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Abstract|This paper reports a method to dis-

sect the orbit structure of quantized chaotic maps

of the unit interval. The ¯nite precision of com-

puter arithmetic yields a spatially discrete dynam-

ical system whose behavior is quite di®erent from

that expected on the continuum of real numbers.

All computed orbits are eventually periodic; which

is in stark contrast to the theoretical dynamics on

the real line. The dynamical behavior of quan-

tized 1-D maps of the unit interval is character-

ized in terms of a) The period and quantity of the

cycles where every orbit eventually lands after a

¯nite number of iterations of the map; and b) The

length and quantity of the paths that lead to these

orbits. An e±cient algorithm to compute these de-

scriptors is proposed. The simulation results are

theoretically justi¯ed in particular cases.

Keywords. Quantized maps, dynamical systems,
¯xed precision arithmetic, chaotic communications.

I. INTRODUCTION

The potential of exploiting the chaotic behavior of cer-
tain types of nonlinear maps for purposes of encryp-
tion and spectrum spreading in communication sys-
tems has been widely recognized and is currently a
subject of active research. Although chaotic behav-
ior is possible in both continuous and discrete time
dynamical systems, 1-D discrete time chaotic dynam-
ical systems or maps, are attractive because they are
the simplest possible choice that promises all of the
desired properties. The idea of using deterministic
chaos to generate an in¯nite number of spreading se-
quences for a direct-sequence code-division multiple

access system (DS-CDMA) dates back to Heidari-
Bateni et al.[1]. Since then, a wealth of contributions
have addressed the applications of chaos-based tech-
niques in this ¯eld, claiming that they can outperform
classical approaches and even be the optimal choice
under certain types of interference, e.g., [2], [3]. The-
oretically good auto and cross-correlation properties
add to the expectations of success in this and other
¯elds [4]. The potential for cryptography and pseudo-
random number generation (PRNG) has been recog-
nized and is a subject of active research, e.g., [6]-[8].

One main line of research focuses on the statistical
approach to the analysis and design of chaotic 1-D
maps, e.g., [3], [5], [9]-[11]. Key concepts are those
of invariant density, ergodicity, mixing and exactness,
and the Perron-Frobenius operator as a basic tool.

However, this machinery operates in measure spaces
of nonzero Lebesgue measure; in other terms, the state
space must be the whole set of real numbers in the unit
interval. The nice properties that 1-D chaotic maps
exhibit in such a space, do not carry over to the ¯-
nite set of rational numbers in the unit interval that
¯nite-precision digital arithmetic entails, where the
Lebesgue measure is replaced by the counting mea-
sure. The replacement of the continuum of real num-
bers by a ¯nite, albeit large, set of states yields a com-
pletely di®erent dynamical behavior. The computed
orbits are always attracted to ¯xed points or cycles of
short length, which is termed computational collapse.

The e®ect of ¯nite precision computer arithmetic
on the computation of chaotic sequences has been
the subject of several references such as [12], [13] and
many references therein; but they have focused more
on the properties of the roundo® errors and the extent
to which the computed orbit resembles some "true"
trajectory, much in the spirit of the shadowing theo-
rem [14], [15]. This approach is, we feel, hardly rel-
evant to applications in communications. Following
Knuth [16], we pursue a characterization in terms of
the length of the ¯nal cycle, and the length of the
sequence before it begins to cycle. So far as the au-
thors are aware, some of the few available references
that address the issue are [17]-[20] and, very recently,
[21]. A systematic method of analysis of quantized 1-
D chaotic maps in these terms was proposed in [22].
This paper reviews the method and provides theoret-
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ical support to the results of the simulations.

II. A TOOL TO ANALYZE THE
QUANTIZED 1-D MAP

This section borrows from [22], where the method is
fully explained. The method is brie°y reviewed here
for the sake of completeness.

A. Quantization of the state space

Let X = [0; 1] ½ R be the normalized domain of a
noninvertible map F : X ! X in a measure space
(X;¾(X); ¹);where ¾(X) is a ¾ algebra of subsets of X
and ¹ is the Borel measure given by ¹([a; b]) = b ¡ a.
A well known map that will be used in testing our
method is the R¶enyi map:

F (x) = cx (mod 1) = cx ¡ bcxc = fcxg (1)

where the constant c ¸ 2; the °oor function bxc : R !
Z denotes the greatest integer less than or equal to x;
if x > 0;as is the case here, the °oor function is the
integer part of x; and fxg : R ! [0; 1) is the fractional
part of x.

This map possesses an invariant density and desir-
able properties of ergodicity, mixing and exactness [23]
that will be lost altogether, because of the quantiza-
tion of the state space imposed by the ¯nite precision
of machine arithmetic. We will assume ¯xed point
arithmetic, for the sake of analytical tractability.

