Geometric Interpolation in p-Schatten Class*

Cristian Conde

Abstract

The aim of this work is to apply the complex interpolation method to norms of n-tuples of
operators in the p-Schatten classes of a Hilbert space H. The norms considered define Finsler
metrics in a certain manifold of positive operators, and can be regarded as weighted p-norms,
the weight being a positive invertible operator. As a by-product, we obtain Clarkson’s type

inequalities. !

1 Introduction

Let B(H) denote the algebra of bounded operators acting on a complex and separable Hilbert
space H, GI(H) the group of invertible elements of B(H) and GI(H)" the set of all positive
elements of GI(H).

If X € B(H) is compact we denote by {s;(X)} the sequence of singular values of X
(decreasingly ordered). For 1 < p < oo, let

111, = O s;(X)P)VP = (tr | X[")P,
where tr is the usual trace functional, this defines a norm on the set
By(H) ={X € B(H) : || X]], < oo},

called the p — Schatten class of B(H) (to simplify notation we use B,). By convention
| X = || X, = s1(X). A reference for this subject is [9].
The Clarkson inequalities on B, assert that for 1 <p <2

27| ANR + IBI) < A= Bl + 1A+ By < 2(lA[l} + [IBI7), (1)
and for 2 <p < o0
2(1AID + IBIE) < 1A= BlIY + [|lA+ By < 227 (JJAID + [IBIE), (2)

The proofs of these inequalities can be found in [17]. These inequalities have useful applica-
tions, in particular they imply the uniform convexity of B, for 1 < p < 0.
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In [13], the Clarkson’ inequalities are generalized to larger classes of functions including
the power functions. Bhatia and Kittaneh [4] proved similar inequalities for trace norms on
linear combinations of n operators with roots of unity as coefficients.

From now on, for sake of simplicity, we denote with capital letters the elements of B,
and with lower case letters the elements of GI(H)*.

On B, we define the following norm associated with a € GI(H)*:

18l = a2

p

The use of this norm has a geometrical meaning which shall be explained later. For instance,
we obtain (Theorem 4.1) that:
For a,b € GI(H)", Xo, ..., Xpn—1 € Bp,1 <p < oc and t € [0,1], we have

n—1 n—1 n-—1 n—1

~ k ~

EY X, < D005 o S KD IX05,
7=0 k=0 j=0 7=0

where 6y, ...,0,_1 are the n roots of unity, for certain constants k = l;(p,a,b, t) and
K=K (p,a,b,t) which can be computed explicitly.

The material is organized as follows. Section 2 contains a brief summary of the complex
interpolation method. In Section 3 we apply this method and obtain that the curve of
interpolation coincides with the curve of weighted norms determined by the positive invertible
elements

'Ya,b(t) — al/Q(a_l/Qba_l/Q)ta,l/Q.

This curve naturally appears when studying the geometric structure of the set of positive
invertible elements of a C*-algebra [7].

In Section 4, we present an elementary interpolation argument to obtain Clarkson’s type
inequalities.

Finally, in Section 5 we present the geometrical meaning of the interpolating curve 7, 5.

2 The Complex Interpolation Method

We recall the construction of interpolation spaces, usually called the complex interpolation
method. We follow the notation used in [2] and we refer to [15] and [5] for details on the
complex interpolation method.

A compatible couple of Banach spaces is a pair X = (X, X;) of Banach spaces X, X;
both continuously embedded in some Hausdorff topological vector space U. Observe that
for all a,b € GI(H)* and 1 < p < oo, the Banach spaces (By, || .||, ,) and (By, | .|, ,) are
compatible. We will simply write this pair of spaces B, when no confusion can arise.

If Xy and X; are compatible, then one can form their sum Xy + X7 and their intersection
XoN X;q. The sum consists of all z € U such that one can write x = y + z for some y € X
and z € X;.

