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ABSTRACT. In this work we characterize random processes which can be lin-
early determined using a frame sequence of random variables. In particular,
these could be the discrete samples of a continuous time process. We study
the stable representation of continuous time processes by means of discrete
samples or measurements of the original process. Finally, we study how these
representations can be applied to reduce the effects of reconstructing a random
signal from samples corrupted by additive noise.

1. INTRODUCTION

One of the most relevant mathematical problems in communication engineering,
and other fields of applications, is the reconstruction of a signal from sampled data.
Usually these samples are the values of a function, its derivatives at certain points or
other linear operations applied to the function. The fundamental result in sampling
theory is the Whittaker-Shannon-Kotelnikov (WSK) theorem [26], which says that
if f € L2(R) is such that f is concentrated in a finite interval [—B, B], then

(1.1) fiy = S SnlBt =)

Bt —mn f(f) ’
neZ

where the convergence is uniform and in the L2-norm. One generalization of this
result which, in part, motivates the present work is the Kramer sampling theorem
[13] [26] for L?(I) functions:

Theorem 1.1. Let k(x,t) be a function, defined for allt in a suitable D of R such
that, as a function of x, k(. ,t) € L*(I) for everyt € D, where I is an interval of the
real line. Assume that there exists a sequence of distinct real numbers {t, }necz C D,

such that {k(.,t,)}nez is a complete orthogonal sequence of functions of L*(I).
Then for any f of the form:

(1.2) 16 = [ gak(z )iz,
T
where g € L*(I), we have:

f(t) = J\/lgnoo Z f(tn)sn(t)a
In|<N
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. _ <k(-7t)7k('7tn)>[,2(1)
with S, (t) = TRy,

On important fact of the generalization of the deterministic WSK theorem given
by Kramer, is that it allows to treat the case of non uniform samples. It is also
possible to prove a converse of this result [9]. We study similar conditions for
second order random process or, when possible, in the general setting of an arbi-
trary (complex) Hilbert space H, considering a general indexed set, or “process”:
{zt}+tex C H, indexed by an arbitrary set T. Kramer’s result is strongly related
to orthonormal bases, but as noted in [8] and [9], what is really needed is a sta-
bility condition, and frame sequences provide an appropriate framework for this.
Hilbert space bases provide some natural representations of certain random process
[17] [6]. Moreover these representations are very useful in the analysis of various
problems in statistical communication theory, such as detection an estimation [21]
[3]. Since frame sequences are a natural generalization of the concept of a basis,
we shall study conditions for a countable set of samples to be a frame sequence
of the Hilbert space spanned by the whole process. The results presented here
are a natural generalization of [19], where the case of Riesz Bases was studied.
As it will be shown, the redundancy present in frame sequences provides a good
tool to reduce the effect of additive noise. We shall study different equivalences
between several representations [20] for samplable processes. In this context, a
samplable process, will mean a continuous time, or spatial process, which can be
completely linearly determined by a series expansion, using a set of countable sam-
ples or measurements of the original process. To motivate this discussion, let us
recall the Whittaker-Shannon-Kotelnikov (WSK) sampling theorem for wide sense
stationary processes (w.s.s. processes):

Theorem 1.2. [22] Let 2" = {xt}tcr be a w.s.s. random process defined over a
probability space (2, F,P), such that its spectral measure is concentrated in a finite
interval (—B, B), then

(Bt —
(13) oy = S SBt—mm)

Bt—mn ~EB°
nez

Where the convergence is in the L*(Q, F,P)-norm.

In particular, note that, eq. 1.3 implies that the process is completely linearly
determined by its samples, i.e. Span{zy}rez = Span{z: }ier. Lloyd [15] gave neces-
sary and sufficient conditions, in terms of the spectral measure, for a w.s.s. process
to be completely linearly determined by its samples. This result can be extended for
some non stationary processes [14]. However, this does not imply that one obtains
a convergent series expansion for x;. Convergent expansions as 1.3 can be obtained
using bases or frames. The study of conditions for a w.s.s. process to have a basis
or minimal system goes back to Kolmogorov [22] [24]. However, all these references,
as in the case of the WSK theorem, deal with equidistant samples, and are mostly
stated for w.s.s. processes. From the stochastic version of the WSK theorem, under
additional conditions, we obtain a Riesz basis or a frame sequence of samples which
span the Hilbert space spanned by the whole process [18]. The representation of
signals using frames has many practical applications [7], in particular, dealing with
additive noise. Related representations for random processes were studied in [11],
where useful results were obtained for encoding.
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Recalling Kramer’s result [13] for L?(I) functions and its converse [9], it is inter-
esting to find analogous conditions or results for random processes, since it would
allow to treat the case of non uniform samples, among other additional properties.
Noting that 1.3 can be written as

Ty = Zﬂﬁtnsn(t) )

nez

with ¢, = 7, we would like to study similar conditions to those of theorem 1.1.
In this work we obtain analogous results for finite variance processes. We shall see
here that these results, as they generally rely only on second order properties of the
processes, most of them can be stated for any indexed set {x;}iex C H, where H
is an arbitrary Hilbert space. Here, as a convention, we shall refer unambiguously
to such a set as a “process”. By means of the reproducing kernel Hilbert space
[25] associated to the process, we will give an analogous to Kramer’s result, and its
converse (theorems 3.1, 3.2, 3.3 respectively), for these processes, which naturally
appear to be the integral transform of an appropriate kernel function with respect a
certain type of vector measure, indeed a countably additive orthogonally scattered-
c.a.0.s. measure. In section 2.1.3 we give a brief summary of the basic definitions
and results for c.a.0.s. measures used in this work. Finally, in section 4 we discuss
some applications to the reduction of the effects of additive noise.

