k 1.
Proof of Claim 6.4. Let ¢ > 1. Let us suppose that ¥,y log(Nk(p)) < c'log(B). Then by (2.13) for B 2k 1 it
N (p)el

holds: "

1 /

¢log(B) < > logNk(p)= > logNk(p)+ . log(Ni(p)) < (é+c)log(B).

p g T
N (p)el Nil(p)gez Nf!(Sd

Thus we arrive at a contradiction taking ¢ > 2(d + ¢’). m]

Let ¢’ == ky + 1, and let us take ¢ :=2(6 + ky + 1) + 1, I := [clog(B),2clog(B)]. Let q* :=[1 py=, ». By (2.12)
Nk (p)el
and Claim 6.4, "
(6.2) (k1 +1)log(B) <log(Nk(q)) < 2¢2,xclog(B).

Let q = [Ti=;p; |q9*. For each i denote (Xy,)ns for the non-singular locus of X,,, and let (Pi,...,P,) €
[Tis1 (Xp, )ns(Fp,). We choose a hypersurface Y (P,...,P,) as the homogenization of the one in Theorem 5.14.
By Remark 3.15, we may assume that Hy oi(f) < ¢ Hg (f). By Lemma 3.23 and (6.2),

(6.3)

deg(Y (Py,., P,)) Skna B Nic(a) ™ log(Ni (0))+log(BNo ())+1 Sma B4+ Nic(a)™ log(Ni (1)) +log(B)+1.

When ¢ = (1) (in which case we use the convention u = 0), there is a projective hypersurface Y vanishing on
Xa(Ok, B) and not identically zero on X, with

1

_1
(6.4) deg(Y) Sk.n.a Ban +log(B) +1Sk.pa Ban .
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Now we will define the subset I' and the subset of prime divisors D, ¢ X. This divisors will be the irreducible
components of X nY which are contained in Y/(P4,..., P,) for some sequence (Py,...,P,) € [T (X, )ns(Fp,) with

_1
q =TI, p; verifying N (q) > Baw . Then by (6.3), (6.4) and Bézout’s theorem [I8, Example 8.4.6] it holds
deg(D,) < deg(X)deg(Y (P1,...,Py)) Sn,k,d log(B),

T <deg(X nY) <deg(X)deg(Y) Sn.k.d Bﬁ,
thus {D. }, verifies the conditions in Proposition 6.3(1).
Claim 6.5. For all x € X.5(Ox, B) non-singular not lying in U,er D, there is some q|q*, relatively prime to momx
and such that Bﬁ <Nk(q) < 2cBﬁ log(B).
Proof. Let x € Xag(Ok, B) be a non-singular point which does not lie in U,ep D,. From (6.1) and (6.2) it follows
that there is some ideal factor q of q*, relatively prime to m 7wy, ;chat verifies Nk (q) > B ﬁ Let q|q* olf minimal

norm such that it is relatively prime with 77y and N (q) > Baw . Let us suppose that N (q) > 2cBan log(B).
1

Since any prime p|q* has norm in I, there is some prime p|q with N (p) < 2clog(B). Thus Nx(qp~') > Ban , which
contradicts the minimality of g. O

If @ and q = [];2; p; are as in Claim 6.5, then @ specialises to a non-singular F,,-rational point P; on X, for
all 4, thus © € Y(Py,...,P,). Let D, be an irreducible component of X nY containing . It can not hold that
Dy cY(Py,...,P,), since otherwise @ € U,r D~. Hence, there is some t € {0,...,u—1} with Dy cY/(P,..., P;) but
Dy ¢Y(Py,...,Py1). If DL is the irreducible component of X nY (P,..., Piy1) containing @, then @ € Dy n DZ.
This will motivate the construction of the cycles.

Given q = g1 = Hfﬂ p; with ¢t > 0, let Z(Py,...,P1) be the formal sum of all the irreducible components
of D n D' where D is an irreducible component of X nY (Py,...,P;) and D’ # D is an irreducible component of
XnY(P,...,Py1). By Bézout’s theorem [1%, Example 8.4.6], inequalities (6.3) and (6.4), if q; := qs41p;14, then it
holds

(6.5)
deg(Z(Py,..., Pi1)) <deg(X) deg(Y(Pr,...,Pr))deg(Y (P, .., Pi1))

SKn.d (BENK(CIHI)_:LNK(FHI) log(Nk (g¢)) +1og(B) + 1) (BENK(thrl)_l log(Nk (qe+1)) +log(B) + 1-) .