Suppose that Xy and X; are compatible Banach spaces. Then XN X is a Banach space
with its norm defined by

2]l xgnx, = maz((lz]lx, , %[l x,)-



Moreover, X + X is also a Banach space with the norm
el s, = inf{ylx, + 2l t 2 =y+2y € Xo.2 € Xi}.
A Banach space X is said to be an intermediate space with respect to X if
XoNX; C X CXp+ Xy,

and both inclusions are continuous.
Given a compatible pair X = (Xp, X;), one considers the space F(X) = F(Xg, X;) of
all functions f defined in the strip

S={z€C:0< Re(z) <1},
with values in X + X1, and having the following properties:
1. f(z) is continuous and bounded in norm of Xy + X3 on the strip S.

2. f(z) is analytic relative to the norm of Xy + X3 on S.

3. f(j + ty) assumes values in the space X; (j = 0,1) and is continuous and bounded in
the norm of this space.

One equips the vector space F(X) with the norm

1fll ) = maz {sup ||f(iy)llx, sup [[f(1+1iy)lx,}-
yER yeR

The space (F(X), || | 7(x)) is a Banach space.

For each 0 < ¢ < 1 the complex interpolation space, associated to the couple X, X =
(Xo, X1)[y is the set of all elements x € X + X; representable in the form x = f(t) for a
function f € F(X), equipped with the complex interpolation norm

2l = inf{llflzx): f€FX), f(t)=a}.
The two main results of the theory are:

Theorem A. The space X (¢ is a Banach space and an intermediate space with respect to
X.

Theorem B. Let X and Y two compatible couples. Assume that T is a linear operator
from X; to Y; bounded by Mj, j =0,1. Then for ¢t € [0, 1]

1—tq st
1Tl g,y —vp, < Mo~ M.

3 Geometric Interpolation

In this section, we state the main result of this paper. First, we introduce the notation.
For 1 <p<oo,ne€N,s>1and a€ GI(H)™, let

B{ = {(Xo,..., Xn-1) : X; € By},



endowed with the norm

H(X07 7Xn*1)||p,a;s = (HXOHZ,a +.o.t ||X’”«*1||;,a)1/87

and C" endowed with the norm
(205 s 2n—1)l; = (120]° + wo. + |2n—1] )5
We consider the action of GI(H) on BI(,n), defined by
1:GI(H) x B{™ — B, 1,((Xo, ... , Xn-1)) = (9X0g", .- . 9Xn-19"). (3)

From now on, we denote with B,(,fla);s the space Bz(,n) endowed with the norm [|(., ..., ), .o

Proposition 3.1. The norm in B]()fla);s is invariant for the action of the group of invertible
elements. By this we mean that for each (Xo,... , X,—1) € Bz(,n), a€GIH)" and g € GI(H),

we have

(X0, s Xn1)llp azs = g ((Xos o s X))

p,gag*;s’
Proof. We only prove the case n = 1, the other cases are similar.
Let a € GI(H)*,g € GI(H) and X € B,, observe that

9Xg* = ga'?a" 12X a2 2 g,
Denote by z = ga% then
(gag™) "% = (gazatg") "% = (22") 7% = |z"|"

therefore
=l

*)— % * * | —
(9ag*) 29Xg"(gag™) I~

za”2Xa 22" |z
From the polar decomposition applied to z € GI(H), z = |2*| p. with p, unitary, we have

(gag®) 2gXg*(gag®)"2 = p.a” 2 Xa 2p;.

Now, since |srs*| = s|r|s* for all unitary s, we get

p
=tr(p:

1 1
a 2Xa 2

lgXg*[IP = tr

p *
p,gag* Pz)

p
D= X,

1 1
-1 —1 %
pza"2Xa"2p;

p 1

1. _1 1. _1
= tr‘a 2Xa" 2 :Ha 2Xa" 2

Theorem 3.2. Leta,be€ GI(H)T,1<p,s<oo,ne€Nandte (0,1). Then

(B(n) B(") )[t] _ B(")

p,a;s) Zp,bss DsYa,b(t);s



Proof. Recall Hadamard’s classical three lines theorem ([19], page 33):
Let f(z) be a Banach space-valued function, bounded and continuous on the strip S,
analytic in the interior, satisfying

1f(2)|lx < My if Re(z)=0

and
1f(2)llx <My if Re(z) =1,

where ||.|| y denotes the norm of the Banach space X. Then
1—Re(z Re(z
17l < Mg~ A,

for all z € S.