2. PRELIMINARY .

In order to make this work self contained, we shall fix some notation, review
some definitions and results and prove, if necessary, some auxiliary results which
are going to be used in the sequel.

2.1. Some definitions. Let H be a Hilbert space, with an inner product (., .)q.
In the following, if U is any subset of H, we will denote lin U to the subspace of
all the finite linear combinations of elements of U, and H(U) = span U, the closed
linear span of U in H. We shall study some congruences and related properties for
the closed linear span H(2") of indexed sets 2" = {x;}tex C H, where the set of
indexes ¥, can be considered uncountable as occurs in some sampling problems. As
our results are, in particular, aimed at finite variance random processes, we shall
consider, sometimes, the case when H = L?(Q, F,P), where (9, F,P) is a proba-
bility space. If z is an integrable random variable, we denote E(z) = [ z(w)dP(w).
Q

We recall that in the case H = L%(, F,P) the correlation function is defined by
R(t,t") = E(x;Ty). This positive definite function R defines a reproducing kernel
Hilbert space (RKHS) [20] [25], which we will denote H(R). However, we note that
the same occurs in an arbitrary Hilbert space, if we set R(¢,t') = (x¢, ¢ ) .

We will study series representations and sequences, so to simplify we will sometimes
write Y @, or (an), respectively , without mention of the set of indexes when this

n
is clear form the context.

2.1.1. Conjugate vectors and RKHS’s. Let H be an arbitrary Hilbert space, and
let {v;}1cy any orthonormal basis of H. Such a basis always exists, however it may
be uncountable, and then the dimension of H, is defined as dim(H) = card(J). If

x € H, then we can write x = Y (x,v;) g v;. From this we define the conjugate of x
lel



as:

T = Z <SC,’U1>HUZ .
el

Then, for x,2’ € H, from Parseval’s identity :

(2.1) (@, 2 ) =Y (@, v (@, o)y = (T F)u -

el
From this, it is immediate that R(t,s) = (@, 2s)g = (Ts, T¢) - So the conjugate
process T; gives the same RKHS H(R). On the other hand, recalling the theory
of reproducing kernels, for every f € H(R), there exists y € H(Z") such that

f(t) = {y,Tt)g. This can be written as f(¢) = J(y)(t), where

(2.2) J: HZ) — H(R),
Y J () ()=(y,Ze)

~

Moreover the reproducing kernel Hilbert space H(R) coincides with Ran(J), equipped
with the norm [25]: [|v|l 4 g) = inf{HwHH(%) : }(w) =0 } From these facts,
given z € H(Z), we have that:

(2.3) (v, 2)r = (Z,Te)m = J(2)(t) -
Is clear, that .J give up to an isometry between H(R) and H(Z').

2.1.2. Frames and Riesz bases. We are interested in some frame sequences and
Riesz bases [7] for H(Z") = span.Z” and some of their properties.

Definition 1. A sequence {f,}nen C H is a frame (or frame sequence) for H if
there exists constants A, B > 0 such that

ANFIP <D AP <BIFI?
n=1

In particular, if a frame sequence is also a basis, or a minimal system, then it is
also a Riesz basis:

Definition 2. A Riesz basis for H, a Hilbert space, is a family of vectors {v,, }nen C
H, such that v,, = Te,,, where {e, } nen is an orthonormal basis of H, and T : H —
H is a bounded bijective operator.

2.1.3. Countably additive orthogonally scattered measures (c.a.o.s. measures). As
we shall give conditions in terms of some particular integral transforms, we shall
recall the concept of c.a.o.s. measures over a pre-ring P, and the concept of an
integral with respect to that measure, following [16]. In particular, o-algebras, o-
rings and rings are pre-rings. Moreover, here we will only need the following case:
Let (U, R, 1) be a measure space, with u a non-negative measure on a o-algebra or
o-ring R, then we have the sub-ring (and then a pre-ring) of R: R, = {4 € R:
1(A) < oo}

Definition 3. Let P be a pre-ring and H a (complex) Hilbert space, we say that
M : P — H is a countably additive orthogonally scattered (c.a.0.s.) measure if:

0o o)
(i) given a disjoint family {A}ren C P such that kul A € P then > M(Ay)
= k=1
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converges unconditionally to M (I:le Ak). (ii) given disjoint A, B € P, then
M(A) L M(B).

2.1.4. The integral with respect to a c.a.o.s. measure and isometry. We have that

() :=||M(.)||* defines a countably additive non negative measure on P. Then,

the measure p is called the control measure of the c.a.o.s. measure M. Following

[16] one can first define the integral I(.) = [(.)dM : L*(U,R,n) — H, for simple
U

functions and then extend this notion to the whole L?(U, R, u1) space. Hence, I(.)

finally defines a bounded linear operator, and an isometry is established between
Ran(I) =span{M(A): A€ R,} and L*(U,R,pn), i.e. V f € L*(U, R, p):

(2.4) [ rau 2= Rz
U H U

This is a generalization of the notion of stochastic integral with respect to an or-
thogonal random measure or with respect to a process with orthogonal increments,
such as the Wiener process.

