TOWARDS THE CARPENTER’S THEOREM

MARTIN ARGERAMI AND PEDRO MASSEY

ABSTRACT. Let M be a II; factor with trace 7, A C M a masa and FE 4 the
unique conditional expectation onto A. Under some technical assumptions on
the inclusion A C M, which hold true for any semiregular masa of a separable
factor, we show that for elements a in certain dense families of the positive
part of the unit ball of A, it is possible to find a projection p € M such that
E A(p) = a. This shows a new family of instances of a conjecture by Kadison,
the so-called “carpenter’s theorem”.

1. INTRODUCTION

As it is well-known, the Pythagorean Theorem (PT) states that the square of
the norm of the sum of two orthogonal vectors is equal to the sum of the square
of the norms of each vector. A converse of the theorem would be the statement
that if such equality occurs, then the two vectors were orthogonal to begin with.
Such a result allows a carpenter to check his right-angles by just measuring length,
so that’s why PT’s converse is called the “carpenter’s theorem” (CT) by Kadison.
In his work [4, 5], he considers extensions of PT and its corresponding converses
CT to infinite dimension, getting to the unexpected and striking Theorem 15 in [5]
(extended by Arveson in [2]). These generalizations of PT and CT are carried in
[4] to the realm of II; factors, where the PT basically becomes tautological, and
the CT becomes the following:

Conjecture [Kadison’s carpenter’s theorem] Let A be a masa of the II; factor M
and let a € A]. Then there exits a projection p € P(M) such that E4(p) = a,
where E 4 denotes the trace preserving conditional expectation onto A.

In the finite dimensional case, the CT is a particular case of the well-known
Schur-Horn theorem. Whether the Schur-Horn theorem extends or not to II; factors
is unknown at the moment (see [1, 3]). In this paper we focus on the CT in II;
factors. Assuming some restrictions on the factor and the masa, which hold true
for semiregular masas in separable II; factors, we show that the statement holds
for various dense families. It is worth mentioning here that the statement of the
CT (and also of Schur-Horn) is only meaningful in the case of masas, for this would
imply the result for any other abelian subalgebra, and also because both statements
are likely to fail when the subalgebra considered is not abelian: indeed, CT does
not hold for non-abelian subalgebras of M,,(C), and so neither does Schur-Horn.
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Although our results fail to settle the CT conjecture in full generality, our meth-
ods lead us to consider a possible strategy for obtaining the CT under the conditions
we consider for the inclusion A C M, as explained at the end of the paper. It is
worth noting that these technical conditions hold true for inclusions A C M where
A is semiregular.

2. PRELIMINARIES

Throughout the paper M denotes a II; factor with normalized faithful normal
trace 7. We denote by M52, M™ Uy, the sets of selfadjoint, positive, and unitary
elements of M. By P(M) we mean the set of projections of M. Given a € M** we
denote its spectral measure by p®; thus, p*(A) is the spectral projection associated
with a Borel set A C R. The characteristic function of the set A is denoted by
Xa and its Lebesgue measure by m(A). The unitary orbit of a € M?** is the set
Unm(a) = {uau™ : u € Upn}-

In [4], Kadison conjectured that if A C M is a masa and a € Af ie., a € A"
and 0 < a < 1, then there exits a projection p € P(M) such that E4(p) = a. This
conjecture is equivalent to the following assertion: for p € P(M), a € A,

(1) 0<a<l,7(a) =7(p) & a€Eallm(p)):

Using (1) it can be shown that Kadison’s conjecture is a particular case of a
more general conjecture (a Schur-Horn theorem in IT; factors), that was stated as
an open problem by Arveson and Kadison in [3]. In [1] we proved a weaker version
of Arveson-Kadison’s conjecture, that restricted to the situation in (1) is

Theorem 2.1. Let AC M, a€ A, pe P(M). Then

0<a<l, 7(@)=7(p) & acBiUm®p)

Note that in (1) the unitary orbit of the projection is already strongly closed
(and so norm-closed, too), but the statement in Theorem 2.1 is weaker because it
is not clear whether the set on the right-hand side of (1) is already closed in the
strong operator topology (a fact that is actually equivalent to Kadison’s conjecture
by Theorem 2.1).