In order to simplify, we will only consider the case n = 2. The proof below works for
n-tuples (n > 3) with obvious modifications.

By the previous proposition, we have that || (X1, X2)]| is equal to the norm of a2 (X, Xo)a=Y
interpolated between the norms [|(.,.)[[, ., and [|(.;.)
prove our statement for these two norms.

The proof consists in showing that for all ¢ € (0,1), [[(X1, X2)l[;, and [[(X1, Xo)||
coincide in B,(,2).

Let ¢ € (0,1) and (X1, X2) € BS? such that ||(X1, Xs)]|

2

[ .c.s- Consequently it is sufficient to

t.
p,c;s

=1, and define

p,ct;s
f(z) = cEe 3 (X1, Xa)e EcE = (fi(2), f2(2))

Then for each z € S, f(z) € B,(,Q)

2
i i i i s
1)l = ¥ et (Xn Xopebe|| = (O et eixietc | ) <,
o p,1;s im1 p
and
2 1 iy t t iy 1|8
1fA+ iy, s = (Z ’ c2cteiXeTieT ez )Y <
7 =1 p,c

Since f(t) = (X1,X2) and f = (f1, f2) € }"(Bz(f)) we have [|(X1, X2)|;; < 1. Thus we have
shown that
(X1, Xo)ll g < (X1, X2) ], e, -
To prove the converse inequality, let f = (fi, f2) € .7-'(B,(,2)); f(t) = (X1,X2) and
(V1,Y) € Béz) with [[Yy||, < 1, where ¢ is the conjugate exponent for 1 < p < oo (or a
compact operator and ¢ = oo if p=1). For k = 1,2, let

gr(2) = c 2V 2.
Consider the function h: S — (C2,(.,.)|,),

h(z) = (tr(f1(2)91(2)), tr(f2(2)g2(2)))-



Since f(z) is analytic in S and bounded in S as a BI(,Q)— valued function, then h is analytic

in S and bounded in S, and
h(t) = (tr(c™E X1¢5Y1), tr(c™ 2 Xoe 5 Y5)).
By Hadamard’s three line theorem, applied to h and the Banach space (C?,(.,.)|,), we have

|h(t)]; < maz{sup |h(iy)|,,sup|h(1+iy)|,}.
yER yeR

For j =0,1,

2

sup |h(G+iy)l, = sup(d_ Itr(fu(G +iv)gn( +iy))*)/*
YyeR veR k=

S

2
= sup(Y_ [r(e 2l + ig)e Paulin)| )V
yER k=1

2

Sgp(z £+ i)l o) ° < [ PE
YER k=1

IN

then

S

X115 oo + 11X sup {|tr(c 2 X1c72V1)| + |tr(c 2 Xpc 3 Y0)| }
Ivall, <1

1vall, <1

< sup RO < NFI%) nes -
2 O < U1
1Yall,<1

s
t
p,c

Since the previous inequality is valid for each f € F (BISQ)) with f(t) = (X1, X2), we have

(X1, Xo)ll, e < N7, X2y -
O
In the special case n = s = 1 we obtain
Corollary 3.3. Given a,b € GI(H)" and 1 <p < co. Then
(Bp.a» Bp.o)it) = Bpya(t)-
Remark 3.1. Note that when a and b commute the curve is given by v,4(t) = a0’

The previous corollary tells us that the interpolating space, B, ., ,
weighted p-Schatten space with weight a'~tb' (see [2], Th. 5.5.3).

(t) can be regarded as a

The complex interpolation method has been used for different authors in the context of
operator algebras. For instance:

1. In 1977, Uhlmann [21] discussed the quadratic interpolation and introduced the relative
entropy for states of an operator algebra. His quadratic interpolation is reduced to a
path generated by the geometric mean and the relative entropy is the derivative of this
path. Corach et al. [8] pointed out that this path can be regarded as a geodesic in a
manifold of positive invertible elements with a Finsler norm.