2.2. A Representation Theorem. We will prove later that every samplable pro-
cess admits a representation as an stochastic integral of a certain kernel as in
Kramer’s result. First, we need the following theorem, which is a Hilbert space
version of the generalization given in [4] of Karhunen’s classic result for covariance
functions [10]:

Theorem 2.1. Let 2" = {xt}tex C H, and let (U, R, 1) be a measure space, with
G ={g(t, Y hex C L*(U, R, i) such that,

(2.5) (T, 20 ) = /g(t, g, du Vit e,
U
then there exists a c.a.o.s. measure M : R, — H such that: i) x, = [ g(t, .)dM,
U

i) (A) = |M(A)2 VA € R,
PTOOf' Let fl = Z akg(tlm ')a f2 = Z ﬁkg(t;cv ')7 wl = Z QT and ,(/)2 -
k=1 k=1 k=1

m
> ﬂkxt% . Then, since the inner product is bilinear:
k=1

(i, f2) L2 (u) = Zzakﬁj@(tka D9, ) 2w

k=1 j=1

(2.6) =3 anB(wi v ) m = (Y1, ) u -

k=1 j=1
From eq. 2.6 and the polar identity, we obtain:
(2.7) 11 = Follp2guy = 101 = 2l -
Then, if H(G) = spang, by a density argument, one can define a linear operator
n
T:H(G) — H(Z), in a way such that for any f = > axg(tg, .) €linG C H(G),
k=1
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n
Tf=1v=> apr €linZ. Indeed, T is bounded and unambiguously defined,
k=1
from eq. 2.7, and moreover eq. 2.6 makes T an unitary operator.
Now we proceed to consider two cases:
Casel. If H(G) = L*(U,R,u) , we define for A € R,: M(A) = T(14). For
this M, one can define, as usual [ fdM for f € L?(U,R,p), and in particular
U

IMAG = ITA)E = I1al7z2,) = #(A), and gfdM = T(f). Finally, from
the definition of T':

= T(g(t, ) = / olt, ) dM

U

CaseIl. If H(G)* # {0} the idea is to consider H(2 ) embedded in an appropriate
larger Hilbert space H'. On one side, one has L2(U,R,u) = H(G) @ H(G)* and
one can take the direct sum of Hilbert spaces:

H' = H(Z)@ H(G)*. That is take H(2") x H(G)* with the norm given for every
(wv) € H(Z) x H@)* as [[(w, )| = [uly + 0] 2y Now, take any set
{k(t, )hex C H(G)* such that span {k(t, .)}texr = H(G)L, with T any set of
indexes verifying ¥’ (% = ©, and then define for every t € T'|J%, two functions
©(t) and )} taking values in L?(U, R, u) and H' respectively, as:

ot ) = g(t, )1z(t) +k(t, )1 (D),

and
xy = (x¢, 0)1s(t) + (0, k(t, .))1e(2).

From these definitions, we obtain:

(@) = / o(t, ols, i

U

Then from the first case considered in the proof, there exists a c.a.o.s. measure: M’ :
R, — H’ such that =} = [(t, .)dM’. Thus, if mp (e : H(Z)@D H(G)" —
U

H(Z) is the usual projection map, then we can take M = 7g(gyoM': R, — H.
It is easy to check that M defines also a c.a.o.s. measure which verifies, V f €

L2(U, Ry 1): Tr(ar) (f fdM’) = [ fdM. Soift € T:
U U

thWH(g)(.T::)ZWH(%) /(p(t, .)dM/
U

= TH(2) /g(t» aM' | = /g(t, .)dM .

U U



3. A “sTocHASTIC” KRAMER LIKE THEOREM AND ITS CONVERSE: CONDITION
FOR THE EXISTENCE OF A FRAME SEQUENCE OF H(Z).

The Kramer sampling theorem [13] gives a method for obtaining orthogonal
sampling formulas, for functions which are in the range of an appropriate integral
operator. The WSK theorem for band limited functions is a particular case of
this. In the random case, we can see that something similar happens if we consider
processes which are the integral transform of a suitable random measure. Here, ¥
denotes a set of indexes, which we assume to be, in general, uncountable, as this
is the case of interest in sampling problems. We shall see that every samplable
process admits a representation as an stochastic integral of a certain kind of kernel.

Theorem 3.1. Let {z:}iex C H and a sequence {zp}n C H(Z), then the follow-
ing are equivalent:

i) {zn}n is a frame of H(Z').

ii) Given (U,R,u) a measure space, such that dim L?(u) > dim H(Z'). There
exists a c.a.0.s. measure M : R, — H, with control measure p, i.e, p(.) =
[|1M(. )Hz, and a frame sequence {fn}n (of SDAT{ fn}n) such that:

ii.a) zp, = [ fndM .
U
ii.b)

Xy = /k(t,s)dM(s),
U

with k(t,s) = 3> S (t) fa(s) and {S.}n € H(R), (S.,(£))n € 12(Z) ¥t € <.
nez

it.c) span {k(t,.) te = = Span { fn}n.