Matrix Units. Given a masa A in M, we denote by N4 the normalizer of A in
M, i.e. the subgroup of Unq given by

Nao={u€lUpn : u*Au= A}

The masa A is said to be semiregular if (N 4)” is a factor, and regular (or Cartan)
if (M4)” = M. Popa shows in [6, Proposition 3.6] that any semiregular masa in a
separable type II factor is Cartan in a hyperfinite subfactor. His result implies the
following:

Proposition 2.2. If A C M is a semiregular masa in the separable II; factor M,
then for every k € N there ezists {uf}2, C Ng and {p¥}2-, C P(A) such that

{Ufj}z‘j, where Ufj = Ufplf(uf)*, is a 28 -system of matriz units with vfj = p;? € P(A)
for j=1,...,2% and such that

k+1 k+1 _ k . b
(2) Vg 1951 T Vg0, =05, 1<, j <27,

and such that the family {pf} generates all of A.
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Matrix units can always be constructed in a II; factor, but the result in Propo-
sition 2.2 allows one to make “coherent embeddings”, in a sense made precise in
Corollary 2.3.

We denote by D(n) the diagonal subalgebra of M, (C) and by Ep(,) : M,(C) —
D(n) the diagonal compression. We also consider ¢y : Myr (C) — Myr+1(C) to be
the unital *-monomorphism ¢y (A4) = I ® A. Denote by {efj} the canonical matrix
units in Mok (C).

Corollary 2.3. Let {p?}, {vfj} be as in Proposition 2.2. Define a family of -
monomorphisms my, : Mar(C) — M in the following way: for a = (a;j) € Mayr(C),

let
mi(a) = Z aijvfj.
2]
Then m(ef) = pf fori=1,...,2% and mp = Tpp1 0 g, Tk © Ep(ory = Ea 0 7,
keN.

For every k € N let {If}f; denote the dyadic partition of [0, 1] given by IF =
(i —1)27F,i275).

Remark 2.4. To each family { {p¥ 2221 : k € N} C A as in Proposition 2.2 we
associate an operator z in the following way. It is easy to see that the sequence of
discrete positive operators zj = Z?il o p¥ € A" is non-increasing and bounded.
Let x = limgor 7 € A*. Then, for every k € N and 0 < i < 2k, p?(IF) = pk.
In particular, 7 o p” is the Lebesgue measure restricted to [0,1]. We say that x
is the associated operator to the family {p¥}. Notice that the von Neumann
sub-algebra generated by x coincides with A, since the projections p? are Borel
functional calculus of z € A.

3. MAIN RESULTS
Two subalgebras A, B C M are said to be orthogonal [7] in M if E4(B) c CI.

Definition 3.1. We say that a masa A C M is totally complementable if for
every projection p € A, the masa pA in pMp admits a diffuse orthogonal subalgebra.

Theorem 3.2 (Carpenter’s theorem for discrete operators). If A is a totally com-
plementable masa in the I, factor M, then for every discrete a € (A)T there exists
a projection p € M such that E4(p) = a.

Proof. Assume B C M is a subalgebra orthogonal to A. For any « € [0, 1], there
exists a projection ¢ € B with 7(¢) = a. Since A and B are orthogonal, E4(q) =
T(Ealq) =7(q) = a.

Now let p € A be a projection; then pA is a masa in pMp, so it admits an
orthogonal subalgebra B,. By the first paragraph, there exists a projection ¢ €
B, C pMp with E, 4(¢) = ap. Since g € pMp, in particular ¢ = pq. So

Ex(q) = Ea(pq) =pEalq) = Epalq) = ap.

