GENERALIZED INVERSES AND DOUGLAS EQUATIONS.

M. LAURA ARIAS, GUSTAVO CORACH, AND M. CELESTE GONZALEZ

ABSTRACT. In this paper we study the general concept of reduced solution for
a Douglas type equation and we parametrize these solutions using generalized
inverses. On the other hand, we characterize different sorts of generalized
inverses by means of solutions of Douglas type equations.

1. INTRODUCTION

This paper is devoted to explicite the relationship between the notions of Douglas
solutions of operator equations like AX = B and that of generalized inverses of
bounded linear operators with closed range. These equations arise in many prob-
lems of engineering, physics, and statistics. The following well-known theorem, due
to R. G. Douglas [4] (see also [5]), provides equivalent conditions for the existence
of solutions.

Theorem 1.1. Let H,K, G be Hilbert spaces, A € L(H,K) and B € L(G,K). The
following conditions are equivalent:

(1) R(B) € R(A).

(2) There is a positive number \ such that BB* < AAA*.

(3) There exists C € L(G, H) such that AC = B.

If one of these conditions holds then there is a unique operator D € L(G,H) such
that AD = B and R(D) C R(A*). Moreover, |D||?> = inf {\ > 0: BB* < AAA*}.
We shall call D the Douglas solution of AX = B.

We are interested in methods for finding the solutions C' and D. For this, the
concept of generalized inverse of an operator is very helpful. An operator A’ €

L(K,H) is said to be a generalized inverse of an operator A € L(H, K) if
1. AAA=A.

A € L(H,K) has a generalized inverse if and only if R(A) is closed. In fact, if A’
is a generalized inverse of A then AA’AA’ = AA’, ie., AA’ is a projection onto
the closed subspace R(AA’). Furthermore, R(A) = R(AA’A) C R(AA") C R(A),
so R(A) = R(AA’) and therefore it is closed. Conversely, if R(A) is closed, then
Pra) is a bounded linear operator and, by Douglas theorem, the equation AX =
Pp(a) has solution; i.e., there exists A" € L(K,H) such that AA" = Pg(4). Then
AA’A = A and so A has generalized inverse.
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As a consequence, if R(B) C R(A) and R(A) is closed then {A'B: AA’A = A} is
a set of solutions of the equation AX = B. In fact, A(A’B) = QB = B, because
Q = AA' is a projection onto R(A).

If A € L(H,K) has closed range then it has a unique generalized inverse A’ in
L(K,H) which also verifies:

2. ATAA = A’
3. (AA))* = AA
4. (AA)" = A'A.

This distinguished generalized inverse is called the Moore Penrose (generalized)
inverse of A and is denoted by Af. This result is due to E. H. Moore [9] and R.
Penrose [11], [12]. For excellent expositions of these matters the reader is referred
to the books [10] and [1] among many other sources. If R(B) C R(A) and R(A)
is closed then ATB is the Douglas solution of AX = B. This assertion is the
starting point of this paper. We denote A[i], Ali,j], A[i, 4, k], Ali, j, k,!] the sets
of operators X in L(KC, H) that satisfy equations {i}, {i,5}, {i,4,k} and {4, 4, k, 1}
respectively, for i,j,k,l = 1,2,3,4. Then, by the result of Moore and Penrose,
A[1,2,3,4] = {AT}. As a by product of our approach we show a very short proof
of the existence and uniqueness of the Moore-Penrose inverse of a matrix A.

In section 2 we introduce a notion of reduced solution which is a generalization of
the concept of Douglas solution. We characterize the set of these solutions and we
give a parametrization of this set using Douglas solutions.

In section 3 we establish the relationship between the sets A[1], A[l,i], A[l,1, ]
and A[l,1, j, k] and different Douglas type equations.

Finally, we collect in section 4 some results on continuity of the mapping (A, B) —
Douglas solution of AX = B.

We conclude this introduction by fixing notation and terminology. Throughout
H,K,G denote complex Hilbert spaces, L(H, K) the space of bounded linear oper-
ators from H to K, CR(H, ) the subset of L(H,K) of all operators with closed
range. The range of an operator A is denoted by R(A) and its nullspace by N(A).
We denote by Q the set of projections of L(H), i.e., @ = {Q € L(H) : Q* = Q}.
Fixed a closed subspace S of ‘H, Qs denotes the set of projections with range S
and Ps denotes the orthogonal projection of H onto §. The direct sum between
two closed subspaces S, 7 is denoted S+ 7. Observe that the existence of a decom-
position H = S 4+ 7 is equivalent to the existence of a unique Q € Qg such that
N(Q) =T, Q is usually denoted by Qs,/7

The next propositions will be used in this paper. See [7] and [3], respectively, for
the proofs .

