Geometric Interpolation in Symmetrically-normed Ideals*

Cristian Conde

Abstract

The aim of this work is to apply the complex interpolation method to norms of n-tuples
of operators in a symmetrically-normed ideal J3 C B(.) defined by a ¢ symmetric norming
function (s.n.f.). The norms considered define Finsler metrics in a certain manifold of positive
operators, and can be regarded as weighted ¢-norms, the weight being a positive invertible
operator. !

1 Introduction

Let B(s7) denote the algebra of bounded operators acting on a complex and separable
Hilbert space S (with norm |.||), GI(5) the group of invertible elements of B(%) and
GI(A)7T the set of all positive elements of GI(J#).

In a previous work [5], we studied the effect of the complex interpolation method on the
p-Schatten classes (the idea was motivated by [1]). These ideals belong to a larger class of
ideals called symmetrically normed ideals. The aim of this work is to generalize the results
[5] to this larger class of ideals.

By Calkin’s theorem (see, e.g. [9], Chap. 3, Th. 1.1]), if Z is a two-sided ideal then

I C Bo(#),

where By () is the ideal of all compact operators in B(J). If X € By(s¢), we denote by
s(X) = {s;(X)};jen the sequence of singular values of X, decreasingly ordered:

s;(X) = inf{|| X — S|| : rank(S) < j}.

Note that s;(X) \, 0. There are other alternatives to describe the sequence s(X). For
instance, the s;(X)’s are the eigenvalues of | X| = (X*X)!/2,
If ¢ is a symmetric norming function (the definition will be given below), we consider the
ideal of B(.5#)
To = {X € Bo() : |IX||, < oo},

where
[X|ls = &(s(X)).

On J, we define the following norm associated with a € GI(J#)*:

1X[lg,0 = lla™/2X a2l = ¢(s(a= /2 Xa""/2)).
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The use of this norm has a geometrical meaning which shall be explained later.

The material is organized as follows. In Section 2 we recall some basic facts about
symmetric norming functions and the corresponding symmetrically-normed ideals. Section
3 contains a brief summary of the complex interpolation method. In Section 4 we apply
this method and obtain that the curve of interpolation coincides with the curve of weighted
norms determined by the positive invertible elements

’Ymb(t) — al/z(a_l/Qba_l/Q)tal/z.

In Section 5, we present an elementary interpolation argument to obtain Corach-Porta-Recht
type inequalities.
Finally, in Section 6 we present the geometrical meaning of the interpolating curve 7, 4.

2 Symmetrically-normed Ideals

We begin by recalling some facts concerning normed ideals (see [9]).
Let Z be a proper two-sided ideal of B(7¢), it is well-known that

Bo,o(#) €I C Bo(H),

where By o(.#) is the ideal of finite rank operators.
7 is a symmetrically-normed ideal if 7 is an ideal of B(5¢) and a Banach space with
respect to the norm ||.||z satisfying:

1 || XTY ||z < [|X|IT||z|IY || for T € T and X,Y € B(5#),
2. | X||z = || X|| if T is the rank one.

In particular, condition (1) implies that the norm ||.||7 is unitarily invariant,
10XV iz = [ X|z

for X € 7 and any pair U,V of unitary operators.
Let ¢y and cp ¢ be the spaces of sequences of real numbers defined by

co ={{={&}: }g&fz =0},
and
co,0 = {& = {&} € o : only finitely many &'s are nonzero},

respectively.
A function ¢ on ¢ is said to be a symmetric norming function (s.n.f.) if it satisfies:

1. ¢ is a norm on ¢ o;
2. ¢({1,0,0,..}) =1,
3. o({&;}) = o({l&=(51})) for any bijection 7: N — N.

Two s.n. functions ¢ and v are equivalent if

$(§) ¥(&)

sup ——= < o0 and sup —— < 00.

EGC0,0 w(g) EGCO,O ¢(£)

Let us denote by c4 the set of all sequences £ € cq for which

sup ¢(¢™)) < oo,



where (") = {£, &, ...,£,,0,0,...}. We extend the domain of the function ¢ by putting, for
each £ € ¢y,

P(&) = lim $(™).

n—oo

If X € Bo(4) and ¢ is a symmetric norming function, let us denote
X1l = @(s(X)).
There are two symmetrically normed ideals ([9], Th. 4.1.) related to ¢:
Js ={X € Bo(A) : || X[l < o0},

and ._7(;0) the closure of By () with respect to the norm ||.||s. Note that jdgo) does not
coincide with J3 in general. Both spaces coincide if and only if ¢ is a regular function, that
is

nhHH;O ¢(£n+1a £n+27 ) =0.