For some integer N > 1; let us de¯ne a uniform grid
of width " = 1=N on X as a discrete set of points

X" = X \ "Z = (2)

= f xk 2 X : xk = (k ¡ 1)"; k = 1; 2; :::; N + 1g

i.e., the set of equally spaced points 0; 1=N; :::; (N ¡
1)=N; 1: The analysis will be best carried out in terms
of the set of states or indices of the points in X" :
KN = [1; N + 1] \ Z. There is an obvious bijective
map H : X" ! KN .

The quantization maps each real number in the unit
interval to some gridpoint by means of the quantiza-
tion operator Q : X ! X": Three types of quantiza-
tion maps can be de¯ned:

1. The °oor map that rounds towards minus
in¯nity: Q(x) = " bx="c.

2. The ceiling map that rounds towards plus in¯nity:
Q(x) = " dx="e :

3. The roundo® map that rounds towards the near-
est gridpoint: Q(x) = (bx + 1=2c) :

The roundo® map is the appropriate model of ¯xed-
point arithmetic. It amounts to a uniform quantiza-
tion of the unit interval. It introduces a partition of
X into N + 1 disjoint subsets of X or cells ¢k =
fx 2 X : jx ¡ xkj < jx ¡ xj j 8j 6= k; j 2 KNg.
There are N ¡ 1 inner cells of width " centered on
the points x1; x2; : : : ; xN¡1, and two end cells of width

"=2, with 0 and 1 as left and right endpoints respec-
tively. The transformation is clearly non injective:
¢k = Q¡1 (xk) :

If the word length is L; we have a quantization to L
bits that generates a partition of N = 2Lcells of width
" = 2¡L and a grid of #KN = 2L + 1 states.

For an arbitrary real slope c ¸ 2, the map F ap-
plied to X" yields points in X nX" almost surely with
respect to the invariant density; i.e., the result is, in
general, not representable in the arithmetic. Round-
ing o® the intermediate and ¯nal results in the com-
putation does yield points in X" and then a quantized
or discrete map representation F" : X" ! X" is ob-
tained. A model for simple mappings computed by
few operations of multiplication and addition, is the
map composition

F" = Q ± F (3)

For later purposes, let us de¯ne a conjugate map
acting on the set of states,

G : KN ! KN ; G = H ± F": (4)

B. Limit cycles, ¯xed points and basins of attraction

The orbit of a point xk 2 X" is the set
fFn

" (xk); n ¸ 1g : Since the map F is a transforma-
tion of the unit interval into itself, the quantized map
F" is guaranteed to return points in the grid X"; more
speci¯cally, F"(X") µ X". The set of all orbits is the
non-increasing sequence of iterates:

Fn
" (X") µ Fn¡1

" (X") µ ¢ ¢ ¢ µ X"; n ¸ 1

which translates into

Gn(KN) µ Gn¡1(KN) µ ¢ ¢ ¢ µ KN ; n ¸ 1

The limit set

A =
\

n¸1

Gn(KN) 6= ;

is the set of absorbing states which consists of ¯xed
points and limit cycles of the quantized map. A limit
cycle is a subset C µ A such that G(C) = C. The
cycle length is

LC = ]C

where ](¢) denotes the cardinality of a set. We call
C an LC¡cycle. Since G is an invertible mapping
of the ¯nite set C into itself, it is a permutation of
degree LC ; an element of the permutation group on
LC elements, in which the group operation is map
composition. It generates a cyclic group of order LC :
fI;G;G2; : : : ; GLC¡1g (where I ´ G0 is the identity).
The order of G is LC ; hence GLC = I and

GLC (k) = k 8k 2 C

i.e., every state in C is periodic of period LC .
A ¯xed point is a cycle of unit length.
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Figure 1 { A cycle, its basin of attraction and one
transient path.

A basin of attraction BC of the cycle C is the set of
all states in orbits that eventually land on C, that is

BC =
[

n¸0

G¡n(C) ¶ C (5)

The maps F" and G inherit the non-invertible na-
ture of F ; hence, di®erent orbits may lead to the same
state in C or may eventually merge before reaching C.
Let k0 2 BC , then for some integer m ¸ 0; Gm(k0) 2
C: The entry state to C is given by the least such
m : me = min fm 2 N : Gm(k0) 2 Cg : A transient
path from k0 to C is the segment of the orbit of k0

that leads to C:

P (k0) = fki = Gi(k0)gme
i=0 (6)

Note that the path includes its endpoints. The tran-
sient path length is de¯ned as

LP (k0) = ]P (k0) ¡ 1 (7)

These de¯nitions allow for paths of zero length,
which correspond to initial points in C: The states
on the path to C; the entry state excluded, are tran-
sient states visited only once by the dynamical sys-
tem. After 5, the size of the basin of some cycle C is
#BC ¸ #C = LC , the cycle length.