Proof. ((ii)=(i) ) If {fu}nez is a frame of span{fy,},, then z, = [ f,dM is a
U

frame of span { z, }nez since the vector integral f —— [ fdM induces an isometry

U
between 8pan {z,, }nez and span { f,, }, = span {k(t,.) }+te = . Thus we have to verify
that span {z, }nez = H(Z'), or equivalently that for all t € T: x; € span {zp }nez.
In fact,

2 2

B1)  lwe— DD Sh®)z|| = |k )= D SL(t)fa — 0,

N—oc0
In|<N [n|<N

H L2(p)

with dim L?(u) > dimspan { f,, }, = dim H(Z").

((1))=(i1)) If {zn}nez is a frame of H(Z"), then H(Z") is separable, and since
dim L2(p) > dim H(Z"), then there exists a separable subspace S C L?(u) and
an isometric isomorphism J : H(Z) — S, so that taking f, = J(z,), then

{fatnez is a frame of S. If z; = > S/ (t)z, with (S, (¢)), € [*(Z), then J(z;) =
neL
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S8 (8)(zn) = > S)(¢) fn, so we can take k(t, .) = J(x:), and we have:
nez nez

(i) = [ ) Teidn = [ bt EE T
U U
where {k(t, .)}tex is complete. Indeed, take h € span {f,,}, = S such that

(k(t, .),h>L2(M) =0Vted.

This is equivalent to (x;, J~*(h))g = 0 for every t € T. Then J~!(h) =0 a.s. and

thus h = 0 a.e.-[u]. Finally, from the representation theorem 2.1, it follows that

there exists a random measure M : R, — H, such that x; = fk(t, .)dM, and
U

1M () = p(.).
O

Theorem 1.1, indirectly shows that the samplable functions belong to an appro-
priate RKHS, that is, to the range of the integral operator given by eq. 1.2. On
the other hand, eq. 2.5, shows that, if we take k(t, .) as g(¢, . ), is equivalent to say
that H(R) = Ran(T), with Tf(t) = [ fk(t, .)dp.

U

Taking in account these facts, the following result shows that there is a relation
between the ordinary Kramer sampling theorem and its “stochastic” counterpart.

Lemma 3.1. Let {x:}tex C H and a sequence {zp}n C H(Z), then the following
are equivalent:

i) {zn}nez is a frame for H(Z").

it) If (U, R, 1) is a measure space such that there exists a c.a.0.s. vector measure
M : R, — H, for which, for some {k(t, .)}iee C L*(1) :

xr = | k(t,s)dM(s),

/
and p(.) = || M(. )HHQ. Then: H(R) = Ran(T), where T : span{k(t, ) }tex —
H(R) is defined by:

(10 = [ b9 F(5)duls).
U
The kernel k(t, .) € L*(n) admits the following expansion: k(t,.) = > Sp(t)fn,
nez
with {fn}nez a frame of span{k(t, )} rtex , {Sn}n a frame of H(R) ecmd Zn =

[ fadM.
U

Proof. 1) = ii) If {z,}nez is a frame of H(Z") then z = > (x4, 2),) mzn, with
nez
{2 }nez a dual frame of {z,}nez. As [(.)dM : span{k(t, )}ex — H(Z)
U

is an isometry, then there exists a frame {f,}ncz C span{k(t,.)}ic < such that
zp = [ fndM. Thus in a similar way to eq. 3.1, one obtains:
U

xt:ZSn(t)/fndM:/<Z Sn(t)fn> dM .
U U

newL neZ
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From this k(t,.) = > S,(t)fn. Finally, the fact that H(R) = Ran(T), follows

neZ
from (x4, v5) g = (k(t, . ), k(s, . ) L2()-
ii) = i) is immediate. O

Note that in theorem 3.1, {k(t, .)}se = and L?(p) respectively, are both repre-
sentations of 2, in the sense given by Parzen in [20]:

Definition 4. A Hilbert space H' is a representation of a random process 2 =
{zi}tex if H' is congruent to H(Z"), i.e. there exists an isomorphism which pre-
serves inner products.

A related notion is the following:

Definition 5. A family of vectors {v; }+cx in a Hilbert space H’, is a representation
of a random process 2" = {x; }1ex if for every s,t € T (v, v5) = (@4, Ts)H.

As in [9] it is possible to give a converse of theorem 3.1 (theorem 3.2 below).
Giving appropriate conditions on the sampling functions, it is possible to obtain
a frame sequence of the whole space H(Z"). In particular, the random process is
linearly determined by its samples. In contrast to Garcia’s result [9], the hypothesis
on the signal of being the image of an integral transform can be dropped in the
random case. So one may conjecture that there exists a larger class of processes with
this property. However, we have seen in theorem 3.1, that if there exists a frame
sequence of H(Z") then the process is the integral transform of an appropriate
vector measure, by the representation theorem 2.1 .

Next, similarly to [19], with appropriate modifications, we can prove the converse
converse of theorem 3.1:

Theorem 3.2. Let ¥ be a set of indexes, generally non countable, and let 2~ =
{zt}tex C H . Let H(Z") be the closed subspace spanned by Z . Given {zy}nez C
H(Z), the following assertions are equivalent:

i) ((y,2n)i)n € 12(Z) for all y € H(Z) and there exists a subset of functions
{Sn}nez € H(R) such that:
Ty = Z Sn(t)zn

neZ
and ((f, Sn)H(R))n € 12(Z) for all f € H(R).

i) {zn tnez s a frame of H(Z') .

