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Abstract

We prove LP boundedness for the maximal operator of the heat semigroup asso-
ciated to the Laguerre functions, {L{ };, when the parameter « is greater than —1.
Namely, the maximal operator is of strong type (p,p) if p > 1 and 2%{ <p< %a,

when —1 < a < 0. If @ > 0 there is strong type for 1 < p < co. The behavior at the
end points is studied in detail.

1 Introduction

The Laguerre polynomials L¢ (y) are given by

—y, aTQ _]' d —y, k+a
enyk(y)—Hd—yk(eyy ),

where y is positive. We assume that o > —1. The Laguerre polynomials {L{ (y)},-, form a
orthogonal system with respect to the measure e Yy“dy. More precisely,

F'(k+a+1)

F(k+1)

/0 Ly (y) Lj (y) e™¥y dy =
thus, the Laguerre functions £§(y) defined by

o _ F(k+ 1) 2 —y/2, a/2 T
Ly (?J) = <F(k—|—a+1)) € Yy Ly, (?J),

for a given «, form an orthonormal set with respect to the Lebesgue measure. Standard
references for Laguerre functions and polynomials are [1], [8] and [9].
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We define the heat diffusion kernel W (t,y, z) for « > —1,¢t >0,y > 0 and z > 0 as
(1) W (ty,2) =3, e U HOTRLE (y) £7(2),
and the heat diffusion integral W f (t,y) as

WS (ty) = [T W (o) () d

The heat diffusion integral W, f (¢, y) satisfies the semigroup property
Wef(t+s,y) = / We (t,y,z) Wf (s, 2)dz.
0

The maximal operator W®* f (¢) associated to the heat diffusion integral W, f (t,y) is given

by W= f (y) = supiso [Wf (£, )]
We define the fractional maximal function My f (z) for 0 <60 < 1 as
1
My f () = supj,-g (2n)i /|y<h |f(x —y)|dy.

If 0 =0, Mof (z) is the Hardy-Littlewood maximal function. It is well known that if ¢° is
a weight with —1 < § < p — 1, then M, f is of strong type (p,p) for p > 1 and of weak type
(1,1) if p = 1 with the measure y°dy. As references see [4], [6].

The purpose of this paper is to study the action of the maximal operator W** f just
defined on the spaces L? ((0,00),dy). For a« > 0 the positive results we give here were
obtained by K. Stempak in [7] using techniques similar to those of B. Muckenhoupt, see [3].
The situation for —1 < a < 0 is rather different since, for instance, the functions £¢ (y) do
not belong to every L? ((0,00),dy) . This indicates that the general theory of semigroup, see
[5], does not apply.

2 Statement of the results

Let N, denote the interval

2/ (24 ®),2/(—a)) ,if —1<a<0,
N, =< and
(1, o0 , ifa>0.

With this notation, we have the following result:

Theorem 1 (Strong type ) Let —1 < a < oo. The mazimal operator W** f (y) satisfies

/0 W f(y)f dy < Cop /0 |f ()" dy,
with a constant C,, depending only on o, provided that p € N,. That is to say

@) a) If —1<a<0, then 2/(2+a)<p<2/(—a), and
b) Ifa>0, then 1<p<oo.



The following theorem gives the behaviour of W* f at the end points of N,.

Theorem 2 (End points) Let —1 < a. At the end points of N, we have

(a) If =1 < a < 0, the upper end point of N, is equal to 2/ (—«) . The operator W** f is
of weak type and not of strong type (2/ (—«),2/ (—a)).

(b) If « > 0, the upper end point of N, is equal to co. The operator W** f is of strong
type (00, 00) .

(¢) If =1 < a < 0, the lower end point of N, is equal to 2/ (2 + «). The operator W** f
is of restricted weak type and not of weak type (2/ (2 + «),2/ (2 + «)).

(d) If a > 0, the lower end point of N, is equal to 1. The operator W** f is of weak type
and not of strong type (1,1) .

3 Lemmas

Throughout this paper we shall assume that f (z) is a non-negative function. The constants
will not have the same value in each occurrence.