These de¯nitions are represented in Figure 1.
In the applications, we are interested in ¯nding, for

instance, the average, or the maximum number of it-
erations of the map before getting trapped in a cycle.
Hence, a meaningful measure of the basin of attraction
of a cycle is the cumulative length

LPC =
X

i2BC

LP (i) (8)

The di®erent cycles induce a partition of KN in
equivalence classes of their basins of attraction. Say
that there are M classes, then we de¯ne the average
cycle length of a map F quantized to N + 1 states as

LC =
1

]KN

MX

i=1

]BCiLCi (9)

where Ci; i = 1; :::;M denotes the i¡th cycle, and
the length of every cycle is weighed by the probability
]BCi=]KN of landing on it if the initial state is chosen

at random. Clearly,
PM

i=1 ]BCi = ]KN = N + 1; as

KN =
SM

i=1 BCi and BCi \ BCj = ; for i 6= j; j =
1; :::M:

Likewise, the average path length is

LP =
1

]KN

MX

i=1

]BCiLPCi
(10)

Equations 9 and 10 de¯ne the two descriptors that
will characterize the behavior of a quantized map.

C. Graph and transition matrix representation of the
map

It is natural to think of the states as vertices of a di-
rected graph (or digraph) ¡ = (V;E), where V = KN

is the set of vertices and E is the set of directed edges.
In this setting, a directed edge is an ordered pair of
states hi; ji such that j = G(i); a path of length LP is a
sequence of edges hk0; k1i ; hk1; k2i ; : : : ; hkLP ¡1; kLP i;
since ki+1 = G(ki) this de¯nition includes the tran-
sient paths de¯ned in Eq. 6. A cycle is a directed
path that begins and ends at the same vertex, which
then occurs exactly twice in the ordered list of ver-
tices; and a loop is a cycle of length 1 (i.e., a ¯xed
point).

Let us de¯ne

± (k) =

½
1 if k = 0
otherwise

The graph is described succinctly by an (N + 1) £
(N + 1) transition matrix

(G)ij = gij = ± (j ¡ G(i))

The matrix is nonnegative because all its entries are
real and nonnegative. Since every state i 2 KN has
an image in KN under G, there is one and only one
entry 1 in every row of G. All the rows add up to
1, hence this is a stochastic matrix. This property is
expressed in a compact manner by de¯ning a vector
1T as a column of N + 1 ones; then

G1T = 1T (11)

The nth power of G relates the initial and ¯nal
states after n iterations of the map, because

¡
G2

¢
ij

= g
(2)
ij

X

k2KN

gikgkj =

=
X

k2KN

± (k ¡ G(i)) ± (j ¡ G(k)) =

= ±
¡
j ¡ G2(i)

¢

and by straightforward induction,

(Gn)ij = g
(n)
ij = ± (j ¡ Gn(i))
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Let p(0) = (p1(0); : : : ; pN+1(0)) be a row vector of
state probabilities at time 0, with

X

i2KN

pi(0) = p(0)1T = 1

The vector of state probabilities after n iterations
of the map is

p(n) = p(0)Gn (12)

The iteration preserves the normalization of the
state probabilities, as it should, since

X

i2KN

pi(n) = p(n)1T = p(0)Gn1T = p(0)1T = 1

The correspondence between the matrix G and the
graph ¡ will be denoted as ¡(G): The connectivity of
¡(G) is a topological property that is una®ected by
a change in the labeling of the vertices. If the labels
or names of the vertices i and j are transposed (in-
terchanged), this has the e®ect of interchanging the
ith and jth rows of G as well as the ith and jth
columns. Such a transposition is a similarity PTGP;
where P =(pij) 2 (N +1)£ (N +1) is a transposition
matrix that has pij = pji = 1 and all other nondiago-
nal entries 0. Since any cyclic permutation of degree n
can be obtained as the product (composition) of n¡1
transpositions, it follows that a permutation matrix
that performs an arbitrary symmetric permutation of
the rows and columns of G is a ¯nite product of trans-
position matrices. This is a square matrix all of whose
entries pij are 0 or 1; and with one and only one 1 in
each row or column. It is orthogonal, so PT = P¡1: A
permutation of the rows and columns of G; is equiv-
alent to a relabeling of the states or vertices of the
graph: ¡(PTGP) = ¡(G):

The following properties are true of G:

1. Nonnegative eigenpair

The set ¾(G) of all ¸ 2 C that are eigenvalues of G
is called the spectrum of G: The spectral radius of G
is ½(G) = max fj¸j : ¸ 2 ¾(G)g : This is the radius of
the smallest disc centered at the origin in the com-
plex plane that encloses all the eigenvalues of G: It
is shown in [24] that G ¸ 0 =) ½(G) 2 ¾(G), and
there exists an associated eigenvector x ¸ 0 such that
Gx = ½(G)x: From Eq.11, it is obvious that (1;1) is
an eigenpair of G:

2. Reducibility

The matrix G is said to be reducible, because there
exist some permutation matrix P and some integer r
with 1 · r · N such that

PT GP =

·
Q Z
0 A

¸
(13)

where A is r£r; Z is (N +1¡r)£r; Q is (N +1¡r)£
(N + 1 ¡ r) and the null matrix 0 is r £ (N + 1 ¡ r):
It is shown in [24] that a matrix is irreducible if its
directed graph is strongly connected, i.e., if between
every pair of distinct vertices i; j there is a directed

path of ¯nite length that begins at i and ends at j.
Clearly, this is not the case with the graph ¡ that
represents the map G, hence the graph matrix G is
reducible. Furthermore, there exists a permutation
matrix P such that

PTGP =

2
64

G1 ¤
. . .