Proof. ((ii) = (i)) There exists {2}, }nez C H(Z'), a dual frame for {z, }nez, such

that Sy, (t) = (zy, 20) g and zp = > Sp(t)z,. It is immediate that ((y, zn) g )nez €
neL

I2(Z), for all y € H(Z) and that j(?n) = S, € H(R), from the definition of
a frame sequence and the previously discussed properties of H(R). On the other
hand, from the congruence between H(R) and H(Z):

(F,Sn) iy = (s J@ ) m(r) = U Zn) it = (B 20 a1

but (7, z;,) 1r)n € I(Z) because {z], }nez is also a frame sequence, and then ((f, Sn) i (r))nez.
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((1) = (1)) We shall see that {z, }nez of (i) is, indeed, a frame.
(Step I) Let T}, and T be defined as:

T,:H(Z) — 1*(z) and T:HZ)— 1*2),

y— (W2l ulkx(n) y— ((y,20) m)n
where the z/,’s are such that (¢, z),) g = Sn(t), thus,
Ti) = Ty = 3 1.2 ul” — 0,
In|>k

and then pointwise convergence follows from this. On the other hand

2 2 2
ITe@)liazy < | D lenll | Nl

In|<k

then, by the Banach-Steinhaus theorem, 7' is a bounded operator, so there exists
B > 0 such that :

2
(32) Sl #ul® < Bl

nez
By the same argument, one proves that there exists Bs > 0 such that:

(3.3) > 1y za)ul’ < B |yl -
nez

Moreover, by Lemma 3.1.6. of [7], and the definition of conjugate vectors , we have
that {z},}, and {z',}, are Besselian:

2 2

(3.4)

S Bl Z |an|2a

H(Z) nez

D i
neL

for all (a,), € I*(Z).
(Step II) Let H(S) be the reproducing kernel Hilbert space induced by the linear
operator

/
g an 2y,

neZ

H(Z)

J:1*(Z) — H(S) .
(O’k)k'—>J(Q)=§akSk(t)

Note that J is well defined, and H(S) is the range of J: Ran(J) = H(S) equipped
with the norm [|v| gy = inf{Hlez(Z) s J(w) =w
Let us see that H(S) = H(R), in the sense of set inclusions. Let v € H(S), then

v(t) = > anSy(t), taking in account that S, (t) = (x4, 2, )m = j(?n)(t) and that
neZ

> @, 2’y converges by eq. 3.4 (Step I), so that by eq. 2.2 v(t) = J < > anz’n> (1),

nez neEZ

and thus v € Ran(}) = H(R). On the other hand if v € H(R), then v = j(y ,

for some y € H(Z), but if 2y = > 2,5,(t) and recalling again eq. 2.2: v(t) =
neL

ZZ<zn,§>HSn(t) = J(B)(t), with B, = (z,,9) 5, B € I*(Z), then v € Ran(J) =

H(S).
(Step III) Now, let us see that the norms are equivalent. In fact, consider the
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inclusion map H(R) < H(S) and v, = i(v,) — w in the H(S)-norm and such

n—00

that v, — 0 in the H(R)-norm. But as H(R) and H(S) are both RKHS, then
n—oo
convergence in norm implies pointwise convergence for each t € ¥, so we have
that vy, (t) = i(vy)(t) — w(t) = 0 for all ¢ € . Thus w = 0, and then by the
n—oo

closed graph theorem i is continuous, but ¢ is also a bijective map, then there exist
constants 0 < A < B < oo such that:

Allollgry < Ni@aes) < Bllvlla,) -

Then

Allollzry < olzgs) = it {wllazy = T(w) =v } <D (20Tl
nez

since we have seen that v = J(B), with 8, = (25, 7). On the other hand,
v = j(y), and taking in account eq. 3.3 we get:

1
Alyllgary < (Zl(zn,y)H2> < Byl wreary >

ne”z

and then {z,}, is a frame.
(]

3.0.1. Remark: If {z,}, and {S,}, are the same of the previous theorem, and if

the sequence {z/,},, is such that S, = J(2/,,) then {2}, }, is a dual frame for {z,},.
Indeed, from eqs. 3.2 and 3.3, {z,}, and {2/}, are Besselian. Thus, by Lemma

5.7.1 of [7], it suffices to show that > (y,z/ gz, = y forally € H(Z). In a
neL
similar way as before, we can see that 7' : H(2 ) — [(Z) is a bounded operator
y+— ((¥,2n)H)n

as well as its adjoint (T”)* . Then, equivalently, we shall see that (T")*oT = I over

a dense subset. Take ¢ = Y agwzy, € lin 2" then (T'(¥))n = (2], D o, )y =
k=1

k=1
n

kz_jl oSy (tr), but on the other hand (T7)*(((2], e, ) H)n) = D (20, Tty ) HZn = Tty

then ()" 0 T(0) = (I")* (T(4)) = 3 e, =1

3.0.2. Remark: Despite theorem 2.1 is a more general result, one may construct
the c.a.0.s. measure M, and the frame sequence {f,}nez of theorem 3.1, in the
following way: as H(Z") and S are both separable, take any pair of orthonormal
basis {y;}1ey and {g1}iey of H(Z) @ St and L?(u) respectively, and define over
R, the vector measure M and a frame sequence { f, }ncz as :