Lemma 1 Given 3 ,0< 3 <1, there exists a constant Cg such that for every y > 0

7 (10 @) < ol [

—B/2 y+h )
5 ey (s [ 1)) < 30r ).
and
(4) SUPp>y /2 (yﬁ/Q (2}515 /ywh f(z) Zﬁ/2d2) < CﬁyfﬁpM (f (2) Zﬁ/z) (y)-

Proof. If y < 2h, we have

h
(Qh;ﬁ NICE (2}315 /y Y ) 0

1

Y _ 1 y+h -
yl‘ﬁ/o f(Z)Z B/2dz+suph2y/2 (W/y f(z)z ﬂ/2dZ> .

1 y+h B

On the other hand, if y > 2h, then h <y — h and we get

1 y+h 2. p1=8/2 1 ryt+h
- B0, <« 2 - d
/yh Fe) = < o= o Jy TP

< 292 (20)°7 My f (y) < 28292 My f (y) .
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Thus,

-B/2 +h
y v ~8/2 szl Y -8/2
)7 Dy f(z)z77dz <y y/o f(z) 277 dz
-B/2 y+h
+supy<on ((Zh)l‘ﬁ/y f(2) fﬁ/QdZ) + 22 Mof (y).

which proves (3).
Now, let y < 2h and choose kjy as the unique integer satisfying 2y < y 4+ h < 2Fotly,
then

1 y+h B
1_5/3, f(2)278dz < = BZ/ —dz

(2h)
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thus, we get

—B/2 +h
y y _ _
SUDp>y /2 <W ; f(z)z Wde) < ey My (£ (2)272) (),

ending the proof of the lemma. |

Lemma 2 Let —1 < «a. We have the following estimates for the heat diffusion integral

wef(ty):
(a) If =1 < a <0, we denote f = —a. Then

(5) W (ty) < Co{e Mo f (y) + e OOy M, (2702 F (2)) ()}

(b) If 0 < «, then,
(6) WS (ty) < Cae™ " Mof (y).



Let us consider the generating function for the Laguerre polynomials

= I'(n+1) | R a2 (ryz)"?
ST e () L2 (2) " = e L |2

where 0 < 7 < 1, and I, (v) = e~**™/2], (ix), the modified Bessel function, see [1], p.189
(20)], [8] and [9] Then, let Q, (y, z,r) be the function

[e'S) F(TL+]_) - o o . o o (o
Qa2 = 2 me e e O T

1/2 1/2
_ Z La re ) nt(a+1)/2 _ r / e_(z+y)/26—7“(z+y)/(1—7")[a (2 (7"3/2) ) .
L—r I—7r

Taking into account (1), this shows that Q,, (v, z,e™") = W (t,y, 2) .
2
Ifet = (5) , then 0 < s <1 holds if and only if 0 < t < co. Thus, if we define

1+s
1—s\?2
Ra ) 2y = Ya y <\ T )
- fon(22)

1—et/2
—
we get that R, (y, 27 n e—t/2> W (t,y, z). Moreover,

11—82 _1( +;)(y1/2_ 1/2)2 _1( +1)(y )1/2 1—82 1/2
2 S S z S S z ]’ .
Thus,
Wef(t,y) = /0 W (t,y,z) f(z)dz = /0 R, (y,z,s) f(2)dz

for s = (1 — e‘t/z) / (1 + e‘t/Q) :
We shall need in the sequel the following estimations for I, (z) : Let a > —1, there exist
two constants ¢, and C,, such that

(7) () If0o<z<1, then c,z* <1, (z) <C,x"
(2) If z > 1, then ¢, —me” < I, (2) < Cq -

See, [1], p.5, (12) and [1], p.86, (5).
Let D, = {m : (1_52>2x > 1}. Then, the function yxp, (yz) is equal to 1 if and only if

2s

2
(%) yz > 1. By (7), xp. (yz) Rs (y, 2, s) is bounded by constant times

1—s (y)1/2
}1—82 7i(8+%)(Z1/27y1/2>27%(S+%)(2y)1/2 ( ) €< )
2 25 © XD =) N2 s
(7) (zy)

(8)



Since —3 (S + %) + (15552) = —s, we get that (8) is equal to

11— s? (54 2) (212 2) (o) 2 1
= e~ alsts)(#/ "~y ) —s(zy) xp. (y2)
2 2s ° (1—52>1/2 (2 1/4
2s y)
O T

1
XDS (yz) (1552 ) I/Z(Zy)l/4 .

Analogously, by (7), xpe (y2) Ra (y, 2, 5) is bounded by constant times

11— 52 7L(Zl/27y1/2)2 1—s? 1/2 “
(10) 3 95 € " Xps (y2) Tos (yz) ‘
We denote
Hoi(s,y) = o xp, (Y2) Ra (y, 2,5) f (2) dz
and Hoo(s,y) = Jo° xpe (Y2) Ra (y, 2,5) f (2) dz.