2.

4

The theory of LP spaces associated with general (not necessarily semifinite) von Neu-
mann algebras has been developed by U. Haagerup [10]. Kosaki [14] obtained these
spaces via complex interpolation in a special case, when there exists a normal faithful
positive functional ¢ on the von Neumann algebra M.

Andruchow et al. proved in [1] that if A C B(H) is a C* algebra, a,b two invertible
positive elements in A, and || ||, and || ||, the corresponding quadratic norms on H
induced by them, i.e. ||z||, = (ax,z), then the complex interpolation method, is also
determined by v45. This curve is the unique geodesic of the manifold of positive
invertible elements of A, which joins a and b.

An interpolation technique to obtain Clarkson’s type

inequalities

Consider the linear operator T}, : BY%.s — B;flb);s given by

n—1 n—1
T (Xo, ..., X ZXJ,ZG Xj o 0771 X),
j=0

2mij

where 6y, ..., 0,,—1 are the n roots of unity, i.e. ; =e = .

We remark that the inequalities (1) and (2) can be viewed as statements about the norm
of Ty. This approach was used by Klaus ([20], page 22).
We use the same idea and the interpolation method to obtain the following inequalities.

Theorem 4.1. For a,b € GI(H)", Xo, ..., Xpn—1 € Bp,1 < p < o0 and t € [0,1], we have

n—1 n-—1 —
kZ I, < SIS ek <K SN (4)
j=0

k=0 j=0

where

and

o et o2 T 1< p <,
k= k(p,a,b,1) { n b2 12| T if 2 <p < oo,

. n a2 1al 2" i 1<p <2,
K = K(p,a,b,t) { nP=1||at/26 a2 |" if 2 < p < oo

Proof. We only prove the case n = 2 and 1 < p < 2, the other cases are similar. We will
denote by 7(t) = ¥a,5(t), when no confusion can arise.

Consider the space By

(2) with the norm:

1Y) s = (X0 + 1Y 1D )Y,

p,a;p

where a € GI(H)*
By (1) (or [[4], Th. 2] with n = 2) the norm of T, is at most 2'/? when

T (BE N pap) — BN g

$a7



and the norm of 75 is at most 21/7 Ha1/2b_1a1/2H when

T (B, N lpasp) — BNl p)-

Therefore, using the complex interpolation, we obtain the following diagram of interpo-

lation for ¢ € [0, 1]

BN ap)
/

BNy ) —= (BEL )
\

BN i)

zw(t);p)

By Theorem B, T; satisfies

1T (X )y < @Y71a"207 a2 )@Y (XY )]
217026 a2 |(X, V), sy -
Now applying the Complex method to
2
BN )
\
2 T; 2
BN N i) —= BN M)
/
2
(B NCoy )
one obtains
ITX )y < @YPIOY 2002 YD) (XY 02

220" 20 0 2| (X Y) 02

Replacing in (6) X = % and Y = Z_QW we obtain

1Z11p o + W, < 207210 2a™ 02PN Z = Wy + 12+ WA )

or equivalently

22 22+ WL ) <12 = W ) + 12+ W

Finally, the inequalities (5) and (8) complete the proof.

py(t)



Theorem 4.2. For a,b€ GI(H)", Xo, ..., Xpn—1 € Bp,1 <p < o0 and t € [0,1], we have

n—1 n-1 n—1 n—1
9 2
k E HXJ'Hp,a < § : || E :9;?le|127,%1,1>@) = KZ ||Xij7a7 (9)
j=0 k=0 j=0 j=0
where 2t
n2=2/P B/ 210127 if 1< p <2,

k:k(p7a'abvt) 2 || 1/2,—131 2H72t f S

and

n2/p Ha1/2b—1a1/2H2t if1<p<2,

K = K(p,a,b,1) { n2=2/7 ||al/2p=1a12|[* if 2 < p < oo

Proof. A slight change in the previous proof proves our statement.
We need to consider the space B,(,n) endowed with the norm

2 2
||(X07 "'7Xn*1)||p,a;2 = (HXOHp,a +.+ H‘X’n*1||p,a)1/27

where a € GI(H)*t and [4], Th. 1. O

5 The geometry of A

In this section we give a geometric context to what has been previously presented. More
precisely we prove that the curves v, ; are minimal curves of a Finsler geometry for a manifold
of positive and invertible operators.