Proposition 1.2. If S and T are closed subspace of H and S + 7T is closed, then

SNT)yt =8+ +T7+.

In particular, S+ + T+ is closed. Consequently, S + T is closed if and only if
St + T+ is closed.
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Proposition 1.3. Let S and T be two closed subspace of H. Then, H =S + T if
and only if H =8+ +T+.

Proposition 1.4. Let A € L(H,K) and B € L(G,H) with closed ranges. Then
AB has closed range if and only if N(A) + R(B) is closed.

2. REDUCED SOLUTIONS

The first part of the following Theorem is a generalization of Douglas theorem.
We include the proof, which is similar to Douglas original proof, for the reader’s
convenience. The second part provides a characterization of the generalized reduced
solutions in terms of generalized inverses.

Theorem 2.1. Let A € L(H,K) and B € L(G,K) be such that R(B) C R(A) and
let M be a closed subspace of H such that N(A) + M = H. Then there exists a
unique solution X pq of the equation AX = B such that R(X ) C M. The operator
X will be called the reduced solution of the equation AX = B for the subspace
M. Moreover, if A € CR(H,K) and Y € L(G,H) then Y is the reduced solution
of AX = B for M if and only if Y = A'B for some A’ € A[l,2].

Proof. Since R(B) C R(A), for each x € G there exists ¢ € M such that Bz =
Ax pq. This x a4 is unique: in fact, if there exists o € M such that Bx = AT
then A(zpr —Zam) =0. Thus, 2y —2Zam € N(A)NM = {0}, and so zpq = T aq, as
claimed. Therefore, the map X : G — ‘H such that Xz = z ¢ is well defined
and it is linear. Moreover, Xaq € L(G,H) because its graph, denoted by I'x,,, is
closed. In fact, let (z,, za1,) € I'x,, such that z, 2 and zpq,, — xaq; then,

n—oo

Az p = lim Az pq, = lim Bz, = Bz and, so, (z,20m) € I'x,,. By the definition

n—oo n—oo

of the operator X it holds that AX ¢ = B and R(X ) € M. It only remains to
prove the uniqueness of X ¢:

Let suppose that there exists D € L(G, H) such that AD = B and R(D) C M.
Then, B* = D*A* = X%,A*, ie., (D* — X%,)A* = 0. This gives, D* = X7}, in
N(A)*. Now, since H = N(A) + M = N(A)*+ + M= it remains to prove that
X and D* coincide on M. Let z € M+, since M+ C R(X )t = N(X},) and
R(D)* = N(D*), then X},z = D*z=0 and so Xpq = D as desired.

Now consider A € CR(H,K). Let X be the reduced solution of the equation
AX = B for some complement M of N(A). We shall to prove that there exists
A" € A[1,2] such that X, = A’B. Now, since N(A) + M = H, we can take the
unique @ € Quq such that N(Q) = N(A). On the other hand, let Q" € Qra)-
Then, A’ = QATQ' € A[1,2] and A’'B = A/AX = QXp = X . Conversely,
let A" € A[l,2], then AA" € Qrea) and A’A € Qp(ar). Therefore, AA'B = B,
i.e., A’B is a solution of the equation AX = B. Let us see that there exists a
closed subspace M of H such that R(A’B) C M and N(A) + M = H. First,
observe that since AA’ has closed range then, by Proposition 1.4, R(A") + N(A)
is closed. Furthermore, N(A) N R(A’) = {0}. In fact, if z € N(A) N R(A4’), then
Az =0 and so z = A’Az = 0. Thus, S = R(A") + N(A) is closed. Now, consider
M = R(A") +S+. Then, as R(A")* +S = H, by Proposition 1.2, M is closed. On
the other hand, M N N(A) = {0} since N(A) N R(A’) = {0} and N(A) C S. Then
M+EN(A) = R(A") +8+ + N(A) = S+ S+ = H. Therefore, M verifies the desired
requirement and so A'B = X . (I
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Corollary 2.2. If A€ CR(H,K), B € L(G,K) and R(B) C R(A) then ATB is the
Douglas solution of AX = B.

Remark 2.3. If R(A) is not closed, then Af is well defined unbounded operator
and the result above is still valid. We leave the details for the reader.

Corollary 2.4. Under the same hypotheses of the Theorem 2.1, every solution X
of AX = B can be written as

X = Xo + X,
where Xg is any solution of the homogeneous equation AX = 0 and X is the
reduced solution for some M as before.
The next result shows the relationship between different reduced solutions by means
of certain oblique projections.
Theorem 2.5. Let A € CR(H,K), B € L(G,K) be such that R(B) C R(A) and let

M be a closed subspace of H such that M + N(A) = H. Then X is the reduced
solution for M of the equation AX = B if and only if Xpm = Qay/n(a)yXRr(ax)-

Proof. Let Xaq be the reduced solution for M of the equation AX = B. Then, as
it was shown in the proof of Theorem 2.1, there exists Q" € Qg such that A" =
QM//N(A)ATQ/ S A[L 2] and X = A'B. Thus, X\ = A'B = QM//N(A)ATQ/B =
QM//N(A)ATB = Qnm//N(a)XR(a+). The third equality holds because R(B) C
R(Q').