0 GK

3
75 (14)

in which every submatrix Gi; 1 · i · K; is either
irreducible or is the 1£1 zero matrix. This is the (not
necessarily unique) irreducible normal form of G, and

¾(G) =
K[

i=1

¾(Gi): (15)

Note that if G is stochastic, PT GP is also stochas-
tic and then at least the submatrix GK is stochastic.
Other submatrices Gi; 1 · i < K may or may not be
stochastic.

3. Spectral radius

Proposition 1 The spectral radius of G is 1.

Proof Pick a particular irreducible submatrix Gk

that is also stochastic. The Perron-Frobenius theo-
rem for nonnegative irreducible matrices ensures that
½(Gk) > 0 is an algebraically simple eigenvalue of
Gk; and that there is an eigenvector x > 0 such
that Gkx = ½(Gk)x: These are respectively termed
the Perron eigenvalue and the Perron eigenvector, or
brie°y, the Perron eigenpair.

The spectral radius is given by the Collatz-Wielandt
formula [25]:

½(Gk) =max
x2N

f(x)

where

f(x) = min
1·i·n

(Gkx)i

xi
; with xi 6= 0

and
N = fx : x ¸ 0 with x 6= 0g

Then, 8x 6= 0; f(x)xi · (Gkx)i ) f(x)x · Gkx
. Clearly, the equality applies when x = 1; which is
known to be an eigenvector of the stochastic matrix;
then f(x) = 1 and ½(Gk) = 1 is the associated eigen-
value. We have thus proved that the spectral radius
of at least one of the irreducible blocks in Eq.14 is 1.
The spectral radius of the other blocks which are not
stochastic is at most 1. From Eq.15, it is clear that
the spectral radius of G is 1.

4. Eigenvalues

For each of the nonnegative irreducible blocks Gk in
Eq.14, only two possibilities exist: a) It has only one
eigenvalue rk = ½(Gk) on its spectral circle, in which
case it is termed a primitive matrix; or b) It has h > 1
eigenvalues on its spectral circle, in which case it is
called imprimitive.

Proposition 2 A stochastic block of size larger than
1 £ 1; is imprimitive.
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Proof. It is shown in [24] or [25], that for Gk to be
primitive, the limit

lim
n!1

µ
Gk

rk

¶n

=
1Tp

p1T
(16)

must exist, where 1T and p are the respective Perron
vectors for Gk and GT

k : Say that Gk is m £ m: Now,
if Gk is stochastic, there is a path in the subgraph
¡(Gk) of length at most m from any state to any
other state. Clearly, such a subgraph is a cycle of
length m. It was shown before that rk = ½(Gk) = 1,
hence Eq.16 demands that Gn

k approaches a constant
matrix as n goes to in¯nity. But Eq.12 applied to a
cycle shows that this is impossible; for if we choose
p(0) = (1 0 : : : 0) ; the dynamics in the cycle forbid
that p(n) be constant at any later time n > 0: Hence,
the limit does not exist and the matrix is imprimitive.

Proposition 3 The eigenvalues of a stochastic block
of size m £ m in Eq.14 are the mth roots of unity:

¸n = exp (j2¼n=m) ; 0 · n · m ¡ 1

Proof. It follows from the facts that a) The spec-
tral radius is 1; b) The matrix is imprimitive and has
more than one eigenvalue on its spectral circle; c) The
cyclical nature of ¡(G); whereby there is always a per-
mutation P such that

PTGkP =

2
666664

0 1 0 ¢ ¢ ¢ 0
0 0 1 ¢ ¢ ¢ 0

¢ ¢ ¢ ¢ ¢ ¢ . . . ¢ ¢ ¢ ¢ ¢ ¢
0 0 0 ¢ ¢ ¢ 1
1 0 0 ¢ ¢ ¢ 0

3
777775

It can be easily seen, by writing the characteristic
equation, that a matrix with such a structure has one
eigenvalue of multiplicity m; and c) Wielandt's theo-
rem [25], that states that the eigenvalues on the spec-
tral circle of an imprimitive matrix are the hth roots
of the spectral radius.