M(A) = "Aa,g)r2yyand fo =3 (20, 1) g -
1€J 1eJ

Then one can verify that if A(\B = & then M(A|JB) = M(A) + M(B), and

A =3 gt 1a) 2 ? = / Lal2dp = p(A).
leJ U
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From this, the measure M extends as usual. Now, given M, the stochastic integral
f fdM, for f € L?(u) is constructed in the standard way, defining an isometry.
U

Finally, take f € S, then

<f7 fn>L2(/L) = Z <fvgl>L2(#)<Zn7yl>H = <Z<fa gl>L2(,u)ylvzn>H .

leJ el

So, as {zp } is indeed a frame, we have:
2 2

(35) A Z<f791>L2(u)yz < Z \(f, fa)rzq? < B Z<fvgl>L2(u)yl

leJ H neL leJ

H
But on the other hand, by Parseval’s identity:
2

STthaegu|| =Y 1 a) el = 11720, -

leJ H el

and combining this with eq. 3.5, we obtain that {f,}, is a frame.

3.0.3. An Fquivalence Theorem. Finally we can join these results together:

Theorem 3.3. Let T be a set of indexes, generally non countable, and let Z =
{zi}tex C H . Let H(Z") be the closed subspace spanned by Z . Given {zy}nez C
H(Z'). The following assertions are equivalent:

i) ((y,2n)i)n € 12(Z) for all y € H(Z) and there exists a subset of functions
{Sn}nez € H(R) such that:

Ty = Z Sn(t)zn

nez
and ((f,Sn)H(r))n € 1*(Z) for all f € H(R).

i) {zn tnez is a frame of H(Z') .

iii) Given (U, R,u) a measure space, such that dim L?(u) > dim H(Z"). There
exists a c.a.0.s. measure M : R, — H, with control measure i, i.e, u(.) =
|| M (. )Hin and a frame sequence {fn}n (of sSpan{fn}n) such that:
iti.a) z, = [ fndM. iii.b)

U

(3.6) 2 = / k(t, $)dM(s)
U
with k(t,s) = > SL(t)fn(s) and {S},}, C H(R), (Sh(t))n € 1*(Z) Vt € T, iii.c)
nez

{k(t, Ve =span{fu}n.

i) Let (U, R, u) be a measure space such that there ezists a c.a.o.s. vector mea-

sure M : R, — H, for which eq. 3.6 holds for some {k(t, )} iex C L?*(pn), with
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u() =M y°. Then: H(R) = Ran(T), where T : span {k(t, ) }ex — H(R)
is defined by:

(TF)(t) = / B(t,3) ()du(s)
U

The kernel k(t, .) admits the expansion: k(t,.) = > Sp(t)fn, with {folnez a
nez
frame of span{k(t, )} iex , {Sn}n a frame of H(R) and z, = [ fndM.
U

Proof. Immediate from theorems 3.1 and 3.2. d

3.0.4. The case of Riesz Bases. Let us see the form of this last result when the
frame sequence is also a basis:

Corollary 3.1. Let ¥ be a set of indexes, generally non countable, and let & =
{xt}tex CH . Let H(Z) be the closed subspace spanned by Z . Given {zp}nez C
H(Z). The following assertions are equivalent:

i) ((y,2n)1)n € 12(Z) for all y € H(Z) and there exists a subset of functions

{Sn}neZ S H(R) such that:
Te =3 Sn(t)zn,

neZ
and ((f,Sn)m(r))n € 1*(Z) for all f € H(R). Additionally, the {Sy}nez € H(R)
verify that if (c,)n € 1?(Z) is such that > ¢, S, (t) =0Vt then ¢, =0 Vn.

i1) {zn}tnez is a Riesz basis of H(Z") .
iii) Given (U, R,u) a measure space, such that dim L*(p) > dim H(Z"). There
exists a c.a.0.s. measure M : R, — H, with control measure p, i.e, p(.) =
|1 M. )Hz, and a Riesz basis { fn}n (of pan {fn}n) such that:
iii.a) 2 = [ fudM; iii.b)

U

v = / k(t, 5)dM(s)
U
with k(t,s) = Y S/L(t)fu(s) and {S,}n C H(R), (S,(t)n € I*(Z) Vt € T, iii.c)
neEZ

{k(ta ')}tE‘I = span {fn}n

w) If (U, R, ) is a measure space such that there exists a c.a.0.s. vector measure
M : R, — H, for which eq. 3.6 holds for some {k(t, )hhex C L*(pn), with
u(.) = ||M()||H2, then: H(R) = Ran(T), where T : spau{k(t,.)}tex — H(R)
is defined by:

(TF)(t) = / K(t, ) £(5)du(s)
U

The kernel k(t,.) admits the following expansion: k(t,.) = > Sp(t)fn, with
neL
{fn}nez a Riesz basis of span{k(t,.)}icx , {Sn}n @ Riesz basis of H(R) and