Let ¢ be a s.n. function. The function

¢'(n) = sup{>_mi&i : € € co, [I€]ls < 1}

makes sense for any 1 € cg o, and clearly is an s.n. function. The function ¢’ is called the
conjugate function of ¢.
For any s.n. function ¢ one has (¢') = ¢, and if ¢ is not equivalent to ¢1(§) = > |&],
i

one has the following duality
0
|Xllgr = sup{ler(XY)| Y € T3, ¥ [lo < 1}.

For example for 1 < p < oo, the functions
$p(€) = (D _ l&lIM)7,

and

doc (€) = max |¢]

give rise to
T = Ts = By(H)

where B, () denotes the p-Schatten class.
From now on, we will assume that ¢’ is not equivalent to ¢;.

3 The Complex Interpolation Method

We recall the construction of interpolation spaces, usually called the complex interpolation
method. We follow the notation used in [2] and we refer to [14] and [4] for details on the
complex interpolation method. From now on, we simply denote by J the ideal defined by ¢.

A compatible couple of Banach spaces is a pair X = (X, X1) of Banach spaces Xg, X3
such that both are continuously embedded in some Hausdorff topological vector space U.
Observe that for all a,b € GI(s)* the Banach spaces (7, . |l,,) and (7, - |l4,) are

compatible. We will simply write this pair of spaces J when no confusion can arise.



If Xy and X; are compatible, then one can form their sum Xy + X7 and their intersection
XoN X;1. The sum consists of all z € U such that one can write x = y + z for some y € X
and z € X;.

Suppose that Xy and X; are compatible Banach spaces. Then XyN X; is a Banach space
with its norm defined by

2l xonx, = max([lz]lx, ] x,)-

Moreover, X + X is also a Banach space with the norm
2l xysx, = f{llyllx, + lel, 2=y + 2, € Xo,2 € Xa).
A Banach space X is said to be an intermediate space with respect to X if
XoNn Xy C X C Xo+ X,

and both inclusions are continuous. B
Given a compatible pair X = (Xp, X1), one considers the space F(X) = F(Xo, X;) of
all functions f defined in the strip

S={z€C:0< Re(z) <1},

with values in X + X1, and having the following properties:
1. f(z) is continuous and bounded in norm of Xy + X; on the strip S.
2. f(z) is analytic relative to the norm of Xy + X7 on S° ={z€ C:0 < Re(z) < 1}.

3. f(j + ty) assumes values in the space X; (j = 0,1) and is continuous and bounded in
the norm of this space.

One equips the vector space F(X) with the norm
11l £y = max {sup || f(iy)l| x, . sup [[f(1+iy)lly, }-
y€ER yeR

The space (F(X), || | 7(x)) is a Banach space.

For each 0 < t < 1 the complex interpolation space, associated with the couple X,
Xpy = (Xo, X1)[y is the set of all elements = € Xo + X representable in the form z = f(t)
for function f € F(X), equipped with the complex interpolation norm

2l = inf{|| fllzx) = f € F(X), f(t) =z}
The two main results of the theory are:
Theorem A The space X[, is a Banach space and an intermediate space with respect
to X.
Theorem B Let X and Y two compatible couples. Assume that T is a linear operator
from X, to Y; bounded by M;, j =0, 1. Then for ¢ € [0,1]

1Tl s, < M3~*ML.



4 Geometric Interpolation

In this section, we state the main result of this paper. First, we introduce the notation.
Forn e N,s>1and a € GI(£)", let

T ={(Xg, ..., Xn_1): Xi €T},
with the norm
X0, X1l gass = (Xl 0+ oo+ 1 X150,
and C" with the norm
(20, -+ 2n—1)ls = (120]" + oo + 201 )Y*.
We consider the action of GI(#) on J™, defined by
L:GUA) x T — T 1,(Xo,s o, Xno1)) = (9Xo0g", -, 9Xn_19"). (1)
From now on, we denote with «7452);5 the space J (™ endowed with the norm ||(., ... , M o.a:s

Proposition 4.1. The norm in «7(,72;5 is invariant for the action of the group of invertible

elements. By this we mean that for each (Xo,... , Xn_1) € J™, a € GU(A)t and g €
Gl(S7), we have

||(X0, 7X7l—1)||¢,a;s = ||lg((X0a aXn—l))||¢,gag*;s .