SKon.d (BENK(qu)_l(log(B))Q +log(B) + 1) (BENK(Ch%l)_l log(B) +log(B) + 1.) .

We define

Z(q):Z(qt+1):: Z Z(P1,...,Pt+1).
(Plv---aPt+1)EH§:11 (Xp Ins(Fp,)
t+1

In order to bound the degree of Z(q¢1) we need to estimate the cardinal of [T;; (X, )ns(Fp,)-

Claim 6.6. It holds |11 (Xp,)ns(Fy,)

<Nk (qee1)™ exp (C(log(B))%) for some C Sk.n.al.

Proof of Claim 6.6. By definition, for all ¢, X, is geometrically irreducible. Then the Lang-Weil estimate gives
1X,, (Fp,)| < Ng(pi)" + ANk (ps)" % for some positive constant A $g, 1. This, together with the facts that
t Sk .n,alog(B) and that for all i, p; € I, thus Nk (p;) > %clog(B), yield

t+1 t+1 % t+1 )
TT(Xp s (F)| < Nic ()" TT (1 + ANic ()2 ) < Nic(a0)” (1 . (fg(j‘g))) < N (ai1)" exp (C(log(B))?),

for some C Sk pn.a 1. O
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By (6.5) and Claim 6.6, it follows that
Aes(Z(a011)) S (BoF Nic(aen) ™ (Qog(B))? +1og(B) + 1) (BF Nic(arin) ™ log(B) +log(7) +1)
Nic(ai)" exp (C(log(B)) )
St (BHE Nic(a0s1)" 2 (108(B))? + BiF Nic(021)" " (108(B))? + BF Nic(q101)"~ (105(B))?
+ BE Nic (@) (08(B))? + Bt Nic(q101)" 108(B) + (108(B))* N (a1-1)" ) exp (C(1og(B))? ).
If N (q) Skon.d Bf% log(B), it follows that

(6.6) deg(Z(qi1)) Sxma Bt (log(B))™*exp (C10g(B))?) .m0 Ba¥ exp (C"(og(B))?)

for some positive constant C’ S a1
Then we define

_1
Q:= {q|q’r :q# (1) and Mg (q) < 2cB an 1og(B)}.
Claim 6.7. There is some C" Sk a 1such that it holds |Q| < exp (C"%).

Proof of Claim 6.7. Tt will suffice to bound the number of divisors of q*. By Landau Prime Ideal Theorem or the

Riemann Hypothesis over function fields, there is a constant ¢k Sk n,a 1 such that [{p : N (p) € I}] < CK%.
Then

- ala 1] < QPN (el _ clog(B) , log(B)
Q] < [{a: ala™)| < 2 Sexp(cKlog(dog(B)) cop(0r 8D

for some C" Sk na 1. O

Thus, (6.6) and Claim (6.7) imply that

P S
1

log(log(B))

for some C"" Sk n,a 1. This proves Proposition 6.3(2). Moreover, by Claim 6.5 and the construction of {Z(q)}qc0,
it follows that {D,} er and {Z(q)}qeo verify the statement of Proposition 6.3(3). m|

3" deg(Z(q)) Sxna Bev exp (C"
qeQ

(log(B))*
Tog(log(B))

Claim 6.6 one bounds the quantity []i] (1 +./\/K(pi)’%) as in [13, §1.5.5]. We choose not to do so because when
we use it in the proof of an affine variant of the dimension growth conjecture (Proposition 7.3) this saving will be
absorbed in a factor B°. This remark also applies to the bound in the first summand of the next theorem.