Another approach to this property is to recognize
that if ¡(Gk) is a cycle of length m, then Gm

k must
be the identity matrix. Let ¸n be an eigenvalue of
Gk; then ¸m

n is an eigenvalue of Gm
k = Im£m: The

characteristic equation of this matrix is

det (Gm
k ¡ ¹Im£m) = det ((1 ¡ ¹) Im£m) = (1 ¡ ¹)m = 0

that is ¹ = ¸m
n is a root of unity of multiplicity m;

hence, ¸n must be one of the mth roots of unity.
A block of size 1 £ 1 is a diagonal 1. It contributes

one unit eigenvalue to ¾(G):
The blocks which are not stochastic have one or

more zero rows. Their diagonals are zero; an m £ m
block of this type contributes m null eigenvalues to
¾(G):

D. Decomposition of the transition matrix

Enough has been said to support the following proce-
dure to relabel the graph vertices, with the purpose of

bringing the graph matrix into a form more amenable
to analysis.

The ¯rst, and most important part, is the identi¯ca-
tion of the absorbing states, which proceeds as follows:

1. Identify the diagonal elements in G: These are
edges in cycles of unit length or ¯xed points of
the quantized map. Build a permutation matrix
P1 such that

G(1)= PT
1 GP1

has the diagonal 1's on its lower-right corner. Say
that r1 1's are found in this step; then this lower-
right diagonal block is r1 £ r1:

2. Delete the lowest and rightmost r1 rows and
columns in G(1) to spare them from further re-
orderings. Call G(1¡) the new matrix. Identify

the diagonal elements in
¡
G(1¡)

¢2
. These are

edges belonging to 2-cycles. Build a permutation
matrix P2 such that

G(2)= PT
2 G(1¡)P2

has the diagonal 1's on its lower-right corner. If
r2 1's are found at this step, this lower-right block
is r2 £ r2: Build and store an augmented permu-
tation matrix of size (N + 1) £ (N + 1) :

Paug
2 =

·
P2 0
0 Ir1£r1

¸

3. Proceed in sequence, deleting at the kth step the
lower-right block diagonal elements in G(k¡1); to
obtain a new matrix G(k¡1;¡): Identify the di-

agonal 1's in
¡
G(k¡1;¡)

¢k
, which are edges in k-

cycles. Build a permutation matrix Pk such that

G(k)= PT
k G(k¡1;¡)Pk

has the diagonal 1's on its lower right corner.
Build and store an augmented permutation ma-
trix of size (N + 1) £ (N + 1) :

Paug
k =

·
Pk 0
0 I(r1+:::+rk¡1)£(r1+:::+rk¡1)

¸

4. Stop the iterations when no more diagonal 1's are
found at step kmax + 1.

5. Compute the similarity

Gred = PT
totGPtot

where Ptot =
Qkmax

k=1 Paug
k is the overall permuta-

tion matrix.

The graph matrix has been reduced to the form

Gred=

·
Q Z
0 A

¸

where A is r £ r; Z is (N + 1 ¡ r) £ r; Q is (N + 1 ¡
r)£(N +1¡r) and the null matrix 0 is r£(N +1¡r);
for r = r1 + ¢ ¢ ¢ + rkmax :
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With the notation of the preceding section, if there
are M cycles, then kmax = M:

It is readily seen that

Gn
red =

·
Qn Zn

0 An

¸

where Zn =
Pn¡1

i=0 Qn¡iZAi . The procedure just
outlined has placed in the submatrix A all of the
nonzero entries associated to ¯xed points or cycles
of the graph; in the lower-rightmost part the ¯xed
points; then as we shift upwards and to the left, the
entries belonging to cycles of increasing length. It
is apparent that this is the submatrix of absorbing
states, for any state relabeled to be in the lowest r
rows has an image in the same set. The length of each
cycle, which is to be inserted in Eq. 9, comes as a
byproduct of the ordering procedure.

The submatrix Z contains nonzero entries whose
rows are the states that immediately precede an entry
state to some cycle; so every entry in Z is a path of
length 1. The absorbing submatrix A is a diagonal
matrix of stochastic sub-blocks Gk;of size rk £rk; k =
1; :::;M; of unit spectral radius, with rk eigenvalues
on the spectral circle: The graph ¡(Gk) is a cycle of
length rk; which means that

Grk

k = Irk£rk

Each entry of A is a path of length 0. The submatrix
Q represents all the remaining transient states. Its
main diagonal is zero, as well as all the rows that have
a nonzero entry in Z: The subgraph ¡(Q) consists of
the paths in the basins of attraction of the di®erent
cycles, excluding the edges that are already in ¡(Z): It
can be shown that this structure makes Q a nilpotent
matrix: there exists an integer n0 < N + 1 ¡ r (the
index of nilpotency), such that Qn0¸ 0 but Qn0+1= 0:
The number of nonzero entries in Qn decreases with
every iteration, until at some step we are left with a
null matrix. Hence, n0 + 1 is the maximum possible
path length, i.e.,

max
i

LPCi
= n0 + 1; i = 1; :::;M

The number of nonzero entries in Zn must in-
crease in every iteration, in order to keep the rows
adding up to 1. The L1 norm of a matrix is the
sum of the absolute values of its elements; hence the
nonzero count of Qn is just kQnk1 : The di®erence
¢n =