Let y > 0, 2 > 0 and s > 0. For every integer k£ we define
By, (y) = {z : 2k$1/2 < ’zl/z N y1/2‘ < 2k+181/2},

and let ky be an integer to be fixed later, then

ko z)dz
Hyi(s,y) < Co X 554 5 Xp, (42) (f()d

1—g2

s 1/2 1/4
o ) (zy)

+too _¢2 _92k dz
11 4O, 5 1=s -2k ; /)
( ) ko+1 2s ka(y) XDS (y ) (1552)1/2(22;)1/4

= 1lqg,11 (57 y) + Ha,l? (37 y) .

For ky and By (y) having the same meaning as before, by (10), we have that H, 2 (s,y) is
bounded by a constant times

ko 1 — g2 1 —s? “
_22k/4/ . 1/2 d
S S [ o) (L5 0) s
R 1 - 82 2k 1 - 32 1/2 “
12 + 76_2 /4/ c z E— z / z dZ
(12) ko; P i X0 (o )] S ()

= Huo21(5,y) + Ha2 (5,9).

Let us fixed kg as the unique integer satisfying 2k0+251/2 < y1/2 < 2ko+351/2 Qince ’21/2 -

2k+151/2 if | < ko and z € By (y) then, we get

(13)

y/? <

y/4 < (y1/2 - 2k:+181/2)2 << (y1/2+2k+181/2)2 <2y
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If k> ko and z € By, (y), since ‘21/2 — Y2 < 21512 e get
(14) 0 < 2<100.2%s and 0 <y < 100.2%s.

Proof of Lemma 2. We are going to estimate Hy 11 (S,y), Ha12 (S,y) , Hao1 (s,y), and
Ha 2 (s,y) for a > —1.
Estimate of H, 11 (s,y). By (11) and (13), Ha11 (s,y) is less than or equal to a constant
times the sum for k& < kg of the terms

1 _ g2 1/2 y1/2 4ok H11/2)?
(15) ( i ) 6_2%/43/_1/2 /(( 2 f(z)dz.

2s y1/2,2k+131/2)

2 2
Since (y1/2 + 2k+1sl/2) - (y1/2 — 2k+131/2> = 4y!/22k+151/2 we have that (15) is bounded
by a constant times

16 1 2\1/2 —2%* 4ok 1 (91/2+2k+131/2)2 d
(16) ( —3) € 4y1/29k+1g1/2 /(y1/2_2k+1sl/2)2 f(z)dz.
Then, by (13) and (16), , we get

1/2
(17) Honi (s,9) < Co (1= 57) 7" Mof (y).

holds for av > —1.
Estimate of H, 12 (s,y). By (11), we have that H, 12 (s,y) is bounded by a constant times
the sum for k > kg of the terms

2

f(z)dz
Xp, (y2) 72 -
* Bkén S ) e

2
The condition xp, (yz) = 1 is equivalent to z > i(lz‘;) , and by (14), y < 1002%s.
Hence,(18) is bounded by

1— 8% ok, [1002%%s f(z)dz 1—s? ok, [10027%s
- /4/ —92k /4
€ XD, (yZ) 1/2 < € / f (Z) dz
25 0 (1;;2) (zy)1/4 25 0

1 10022k s
<O(1= ) ot [
<C (1 - 82) e 2 2%k £ F (y) .

Then, we get that H, 12 (s,y) is bounded by a constant times by

(19) (1-5") Mof (),

for a > —1.