Proof. Tt is sufficient to prove that s(a=*/2Xa~1/2) and s((gag*)~2gXg*(gag*)~?) coincide.
For j € N, we get

5i((9ag") 29X g"(gag")™2)? = N((gag") 7gX*g*(gag") % (gag*) 29X g"(gag*)"?)
= X\((gag*)"2gX*g* (gag") "' gX g (gag*)"?)
= X((gag")"2gX"g*(g") "a" g g X g (gag”) %)
= X\((gag*) 29X *a"' Xg*(gag*) %)
= X((gag*) " 2gX*a"Fa" % X g (gag*)"?)
= M(a"*Xg'(gag*) "% (gag") 2 gX*a?)
= N(a *Xg*(gag*)'gX*a"?)
= )\j(a*%Xa*%a*%X*a*%)
= sj(a*%Xa*%)Q,
where \;(X) denotes the j-th eigenvalue of X decreasingly ordered. O

Theorem 4.2. Let a,b € GI(#)T,1<s<oo,neNandt e (0,1). Then
(n) (n) _ 7(m
(‘7¢>,a;8’ ‘7¢'7b;5)[t] - ‘7¢,’Ya,b(t);8'

Proof. Recall Hadamard’s classical three lines theorem ([18], page 33):
Let f(z) be a Banach space-valued function, bounded and continuous on the strip S,
analytic in the interior, satisfying

1f(2)llx < Mo if Re(z)=0



and
1f(2)]x < My if Re(z)=1,

where ||.|| y denotes the norm of the Banach space X. Then
1£G)ll < My~ M,

for all z € S.

In order to simplify, we will only consider the case n = 2. The proof below works for
n-tuples (n > 3) with obvious modifications.

By the previous proposition, we have that || (X1, X2)]|; is equal to the norm of a % (X1, Xo)a= /2
interpolated between the norms ||(.,.)|l4 ;.. and [|(-;.)[l 5 ... Consequently it is sufficient to
prove our statement for these two norms.

The proof consists of showing that for all ¢t € (0,1), [[(X1, X2)|l,; and [[(X1, X2)|4 e

coincide in J@.
Let ¢t € (0,1) and (X1, X3) € J® such that (X1, X2)[| 4 0t.s = 1, and define
(2) = B3 (X0, Xa)em 5 eE = (f1(2), fo(2)).
Then for each z € S, f(z) € J®

2
£ @)lloas = e ¥ ™2 (X1, Xa)e 2 e g = (O lle¥ e 2 Xpe 2% |5 ) < 1,
k=1
and
2 . .
141 cs = crct et Xpe et e |5 )V < 1.
Y)llp,c; o,c
k=1

Since f(t) = (X1, Xs) and f = (f1, f2) € F(T?) we have [|(X1, Xs)|/jy < 1. Thus we have
shown that
(X1, X2) [l < (X1, X2)llg,etso-

To prove the converse inequality, let f = (f1, fo) € F(TP); f(t) = (X1, X3) and k = 1,2,
we consider Y}, € J\ with [Ykll, <1. Let

gr(2) = ¢ 2V .
Consider the function h: S — (C2,(.,.)[,),

h(z) = (tr(f1(2)91(2)), tr(f2(2)g2(2)))-

Since f(z) is analytic in S° and bounded in S as a J @) valued function, then h is analytic
in S° and bounded in S, and

h(t) = (tr(c™EXy1¢3Y)), tr(c™ 2 Xoe 5 Y5)).
By Hadamard’s three lines theorem, applied to h and the Banach space (C?,|(.,.)|,), we have

|h(t)] < max{sup |h(iy),,sup|h(l+iy)[}.
yER yER



For j =0,1,

2
sup [h(j +iy)l, = sup (Y |tr(fu(G +iy)gn(i +iy))*)Y*
yeR yeR 1
2
= sup (Y |tr(c™ 72 fuG + iy)e 7 Pguliy))*) '/
YeR =1
2
< supO G+ il5.0) Y < 1),
yeR h—1
then
X0 [15e + 1 Xoll5 e = sup {ltr(c™2X,c 2| + |tr(c™ 2 Xoc 2 Ys) |}
V2l 5 <1,[1¥1 ]| <1
< sup Ih(t)]5 < Hf”;—'(j(?))'
IY2]l , <L,[[Y1l 4 <1