Conversely, let X = Q) /N(a)y X r(axy. Since A(Xpax) - X) = A(I - Qrmy/n(a))
Xrar)y = AQn(a)//mXRr(a-) = 0 then AX = B and so X = X . O

3. GENERALIZED INVERSES AND DOUGLAS EQUATION.

In this section we study the equations AX = @, where @ is a projection onto the
range of A and the relationship between their solutions with the sets A[1], A[1,1],
Al[l,4,j] and A[1,4, 4, k]. Part of the information contained in the following result
can be found disseminated in the literature. The reader is referred to the book by
Ben-Israel and Greville [1] (see in particular, chapter 1 and 2).

Theorem 3.1. Given A € CR(H,K) it holds that:
(i) Al ={X € L(K,H) : AX = Q for some Q € Qp(a)}

(i) A[L,2] ={X € L(IK,H) : AX = Q € Qr(ayand N(X) = N(Q)}.
(iii) A[1,3] ={X € L(K,H) : AX = Pg(ay}

(v) A[1,2,3] ={X € L(K,H) : AX = Ppa)and N(X) = R(A)*}.
(vi) A[1,2,4] ={X € L(K,H) : XA = Pgr(a~) and R(X) C R(A*)}.
(Vll) A[1,3,4] = {X S L(’C,H) cAX = PR(A) and XA = PR(A*)}

(viii) A[1,2,3,4] = {Douglas solution of AX = Pg(4)}.

(i) Let X € A[l], i.e., X verifies that AXA = A. Hence, AXAX=AX and
R(A) € R(AX) C R(A). Then AX € Qp(4). Conversely, let X such that
AX = @ for some Q € Qr(4) then AXA =QA=A.

(ii) Consider X € A[1,2]. Then, by (i), AX = Q € Qg(a) and so N(X) C
N(Q). On the other hand, since X = XAX = XQ, N(Q) C N(X). Thus,
N(X) = N(Q). On the contrary, choose X € L(K,H) such that AX =Q €
Qpray and N(X) = N(Q) then, by (i), X € A[l]. In order to prove that
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X € A[1,2], it is sufficient to observe that XAX = X@Q = X, where the
last equality holds because N(Q) = R(I — Q) = N(X).

(i) The proof is immediate: by (i), any X € A[1, 3] satisfies AX = @ for some
Q € Qp(a) and (AX)* = AX, then, Q" = @ and it must be Q = Pga).
The converse is obvious.

(iv) Let X € A[l,4], then A*X*A* = A* and so A*X* € Qp(a~). Now, since
X € A[4], A*X* = XA = P(4). Conversely, if XA = Pp(4-) = A*X*
then A*X*A* = A* and so X € A[1,4].

(v) Let X € A[l,2,3] then, by (ii), AX = Q € Qra) and N(X) = N(Q).
Furthermore, since X € A[3], Q" = (AX)* = AX = Q so Q = Pg(4) and
N(X) = R(A)*. To prove the converse, we take X such that AX = Ppa)
and N(X) = R(A)*; then, by (ii), X € A[l,2] and AX = (AX)*. This
proves that X € A[1,2,3].

(vi) Let X € A[1,2,4]. By (iv), XA = Pp(a-). Then X = XAX = P4 X
and so R(X) C R(A*) = N(A)*. Conversely, by (iv), it only remains to
show that X € A[2]. Now, XAX = Pg4-)X = X where the last equality
holds because R(X) C R(A*).

(vii) It follows by (iii) and (iv).

(viii) It is sufficient to show that AT is the Douglas reduced solution of AX =
Pp(a), but this is immediate by (iii) and (vi).
U

Remark 3.2. If A € CR(H,K), then the equation AX = Pr(4) has a solution.
Moreover, the Douglas solution is the Moore-Penrose inverse of A. This is the
meaning of the last item of the theorem above. Therefore, necessary and sufficient
conditions for D € L(KC, H) to be the Moore-Penrose inverse of A are AD = Pp4)
and R(D) C N(A)L. This seems to be one of the shortest ways for testing Moore-
Penrose identities.

Remark 3.3. Of course, equation X A = B is equivalent to A* X* = B*. Therefore,
the sets A*[1], A*[1,4], A*[1,4,j] and A*[1,4, j, k] are related to the solutions of the
equations XA = Q, where Q" € Qp(a~).

