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ABSTRACT. In this Note, we prove several formulas about the interchange between
the product and the convolution of the n- dimensional Hankel transforms. In fact we
obtain the following formulas:

1) H{® (u(@)) }H{s™ (u(@)) } =H{5 (u(x))*xs* (u(=)) } , (cfr. (IL,13))
2) 2o () T 7400 (u(1a)) T pmn{ (u(1?)) T (ue19) T

(cfr. (1I,20))
where D is the constant given by (II,18).

3) H{(u(lwlg))"%““-(u(lwﬁ))%+‘}=OH{(u(|w|2))"%+k}*H{(u(w))%w},
cfr. (I1,15))
where C is the constant given by (II,16).

) e (u(161)) T u0) T f = (u(122)) T b (o)) T D
(cfr. (IL,17))
where D is the constant given by (I1,18).

5) 6 (u(|x|?))*6“ (u(|x|?))=D 5(’“+‘Z+"T_2)(u(|x|2)), (cfr. (IL21))
here D is the constant given by (II,18).
6) H{s“ (P)xs™) (P)}=H{s" (P)} H{s™(P)} . (cfr. (111, 7)).

I. Introduction.

We begin with some definitions. Let = = (z1,22,...,2,) be a point of the n-
dimensional Euclidean space IR"™. Consider a non-degenerate quadratic form in n
variables of the form

P:P(m):x§+-~-+w§—x§+1—---—x§+q, (I, 1)

where n=p+q.
We define the two following distributions, as follows

A e

: (1,2)
0 if P <0;
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and
P =

0 it P >0,
{ 1 (1,3)

(-P)* if P<O.
H denotes the distributional Hankel transform. Let ¢(t) be definedin IR ™ : {t,t > 0}.

By the Hankel transform of the function ¢(t) we mean the function g(s), 0 < s < oo,
defined by the formula

o) = H{ott)} = [ " ()], (at)V/atdt | (1,4)
or, equivalently,
1 [ ws
o) = (H{OOD) = 5 [ 08T Rupa (Vi) (1,5)
where J
Ron(z) = ’;f), (1,6)

and Jp,(x) is the well-known Bessel function defined by the formula

0o (_1),/ %m—I—QV
I () = ZJO ] I‘(m(+)1/ e 7)

It is well known (cfr.[5], p. 240) that if ¢(t) satisfies adequate conditions, for
example if ¢(t) belongs to Sp+ , the following formula is valid:

1

o) = (Ml = [ 9l)s™F Raa (Vs (18)

Let Sp+ designate the space of functions f € S defined in the positive half line
IRT ={t,t >0}. By S’g+ we designate the dual of Sp+ .

Let U(t) € S'gr+. The Hankel transform of U(t) will be, by definition, the
distribution V(s) € S’r+ , defined by the formula

(H{U@®), d(s)}) = (U(#), (H{d(s)})) , (L,9)

for every ¢ € S+ .

There are other definitions of the Hankel transform of distributions (cfr. [6]). We
use the definition which appears in [7], p. 64, especially, Theorem 26, p. 72. In fact, we
have that

H(T) ={T}" | (11, 10)
here T is the image of T belongs to Sz~ in S, defined by the formula
(T, 6(t)) = (T, 6(r*)) , (1,11)
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for every ¢ € Spp+ .

We designate S%g« the family of functions f(x) belongs to Sk~ and, further,
invariable by rotations. Moreover, S’%r~ designates the dual of Sz« .

Following strictly the definitions of [1], we shall define the k-th derivative of Dirac

delta in u(xy,z2,...,2,).

Let ¢; denote a distribution of one variable ¢. Let u € C*°(IR™) be such that
(n—1)-dimensional manifold u(x1,s2,...,7,) = 0 has no critical point. By ¢y (cfr.
[8], page 102) we designate the distribution defined on IR™ by

(Du(a)s p(x)) = (e, V(1)) (,12)
where
¢0= [ o). (1,13)
u(x)=t

and ¢ € C§°(IR™) is the set of infinitely differentiable functions with compact support

and w, is a (n —1)-dimensional exterior differential form on u defined as follows:
du Ndw =dzi N...Ndzy, , (I,14)

and the orientation of the manifold u(z) =1t is such that w,(x,dz) > 0.

On the other hand (cfr. [9], p. 230, form. (6)), we have

(69 (@ ar... w0 plan, ) = (_1)k/ wi () | (1,15)

G(z)=0
k=0,1,...; where x = (z1,...,2,), G(z1,...,2z,) is such an infinitely differentiable
function that 00 00
dG=—,...,— 0 1,16
gra (8_{517 ’6;1;'”) # 7 ( Y )
w()—a—k D(” (uw Up) ¢ du du (I,17)
k<p_8u’f u ®, 1y+--5Un 1--- n )
wy = p.w , (I, 18)
up = G(x1,...,2,),
Uy = T2,
(1,19)
Up = Tn,

and

D(i) - [D(Z)_ll - 3:161 : (1, 20)



with

0G
—>0. 1,21
oz, (,21)

Otherwise, from [9], form. (8),
5(k)<(G(x))7 90> = <_1)k / fz(tlf (07u27 s 7un)du27 s 7dun ) (17 22)
G
where
xr

f(ul,UQ,...,un):cpl(ul,...,un)D(u) N (1,23)
@1(“17“27"'7“%):90(:1717:1727'“;1‘71) ) (1724)

and D(?) is defined by (I,20).