Since the previous inequality is valid for each f € F(J®) with f(t) = (X1, X>), we have
(X1, X2) [ e < [[(X1, X2) -

O
In the special case n = s = 1 we obtain
Corollary 4.3. Given a,b € GI(A)" we have for all t € [0,1]
(To0: T6.0)10) = T a0 (0)-
Remark 4.4. Note that when a and b commute the curve is given by 7,4(t) = a' b’

The previous corollary tells us that the interpolating space, Jy -, ,(r) can be regarded as a
weighted 7, space with weight a' ~'b" (see [2], Th. 5.5.3).

By Theorem B, we obtain the following result of interpolation:

Corollary 4.5. Let a,b,c,d € GU#), s > 1, n € N and T a linear operator such that
the norm of T is at most My (between the spaces ‘7(") and jdg?_s) and the norm of T is at

@3S

most My (between the spaces j(n) and JXZS). Then, for all t € [0,1] we have

,C;8

1T (z) ||¢7’Yb,d(t)§5 < (MO)I_tMltHx“qb,’m,c(t);S'

5 On the Corach-Porta-Recht Inequality

In their work on the geometry of the space of selfadjoint invertible elements of a C*-algebra,
Corach, Porta and Recht proved in [6] that if S is invertible and selfadjoint in B(7¢), then
for all X € B(J¢)

|SXS~!+S71XS| > 2| X]|.

In [12], Kittaneh proved a more general version of the CPR inequality: for any norm ideal
(Z,]]-Ilz) of B() and for all X € T we have

20Xz < ISXS~ + S XS]z (2)

n [19], Seddik obtained the following inequality for any norm ideal Z of B(5¢)



Theorem 5.1. Forall X € T
1SXS~1 =S XSz < (SIS = DISXS™ + 571 XS]z (3)

Recently, Larotonda in [16] obtained the following inequality for any norm ideal

Theorem 5.2. ([16], Corollary 28) For all X € T
1SXS™' = S7'X S|z < |Lr — Rrllpo)||SXS™ + 571X S|z, (4)

where T = log |S| and Lr, Ry are the left and right multiplication representations of T in
B(T), Lt(U)=TU and Rp(U) =UT.

Here ||P||(z) denotes the norm of the linear operator P :Z — T , that is
IPlsz) = supd I P@)lz : lellz = 11,
The bound in (4) is related to the theory of generalized derivations. If A, B € B() let
Sap:X —04p(X):=AX — XB = L(X) — Rp(X).

The theory of generalized derivations has been extensively studied in the literature, see
for example [7]. In [20], Stampfli proved the following equality

16,8 = inf{[|A = Al +[[B = A : A € C}. (5)
If (Z,||.]|z) is a norm ideal in B(s#) and X € Z, then for all A € C
164,8(X)[lz = I(A = XX+ X(B =Mz < (A=Al + B = AD[X]z. (6)

It follows from (5) that
164,8]lBz) < [104,8]l-

From these facts we get,

||SX571 _S*lXSHI S ||LT_RT||B(I)||SXS71+571XS||I
= |orrls@llSXS™ + 871X S|z
< lorrllSX ST+ STHXS| 1 (7)

From (7) and (3) we obtain that

|SX571 = $7'XS]|z < min{[5r.rll, [ SIS - 1}ISX S + S~ XS]z

Note that the bound in Theorem 5.2 is a refinement of (3). We start by recalling the
next

Corollary 5.3. ([20], Corollary 1) Let T be a normal operator. Then

100 7|| = sup{|TX — XT| : T € B() and |T|| = 1} = 2r(T) = Amax(T) — Amin(T),

where r(T') is the radius of the spectrum of T.