5.1 Topological and differentiable structure of A]l).
Consider for 1 < p < oo the following set of Fredholm operators,
L,={A+Xe€eBH): AeC, X €Bp}.

L, is a complex linear subalgebra consisting of the p-Schatten class perturbations of
multiples of the identity. There is a natural norm for this subspace

A+ Xy = (AL + ([ X]p-

Lemma 5.1. Let A+ X, u+Y € £,. Then
LA+ X[ < 1A+ Xl ),
2. [(A+X) (e + V)l < 1A+ Xl + Y-

In particular, (£,,+,.) is a Banach algebra.
Proof. The proof is straightforward. O
The selfadjoint part of £, is

g;a:{)\+Xe£p:()\+X)*=>\+X},



Remark 5.1. 1. (£, ||||()) is the unitization of (By, ||.|,)-

2. Note that the multiples of the identity Al and the operators X € B, are linearly
independent. Therefore

A+ X ey ifandonlyif AeR, X* = X.
Formally,
L,=Co® B, L) =R& B)",

where B)* denotes the set of selfadjoint p-Schatten class operators.

Inside £;*, we consider
Ap={\+X€eL,: \+X >0} CGIH) .
and
A={1+XeL,: 1+X >0}

Apparently A, is an open subset of £, and therefore a differentiable (analytic) sub-

manifold.
The next step is to prove that A}) is a submanifold of A,. For this purpose, we consider

0:A, =R, 0A+X)=A\
Lemma 5.2. 6 is a submersion.
Proof. 1t is sufficient to show that df, is surjective and ker(dfx4,) is complemented ([16],
Th. 2.2).
Since £;* and R are Banach spaces and 6 is a continuous linear map we get that df, x =0

Apparently, dfy,x is suryective and ker(dfx;x) has codimension 1 and hence is com-
plemented. O

It follows that Alis a submanifold, since Aj= 0~*({1}). These facts imply that, for
1+ X e A}, (TA})14x identifies with B3®.

Remark 5.1. In a previous work we studied the geometry of Al see [6].

Let GI(H, B,) be the subgroup of GI(H), consisting of invertible p-Schatten class per-
turbations of the identity, i.e.

GI(H,B,)={1+X €GI(H): X € B,} ={g € GI(H) : g— 1 € B,} C GI(H).

The group GI(H, B,) is a Banach-Lie group. A classical reference for this subject is [11].
There is a natural action of GI(H, B,) on A}, defined as the restriction of [ on GI(H, B,) x
Bé") as in (3).
This action is clearly differentiable and transitive, since if 1 + X, 14+ Y € Azl) then
L1+X)=(1+Y),
for r = (14+Y)2(1+ X)"2 € GI(H, B,).
Ifi1+Ye A:ll,, we define the length of a tangent vector X € (TA;,)HY by

1Xl ey = @+ 1) 2 XA +7)7

p

By Proposition 3.1 the Finsler norm is invariant for the action of GI(H, Bp).

10



5.2 Minimal Curves

In this section we investigate the existence of minimal curves for the Finsler metric just
defined. The expresion “minimal” is understood in terms of the length functional (or more
generally g-energy functional). We prove that the interpolating curve 7, ; joining a with b is
the minimun of the g-energy functional for ¢ > 1. We observe that this curve looks formally
equal to the geodesic between positive definitive matrices (regarded as a symmetric space,
see [18]).