°°Qn¡1
°°

1
¡ kQnk1 > 1, is the number of ones

"lost" by Qn in the n-th iteration, that are "captured"
by Zn:

After n0 + 1 iterations, we are left with

Gn0+1
red =

·
0 Zn0+1

0 An0+1

¸

The submatrix An0+1 is a diagonal matrix of sub-
blocks Gn0+1

k : The columns of Zn0+1 above each block
Gn0+1

k have a 1 in every row belonging to a state in
BCk ; k = 1; :::;M . Then, the measure of the basin of

a cycle Ck is

#BCk
= kZn0+1(:; k)k1 +

°°Gn0+1
k

°°
1

=

= kZn0+1(:; k)k1 + rk; k = 1; :::;M

The cumulative path length de¯ned in Eq.8, in-
creases an amount ¢n in every iteration, which pro-
vides a recursive procedure to compute the product
]BCiLPCi

in Eq. 10, for all the classes at the same
time. That is,

LP =
1

#KN

MX

i=1

#BCiLPCi
= (17)

=
1

N + 1

n0X

n=2

°°Qn¡1
°°

1
¡ kQnk1

The average cycle length is

LC =
1

#KN

MX

i=1

#BCiLCi = (18)

=
1

N + 1

MX

i=1

(kZn0+1(:; i)k1 + ri) ri

Clearly, the cycles are weighed in proportion to their
length, since a longer cycle has a greater probability
of "capturing" a random initial state.

E. Experimental results for the quantized Rµenyi map

Figures 2 to 9 show the results of using the algo-
rithm to analyze the map (1) with slope values of
c = 3; 10=3; 11=3; 4; quantized to L = 10 bits.
A slope of 3 gives pure cycles, without any transient
paths of ¯nite length; the basin of a cycle is the cy-
cle itself. A slope of 4, on the other hand, gives only
one cycle of length one, which is the ¯xed point 0;
all the states but this one belong to transient paths
which converge to the ¯xed point like the branches
of a tree, which accounts for the exponential distrib-
ution of the path lengths. In between those extreme
cases, the rational slopes 10/3 and 11/3 give the most
general graphs, with cycles and transient paths of ¯-
nite length. Aside from this common quality, the cy-
cle and transient path distributions of the maps with
non-integer slopes are very di®erent from each other.

In the next section, we provide an explanation for
such results.

III. ANALYSIS OF THE QUANTIZED
RµENYI MAP

A. Preliminary de¯nitions

The dynamics of the quantized Rµenyi map can be fully
understood applying simple yet powerful arguments
from symbolic dynamics [27], [28], when the slope c
is a power of 2 or, more generally, a power of the in-
teger radix b of an arbitrary base arithmetic. The
technique breaks down, however, if the parameter c is
not a power of the radix. Number-theoretical argu-
ments reminiscent of the theory of the expansion of
real numbers in an arbitrary base, can do the job.
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Figure 2 { Cycle length distribution for slope 4, 10
bits.
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The following notation will be used.
The base or radix of the ¯xed point arithmetic is a

prime integer b ¸ 2: We are interested in the particular
value b = 2, but reasoning in terms of an arbitrary
prime radix provides a better insight.

The precision of the machine arithmetic (i.e., the
length of the expansion) is L:

If n;m are two positive integers, and n divides m,
we write njm:

The greatest common divisor of two integers n;m
is denoted by (n;m). If (n;m) = 1, then n and m are
said to be relatively prime.

The de¯nitions in subsection II.A. are extended to
a grid with N = bL points.

Any point xk 2 X" can be written as: xk =
k=bL; 0 · k · bL, which is the same as Eq. 2,
but with the indices shifted one unit to the left to
our present convenience. It proves convenient, too, to
treat the endpoints separately from the inner points
of the grid; so we de¯ne

X0
" = X"n f0; 1g = (19)

= xk : xk = k=bL; 1 · k · bL ¡ 1 (20)

Every integer greater than 1 can be written as the
product of powers of its prime factors. A suitable
way to write such factorization for k 2 [1; bL ¡1], is to
explicitly show the factor b and group all other factors
in an integer p relatively prime to b:

k = bMp;

(b; p) = 1; 0 · M · L ¡ 1; 0 · p · bL¡M ¡ 1

so that a point in X0
" is

xM;p = bMp=bL = p=bL¡M ; 0 < xM;p < 1 (21)