First, we shall assume that S is positive. Then

AIIIZ})( S
137211 = Amae(T) = () = 108 (5)) 0B Aain(5)) = o325
therefore .
S| = Amax(S d ST = :
IS0 = Amuc(S) and 57 =
> Anas(5) ) _ Amas(8)
) =1 e mEL 1= |S||S7Y| - 1.
Jor 7l = log(F25 ) < JEL 1 = 55
Here we use the fact that log(t) <t —1, for all ¢ > 1.
In the general case (i.e. S invertible and selfadjoint) we have
Amax (| S]) . -1
5rr|l = log(=—=2) < SIS~ = 1= 1SS~ — 1,
1627l (Amm(\Sl) SIS IS~
Now, we are ready to state the next
Theorem 5.4. Let Z be a norm ideal, then for all X € T
ISXS™! = SIXS||r < orr [SX S~ + S71XS7, (8)

with T = log |S].

Note that the inequality holds for any norm ideal Z where the explicit bound ||dr ||
depends only on the operator S and the norm in B(%) and not on the given unitarily
invariant norm.

Now, we shall apply the Corollary 4.5 to the inequality obtained above. Consider

Trs: T —J Trs(X)=85XS"t-871x8

and
Rss:J —J Rzs(X)=SXS'4+571Xx8.

From Corollary 4.5 and (8), we obtain
Corollary 5.5. For a,be GI()T,X € J and t € [0,1], we have

ISX5~ — ST XSl < 2ullézrlllall DI 1X 1l g,, 01 (9)
where p = ||S[[[|S7H].

Proof. We will denote by v(t) = v44(t), when no confusion can arise. By (8) the norm of
Tz s is at most 2u||dr,r||||a|| when

Ty,s: (T l-llg.a) — (T 1-lls),

and the norm of T'7 g is at most 2u||ér, 7|/||b]| when

T7.s: (T l-Nlop) — (T, [Ms),



Therefore, using the complex interpolation, we obtain the following diagram of interpo-
lation for ¢ € [0, 1]

(T l-lg,0)
\\
Ty

(T 1lg 7)) —— (T [Ill6)
/
(T [-lg.)
By Corollary 4.5,

IT7,s(X)lle < @ullorzllbh @ullorzilal) = 1 X s
2ullor.rllllall™ = 101X g, 0)-

With a slight change in the previous proof, we get the inequality
15X~ + 871X S lg < 2ullall™ Bl 1X 16,7 (- (10)

We need to consider the operator R s and the fact that the norm of this operator is at
most 2ulal| when

Rgs: (T lllg.a) — (T l-lle)-
Corollary 5.6. For X € J and t € [0,1], we have

155 = 571X Sy < 2llsrrll it {llal B IX g, 00 ¢ € [0,1),0b € GUE)YT)
and
2| Xlg < 1SXS™+STX S|y < 2 inf{[lall "I X N[ py, 00 : € [0,1],0,b € GI(#)H}

where j1 = S]]

Remark 5.7. In [5], we obtained Clarkson’s type inequality from 4.5 for the p-Schatten
ideals with 1 < p < o0, i.e. with ¢ = ¢,,.

6 The geometry of A}7

In this section we give a geometric context to what has been previously presented. More
precisely we prove that the curves v, ; are minimal curves of a Finsler geometry for a manifold
of positive and invertible operators.

6.1 Topological and differentiable structure of A}.

Consider the following set of Fredholm operators,
T={A+XeB#):\eC, X T}
There is a natural norm for this subspace

A+ Xl = AL+ [1X |-

10



Lemma 6.1. Let \+ X, +Y € J. Then
LA+ X[ < Id+ XI5,
2. A+ X)(p+Y)llg < A+ XI5l + Y5
In particular, (J,+,.) is a Banach algebra.

Proof. One has the usual estimates
LA+ X[ < A+ X< A+ [1X ]l = 1A+ XI5
2.

[(A+X)(+Y); [Au+AY + pX + XY g = [Au] + [AY + pX + XYy
(Al + MY [l + [l X T[e + 1IXY Nl
Alll + MY [l + [l X o + 1IX oY 1o

(AL + 11X ) (el + 1Y 1)

IN A

The selfadjoint part of 7 is

T ={A+XeT:(A+X)"=\+X)},
Remark 6.2. 1. (7, [[-Il) is the minimal unitization of (7, |[.[|,)-
2. Note that the multiples of the identity Al and the operators X € J are linearly
independent. Therefore

A+ X e J° ifand only if e R, X* = X.

Formally,

J=CeJ J=RaJ*,
where J°% denotes the set of selfadjoint operators in J.
Inside J5¢, we consider
Ag={\+XeT: M+ X>0CGl(x)*.
and R
Ay={1+XeJ:1+X>0}

Apparently Ay is an open subset of J°¢, and therefore a differentiable (analytic) sub-
manifold.
The next step is to prove that Aé is a submanifold of A,. For this purpose, we consider

0: A >R, 0A+X) =\
Lemma 6.3. 0 is a submersion.