Now let a = ), arpr where {py}ren is a sequence of mutually orthogonal
projections in A and {ay }ren is a sequence of numbers. Since 0 < a < 1, we have
0 < ap < 1. For each k € N apply the first part of the proof to get a projection

qr € M such that E4(qx) = ak pr, qx < pr. Thus, the operator ¢ = >, g € M
is a projection such that E4(q) = >, o Dk O
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Remarks 3.3.

(i) The conditions in Theorem 3.2 are satisfied by a Cartan masa of the hyper-
finite II; factor, and so by any semiregular masa in a separable II; factor,
since it is Cartan in an intermediate hyperfinite subfactor [6, Proposition
3.6].

(ii) Because in general there is no clear “coherent” way of constructing the
projections ¢x in the previous proof, we would not expect such argument
to be useful to prove the general case of the Carpenter’s theorem.

(iii) Under the conditions of Theorem 3.2, it follows in particular that there
exists a projection p € A such that

EAlp) = EI-

Remarkably, it seems hard to prove even this particular case of Kadison’s
conjecture in the general case of an arbitrary I1; factor and a masa A C M.

In the remainder of the paper, given a semiregular masa A of the separable II;
factor M, we will prove the Carpenter’s Theorem for some non-discrete operators,
namely piece-wise linear functional calculus of z, the associated operator of a family
of projections considered in Remark 2.4.

We begin by defining the following sequence of unitary matrices (W,,),:

1 0 0 0
0 L —L1L o W, o on
Wi=1y ﬁ 2 0] Wn+1Wn®IQ<O Wﬂ)@wl
2 2 Pt
0 0 0 1

Lemma 3.4. Let A € My (C). Put A(1) = A, An+1) = Witn1(l2 ®
A(n))Wii,_1. Then there exists X < 1, independent of A, k and n such that

1
slAM+1) = L@ Az < MA(n) = L ® A(n = 1)]I3

Proof. Let k > 1 and n > 2. We can consider A(n— 1) as a block matrix with 2 x 2
blocks, i.e. A(n —1) = (A;;)i; where A;; € Ms(C) for 1 <4, j < 2(k+n=3) Tt is
easy to verify that

I ® A(n —1) = (I; ® Aij)i; and A(n) = (Wi(l2 ® Ay )WT)ij = (Aij(2))is-

So in particular we have that

oUktn—3)
(3) [A(n) ~ L@ A -1)[5= > [|4;(2) - L ® A3
i,j=1
Similarly we see that A(n + 1) = (A4;;(3));, for 1 <i, j <2k+7=3 and
o(k+n—3)
(4) [An+1) -LeAm)z= Y [4;3) - Lo A;2)]3.
i,j=1

So, from (3) and (4) we see that it is enough to prove that there exists 0 < A < 1
(independent of A, k and n) such that for every 1 <i, j < 2k+n=3,

1
5\\/115(3) —L®A;(2)[3 < A A4i;(2) — I ® Ayll3.
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We show that such inequality holds for any 2 x 2 matrix B = (b;;);; € M2(C). By
straightforward computations,

—biao bio
bll V2 V2 0
—ba1  biit+bas  bii—baz  bia
V2 2 2 V2

ba1 bi1 gbzz b11-5b22 b1z

V2 V2
and so
(5) IB(2) — I ® B3 = (4 — 2v2)(|b12|* + [b21]?) + [b11 — bao|*.

Thus, if we consider B(2) = (B;;);; as a 2 x 2 block matrix, where B;; € M5(C),
we can use the previous calculation with each of these four matrices and get

(6) 31B@) ~ L ® BE)IE = 3((4 - 2VD(bal + bu) + (5 — V2) Ibas — baal?)

