CHARACTERIZATION OF BESSEL SEQUENCES
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ABSTRACT. Let H be a separable Hilbert space, L(H) be the algebra of all
bounded linear operators of H and Bess(H) be the set of all Bessel sequences
of H. Fixed an orthonormal basis E = {ex}ren of H, a bijection ag :
Bess(H) — L(H) can be defined. The aim of this paper is to character-
ize aEl(A) for different classes of operators A C L(H). In particular, we
characterize the Bessel sequences associated to injective operators, compact
operators and Schatten p-classes.

1. INTRODUCTION

Let H be a separable Hilbert space, and let L(H) be the algebra of all bounded
linear operators of H. A sequence {f tren in H is called a Bessel sequence if there
exists a positive constant B for which

[z, fi)* < Bl
k=1

for all z € H. The bound of a Bessel sequence is the smallest B that satisfies the
corresponding inequality. The set of all Bessel sequences of H will be denoted by
Bess(H). It is easy to check that Bess(H) is a vector space. Moreover, ||{ fx }ken|| =
V/B is a norm and (Bess(H), || . ||) is a Banach space. Fixed an orthonormal basis
E = {e} }ren of H, consider the mapping:

ap : Bess(H) — L(H)
F={fi}tren — T

where T is defined by T'(3"7, aner) = Y poq @ fr- In section 2 we will show that
«p is well defined and that it is an invertible isometric bounded linear transfor-
mation. Observe that when FE is the canonical orthonormal basis of 1%, ap(F) is
known as the analysis operator of F' and its adjoint, ag(F)*, is the synthesis oper-
ator of F. The aim of this note is to characterize several classes of bounded linear
operators on H in terms of their corresponding Bessel sequences. More precisely, we
characterize the subsets of Bess(H) which correspond to injective operators, Fred-
holm operators, compact operators, and Schatten p-classes. This work is a kind of
continuation of [5], where there is a geometric study of frames and epimorphisms.
The paper [2] by P. Balasz contains several results which are in the same spirit of
this one.
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2. PRELIMINARIES

Let us prove that the mapping ap(F) = T is well defined, i.e., that Y 7 | oy fx is
convergent in H and if T (3,2 | axer) = Y poy o fi then T € L(H).
If n > m, then

n

> anfull = sup

P/ lgll=1

n m
1D arfie =Y anfrl
k=1 k=1

(o

k=m+1
< sup Y |k (f9)]
HQH:1 k=m+1
n 1/2 n 1/2
) (z W) un ( 3 |<fk,g>|2>
k=m+1 llgll=1 k=m+1
n 1/2
< \/§< > |ak2> :
k=m+1

Consequently, {>;_, o fe}ney i a Cauchy sequence in H, and therefore it is
convergent. Thus, T is well defined and clearly it is linear.
A similar calculation shows that T is bounded. It is straightforward, that ||ag(F)||?
is the optimal bound of the Bessel sequence F'.
The mapping

L(H) — Bess(H)

T — {Tex}ren
is also well defined, since for every x € ‘H
* * 12
Y@ Ter)P = |1 T7a| < |77 [l
k=1

i.e, {Tex}ren € Bess(H).
Moreover, this transformation is bounded and it obviously is the inverse of ap.

Remark 2.1. The notion of Bessel sequence provides necessary and sufficient con-
ditions for an infinite matrix to be the representation (induced by a fixed basis)
of a bounded linear operator on H. In general, it is hard to determine whether an
infinite matrix arises from a bounded linear operator on H (see [9] p.23). However,
according to what we have just proved, an infinite matrix corresponds to a bounded
linear operator if and only if the sequence formed by its columns is a Bessel sequence
in 2.

We highlight some of the terminology and notation we need in these notes. Denote
by GL(H) the group of invertible operators and by U(H) the group of unitary
operators. Given an operator T € L(H), R(T') denotes the range of T', N(T') the
nullspace of T" and T the adjoint of T.