Proof. Tt is sufficient to show that dfy,x is surjective and ker(dfyyx) is complemented
([15], Th. 2.2).

Since J°* and R are Banach spaces and 6 is a continuous linear map we get that df ;. x =
0

Apparently, dfy; x is surjective and ker(df, x) has codimension 1 and hence is comple-
mented. O

11



It follows that A} is a submanifold, since A} = 67'({1}). These facts imply that, for
1+XeAlL, (TAé)HX identifies with J*%.

If 7 is a Banach algebra and an ideal in the algebra B(5¢), then we denote by GI(5¢,7)
the subset of GI(.%) consisting of those operators of the form 1+ a with a € Z, i.e.

GUAT)={1+acGUAH):acT}={beGIH): b—1€cT}

The standard examples are when Z is the ideal of compact operators By(.5¢)- in which
case GI(H, Bo(#)) is the so-called Fredholm group of - when Z is the ideal of Hilbert-
Schmidt operators and when 7 is the ideal of trace class operators By (s¢). The classical
work here is [10].

There is a natural action of GI(#, J) on A}, defined analogously to I in (1):

L:GUA,T) x A — A}, 14(X) = gXg*. (11)
This action is clearly differentiable and transitive, since if 1 + X, 1+ Y € Aé then
LA1+X)=(1+Y),
for r=(1+Y)2(1+X)"2 € GU(A, T).
If1+Ye Aé), we define the length of a tangent vector X € (TA;)HY by
[Xlg 15y = 10+ Y)2XA+Y) 2 llg = laay)-22(X)
By Proposition 4.1 the Finsler norm is invariant for the action of GI(5¢, J).

6.2 Minimal Curves

In this section we study the existence of minimal curves for the Finsler metric just defined.
The expression “minimal” is understood in terms of the length functional (or more generally
g-energy functional). We prove that the interpolating curve 7, joining a with b is the
minimun of the g-energy functional for ¢ > 1. We observe that this curve looks formally
equal to the geodesic between positive definitive matrices (regarded as a symmetric space,
see [17]).

For a piecewise differentiable curve « : [0,1] — Aé, one computes the length of the curve
a by

1
Lo@) = [ 16(0)oac
Proposition 6.4. Given a,b in AL, the curve v, has length ||log(a™2ba™7)]|4.

Proof. Since the group GI(H,J) acts isometrically and transitively on Aé}, it suffices to
prove the theorem for a = 1. Then

11,6 lg1.0(6) = 11080V g0 = (1672 Tog(B)b~*/[|p = || 1og(B)]le,
because log(b) and b conmute for every t € R . O

Definition 6.5. Let a,b € Aé. We denote
Qop ={a:[0,1] — Aglb cacis a C' curve, a(0) = a and (1) = b}.

As in classical differential geometry, we consider the geodesic distance between a and b
(in the Finsler metric) defined by

dy(a,b) =inf{Ls(e) : o € Qg p}

12



The next step consists of showing that +,; are short curves, i.e. if § € 2, then

Ly(vap) < Ly(9)

and hence ) )
dy(a,b) = [[log(a™2ba™2)||4.

The proof of this fact requires some preliminaries.
We begin with the following inequalities :

Lemma 6.6. (/11]) Let A, B, X be Hilbert space operators with A, B > 0. For any unitarily
invariant norm |||.||| we have

1
1
1142 X B2 < HI/ ATX Bt < SI[[AX + X B||. (12)
0

The proof of the next inequality, called by Bhatia (in the context of matrices) the expo-
nential metric increasing property, is based on a similar argument used in [3].

Proposition 6.7. For all X,Y € J°¢
x _x
1Yllg < [le”> dexpx (Y)e™ > g,
where dexpx denotes the differential of the exponential map at X.

Proof. The proof is based on the inequality (12) and the well-known formula below:

1
depr(Y):/ e Xy (=X gy,
0

X

Let X,Y € J%. Write Y = eZ (e"2Ye 2 )e
obtain

2. Then using the inequalities (12) we

1 1
IVlo < 1 [ e dye Heto¥a, o ¥ [ eXyetoXae ¥,
0 0
X X
= lle7Zdexpx (Y)e = |lg.
This proves the proposition. O

We are now ready to prove the main result in this section.