Writing 2 — v2 =1+ (2 — v/2) and using (5) and (6) we get that

1 IBG) - L®B(2)3

3
- 1+ -V2)<1. O
2[Wi(I, @ BYW; — I x B2 ( )

2

1
< Z
-2

In what follows we denote by {f¥ }fil the rank-one projections associated with
the elements of the canonical basis of C2" that is f* = ek

Lemma 3.5. Letn € N and A € My (C). Then, with the notations of Lemma 3.4:
(1) Epriny(A(n+1)) = Epriny(Wiin-1 (I2® Epgrin-1)(A(n))) Wi, 1)
(i) If A is diagonal and B =W,_, AW} _,, then
g -4 A if i =4h ori=4h—3
T 3 (Ag—ran—1 + Agpoan—2) ifi=4h—1 ori=4h—2

k
(iti) If Bpary(A) = S0_, de fF, then

zkfl 27L71
k4n—1 k4n—1
Ep(grin-1)(A(n)) = Z Z Ven-1f :_(?—1)+2h—1 +Yin J: :_(?—1)4-2h
=1 h=1
where

h
Yon, = d2e—1+ on 1 (doe — d2g—1).

Proof. To prove (i) let k, n > 1 and consider the block representations A(n) =

(Aij)lz’?:l_g where Aij € MQ(C) Then Ir ® A(TL) = (I2 (%9 A”)?Jk;;_2 and

gk+n—2
ij=1

A(n+1) = Wign-1(I2 @ A(n))Wiiy,, = (Wi (I ® Ai;) W)

with respect to the previous block representation. Hence, to study the diagonal of
A(n 4+ 1) we can restrict our attention to the diagonal blocks Wy (Io @ A;;) Wi €
My(C), for i =1,...,2¥"=2  Straightforward computations show that

Epay(W1 (I ® Ayu) W) = Epy(W1 Epa)(I2 @ Ay) W)
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from which (i) follows, after noting that Ep4)(lo ® B) = Is ® Ep2)(B) for any
B e M, ((C)

The proof of (ii) is straightforward.

We prove (iii) by induction. The case n = 1 follows from the definitions and
hence we omit it. Now, assume that (iii) holds for A(n). Then

Qk—l on— 1

k
Z Z Ven-112® ol 070 1an

{=1 h=1

I ® Ep(grsn-1)(A(n))

+7@hI2 ®fk+n 1

n(e—1)+2h

21&‘71 on— 1

E Z Ven— 1(f(g 1)2n+14d4h— 3+f(e D2t pan—2)
(=1 h=1

+'7@ h (f(p 1)2n+144h—1 + f(g 1)2n+1+4h)

Using (ii) and the relations

Ven =Yoans %(WZ;H +Y2h) = Vo an—1>
we have
Ep@riny(A(n+1)) = Epriny(Wiin-1 (I2 ® Epgrin-1y(A(n))) Wi, 1)
2k—1gn-t
= Z Z V-1 f(ketq)2n+1+4h73 + %(’Yzl,hq +n) f(]igtq)znﬂﬂh,Q
(=1 h=1

1 k k
+§(72h71 +n) f(étrll)Q"L+1+4h—1 + Ve f(étq)2"+1+4h

_ n+1 k+n + n+1 k+n
= W 2h—2J(e—1)2n+14an—3 T Ve 2n—1J (6—1)2n+11an—2

n+1 karn + n+1 pk+n
¢,2h—1J(e—1)2n+114n—1 T Te2n J(e—1)2n+1 pan
2k71 on
_ n+1 k+n k+n
= E :W,hq 2n(£—1)+2h—1 "‘W L n(—1)+2n O
£=1 h=1

Theorem 3.6 (Carpenter’s theorem for some non-discrete operators). Let M be
a separable IIy factor and let x € AT be the associated operator to a family {p¥}
of projections in a semireqular masa A in M. If A € My, (C) then the sequence
(an)nen C M given by a; = m(A) and

ant1 = Than (AN + 1)) = Tppn(Wagk—1) Trpn (A1) Tgn(Whpr-1)"
converges strongly to an operator a € M. Moreover, we have that

(i) if A is projector (resp. self-adjoint, positive) then so is a;
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(i) if Aj; =d; and f:]0,1] — C is the piecewise linear function given by

_ k-1 J—1 Jj—1 J

f(t) - d2j71 +2 (t - ok—1 ) (d2J d2j71)7 te 27(k71)7 2(k1)) )
j=1,...,25"1 then Eq(a) = f(z);

(ili) if B € Mar and b = lim, m,1x—1(B(n)) then ||b— al|3 = 5%||B — A|3.