Given M , p can assume the integer values 1, ...,
bL¡M ¡ 1 that are relatively prime to b: The distribu-
tion n(M) of points in the grid for a speci¯c value of
M will be needed later. It is

n(M) = #
©
p : 1 · p · bL¡M ¡ 1; (b; p) = 1

ª
=

= #
©
p : 1 · p · bL¡M ¡ 1

ª
¡

¡#
©
p : 1 · p · bL¡M ¡ 1; bjp

ª

The ¯rst term is just bL¡M¡1, and the second is the
quantity of positive multiples of b up to and including
bL¡M ; i.e.,

X

1·x·bL¡M

bjx

1 = #
©
x : x = jb; j = 1; :::; bL¡M¡1

ª
=

= bL¡M¡1

so that

n(M) = (b ¡ 1)bL¡M¡1 (22)

As a check,

L¡1X

M=0

n(M) = bL ¡ 1 = #X 0
"

The indices that identify a speci¯c point in the grid
will be omitted in the sequel, to achieve a simpler
notation, unless the distinction becomes necessary.

At time n, a point x(n) 2 X" is mapped to
x(n + 1) = F"(x(n)) 2 X":
If and only if the slope c of the map 1 is an integer,

F (X") will yield points in X", that is, F" = Q±F = F
and the map iterates are

F (x) = fcxg = cx ¡ bcxc
F2(x) = fc fcxgg = fc (cx ¡ bcxc)g =

= c (cx ¡ bcxc) ¡ bc (cx ¡ bcxc)c =

= c2x ¡ c bcxc ¡
¥
c2x ¡ c bcxc

¦
=

= c2x ¡
¥
c2x

¦
=

=
©
c2x

ª

and in general:

Fn(x) = fcnxg ; n ¸ 0 (23)

Three di®erent cases are now considered.
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B. Integral slope multiple of the radix

The map slope c is an integer

c = rbN ; (r; b) = 1; 1 · N (24)

In all cases of practical interest, N << L:
For an initial point x(0) 2 X0

" , written as in Eq.
21, the n-th iterate of the map is

x(n) = fcnx(0)g =
n
rn p

bL¡M¡nN

o
; 0 · M · L ¡ 1

(25)
Since (r; b) = (p; b) = 1, the only way that the

fractional part in Eq. (25) can equal zero is to have
bL¡M¡KN = 1 for some K > 0, that is,

L ¡ M ¡ (K ¡ 1)N > 0

L ¡ M ¡ KN · 0

which means

L ¡ M

N
· K <

L ¡ M

N
+ 1

or

K =

»
L ¡ M

N

¼
(26)

The orbit ends in 0 after K steps. Aside from the
unit length cycle f0g, there are no other cycles. That
is, x(n) 6= x(m) for every 0 · n;m · K; n 6= m.

Proof: Assume there exist integers n;m with 0·
m < n · K, such that x(n) = x(m), then Eq. (25)
implies that

rm = rnb(n¡m)N

that is, (rm; b) > 1, contrary to Eq. (24).
The number K just found is the path length de¯ned

in Eq. (7) for the initial state pbM : Eq. (26) shows
that, L and N being ¯xed, this length depends only
on the exponent M , that is

LP (pbM) = LP (M) =

=

»
L ¡ M

N

¼
; 0 · M · L ¡ 1 (27)

We seek to obtain the distribution n(LP ), i.e., the
number of paths of length LP . Eq. (27) gives the min-
imum and maximum path lengths: 0 · LP · dL=Ne.
The function LP (M) is N -to-one. Let us de¯ne the
set L¡1

P = fM : LP = d(L ¡ M)=Neg ; then

n(LP ) =
X

M2L¡1
P

n(M) (28)

As an example, take the Rµenyi map of slope 4 quan-
tized to 10 bits: b = 2; L = 10; N = 2: The table
in Fig. 10 shows the values computed from Equations
(22), (27) and (28), which agree with the experimental
values of Figure 3.

The mean path length is

LP =
1

PL¡1
M=0 n(M)

L¡1X

M=0

n(M)LP (M) =

Figure 10 { Path length distribution for slope 4, 10
bits.

=
b ¡ 1

bL ¡ 1

L¡1X

M=0

bL¡M¡1

»
L ¡ M

N

¼
=

=
b ¡ 1

b(bL ¡ 1)
S(L;N)

where

S(L;N) =
LX

i=1

»
i

N

¼
bi =

=
1 ¡ bN

1 ¡ b
¢

¢b
N(km+1)km ¡ bNkmkm ¡ bN(km+1) + bN

(1 ¡ bN)
2 +

+bNkmkm
1 ¡ bL+1¡Nkm

1 ¡ b

and km = bL=Nc : These expressions simplify greatly
for b = 2 and yield the same average path length com-
puted in the simulation by means of Eq. (17) in agree-
ment with the de¯nition of Eq. (10).