Remark 6.8. In Proposition 6.3(2) one could get the better bound Sk .4 Bar exp(c ) if in the proof of

Theorem 6.9. Let X € P3. be a geometrically integral hypersurface of degree d, defined over K, and let X5 be the

non-singular locus of X. Then for all v > 0 there exists a subset of Sk a B% geometrically integral curves Dy ¢ X,
AeA=A,, of degree at most %, such that it holds

) < {BJ23 exp (c(log(B))%) + D%Bﬁwlog(B) if K is a number field,
~SK,d 1
2

Nug [ X0s = ) Dx, Ok, B N e
aﬂ( | DO BV exp(c(log(B)) )+D%BJIE+ log(B) if K is a function field,

AeA

for some positive constant ¢ Sk q 1.
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Proof. Let {D,}er, and {Z(q) }qeo as in Proposition 6.3 for n = 2. By Proposition 6.3(3), it holds

Nag (an -U DW,(’)K,B) < Y deg(Z(q)).

el qeQ

Hence, by Proposotion 6.3(2), there is a positive constant ¢ $g 4 1 such that it holds

(6.7) N (an - U D,,0x, B) Si.a BV exp (c(log(B))?).
~el’
Now, let A €T be the subset of all indexes ~ € I' for which deg(D~) < % Then
(68) Naff (an - U D)\, OK,B) < Naff an - U DV,OK,B + |F| max NaH(D'yaOK,B)-
XeA yer Yel\A

It remains to bound N,g(D., Ok, B) for any v € I'\A. Now, we apply Theorem 5.16 to each D, with v e T'\A to
obtain
Naa(Dy, O, B) Sk %B’jlog(B) %f K ?s a numb.er field
“sB"log(B) if K is a function field.
By Proposition 6.3(1), |I'| Sk.a B%, from which we deduce
V—ﬂBﬁW log(B) if K is a number field,
V—lsBﬁw log(B) if K is a function field.

The theorem follows from (6.7), (6.8), and (6.9). O

(6.9) IT) max Nag(D., Ok, B) Sk.a {
~vyel'\A

7. UNIFORM DIMENSION GROWTH CONJECTURE

In this section we prove Theorem 1.10 and Theorem 1.11 of the introduction, which generalize [38, Theorem 0.3
and Theorem 0.4], [11, Theorem 1 and Theorem 4], and [45, Theorem 1.3 and Theorem 4.2] to varieties over global
fields. The proof follows the strategy given in [9]. For this, we use an inductive argument: we establish Theorem
1.10 in the case X ¢ A}, with n =3 (this is the content of Proposition 7.3), and afterwards we intersect X with an
adequate hyperplane H so that X n H is of smaller dimension and suitable to apply the inductive hypothesis. As
in [9] we deduce Theorem 1.11 by using a projection argument to reduce it to the case of a hypersurface, and then
by taking affine cones and applying Theorem 1.10.

In order to prove Proposition 7.3 we proceed as in [11, Proposition 4.3.4], namely, first we establish that for
large degree, the counting function N,g(Z(f), Ok, B) is at most Sk d°B. This is done by using Theorem 5.14
to cover X,g(Ok, B) with a hypersurface of small degree and then by bounding the contribution of the rational
points coming from the irreducible components of X NnY using Theorem 5.16 for the ones of degree at least 2 and
Proposition 7.1 for the ones of degree 1. Having proved Proposition 7.3 for large degree, the remaining cases are
dealt with Theorem 6.9.

Now we begin to carry out this program. First we establish the following generalization of [11, Proposition 4.3.3],
where the authors give an effective estimate of [9, Proposition 1, case D = 1], with explicit dependence on the degree
of the hypersurface.

Proposition 7.1. Let K be a global field . There exists a constant ¢ = ¢(K,n) such that for all f € Ox[X1, Xa, X3]
of degree d > 3 satisfying that the homogeneous part of higher degree fq s irreducible, and for all finite sets I of
curves C € A3, of degree 1 lying on the hypersurface Z(f) defined by f, and all B > 1, it holds

Naﬁ(z'(f) n ( U c) ,(’)K,B) <cd'B +]I|.

Cel
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Proof. Let us write I = I; U Iy where
I:={Cel:Nug(C,Ok,B) <1}, I5:={C €I: Nug(C,Ok,B) > 1}.
It is clear that

NaH(Z(f)m( U C),OK,B) <L

Celq

Now, for any C € I, there exist a = (a1, az,a3), w = (w1, ws, w3) € O3 with a € [B]?QK, and C(K) ={a+ \w: e K}.

Claim 7.2. Let C be the line defined by a + Aw with a € [B]},  and w € O%. Then

|C(K)n[Blo, | sk Hre(w)’

Proof of Claim 7.2. While in the case K = Q or K =F,(T') the claim is trivial, in general the proof is more involved
due to the fact Ok may not be a principal ideal domain. This is why we use the geometry of numbers and the
theory of divisors.