Proof. Using Corollary 2.3, Lemma 3.4 and the fact that if C € My (C) then
[Tkn-1(C)I5 = 27 F+7=D || C]|3, we have

lant1 — anH% < Allan — anleg

with 0 < A < 1, independent of A, k and n. Then the sequence {a,} converges in
[l - ll2 to an operator a € M. We now prove the remaining items.

(i) If A is a projector (resp. self-adjoint, positive), then so is A(n), for each n.
Since every m, is a #-representation, m,1,—1(A(n)) inherits the properties from A,

and any of the three properties passes to the || - ||2-limit.
(ii) By Lemmas 2.3 and 3.5,
Ealan) = Ea(Thin-1(AN))) = Thin-1(Eparin-1)(A(n)))
2k—1 2n71
— n k+n—1 k+n—1
- Z Z Ye,n—1 pzn(nz_l)_t,_gh 1t hpZ;j_(; 1)+2h"
=1 h=1

If we consider the discrete operators x,, as defined in Remark 2.4 then

2k+n,71 .
i e
Thin-1 = Z oktn—1 P
1=1
2k 12n
B (U —1)+2h—1 0 (L — 1) +2h 40y
Z Z ok+n—1 DPon(e—1)4+2n-1 oftn—1  Pan(t—1)+2n°
=1 h=1

It is easy to check that

(=1 _ (=1 +2h—1 _2"(¢-1)+2h _ ¢
2k—1 — 9k+n—1 < 9k+n—1 Qk—l’

and, if ¢, are as in the statement of Lemma 3.5, then

2"l—-1)+2h—1
f( ( 2k—0)—n—1 ) = Y1t g, (d2z dae-1),
270 — 1) +2h .
f<2k+n—1> = Yen1-
So
276 12’n 1
(=1 h=1

ktn—1
+ V- 1192W(Tzf 1)+2h

2k 1211. 1

= an +Z Z 2n d2€ dao— 1)p2n(g 1)+42h—1"
{=1 h=1
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Thus, letting d = max{d;} < || 4],
2k 1 on-— 1

1
HMW%%MMEZ;M@MMW%MW

. ll-ll2 LHEN
Since a,, — a, x, — ©, E 4 is normal, and f is continuous off a set of Lebesgue

measure 0 (see Remark 2.4), we get E(ay,) 1=, ala), flan) LELA f(z), and so

Eala) = f(2).
(iii) Note that ||I> ® Al|3 = 2||A|%3. Then we have

1
[Tnsk—1(B(n)) = mnyr—1(A(n))|5 = gt 1B(n) = An)|l3
1
= k-1 [Wisn—2(la® (B(n—1) — A(n — 1)) Wk+nf2||§
1
= S 1B =1) = Aln = 1)}
= 1B — Al

By continuity,

1
I = all3 = o5 1B - All3. O
2

The continuity property in (iii) suggests a possible strategy for solving Kadison’s
conjecture in this setting: using the previous notations, let g(z) € A for g €

L*>([0,1]), 0 < g < 1 and for k € N let g, = Z?klgM X1 be a sequence dyadic

discrete functions, 0 < g5 < 1, fo gr(t) dt = 27 Fm(k) for some m(k) € N and such
that converges to g in L2(]0, 1]). Then if we were able to construct a sequence of
projection matrices Ay € Myr(C) such that

1 | A1 — I ® Agl|3

(7) Dok (Ag) = Zglkf and hmsup 2 A — 5o Ar 1|2 <1
then, denoting by aj = lim,, 7g4,(Ag), we would have that
%J%im EM%)%?Q@)
since by (7), {ax}r would be a Cauchy sequence of projections in || - ||2. Hence a €

M would be a projection such that E4(a) = g(z) for an arbitrary g € L>([0,1]),
0<g<Ll
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