Estimate of H, 9 (s,y), for the case —1 < o < 0. Let § = —a. By (13) we have that
H, 21 (s,y) is bounded by a constant times the sum for k£ < k¢ of the terms

1— s\ pop 1— s A
( 2s )6 //13k<y>XD§(Zy)<< 25 ><Zy)/> f(2)dz

1-s2\""7 Ayl 129k +1g1/2\ 1P (/2 gk 122
—2°F/4, —B/2 —6/2
(2()) S ( 2s ) € Y 4y1/22k+181/2 /(y1/22k+151/2)2 XDg (Zy) “ f (y) dz.

If (%) (yy/4)"? > 1, then for z > y/4 it turns out that (1;752) (yz)"? > 1, thus xpe (zy) =

0 and the integral above is equal to zero. Therefore, we can assume that (%) (yy/ 4)1/ 2 <,
which implies that

(21) (1 ;;2> y <2

Then, by (21), the expression (20), is smaller than or equal to a constant times

1-8 ) 1 yl/2 4ok +141/2 2
(1 N 82) : e‘22k/42k(1_ﬁ)y—ﬁ/2 ( ; )1—6 /((1/2 k+1 1/2)2 z_B/Qf (Z> az
4y1 22k+181/2 ylt/2—2k+lg

< (1 . 82)% 6_22k/42k(1—6)y—ﬁ/2MB (Z—B/Qf (z)) (y) )

Hence, for —1 < o < 0, H, 21 (s,y) is bounded by a constant times

1-8

(22) (1=5) 7y My (=771 (2)) ().

Estimate of H,; (s,y) for the case a > 0. By (13), we have that H, 2 (s,y) bounded
by a constant times the sum for k < kg of the terms

1—5% 1 —s? “
e e (y2) ( <yz>”2) f(z)dz
By (y)

2s 2s
| — g2 1+a s w <y1/2+2k+151/2)2
(23) <© ( ) e ) s 42 £ (2).

2s y1/2_2k+151/2)

Then, by (21), we get that (23) is bounded by a constant times

<y1/2+2k+151/2)2

2\ V2 otk ok 1 /
(1 5 ) € 2 4qy1/22k+151/2 (y1/2_2k+151/2)2 f(z)dz
< C (1 - 52)1/2 e P kM f ().

Thus, summing up for k < kg, we get that
N\ 1/2
(24) Heuo1 (s,y) < Ca (1 - ) Mo f (y)
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holds for the case aa > 0 .
Estimate of H, (s,y), for the case —1 < o < 0. Let § = —a. By (13) we have that
He 20 (s,y) is bounded by a constant times the sum for k& > kg of the terms

1=5"\ s 1— s AN
(57) e st (157 0%) s

12\ sy (100225577 1002 .
< ) e 22k/4y B8/2 <> /0 XDs (zy) e ﬁ/2f <y) dz.

2s 10022k s
By (14) the former expression is smaller than or equal to a constant times
1-8 _g2k —8) — _
(1 - 32) e~ 2 /Agk(1-0),, B2 Mg (z B2 f (2)) (y) .
Hence, for —1 < o <0, Hy 22 (5, y) is bounded by a constant times
1-8 _ -
(25) (1=5%) "y 2Ms (2772F (2)) ().

Estimate of H, 1 (s,y) for a > 0. By (12) and (14), H, 22 (s,y) is bounded by a constant
times the sum for k > ky of the terms

1-— 82 22k 1-— 82 “
=38 _ /4/ . 1—=s" 1/2 d
e ) (N 00 s
-2\ Ly [l002%s
< < 5 > ey /2/0 22 f (2)dz

1 — g2\ !t /2 10022k
(26) < ( i ) eIy (1002%5) / / F(2)dz.
0

2s

Since y < 1002%s, we obtain that (26) is bounded by a constant times

N\ FY o2k aoo(iba)k L 1002
(1 — S ) (& 2 m 0 f (Z) dZ

< (1 _ 52)1+“ 6722k/422(1+a)kM0f (y).

Thus, H, 22 (s,y) is bounded by a constant times

(27) (1- sz)m Mof (y)

when o > 0.