Definition 2.2. A sequence of vectors {xy },c of H is a Schauder basis for H if, for

o)
each x € H, there exist unique scalar coefficients {y },y such that x = Y agay.
k=1
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If this property holds only for each x € 5pan {xy},y then the sequence {xy}, oy is
called a Schauder sequence.

Definition 2.3. A sequence of vectors {x}, .y belonging to H is a Riesz sequence
if there exist constants 0 < ¢ < C such that for every scalar sequence {a,},, oy € I

one has
o0 (o) 2 o0
c (Z |an|2> < Zanxn <C <Z |an|2> .
n=1 n=1 n=1

A Riesz sequence {zy}, oy is called a Riesz basis for H if span {{zy},cn} = H. It
can be observed that {zy},.y is a Riesz sequence of H if and only if {z}}, .y is a
Riesz basis for span {{zx}, oy}

Definition 2.4. A Bessel sequence {fi},y is called a frame if there exists a
constant A > 0 such that

Allz]* <Y e, i)l
k=1
for every x € H. If this relation holds for every € pan { fi},cy then {fi},cy is
called a frame sequence. If the bounds A and B coincide the frame is called tight.
Tight frames with bound equal to 1 are called Parserval frames.

For a general background on bases and frames the reader is referred to the paper
by Duffin and Schaeffer [6], and the books by R. C. Young [12] and O. Christensen
[3].

3. RELATION BETWEEN BESSEL SEQUENCES AND DIFFERENT CLASSES OF
LINEAR BOUNDED OPERATORS

In this section we will characterize Bessel sequences related, through the map ag,
to different classes of bounded linear operators. The map ag depends on the previ-
ously fixed orthonormal basis F, but it would be desirable that the characterization
of the Bessel sequences be independent of E. The next proposition shows that this
independence only holds for subsets A of L(H) which are invariant by unitary right
multiplication.

Proposition 3.1. Let A C L(H). Then ap'(A)= a;;(A) for every pair of or-
thonormal bases of H, E = {ex}ren and E = {&}ren, if and only if A = AU(H).

Proof. Let T € A, U € U(H) and E = {eg}ren be an orthonormal basis of H.
Then E = U*E = {€k }ren is also an orthonormal basis of H. Now, by hypotheses
there exists T € A such that Te, = Téy, ie., T = T U*. Therefore, TU =

cA.

Conversely, let {f}ren be a Bessel sequence in a'(A). Then there exist T € A
such that Tep = fr. Let E = {€k}ren be an orthonormal basis of H, and let
U € U(H), such that Ué, = eg. Then, fr = Ter, = TUé, and as TU € A, we
obtain that fi, € az(A). O

Even though the condition given in Proposition 3.1 is very restrictive, there exist
many classes of operators that verify it. For example, invertible operators, injec-
tive operators and compact operators, as well as surjective operators, closed range
operators, partial isometries, contractions, and so on.
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The next proposition summarizes some well known characterizations. We include
the proof of some items for the reader’s convenience.

Proposition 3.2.

(1) If A=U(H) then ag' (A) = {F = {fi} ey € Bess(H): F is an orthonor-
mal basis of H}.

(2) If A= GL(H) then ap'(A) = {F = {fu}yen € Bess(H): Fis a Riesz
basis of H}.

(3) If A is the set of all epimorphisms in L(H) then agl(A) ={F = {fi}pen
€ Bess(H): F is a frame of H}.

(4) If A is the set of all closed range operators then a,}l(A) ={F = {fi}ren
€ Bess(H): F is a frame sequence of H}.

(5) If A is the set of all the partial isometries of H then ap'(A) = {F =
{fr}ren € Bess(H): Fis a Parserval frame sequence of H}.

(6) If A is the set of all the co-isometries of H then ag' (A) = {F = {fr},en €
Bess(H): F is a Parserval frame of H}.