C. Integral slope relatively prime to the radix

The map slope c is an integer such that (b; c) = 1:
For an initial point x(0) 2 X0

" , written as in Eq.
21, the n-th iterate of the map is

x(n) = fcnx(0)g =
n
cn p

bL¡M

o
; 0 · M · L¡1 (29)

(b; c) = 1 implies (bL¡M ; c) = 1: Then, the Fermat-
Euler theorem [29] ensures that

cÁ(bL¡M ) ´ 1 (mod bL¡M) (30)

where for any m 2 N; Euler's totient function Á(m) is
the number of positive integers not exceeding m which
are relatively prime to m. If there exists an integer
¸ < Á(bL¡M) such that c¸ ´ 1 (mod bL¡M);then
¸jÁ(bL¡M). Let us call º the least such integer:

º = inf
©
¸ : c¸ ´ 1 (mod bL¡M)

ª
(31)

It is said that º is the order of c mod bL¡M ; or that
c 2 º (mod bL¡M):
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The congruence

cº ´ 1 (mod bL¡M)

means that bL¡M j(cº ¡ 1); or

cº ¡ 1

bL¡M
= n

for some integer n. Thus, the º-th iterate is

x(º) =
n¡

nbL¡M + 1
¢ p

bL¡M

o
=

=
n
np +

p

bL¡M

o
=

p

bL¡M
= x(0)

The orbit is periodic with period º. There are no
transient paths.

It is clear from Eq. (31) that the period º is a
function of bL¡M : It is bounded from above by Euler's
function:

º(bL¡M) · Á(bL¡M)

Tighter bounds exist for the important case b = 2:
The following facts hold [30]:

1. If p is a prime number, then Á(pn) = pn(1¡1=p):
It follows that

Á(bL¡M) = bL¡M(1 ¡ 1=b)

Á(2L¡M) = 2L¡M¡1

2. If m 2 N; m 6= 2; 4; pt; 2pt with p an odd prime
and t 2 N; then º(m) < Á(m). If b = 2; then
2L¡M 6= 2; 4 for 2 < L ¡ M ; thus

º(L ¡ M) < Á(2L¡M) = 2L¡M¡1 2 < L ¡ M
(32)

3. If m 2 N; then the minimum universal exponent
modulo m is the smallest positive integer ¹(m)
for which a¹(m) ´ 1 (mod m) for all integers a
relatively prime to m. The minimum universal
exponents modulo the powers of 2 are ¹(2) =
1; ¹(22) = 2; ¹(2k) = 2k¡2 for k = 3; 4; :::. For
us, this means that

2L¡M¡2 · º(L ¡ M); 3 · L ¡ M

2 · º(L ¡ M); 2 = L ¡ M (33)

1 · º(L ¡ M); 1 = L ¡ M

We have obtained upper and lower bounds on the
distribution of cycle lengths: LC(L;M) = º(L ¡ M).

The mean cycle length is

LC =
1

PL¡1
M=0 n(M)

L¡1X

M=0

n(M)LC(L;M) =

=
b ¡ 1

bL ¡ 1

L¡1X

M=0

bL¡M¡1LC(L;M) (34)

Equations (32) and (33) provide bounds on the av-
erage cycle length when b = 2:

1

2L ¡ 1

µ
7

3
+

4L

6

¶
· LC <

1

2L ¡ 1

4L ¡ 1

3
(35)

Figure 11 { Cycle length distribution for slope 3, 10
bits.

Let us call n(LC) the number of states that have
period LC . The number of cycles of period LC is
n(LC)=LC .

To test these results, take the the Rµenyi map of
slope 3 quantized to 10 bits: b = 2; L = 10; c = 3: The
table in Figure 11 shows the values computed from
Equations (22), (32) and (33). One state of unit cycle
length is added to the last row, to take into account
the ¯xed point at x0 = 0: The numbers are in full
agreement with the simulation results of Figure 8.

D. Non-integral slope

If the slope c is not an integer,

1. The n-th iterate is no longer given by the simple
Equation (23), and

2. The map F applied to X" yields points in X nX"

almost surely with respect to the invariant den-
sity; i.e., the result is, in general, not repre-
sentable in the arithmetic. The analysis of the
dynamics of one orbit of the quantized map must
take into account the e®ect of quantization at
each iteration.

In fact, the quantization errors are intractable with
the analytical tools that we have used in this section,
and a di®erent approach must be taken. (In [21] this
is termed quantization chaos).

Figures 4 to 7 show that there are a few cycles
and a more or less wide distribution of transient path
lengths; which resembles the mixed periodic-aperiodic
expansion of an arbitrary rational number in some nu-
meric base.

IV. CONCLUSIONS

A tool to fully dissect the orbit structure of a quan-
tized chaotic 1-D map has been provided. Its out-
puts are the distributions of cycle and transient path
lengths. The distributions observed have been fully
explained in all cases of the Rµenyi map with integral
slope. Further work is needed to explain the distribu-
tions in the case of non-integral slope.
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