For a piecewise differentiable curve a : [0,1] — All,, one computes the length of the curve
a by

1
length(a) = / [[6(t)[lp,ace) dt-
0
Proposition 5.2. Givena,bin A}, the curveyay, : [0,1] — AL has length liog(a™2ba™3)][,-

Proof. Since the group GI(H, B,) acts isometrically and transitively on A}?, it suffices to
prove the theorem for a = 1. Then

5Ol o0y = 0B e = 162109 (0621}, = l0g (B,
because log(b) and b conmute for every t € R. O
Definition 5.3. Let a,b € Azl,. We denote

Qup ={a:[0,1] — A; cacis a C' curve, a(0) = a and (1) = b}.

As in classical differential geometry, we consider the geodesic distance between a and b
(in the Finsler metric) defined by

d(a,b) = inf{length(c) : @ € Qg p}
The next step consists in showing that ~, are short curves, i.e. if 6 € Q4 then
length(7ya,p) < length(d).

and hence
d(a,b) = ||log(a™2ba™2)||,.

The proof of this fact requires some preliminaries. We begin with the following inequalities
(see [12]):

Let A, B, X be Hilbert space operators with A, B > 0. For any unitarily invariant norm
[||-]|| we have

1
1
I[AY2XBY2)|| < HI/ ATX B! dt||] < SI[[AX + X B||. (10)
0

The proof of the next inequality, called by Bhatia (in the context of matrices) the expo-
nential metric increasing property, is based on a similar argument used in [3].

Proposition 5.4. For all X,Y € B)*
IVl < lle™ % deapx (YV)e™ = |,

where dexpx denotes the differential of the exponential map at X.

11



Proof. The proof is based on the inequality (10) and the formula below:
Claim 1. dexpx(Y) = [, eXYe-0Xqt.

We provide here a simple proof of this equality. Since

i(etXe(l—t)Y) — etX (X _ Y)e(l—t)Y’

dt
we have )
eX —e¥ z/ (X = Y)Y g,
0
and hence
X+hY X
X ety g,

Let X,Y € Bp¢. Write Y = e (e"2Ye 2)eZ. Then using the inequalities (10) we
obtain

1 1
i, < | / X (e ¥y e $)e0-0Xgg), = [l ¥ / XY 0K gre= ¥ |,
0 0
= e~ Zdeapx (Y)e 7|,

This proves the proposition. O]

We are now ready to prove the main result in this section.

Theorem 5.5. Let a,b € A;,, then 74 15 the shortest curve joining them. So
d(a.b) = [llog(a™2ba™%)]l,.

Proof. Since the group GI(H, B,) acts isometrically and transitively on Al s it is sufficient
to prove the statement for a = 1. Then
Yy = bt — et logb

Let v € Q4 3; so write y(t) = e*(*) we get

and length(v1,p) = ||log bl|1.

1. 1 _a) [ _a _a® . att)
IO~ @A, =l (2®) 5, = e F deapage (@(t)e
> Ja ()l
Finally,
engts) = [ 15Ol = [ 0@ > [ el

v

H/ tdt]l, = la®)oll, = lla(1) — a(0)[l, = [liog bl,.

Definition 5.6. For every ¢ € R — {0} we define the g-energy functional

Eq:Qup — RT, / [l Hp a(t)

12



Remark 5.2. 1. For ¢ = 1 we obtain the length functional

1
() == / 1) ey

and for ¢ = 2 we obtain the energy functional

1
B(a) = / 12, oy

2. For any curve « such that ||c(t)||, ) is constant we have

e

Ey(a) = (length())" = (F())?.
In Theorem 5.5 we proved that the curve between a and b minimizes the length functional.
This fact is valid also for the g-energy functional (associated with €2, 3) for ¢ € (1, 00).

Proposition 5.7. Let a,b € A;) and q € [1,00). Then the g-energy functional

1
By:Qup =RV, Eyf) = [ 16O it
achieves its global minimun d?(a,b) precisely at Yop-

Proof. Now, let o € Q45 and g € (1,00) then by Holder’s inequality

1 1
(tength(@))* = ([ N pacrt)® < [ 16Oyt = Byl
On the other hand, (length(v,,))? = Eq(Vap)- This implies that

Eq(Yap) = (length(7a,p))? < (length(e))? < Ey().
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