A simple computation show that 1 — s? < 4e™*2.Then the estimates (17), (19), (22) and
(25) obtained for —1 < o < 0, show that (5) holds, and the estimates (17),(19), (24) and
(27) obtained for « > 0, show that (6) holds. n



4 Proof of the results

Proof of Theorem 1 Let us consider the case —1 < a < 0, and let § = —«. By part (a) of
Lemma 4, see (5), we have

WS (ty) < Co{e Mo f (y) + ey~ My (2707 F (2)) ()}
and from Lemma 3, (3) and (4), we have
(28)  y M (f(2)27) ()

1 qv
o <Gl e (102 0 s o)
0
thus, W®* f (y) is smaller than or equal to a constant times

Y2 My (f (2)272) () + "2 Mo (f (2) 2°7) (y) + Mof (y).

The hypothesis that 2/ (2+a) < p < 2/(—a) and p > 1 for =1 < a < 0 is equivalent to
—1 < —pB/2 < pB/2 < p—1and p > 1. This shows that the weights y /2 and y?*/? belong
to the Muckenhoupt class A, and therefore

[ WM (=) ) dy < Cop [ F ) dy
L2 m (1) 22 @) dy < Cow [ W dy,
and [T Mof @y dy < G, [T ) dy,

which proves the theorem for —1 < a < 0.
Let us consider the case a > 0. By Lemma 2 part (b), inequality (6),

Wef (s,y) < Cae™*Mof (),
thus Wm*f (y) < OaMof (y)7 and
|t )y < o [T Mo (f ()Y dy < Cay [ 1 ()" d,
0 0 0

which proves the theorem for a@ > 0. |

Remark 1 A second proof of Theorem 1 can be given by interpolation of the results obtained
for the end points of N, in Theorem 2. For the results on interpolation needed, see [2], page
59, Theorem (3.4.6).
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Proof of Theorem 2.
Proof of part (a). If —1 < a < 0 it follows that 2/ (—a) > 1, and the upper end point
of N, is equal to 2/ (—«) . For a fixed s, 0 < s < 1, consider the points y and z satisfying

(452)y < Land (552) 2 < 1, then, by (7), we obtain

11—352 1462 (1 — 52 o
Roc (y7 Z, 8) Z C(X?T:G 1t52 (258 (yZ>1/2> Z Ca78ya/22a/2 .
Thus, denoting a = 13832’ we get that

W (X(O,a)) (S,y) 2 Ca,sya/2/0 Za/QdZ _ Ca,sya/27

holds for every 0 < y < a. Since

/Oa (y“/Q)Q/(_a) dy = /Da ytdy = oo,

it follows that the operator W®* f is not of strong type (2/(—«),2/(—«a)). However, the
operator W** f is of weak type. In fact, by (3) in Lemma 1 and (5 in Lemma 2, it will be
enough to show that the three terms of

-B/2

v Mo (£ (2) =) (9) + supy<an ((;’h)g / ") Z—W) + M ()

satisfy the weak type condition. Since —1 < a < 0 implies that —1 < 1 < 2/ (—a) — 1, then
the weight y belongs to As/(_a). Thus, the first term satisfies

/ooo (M, (£ (2) =) ()" dy = /O (Mo (£ () 2) () gy
< C, /OOO (f (y) y—ﬁ/2>2/(—a) ydy = C., /Ooof(y)Q/(—a) dy.

This shows that the first term is of strong type and therefore of weak type (2/ (—a), 2/ (—a)).
The third term is obviously of strong and weak type (2/(—«a), 2/ (—a)). For the second
term if we denote 2/ (—«) by p, then p’ =2/ (2 + a) . By Holder’s inequality, we obtain

1

1 y+h B o
ar b O s Wl [

L (yy+h)

a/2 we observe that

LP (y,y+h)

In order to estimate Hz

(/2)2/24+a)=2(14+a)/2+a)—1>—-1and 2(1+a)/2+a)2+a)/2=1+«

hold. Then Hz“/Q < Oy (y+ h)"™ . Thus, since y < 2h, we get

LP (y,y+h)
1

yt+h a 1+a
T [ F@ = < Ca () Wl < Calf o

11



Multiplying by y~#/? and taking the supremum in h >y /2, we obtain

B 1 y+h B B
SUPp>y /2 (y o (Qh)l—ﬂ /y f(2)z 6/2d2> < Coy o Hf“LP(O,oo)'

From this inequality the weak type (p,p) for p =2/ (—a) follows readily.