By Proposition 2.2, we may suppose that w is p-primitive for all p of O with N (p) > ca, and [Tyenrc p,,, maX; [wily >
cs. In particular, for all v € Mg gn, max; ordy, (w;) Sk 1. Let S = Mg oo U{v: Nk (py) < ca}. We let

Oks={xeOk:|x|,<1foralv¢S}
If K is a number field, then
C(K)n[B1S,, = {a+ \we 0% :[a; + \w;| < Bx for all i}
2B7K

max; |o(w;)]

c {a +dwe 0% X e Ok.s,lo(N)] < Vo:K < C,|\, <caVve S\MK’OO},

for some ¢4 := c4(K). Now, if K, denotes the completion of K with respect to v, we have that Ok g is a lattice
under the usual embedding Ok, s < [Tyes K. Denoting B, (0,r,) for the usual disk in K, of center 0 and radius

7y, We have

[C(K) n[Blo,l <

OKysﬁ H BU (0 2BdK) X H Bv(O,C4)

veEM K oo ’ max; |0(wi)| veS\MK oo

2B AB7x
max; |o(w;)2 % Hy(w)’

SK —
o real AX; |U(w1)|

If K is a function field over F,(T"), then

o complex

C(K)n[Bly, ={a+ weO% :|a; + Awil,.. < B7% for all i}

X 9B
cia+ we Oy : A e Ok.s,|\o. < JA o € caVv e S\{veo} pi= A
max; Wiy,
for some constant ¢4 := ¢4 (K). Now we argue as in [31, Proposition 2.2]. Any A € A satisfies Hx () Sk %(w). Since

Hg (M) = Hig (A7), the positive divisor ¥4, (320 0rdy (A) -0 has degree Sx logq(%(w)); by [31, Proposition 2.2],
there are at most S %(w) such divisors. Since ord,(A) 2k 1 for all v € S\{veo} and ¥, cps, ord, () deg(v) = 0,

we conclude that the subset A has at most S %(w) elements. O

Now, for any w € K3 there are at most d(d — 1) lines C € I3 in the direction of w (this is because each such
line intersects a generic hyperplane in A2 in a common point of the hypersurfaces defined by f and its directional
derivate in the direction w).
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Since C € I, it verifies the hypothesis of Claim 7.2, then we have Hg(w) < ¢B. Moreover, since C ¢ Z(f),
fa(w) = 0. Consider the set A; := {w e P*(K): fqy(w) =0, Hx(w) =4}. Then by Claim 7.2,

[CBJ CB

(7.1) Naff(Z(f)ﬁ UC’,OK,B)S|11|+(d—1)d > |A2|T
Cel i=1
Now Corollary 5.8 implies that Zle |A;| Sk Ak, This, and summation by parts give
Bl cp LB B Bl(k c¢cB  ¢B , kBl . (B

7.2 A= = Al — + A, (—— )s d*Bi+ N d*ki——— <x d*B,
m2 Rl g iy () (- ) st et e
where the last bound is because d > 3. Replacing (7.2) in (7.1) finishes the proof. O

Proposition 7.3. Let K be a global field of degree dy, and let e = 18 if K is a number field and e = 64 if K is a
function field. Then for all polynomial f € Ox[X1, X2, X3] of degree d whose homogeneous part of highest degree is
absolutely irreducible, it holds

Nag(Z(f), Ok, B) $x d°B whenever d > 5.

In the case d = 3,4, for all € >0 it holds

B ifd=4,

Na Z 70 aB S 5 2 4
#(Z(f), Ok, B) Sk, {Bﬁ* ifd=3.

Proof. The strategy of the proof follows [1 1, Proposition 4.3.4], namely, first we establish that for large degree, the
counting function N.g(Z(f), Ok, B) is at most Sk d°B. This is done by using Theorem 5.14 to cover X,5(Ok, B)
with a hypersurface of small degree. Then one bounds the contribution of the rational points coming from the
irreducible components of X nY. Now, the contribution of those irreducible components of degree 1 is bounded

with Proposition 7.1. By Bézout’s theorem, the degree of these curves can be large as Sk 4 Bﬁ, hence one can not
apply directly Theorem 5.16 to deal with the components of X nY of degree 2k log(B). This technical obstruction
will be dealt by assuming that the degree of X is large enough.