Theorem 6.8. Let a,b € Aclb, then 7y, 15 the shortest curve joining them. So
do(a,b) = | log(a™ 2ba™ %),

Proof. Since the group GI(H, J) acts isometrically and transitively on AL, it is sufficient to
prove the statement for ¢ = 1. Then

Mp = bt = etloe®) and  Lg(ve) = || log(b)l¢-
Let v € Q4 3; so write y(t) = e*(*) we get

_1 a(t) a(t)

1, _1 _al) [ 10 _a) . _at)
IO 5 @vO e = e (2O) ey = llem*F deapa (@(t)e " Iy
)l

\%
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Finally,

L) / H) .oyt = / &) B4y [lpdt > / l6(t)l| ot

vV

1
II/0 a(t)dtlly = lla(®)olls = (1) = a(0)lly = [I1og()]ls-
O

Remark 6.9. The geometrical result described above can be translated to the language of
the operator entropy
S(alb) = a/*log(a=/?ba=1/?)al/?,

with a,b € GI(#)" defined by Fujii and Kamei ([8]). Then
dg(a,b) = [|S(alb)[s,a;
for a,b € Ai.

Corollary 6.10. Leta,b € Aé, be commuting operators. Then the exponential function maps
the line segment determined by log(a) and log(b) in J isometrically to the geodesic Yqp. In
particular, || log(a) —log(b)||¢ = dg(a,b).

In particular for all real numbers ¢, s and for all X € J
J6X — sX[ls = do(e™, eX).
Thus the exponential map is distance-preserving on all rays through the origin in Jy.
Proposition 6.11. Given a,b € AL, g € GI(H,B1(H)) we get
1. d¢(a7b) = d¢(a*17b’1).
2. Forallt e R
dy(a,vap) = [t|dg(a,b).
3. Invariance under the action by GI(H, B1(H))
dg(a,b) = dy(gag™, gbg”).

Proof. 1. It is easy to see that S(alb) = —a? log(azb 'a2)a?, as a consequence from
log(1/t) = —log(t). Then

dg(a,b) = ||logla™2ba™%)[|y = [la~=S(a/b)a"% |4
= |- a"za? log(a%bfla%)cf%a% ls
= || —log(a®b~ta®)|s = ds(a™t,b7h).
2. It is obvious that S(a|ye(t)) = tS(alb), then
_ 1 _ 1 _ 1 _1
dy(a,Yap) = a~2S(alvas(t))a" 2 |y = |t] =2 S(alb)a"2 |4 = |t| dy(a, b).

3. Note that if v, 5 is the geodesic joining a with b, then

||97a,b(t)9*||¢7g%,b(t)g* = [Ya,p(t)] G Van(t)
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Definition 6.12. For a,b € Aé, we call the midpoint of a and b, and we denote by m(a,b)
(following the notation used in [15]) to

m(a,b) := v4,6(1/2).
By the Proposition 6.11 and the last definition we have that:

1. m(a7 b) = 7a,b(1/2) = 7b,a(1/2) = m(b7 a)'
2. dy(a,m(a,b)) = 1dy(a,b) = Ldy(b,a) = dy(b,m(b, a)).

Definition 6.13. For every ¢ € R — {0} we define the g-energy functional

1
Ey:Qqp— RT, Ey(a) = /0 Hd(t)”i,a(t)dt

Remark 6.14. 1. For ¢ = 1 we obtain the length functional, and for ¢ = 2 we obtain the
energy functional.

2. For any curve o such that ||c(t)||,q(¢) is constant we have

Eqy(a) = (Ly(e)? = (E(w))%.

In Theorem 6.8 we proved that the curve between a and b minimizes the length functional.
This fact is valid also for the g-energy functional (associated with €, ;) for ¢ € (1, 00).

Proposition 6.15. Let a,b € Aé and q € [1,00). Then the q-energy functional achieves its

global minimun di(a,b) precisely at g p.

Proof. Now, let o € Q45 and g € (1,00) then by Holder’s inequality

(L@ = ([ 1@l < [ 1600 = Fifo)

On the other hand, (L¢(Va,5))? = E4(Ya,p). This implies that

Eq(Vap) = (L (Yap))? < (Lg()) < Ey(e).
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