Proof of part (b). If @ > 0, the upper end point of N,, is equal to oo and, by (6), we have
We* f(y) < CoMof (y) . Therefore, the operator W** f is of strong type (0o, 00).

Proof of part (c¢). If the lower end point of N, is greater than 1, then it coincides
with 2/ (2 + a). This implies that o < 0. If for a given a = 2, as before, the integral
J5 £ (2) 22/%dz is finite for every f(2) € L@+ (0,a), then since (2/ (2 +a)) = 2/ (—a),
by uniform boundedness, it follows that 2/2 € L?*(=%) (0,a). This is a contradiction since
2(@/22/(=) = 2= Then, there exists f € L>*% (0, a) such that [ f () 2*/?dz = co. This
shows that for the given f , [ R(s,y,2) f(2)dz > Cuy®? [ 2%2f (2) dz = oo, showing
that W®* f (y) = oo for every y < a. This is telling us that the operator W®* cannot be of
weak type at the lower end point 2/ (2+ «a) > 1. Let —1 < a < 0 and # = —«. By (5), (3)
and (4), we have

i 1 ry _ _
(30) W f (y) < Ca {Mof )+ /0 f ()2 Pdz -y M (f () 2°°) <y>} :
It is easy to see that the inequalities

1<2/(2-0) and —1<—(8/2)2/(2—B) <2/(2—-#) —1

hold. These inequalities imply that the weight y~(?/2%/(2=5 helong to Ay Therefore,
the operators

My f (y) and  yP2M, (f (2) 25/2) (y)

are of strong type (2/(2—0),2/(2—)). We have not considered yet the second term of
(30). Let E be a measurable set contained in (0, 00). Then,

. . &) 1
/ xe (2) 27PPdz < / xe (2) 27PPdz < / 2Pz = |E| A2
0 0 0

1-p/2
= Cj (/OOO XE (2) dz) o .

In consequence,

)(2—5)/2

1 v Lo
yﬂ/2,/ Xe (2) 27 PPdz < Cg "= (/ xe (2) dz
y Jo ¥ o

of the second term (30) is readily

From this inequality the restricted weak type (ﬁ, ﬁ)

obtained.

12



Proof of part (d). Let us show that if the lower end point of N, is equal to 1, then the
operator W®* f cannot be of strong type (1,1). By (7), we have

o2\ 1/2
o (yz) R. (y,z,s) > e <1 S ) e_i(y1/2_zl/2)2€_i(y1/2_z1/2>2eis(yz)l/QXDS (yz) 1

2s (y2)""*

Take 0 < € < 1. Let us assume that 1 < 2 < 14¢, 142 <y <2, ands:(y—1)2/4.

1/2
Then it follows that s < 1/4, (1;2) > 1, and (%) / (yz)"* > 1. Thus xp, (yz) = 1, and
since

1 (2 - 212)° = (y/2 212’ . ( (y—z>)>2 . <1+|1_Z|)>2

4s (y—1)° 2(y—1 2 2(y—1
< (1+5>2<1
- \2 4e) 7

we get that R, (y,z,s) > (y(il) holds. Then

Co
(y— (y—1)
holds for 14 2¢ <y < 2. If the operator W** were of strong type (1,1) we would have that

W (X(1,1+e)) (y) > 1 /0 X(1,14¢) (2)dz = C,

(31) /0 wes (X(1,1+s)) (?J) dy < Aa/o X(1,14¢) (y) dy = Aae

holds for a finite constant A, depending on « only. On the other hand, we have

2 €

2 - 1
(32) w (X(1,1+s)) (y) dy > Ca/l dy = Caclog (26) '

142¢ +2ey — 1

In consequence, from (31) and (32), it follows that
1 1
Cyuc log () < A,e or also C, . log () < A,
2e ’ 2e

This is a contradiction since the left hand side of the last inequality above tends to co when
e tends to 0, proving that there is no strong type (1,1) for the operator W** f. However as
we are going to prove, the operator is of weak type (1,1). Since 2/ (24 «) < 1, it follows
that « > 0. Then, by Lemma 2, (6), we have that W** f (y) < C, My f (y) which implies the
weak type (1, 1) for the operator W** f (y) . ]
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