Having proved Proposition 7.3 for large degree, the remaining cases are dealt with Theorem 6.9. Then, after
enlarging the implicit constant, one concludes Nug(Z(f),Ok,B) Sk d°B. We remark that, while Theorem 6.9
gives the bound N,g(Z(f),Ok,B) $k.qa B for d > 5, it gives a double exponential dependence on d; it is for this
reason that we do not use it to prove Proposition 7.3 for all d > 5.

For any prime for which f; mod p is absolutely irreducible the reduction of f modulo p is absolutely irreducible.
Hence b(f) < b(fq). Using Lemma 3.23 and Theorem 5.14, for any B > 1 we find a polynomial g € Ox[X1, X2, X3]
of degree

(7.3) < {d;B\}E if K is a number field,

d"TBYi  if K is a function field,
not divisible by f and vanishing on all Z(f).g(Ok,B). Let Z(f,g) be the intersection of f =0 and g = 0 (here

the intersection is being considered with its reduced structure). Let C be the subset of irreducible components of
Z(f,g). By Bézout’s theorem [18, Example 8.4.6],

(7.4) Cl < ) deg(C) sk

ngﬁ if K is a number field,
CeC

d®BYa  if K is a function field.
By Proposition 7.1 and (7.4), the contribution of the irreducible components of Z(f,g) of degree 1 is

d°B if K is a number field,

7.5 Sk d°B+1C| <
(7.5) K €l sk {ng if K is a function field.
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Now, let us suppose that C1, ..., C are the irreducible components of Z(f,g) of degree greater than 1, arranged
in such a way that deg(C;) < log(B) for all 1 < ¢ <m, and deg(C;) > log(B) for all i > m. Let us denote 0; := deg(C;).
By Theorem 5.16, for all 4 it holds

83B% (log(B) +6;) if K is a number field,

7.6 Nag(C;, 0k, B) 1
(7.6) a( i B) sk {5ZB 3 (log(B) +6;) if K is a function field.

Claim 7.4. For all 1<i<m it holds Nag(Ci, Ok, B) i B2 (log(B) +1).
Proof of Claim 7./. Let us suppose that K is a number field. Let us set ¢(8) := 6*B%. Then log(¢/(5)) = 4log(8) +

@ =log(B)(4logg(0) + %) Since the function §; — 4logz(d;) + % is decreasing in (0, %) and increasing in
(@, +00), the maximum value of 1(d) in [2,log(B)] is

(7.7) max{1(2), ¢ (log(B))} = max{2' B (log(B))' B } 5 B}

The inequalities (7.6), (7.7), and the trivial bound ¢ > 1 give Claim 7.4 for number fields. The case of function fields
is analogous. o

By Claim 7.4 and (7.4) we have

(7.8) S Nat(Ci, Ok, B) S BZ (log(B) + 1)m S

i=1

On the other hand, if § > log(B) then B7 is bounded, thus (7.4) and (7.6) imply

d2B if K is a number field,
d®B  if K is a function field.

k B st (SF6) sk dBBYE K ber field
(7.9) S Naa(C, O, B) S Z;:m+1 18~K (Z::mn 2)8 SK ol 1 ?s a num .er eld,
Pilbens/ Y1 05 SK (Zi;m+1 614) S d**Bva if K is a function field.

Combining (7.3), Claim 7.5, (7.4), and (7.9), Proposition 7.3 follows for d > 16 if K is a number field and for
d > 64 if K is a function field.
For the remaining values of d, by Theorem 6.9 with v = 2%/3, there is a constant ¢ Sk q 1 such that for all B> 1

there exists a subset of Sk 4 B 7 geometrically integral curves Dy € X, A € A, of degree at most $x /d such that
for all € > 0 it verifies
Naff (an - U D)\,OK,B) SK,d,e B%JFE +B%7
AeA
with ¢ Sk g 1 (we used that exp(c(log(B))?) Sa,i,e BY). Hence, for all € > 0 we have

B ifd>5,
NaH(an_ U D,\,OK,B) SK.de {B7E if d =4,
Aeh B ifd=3.