Zp = [ fndM.
U

Proof. ii)=> i) It follows from theorem 3.3 since if {z, }nez is a Riesz basis, then

it is also a frame [7]. So, we have only to verify the last condition of i). In fact,

take (c,)n € [2(Z) such that 0 = > ¢, Sn(t) = 3 cnl@y, 2,)m Vi, but from the
n n
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remark 3.0.1 we have that these z/s constitute the dual basis of {z,},, and as
(cn)n € 1?(Z), we have: (x4, cnz!)g = 0 for all t. Since ¢,z € H(Z) then

> enzl, =0, so that ¢, = 0, since {z],},, is a basis.
n
i) = ii) By theorem 3.3, under these conditions we have seen that {z,}, is a

frame, and that there exists a dual frame {z/,},, such that S, (¢t) = (z¢, 2],) . So it is
sufficient to show that both sequences are bi orthogonal. In fact, if z; = > Sy, () zn,
n

for n € Z: Sp(t) = (xe,20)m = . Sn(t){zn, 2}, ) H, thus from the hypothesis we
obtain that: (zn,2,.) g = Onm. ]

3.1. Application: A sampling theorem. The following result, shows how the
previous results may be applied to the problem of characterizing processes which
are linearly determined by their samples, and which also form a Riesz basis

Theorem 3.4. Let {x:}iex C H. For sequences {t,}nez C T, {xt, ynez C H(Z),
the following are equivalent:

i) {x1, tnez i a Riesz basis of H(Z').

i) Sp(tr) = 6ny and ((f,Sn)m(r))n € 1*(Z) for all f € H(R), ((y, 21, ))n € 1*(Z)

Vye H(Z) and
Ty = thnsn(t) .

nez
iii) Given (U, A, 1) a measure space, such that dim L%(p) > dim H(Z"), there exists
a c.a.0.s. measure M over (U, A) such that ||M(.)||3 = u(.), and k(t, .) € L*(u)
such that {k(tn, .)}nez is a Riesz basis of its span, {Sy}n is a Riesz basis of H(R)
such that k(t,.) = > k(tn, .)Sn(t), and

neL

Ty = /k:(t, $)dM(s).
U

w) If (U, R, ) is a measure space such that there exists a c.a.0.s. vector measure
M : R, — H, for which eq. 3.6 holds for some {k(t, ) hex C L?*(pn), with
u(.)=||M(. )HH2. Then: H(R) = Ran(T), where T : span {k(t,.) }tex — H(R)
is defined by:

IO = [ Kt 1(6)dns).
U
The kernel k(t, .) admits the following expansion: k(t,.) = > S,(t)k(tn, .), with
ne”L
{k(tn, .)}nez a Riesz basis of span {k(t,.)}+te = and {Sy}n is a Riesz basis of H(R).
3.2. Examples:
3.2.1. The SKW theorem with a Riesz basis. Let & = {x4}icr, be defined by:

Ty = /e“*dM(A),
R
where M (.) is an orthogonal random measure, such that p(A4) = E|M(A)]? =
J ¢(A)dA, for some non negative ¢ € L'(R). Is an standard result that such M,
A

exists [10]. Moreover we can take ¢, such that A < ¢ < B, a.e. on [—m, 7|, for some



15

A, B >0, and ¢ =0 a.e. on [, 7]°. The resulting process is w.s.s. and it is easy
to verify that {%}nEZ is a Riesz basis of L?(R,du) and that, {z,}nez is also a

inX

Riesz basis of H(.Z"). Moreover, the dual basis is given by {%}nGZa and

then Sy, (t) = E(x:2),) = s”;(g%;)n)), and as p is equivalent to the restriction of the
ordinary Lebesgue measure on [—, 7], one may take the operator T defined by the
kernel: k(t,A) = e”*1_, »)(A). Finally, we recall that in this case, the condition on
w of being absolutely continuous with respect to the Lebesgue measure, is necessary,

as it was proved in [18].

3.2.2. A case from Generalized Harmonic Analysis. We shall see with this example,
that it is worth studying conditions for which we have stable sampling formulas. In
fact, we will give here an example where we can completely determine a “process”
from a set of samples, but which it does not constitute a frame sequence. Let
H = B? = span{e"*} cr [1], with respect to the metric defined by the inner
product

T
(fi9)B2 = T@w% / f(z)g(x)dz.
“r

Moreover [1], the system {e**},cg is a non countable orthonormal system with
respect to this inner product. Let us consider a fized almost periodic function [23]
f # 0, such that

N . 1
(3.7) foy = lm

T
/ f(@)edr,
Gy

verifies f(A) = 0 for all |A| > a, for some constant 0 < a < 7. Define H(f) =
span{ f(xz —t)}+er. First, let us verify that H(f) = span{f(x — n)}nez. In fact, as
f(A) =0, except for a countable set of indexes A’s, we can write:

(3.8) @)= 3" Fw)e™.
kEZ

On the other hand we have the ordinary Fourier series expansion:

; t— . .
(39) lim SZTL(W( n))eznz — ez:vt ,
N-—oo m(t—n)
[n|<N
which converges uniformly on [—a,a]. From eq. 3.8, we have that f(z —t) =

S f(Ak)e™PAteire®  From this:
kezZ

Z Mf(x—n): Fw) Z Me”"“ e

e w(t—n)

and then by Bohr’s theorem [1], [23]:



16

2

—yo| s SEE ) e vt Fg2 0,

W(t - ’I’L) N—o00

form, eq. 3.9. And then f(.—t) € span{f(z —n)}nez for all t € R.
Again, by Bohr’s theorem, we can set the Fourier transform of p:

i) = (f, F(. =) g2 = Y _|f () Pe ™,

kEZ

where p is the singular measure given by

(=00, M) = D IF )P oo (N -

keZ

Let us see that if span{ f (z — k) }xez is a frame sequence then we must have that p is
absolutely continuous with respect to the ordinary Lebesgue measure, i.e. u < L,
and then it would be a contradiction. Indeed, by the frame condition one should
have:

S lak)? =1 F( = B)pel? < BI|f|[5 < oo

kEZ kEZ

Thus, since the support of pu is a subset of [—, 7], the [i(k)’s should be the Fourier
coefficients of a function in L?[—m, 7] C L'[—m, 7], so that contradiction follows
form this result.

4. AN APPLICATION: NOISE REDUCTION.

Frames are a good tool when dealing with noise [7] in signal detection [2], or
when reconstructing a signal form corrupted samples as we will see briefly now.
Suppose that (£, F,P) is a probability space, z; € H = L*(Q, F,P), and that,

as in the previous section, we have the representation: z; = > 2,5,(t). We can
neZ
consider the following problem. Suppose that instead of z, we get the “corrupted”

sequence: {z, + Wy, }nez, where the w,’s are independent identically distributed
random variables, with E(w,) = 0 and E|w,|*> = 0?. The sequence {wy, }nez is
supposed to be independent of {z, },cz. Now, if we make a synthesis with this new

sequence we get a process &y = x4 + ng, where ny = > wySy,(t), where this series
nez
converges a.s. by Kolmogorov’s theorem for sums of finite variance independent
random variables . Then Elni|? = Y 02|S,(¢)|?, and if S, (t) = E(z/,z;), with
neZ
{#], }nez the canonical dual frame, if we consider the signal to noise ratio for each ¢:

(SNR), = Bl and taking in account that E‘%Iz > S E(zLx))? > E‘%Iz then

Eln.[?
nez
we have
E|xt\2 A
N = >
(SN = 5= s, @F = 02

ne”L

Hence we can see directly how the frame lower constant affects the signal to noise
ratio.
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4.0.3. Ezample: The effect of oversampling. We return to example 3.2.1. Let us

consider the same w.s.s. process, and some L € N. Now, if we take the samples

{zn},, by a direct application of Parseval’s theorem, if y = Sz FNAM(N):

2

B'Ely|* = B2rLE|y|* > Z / LA F(N)P(N)dA
nez | [=m7]

= 27TL/ If(No(N)|2dA > A2rLE|y|> = A'Ely|?.
[_7‘-77"]

Then the new frame constant is A’ > A, and thus we improve the SNR as one
should expect after introducing some redundancy.

Moreover, we can prove that under suitable conditions, the difference n; = Z; —x;
can be uniformly controlled in probability by the frame bound A. Previously we
recall Kolmogorov’s condition:

Lemma 4.1. [10](p. 191) Let {x+}1cy be a separable random process satisfying
the following condition: there exists a non-negative monotonically non-decreasing
function g(t) and a function q(z,t), t > 0 such that P(|zi, 41—t | > 2g(t)) < q(z,1)
and G =3 g(27"T) < o0 and Q(x) = Y 2"q(x,27"T) < co. Then:

n>0 n>1

A
P su Ty — x| > A < — .
<ogt/<5§T| ! vl )_Q<2G)

By a direct application of this, again taking o as in the beginning of this section,
one can prove:

Proposition 4.1. Ifz; € L?(Q, F,P), verifies the Lipschitz condition E|z; —x|? <
C|t — s|* for some constants C > 0, a € (1,2], independent of t,s € T = [0,T].
Then:
K(T,a,C
P (sup|nt| > o’) < M.
teT A

Proof. By Tchevichev’s inequality:

o 32 [Sa(0)
E|no? nez Elzol*
4.1 P < = <
(4.1) (Inol > o) < = <
Let x > 0 and 8 > O:
E|n; — ng|? o2 9
P (|t —nol > xt”) < =gt = —ag > ISk(t) — Sk(0)
kEZ
o?Elxy — 20> _ Co?te2
Ax2t26 —  Ax?
Taking G == Y (27"T)° = {Z5, Q(z) = Y, Sz an(f—ot)a=28  Thys, if
n=1

n=0
26 —a+1 <0, by lemma 4.1 then:

o 4G20 2(2,{3—a+1)
p _ S < 9N _ Ta—ZB
[ el ) <) =5 e
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Taking 3 = 272, this equals
aore 2G6-%)  K/(T,a,0)

A(1—270)2 (1 —9%5%) A

So, recalling eq. 4.1 we get the desired result, since

P(sup|nt|>a> <P| sup |nt—no\>g +P<|n0|>g) :
teT teT\{0} 2 2

5. CONCLUSION

We gave conditions for a finite variance random process, or a more general Hilbert
space process, to be reconstructed from its discrete samples or a countable set of
measurements if they form a frame sequence of the closed linear span of 2°. The
conditions are analogous to the conditions for L?(I) functions using Riesz and
orthogonal bases, studied by Kramer in [13] and Garcia [9]. Finally, we studied the
application of frames in noise reduction for the case of random signals.
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