I1. “H {60 (u(z)) * 6®) (u(z))} = H {6© (u(z))} - H {6®) (u(z))} 7.
In this paragraph we shall prove the following formula

H {5<f> (u(z)) * 5(k)(u(x))} — {5(£)(u(:ﬁ))} H {5(k)(u(1’))} : (IT,1)

which expresses the interchange between the product and the convolution of the Hankel
transform of the p-derivative Dirac-delta of u(z). Here, z = (z1,22,...,7,), |z|* =
23+ -+ 22 and u(z) = u(|z|?).

From formula (32), p. 5 of [1], we have

1 WT*Q Y
= 920t ET (z+0) (u(y)) = . (IL, 2)

H {5<’5>(u(x))}

From (II,2), we obtain

n—2 n—2
(u(y)) 7+ 25+

H{O W@} 1 {EV W)} = e Ty Y
Taking into account (II,2), we know that
M (uly)} =
0 (u(x)) = 22{f+%r(ﬂ +£)} : (IL, 4)
and
H{ (u(y)} = +*
0 ey = TLCON T (11,5)

PN (548
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So, from (II,4) and (II,5), we arrive at the following formula

H{ () 7+ e m { (i)} 7+
P (5 + P IT (5+E)

5(5)(u(ac)) * 5(k)(u(ac)) = (11, 6)

Otherwise, appealing to the theorems on the equivalence between the Hankel trans-
form and the Fourier transform for radial functions (cfr. [2] and the classic Theorem of
L. Schwartz (cfr. [3], p. 268, form. (VII, 8; 4)):

FIT-U]l=F[T]=F[U], (I1,7)

where F is the Fourier transform, T € Oy, and U € S’. We know that Oy C S’ so
if u(|z|?) € Ops this implies that u(|z|?) € S’ and then the formula (I1,7) is valid. We
remember that S designates, as always, the space of L. Schwartz (see pp. 233-237 of
[3]) and Ojs is the space of distributions of slow increase (cfr. [3], p. 243).

Therefore, the hypothesis for the validity of (II,7) is

u(|z|?) € Oy . (11, 8)

Finally, we can write, taking into account the formulae (I11,6), (IL,7) and (II,8) and
the above considerations, that

{74} { () 7+

50 (u(x)) * 5(k)(u<$)) = T g2tEp (2 + g) 22k+5T (2 + k:)

(11, 9)

We know that
(u(@))* - (u(@))* = (u(z)**, (11, 10)
ape d.

We can establish (II1,10) first for ReA > 0 and Rep > 0, and then by analytical
continuation for every A, u € €'; we can express (I1,9) as the following formula

H{(uly)) 7 T
30 (@) 3 (u(z) = 2%+%£ (ﬁy+ () 2HET (2 }+ k)

(IL,11)

Appealing to the identity theorem for Hankel transforms, we have, from (II,11),
that

(uly) =
I (240)2%+5T (2 + k)’

H {50 (@) 69 (@) } = sz (I1,12)

Finally, from (II,3) and (II1,12), we arrive at our thesis

M {5@ (u(a:))} H {5(k)(u(:c))} _ {5<4>(u(x)) R 5(k)(u(x))} , (11, 13)
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where

u(z) = u(|z?) . (IT, 14)

Otherwise, if u(|z|?) € Opr, where Oy is the space of infinitely differentiable
functions of slow increase, then u(|z|?) € S’.

So, taking into account the Theorem XV, form. (VII, 8; 4), p. 268 of [3], we obtain
the following formula

e e) T 1) T = o (e T b a) T
(IT, 15)
here C' is the constant given by

1

O T (5 AN (54

(11, 16)

Analogously, if u(|z|?) € O, then u(|z|?) € S", and then by Theorem XV, form.
(VIL, 8; 5), p. 268 of [3], we obtain the following formula

o) = o) = D f o) T b 0 a) T
(I1,17)

where D is the constant given by

D = 22k+3T <g n k:> 92+3 (g + z) , (I1, 18)
From (I1,17), (I1,4) and (II,5), we have
H{(u (122)) T ™« (u (|ac|2))nT_2+£} = D& (u(|z]?)) - 6@ (u(lz[?)) . (IL,19)

Equivalently, from (I,19), we have the following formula

{1 0 o) 080 0 o)} = {0 D) T 0 o)
(I1, 20)
Otherwise, from (I1,6), the formula (II,15) is equivalently to the following equality

5k (u (|x|2)) % 60 (u (|:Jc|2)) — D slk+e+252) (u (|x|2)) , (11, 21)

where D is the constant given by (II,18).



1. “H {§©(P)x6®(P)} = H{6®(P)} - H {6 (P)} .

In this paragraph, we shall prove the following formula

H {5@ (P) + 5<k>(P)} _ {5@ (P)} M {6(k)(P)} , (II1, 1)

here P is a non degenerate quadratic form in n variables of the form

P=Plx)=al+ - +a,—ao — —Topy, (111, 2)
where p+¢=n and x = (z1,...,x,) be a point of the n-dimensional Euclidean space

IR™.
From formula (36), p. 55 of [4], we have

1 n—2

where (@) is given by

Q=QW)=yi+ +Y—VYo1— " —Ynrq > (ITL, 4)

pt+qg=n.
Then

Q Ttk . QU H

H{g(k)(p)} .H{(;(e)(p)} = P (E T I (D) (I11, 5)

Taking into account, the formula (I, 3; 17), p. 23 of [10], where A\, and A + u
are positive integers and n is even, we obtain, from (II1,5), the following formula

n—2+k+¢
® )\ .1 {50p)) = Q

Otherwise, from formula (38), p. 55 of [4], we know that

Qn—2+k+£
AT (5 + ) 20 T (5 40)

H {5<k>(P)} « M {5@(13)} - (111, 7)

From (III,6) and (II1,7) we arrive at the formula (III,1).
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