Proposition 3.4. Let A€ CR(H,K) and A" € L(K,’H). Then, A" € A[1,2] if and
only if A’ = QATQ, where 1 — Q € On(a) and Qe QRr(A)-

Proof. Let A’ € A[1,2]. Since AATA = A then A’AATAA’ = A’ and the assertion
follows taking Q = A’A and Q = AA’. Observe that Q = QRreary//N(a)- In fact,
R(Q) = R(A") and N(Q) = R(Q*)* = R(A*)* = N(A). The converse follows just
by checking that QATQ € A[1,2]. O

Remark 3.5. Let A € CR(H,K) and Xga+) = {X € L(K,H) : AX = Q for some
Q € Qp(a) such that R(X) C R(A*)}, ie., Xra-) is the set of Douglas so-
lutions of the equations AX = Q € Qpa). Observe that Xra-y C A[l,2].
In fact, Xpa-) = {ATQ : Q ¢ QRr(a)} and by the last proposition, A[l,2] =
{QATQ : 1 — Q € Qu(a) and Q € Qp(a)}. Then, for every Q € Qp(a) it holds
ATQ = Pyayr ATQ € A[1,2], which proves the inclusion. To see that it is a strict in-
clusion we present the following example. In what follows, for a fixed A € CR(H, K)
we use the 2 X 2 matrix representation of operators H — K induced by the de-
compositions H = R(A*) @ N(A) and £ = R(A) & N(A*). According to these
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a 0
=(50);
observe that a : R(A*) — R(A) is an isomorphism. Now, let x € L(R(A*), N(A)),

z # 0. Define Q = (91:8) (H)andQ:<(1)8>€L(IC). Then

QATQ = ( xaf 1 8 ) € A[1,2] and R(QA'Q) = R(A*) ® R(z) € R(A*). There-
fore QATQ ¢ XR(A*)'

decompositions

4. ABOUT THE CONTINUITY OF REDUCED SOLUTIONS.

It is well known that the mapping A — AT is not continuous, in general. See [8] for
several results in these matters. We show here how the relationship between Douglas
solution and generalized inverses gives some continuity results for the mapping
(A, B) — Douglas solution of AX = B.

In this section, for sake of simplicity we only consider operators H — H. For
T € L(H) the reduced minimum modulus of T is v(T) = inf{||Tz| : z € N(T)* and
lz]| = 1}. It is well known that v(T") > 0 if and only if R(T) is closed.

For each positive integer k, let

(4.1) Ri=Ri(H)={T € L(H) : v(T) > 1/k}.
These sets verify:
(1) CR(H) = Y Ri.

) C
(2) R - Ry lf k‘/ > k.

(3) T € Ry, if and only if T* € Ry.

(4) For every k € N, Ry, is closed.

Given A € CR(H) we define £4 = {B € L(H) : R(B) C R(A)}. Similarly, given
B € L(H) we define &P = {A € Ry, : R(B) C R(A)}. Consider the mappings
$a: Esx — L(H) and ¢P : EE — L(H) defined by ¢a(B) = ¢Z(A) = Douglas
solution of the equation AX = B. Next, we study the continuity of these mappings.

Proposition 4.1. ¢4 is continuous.

Proof. Let B,B € £4. Then ¢4(B) = ATB and ¢4(B) = ATB. Let € > 0, then
194(B) = ¢a(B)|| = |ATB — ATB| = |AY(B — B)|| < |AT[||| B~ Bl <

if |B-B| <d< AT Therefore, ¢4 is continuous. O

The next lemma will be used to prove the continuity of ¢2. A proof of this result
can be found in [2], Lemma 3.10.

Lemma 4.2. For every A, B € Ry, it holds | AT — BY|| < 3k%||A— B||. In particular,
the map p : Ry — CR(H) such that u(C) = CT is Lipschitz.

Proposition 4.3. The mapping ¢f es continuous.
Proof. Let € >0 and A, A € EF. Then ¢F(A) = ATB and ¢ (A) = A B. Now, by
lemma 4.2, it holds
672 (A) = ¢Z (Al = |ATB - ATB| = ||(AT - AT)B]|
|AT = AT|[|B]| < 3k*[|A — A[[||B]| < €

IN
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. 't B . .
if|[A-Al<d< Fr2ET- Thus, ¢ is continuous. O

Remark 4.4. If 8 = {A € CR(H) : R(B) C R(A)} then ¢? : £P — L(H) is not
continuous in general. Indeed, A — A'B may fail to be continuous if there is no
control on v(A).

Remark 4.5. Proposition 4.1 is still true if for each M such that H = N(A) + M,
we consider the map ¢4 a : E4 — L(H) defined by ¢pa m(B) = X aq, where X g
denotes the reduced solution for M of AX = B . In fact, X, = A’B for some
A’ € A[1,2], then using the arguments of Proposition 4.1 the assertion follows.
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