Proof.
(5) Let T be a partial isometry, and y € R(T). Hence, there exists € N(T)* such
that y =Tz, and T*T = Py(r).. Then,

2 2 2 A oo X 2 oo 2
Iyll™ = I T=l|” = [lzl” = | T*Ta|” = 252, [{ T T, ex)|” = 2252 [{y, Tew)|™.
Therefore f = {Tei}ren is a normalized frame sequence.

Conversely, let © € H

o0
2 2 * 2
|Tz|* =) [Te, Te)|” = |T*Tx|”.
k=1

Then T* is an isometry onto R(T) = N(T*)*, i.e, T* is a partial isometry, and
then T is a partial isometry.

(6) T € L(H) is a co-isometry if and only if ||z||? = ||T*z|]? = > o, Tz, ex)|* =
e, @, Tey)|? for every = € H, i.e., if and only if aj'(f) is a normalized frame.
(]

The class of Fredholm operators satisfies the condition of Proposition 3.1. The
following definition will be needed to characterize the Bessel sequences related to
them.

Definition 3.3. Let G = {g;}ien be a sequence in H.
(a) The deficit of G is

d(G) =inf{|J]:J C Handspan (JUG) =H}.
(b) The excess of G is
e(G) = sup{|J|: J C Gandspan (G — J) =gen (G)}.
See [10] for the relation of these concepts with Besselian frames and near-Riesz

Bases.
The reader is referred to [1] for the proof of the next lemma.

Lemma 3.4. Let F = {fi.}ren be a Bessel sequence of H. Then,
(a) d(F) = dim N(ag (F)") = dim R(ag (F))*,
(b) e(F) > dim N(ag (F)),
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(c) If F is a frame then e(F) = dim N(ag (F)).

Therefore, applying Proposition 3.2 and Lemma 3.4, Bessel sequences related to
Fredholm operators can be characterized as follows.

Proposition 3.5. Let F = {fi}ren be a Bessel sequence of H. ag(F) is a Fred-
holm operator if and only if F is a frame sequence with finite excess and deficit.

Our next goal is to characterize the Bessel sequences related to injective and injec-
tive and closed range operators.

Proposition 3.6. Let T € L(H). T is an injective and closed range operator if
and only if oz;zl (T) is a Riesz sequence.

Proof. Recall that T' € L(H) is injective and has closed range if and only if there

exists a constant ¢ > 0 such that ¢||z||* < ||Tz|” for every z € H.

Then, consider T' € L(H) an injective closed range operator and let ¢ be a posi-

tive constant as above. Now, for every {an}, oy € % let © = > °°  ane,. Then
2 2

CZ’ZO:l lan|” < ”220:1 anTen||”.

On the other hand, since T € L(H) then there exists C' such that ||Tz|* <

C|lz||* for every x € H, or what is equivalent there exists C' > 0 such that

2
1350 anTen||” < O30 Jan | for every {an}, oy € 1%
Summarizing, there exist ¢, C' > 0 such that

o0 o0 2 o0
c (Z |an|2> < Z anTe,|| <C <Z |an|2>
n=1 n=1 n=1

for every {an}, oy € 1%, Le., {Tex}oy = a5 (T) is a Riesz sequence.

Conversely, let F' = {fx}, oy be a Riesz sequence in H. By the upper bound
condition, T' = ag (F') is well defined, i.e., T € L(H). By the lower bound condition
there exists ¢ > 0 such that ¢ ||z||> < ||Tz||® for every = € H, then T is an injective
closed range operator. [

Corollary 3.7. Let T' € L(H) and E = {ey},cy be an orthonormal basis of H.
Then {Tey}cy is a frame in H if and only if {T™ex} ey is a Riesz sequence.

Proof. Tt follows easily from Propositions 3.2 and 3.6, and the fact that an operator
is surjective if and only if its adjoint is injective and has closed range. (I

Remark 3.8. Considering the matrix representation (induced by a fixed basis) of
a bounded linear operator, the last corollary can be rephrased as follows:

The sequence of columns of a matrix forms a Riesz sequence if and only if the
sequence of rows forms a frame.