Thus, it remains to bound the contribution of the points lying in any of the curves Dy, and the points lying in
the complement of X\X,s. By Proposition 7.1, those curves Dy ¢ A of degree 1 contribute at most $x 4 B points,
while by Theorem 5.16 those curves Dy € A of degree at least 2 contribute at most Si g Bite points. On the
other hand, by Bézout’s theorem, X\ X, is a union of irreducible curves the sum of whose degrees is bounded by

a constant. Applying Theorem 5.8 to those curves of degree at least 2, and Proposition 7.1 to those of degree 1
yields that the rational points coming from X\X,s is $k.q B. O

Lemma 7.5. Let K be a global field. Let n >3 y X C P} be a geometrically integral hypersurface of degree d. Let
k=(n+1)(d?-1) if K is a number field, and x = 12(n+1)d" if K is a function field. Then there exists a non-zero
form F € Ok[Yo,...,Y,] of degree at most k such that F(A) = 0 whenever the hyperplane section Ha N X is not
geometrically integral, where A € (P™)* and Ha € P™ denotes the hyperplane corresponding to the linear form A.
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Proof. The proof is similar to the one given in [I1, Proposition 4.3.7] for K = Q and in [45, Lemma 4.6] for
K =TF/(T). O

Now we are in condition to prove the dimension growth conjecture for varieties over global fields, namely Theorem
1.10 and Theorem 1.11 for the introduction.

Proof of Theorem 1.10. Let n >3 and X € A% be a geometrically integral hypersurface of degree d > 5 defined by
a polynomial f € Og[Xy,...,X,] with absolutely irreducible highest degree part. We proceed by induction on n,
where the base case n = 3 is Proposition 7.3.

Now, let us assume that n > 3 and that the theorem holds for all lower n. Let f; be the homogeneous part
of highest degree of f; since it is absolutely irreducible, it defines a geometrically integral hypersurface in P71
Applying the Combinatorial Nullstellensatz (see [, Theorem 1.2]) to F' of Lemma 7.5 there exists A = (a1,...,a,)
such that the hyperplane section {f; = 0} n {3, a; X; = 0} is geometrically integral of degree d, with all a; € O
having Hy(a;) < n(d* - 1) or Hy(a;) < 12nd” if K is a number field or a function field, respectively. Let v = 2 or
~ =7 if K is a number field or a function field, respectively. Since there exists a constant ¢(n) $, 1 such that for
any (v1,...,2,) € [B]p, we have ayzy + -+ anz, € [c(n)d Blo,, it follows that

Naff(Z(f),OK,B)S Z Nag({f:O}O{ZaiXi:k},(’)K,B).
ke[c(n)dYBlo g i

For each k, the variety {f =0} n{Y, a;X; = k} is a hypersurface in the affine plane {}, a;X; = k}, thus after a

change of variables it is described by a polynomial g € Og[X,. .., X,,—1] whose homogeneous part of highest degree

is absolutely irreducible by the construction of A. The proof follows from the induction hypothesis and the fact

that |[B]@K|NK B. O

Proof of Theorem 1.11. We make a change of variables as in the proof of Theorem 5.9 to reduce Theorem 1.11 to
the case of a hypersurface. Hence let n > 3 and consider an irreducible polynomial f € Ok [Xy,...,X,] of degree d.
Then we take the affine cone C(f) defined by Z(f); it is an affine hypersurface in A%"'. By Proposition 2.2 or by
Remark 5.11, for any point in Z(f)(K, B), there is a lift in A% which lies in Z(C(f))ag(Ox, [clB]g;(l). Thus

N(Z(f)aKaB) < Naff(c(f)aOKaclB)'
If f is absolutely irreducible, applying Theorem 1.10 finishes the proof. Otherwise, by Remark 5.3, there exists a

homogeneous polynomial g € Ox[Xo, ..., X,+1] of degree d not divisible by f and vanishing on all K-rational point
of C(f). Then
(7.10) Nait(C(f), Ok, c1B) < Nag(C(f) n 2(9), Orc, 1 B).

Now, it holds that C(f) n Z(g) is a variety of dimension n —2. By a hyperplane section argument as in [3, Page
91], it holds

(711) Naff(C(f)ﬂZ(g),OK,B) sK,n dBn_2~

Then inequalities (7.10) and (7.11) yield the conclusion of Theorem 1.11 for integral projective varieties which are

not geometrically irreducible. O
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