Proposition 3.9. Let F = {fi}ren be a Bessel sequence in H. Then, T =
ap (F) € L(H) is an injective operator if and only if {fx},cy is a Schauder se-
quence.

Proof. Tt suffices to observe that T' € L(H) is an injective operator if and only if
there exists unique scalars ag, k € N, such that z = 22021 apTey.
O
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Remark 3.10. In the last proposition, the hypothesis that F' is a Bessel sequence
is necessary. In fact, there exist Schauder bases that are not Bessel sequences. For
example, consider xj = ﬁ Zi:l en. It is easily seen that it is a Schauder basis.
Let us prove that it is not a Bessel sequence. In fact, if x = Y 07 | n~le, then
(z, ) = ik ::1 L and therefore .7, [z, x)|* > > pe1 7 which proves that
(zk)ken 1s not a Bessel sequence.

The other implication is also false, i.e, there exist Bessel sequences that are not
Schauder basis. For example, the sequence {eq,eq,eq,e9,...} is a Bessel sequence

(moreover, it is a frame) and it is not a Schauder basis.

Another right unitary invariant subset of L(H) is the set of compact operators.
Different characterizations of compact operators allow the following results.

Proposition 3.11. LetT € L(H). Then, T is compact if and only if || Tx,|| — 0

for every orthonormal sequence {Tp}nen in H.
Proof. See [7] p. 263. O

Corollary 3.12. Let F = {fr}ren be a Bessel sequence of H. If ag(F) is a
compact operator then F € co (H) = {{f"}neN Nl — O}.

Remark 3.13. Observe that the converse of the last corollary is false in general.

Fixed an orthonormal basis {e,, },, .y the sequence (f,,),, oy defined by e;, %, %, %,
%, %, ... is a normalized tight frame. Therefore, T'= ag(f) is a co-isometry, i.e.,

TT* = id. Hence, T is not a compact operator, however, || Te,|| — 0.
n—oo

The next well known result will be needed in Proposition 3.15.

Proposition 3.14. T € L(H) is a compact operator if and only if for every or-
thonormal basis {en} of H holds that P,T — T where P, = P,

oo pan{ey...en } -

neN
Proof. See [4] p. 43 O

Proposition 3.15. Let F = {fi}ren be a Bessel sequence of H and FN =
{fitesn. Then, ag(F) is a compact operator if and only if ||og(FN)| P 0.

Proof. Let T = ag(F') be a compact operator, then 7 is also a compact operator.
Consider Py = Pypan{e,,....en}- Then ||[PyT* =T fe— 0.
—00

.

Let x € H,
(PNT* —T*)z = — Z (T x,ep) ep = — Z (x, Tey) ey
k=N+1 k=N+1
Then,
e}
> @ Ten) = [(PNT* =T af* < [|PNT* =17 |l
k=N-+1
Thus, F'N = {Tei}r>n € Bess(H) and HaE(FN)H2 = ||PNnT* = T*]* — 0.

N—o0
Conversely, let F' = {f}ren be a Bessel sequence such that HaE(FN)||2 N 0.
—00
Let T = ag(F), and let show that T* is compact. Following the same idea as
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before,
* * 2 - 2 2 2
I(PNT* =Tz = > |(&,Ter)* < |lau(fV)| |«
k=N+1
Then || PyT* — T*||* < HOéE(FN)||2 o O So, T* is compact and therefore T is
compact.

O

Finally, we want to study the Schatten p-classes of operators. First, we recall some
properties. (For more details see [11])

Definition 3.16. A compact operator T' € L(H, K) is said to be in the Schatten
pclass > (1 < p < 00) if (An)nen € [P where (An)nen is the sequence of positive
eigenvalues of |T| = (T*T)l/2
to multiplicity.

The ), and )", classes are usually called the trace class and the Hilbert-Schmidt
class, respectively.

IfT e}, and S € L(H) then ST € 3  and T'S € ) . Therefore, > U =3 .
The following proposition gives conditions on ag(f) € >_, depending on the value
of p. The reader is referred to [8] p. 95 for the proof of the next result.

arranged in decreasing order and repeated according

Proposition 3.17. Let £ = {er},cy be an orthonormal basis of H and F =
{fu}nen € Bess(H). Then:

(1) Ifp <2 and {||fall}, ey € 1P then ap(F) € 3,
(2) If2<pand ag(F) € ), then {|| fall},cn € 1P

As a consequence of the last proposition, given a Bessel sequences F = {f,}

ap(F) e, if and only if {|| f,]/},en € 1%
The following result may be proved in much the same way as Proposition 3.15.

neN>»

Proposition 3.18. If F = { fy }ren is a Bessel sequence and {HaE(FN)HQ}N ., €
€
P where FN = {fi.} x>~ then ap(F) € o

Proof. An easy computation shows that A\,11 = inf{||T — B| : B € L(H,K) and
dim(R(B)) < n}. Then, following the same idea as in Proposition 3.15 the result
is obtained. 0

The converse of last proposition is not true. The next example illustrates it:

Example 3.19. Consider € R and e = {%}nEN € 12 such that |le|| = 1. Let

T € L(I?) be defined by Tz = (z,e)e. Thus, T is the orthogonal projection onto

span{e}, and so T' € }_  for every p > 0. In particular, 7" € 3, . Consider now

E = {en}, ey the canonical orthonormal basis of I2 and let Py be the orthogonal

projection onto span {eq, ..., eN}J‘ . Therefore, if F' = {fr}ren = aEl(T) and FN =
2 0o 2

{fitesn then, lag(FN)|” = |TPy|* = |Prel® = 32 n (3)” = % and so

{lap(EY)?} yey £ 1
This example is also useful to prove that the converse of Proposition 3.17.1 is false

in general. In fact, {”an}neN = {||Ten||}nEN = {%}nEN ¢!
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Proposition 3.20. Let F' = {f.},cy € Bess(H). ag(F) € 3, if and only if
there exist an orthonormal basis {0y },cy of 5pan{ fn}nen, an orthonormal sequence
{¥r}ren of H and {Ap}ren € 1P with 0 < Agq1 < A such that

(3.1) > by en) (for Br) = Mebjin
n=1
and
(3.2) Z Wy en) (fns Br) = 0 if ¥ € span{y}ien

Proof. Recall that ag(F)(z) = >0, (z,en) fa-

Let ap(F) € >, . By the spectral theorem (see [4]), ap(F)z = S A (@, ) B,
where (11,)ren is an orthonormal basis of N(ag(F))*, (B)ken is an orthonormal
basis of R(ag(F)) = span{ fn}tnen and (Ap)neny € 12, 0 < Agp1 < M.

Then,

oo

ij,en ) (fns Br) = (am(F)(¥5), Br) = Z (5, 8n) B, Br) = Mk

thus equation (1) holds.
On the other hand, if v € span{yx}+ = N(ag(F)) then

Z (W, en) (fnr Br) = (an(F)(®), B) =0,

i.e., equation (2) holds
Conversely, let ' = {f,},cn € Bess(H) such that equation (1) and (2) are ver-

ified. Complete {9}, cy to an orthonormal basis of . Denote by {1;/@} this

keN
completation.
Observe that,
ap(F)d; = > (ap(F)b, BB =D Y (). en) . Bi)Br-
k=1 k=1n=1

Therefore, by equation (1) and (2), we get that if ¢; € {¥x} ey then ap(F); =
)‘jﬁjv and lf ¢j ¢ {djk}kEN then QE( )1/}j = O B ~
Now, consider x = 3°°°  (x, 1, )9, € H. Then, ag(F)z = 3200 (2, n)ap(F), =

oo A, ¥n) By, where { A }ren € IP. Thus, ap(F) € Zp.
O
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