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Abstract

In this paper an extended CPR decomposition theorem for Finsler symmetric spaces of
semi-negative curvature in the context of reductive structures is proven. This decomposition
theorem is applied to give a geometric description of the complexification of some infinite
dimensional homogeneous spaces.

1 Introduction

In recent years, the geometrical study of operator algebras and their homogeneous spaces
has become a central topic in the study of infinite dimensional geometry. It is a source of
examples and counterexamples, and the operator algebra techniques (Banach algebras and
C* algebras, with their distinguished tools) are being used for obtaining results on abstracts
infinite dimensional manifolds by studying their groups of automorphism, isometries, and
their associated fiber bundles and G-bundles.

In particular, what we are interested in here, is the extension of certain results on complex-
ifications of homogeneous spaces of Banach-Lie groups studied by Beltita and Galé in [1]
and also the decompositions of the acting groups by means of a series of chained reductive
structures.

In Section 2 the reader can find the basic facts about Finsler symmetric spaces; these are
spaces of the form G/U endowed with a Finsler structure, where G is a Banach-Lie group
and U is the fixed point set of an involution ¢ on G. A criteria that ensures that the spaces
G /U have semi-negative curvature is recalled from the work of Neeb [11].

In Section 3 we recall the definition of reductive structures, which can be interpreted as
connection forms E on homogenous spaces of the form G 4/Gp. Examples in the context of
operator algebras are given: conditional expectations, their restrictions to Schatten ideals
and projections to corners of operator algebras. The Corach-Porta-Recht splitting theorem
by Conde and Larotonda [5] is used to prove an extended CPR-splitting theorem in the
context of several reductive structures.

In Section 4 the CPR splitting theorem is used to give a geometric description of homoge-
neous spaces of the form G 4/Gp as associated principal bundles over U4 /Up; the geomet-
rical description was introduced by Beltita and Galé in [1]. Under additional hypothesis
about the holomorphic character of G 4 and the involution o on G 4 it is possible to interpret
G4/Gp as the complexification of Uy /Up. Under these additional assumptions G4/Gp is
identified with the tangent bundle of U4/Up and it is shown that this identification has
nice functorial properties vinculated to the connection form E. Finally, we give two basic



geometric examples of manifolds in infinite dimensions whose complexification can be de-
scribed with the results of this section: the flag and Stiefel manifolds, see the recent book
[3] by D. Beltita for a full account of these objects and a comprehensive list of references.

2 Finsler symmetric spaces

A connected Banach-Lie group G with an involutive automorphism o is called a symmetric
Lie group. Let g be the Banach-Lie algebra of G, and let U = {g € G : o(g) = g} be
the subgroup of fixed points of o. Then the Banach-Lie algebra u of U is a closed and
complemented subspace of g; a complement is given by the closed subspace

p={Xe€g:0aX=-X},

where for a smooth map between manifolds f : X — Y we use the notation f, : T(X) —
T(Y) for the tangent map and f., : T (X) — Ty (Y) for the tangent map at » € X.
The Lie algebra u is the eigenspace of 0,1 corresponding to the eigenvalue +1 and p is the
eigenspace corresponding to the eigenvalue —1. Since u is complemented U is a Banach-Lie
subgroup of G, and the quotient space M = G/U has a Banach manifold structure. We
denote by ¢ : G — M, g — gU the quotient map which is a submersion, and by Fxp : g — G
the exponential map of G. We use the notation eX := Fap(X) for X € g.

We also define Gt := {go(g)~! : g € G} which is a submanifold of G and note that there is
a differential isomorphism ¢ : G/U — GT, gU + go(g)~*. See Section 5 Ch. XIIL of [§].
We use the notation o(g)~! := g* for g € G.

Let L, and R, stand for the left and right translation diffeomorphisms on G. For h € G,
let pu, : M — M, pun(q(9)) = q(hg) = q(Lng). Then

(:“h)*q(g)q*g = ung(Ln)«g-

The map g.1 : p — T, M is an isomorphism so that a generic vector in Tj )M will be
denoted by (ftg)+0qx1 X with X € p. We use I, to denote the interior automorphisms of G
given by Ij(g) = hgh™!, and Adj, to denote the differential (I;).;, which is an element of
B(g), the bounded linear maps that act on g. We note that o(I,e*) = I,e~*X for every
X € pand u € U, so that 0, Ad, X = —Ad, X and p is Ady-invariant. Since o is a group
automorphism, o,; is an automorphism of Lie algebras and the following inclusions hold:

[wu] Cu, fu,p] Cp, [pp] Cu

In particular, p is ad,-invariant.
A way of giving M the structure of a Finsler manifold is establishing the following norm on
the tangent space Ty, (M) for each g € G

||(Ng)*OQ*1X||q(g) = ”X”p

where || - ||, is any Ady-invariant norm p compatible with any norm of 7,(M) given by a
local chart. To make the dependence of M with its underlying Banach-Lie group, involution
and Finsler structure clear we shall write M = G/U = Sym(G, o, || - ||;) and we shall call
M a Finsler symmetric space.

We say that M = G/U has seminegative curvature if for all p € M the operator between
Banach spaces (expp)ss : Tp(M) = Tp(T(M)) = Teap, () (M) is expansive and surjective.
What follows is a criteria for seminegative curvature for Finsler symmetric spaces due to
K.-H. Neeb, [11, Prop. 3.15 and Th. 2.2]:



Theorem 2.1. Let M = G/U = Sym(G,o,| - ||y) be a Finsler symmetric space. Then the
following conditions are equivalent:

1. M has semi-negative curvature.
2. The operator —(adx)?|, is dissipative for all X € p.
3. The operator 1+ (adx)?|, is expansive and invertible for all X € p.

4. The operator X € p, %“ is expansive and invertible for all X € p.

Example 2.2. If A is a unital C*-algebra, G is the group of invertible elements of A
endowed with the manifold structure given by the norm and o : G — G, g+ (g71)*, then
U={ge€G:o(g) =g} is the group of unitary operators of A. In this case p = A the
set of self-adjoint elements of A and the uniform norm on As which we denotv by || - || is
Ady-invariant because it is unitarily invariant. We can identify the manifold G/U with
the manifold of positive invertible elements G*. It was proven in [6] that the manifold
M =G/U = Sym(G,o,| - ||) has seminegative curvature.

Example 2.3. Let A = B(H) stand for the set of bounded linear operators on a separable
complex Hilbert space M, with the uniform norm denoted by || - ||. Let A, be the ideal of
p-Schatten operators with p-norm || - ||,. Let G, stand for the group of invertible operators
in the unitized ideal, that is G, = {g € A* : g—1¢€ A,}, then G, is a Banach-Lie group
(one of the so-called classical Banach-Lie groups [7]), and A, identifies with its Banach-Lie
algebra. Consider the involutive automorphism o : G, — G, given by g — (g*)~'. Let
U, C G, stand for the unitary subgroup of fized points of o. In this case p is the set of
self-adjoint operators in A, and the norm || - |, on p is Ady, -invariant. We can identify
the manifold G, /U, with the manifold of positive invertible operators in Gp. It was proven
in Section 5 of [5] that the manifold M, = G,/Up = Sym(Gp, o, || - |Ip) is simply connected
and has semi-negative curvature.

3 Splitting of Finsler symmetric spaces

We recall some facts about the fundamental group of M and polar decompositions [11, Th.
3.14 and Th. 5.1]

Theorem 3.1. Let M = G/U = (G, 0,,||-||y) be a Finsler symmetric space of semi-negative
curvature, then

1. The exponential map qo Exp : p — M is a covering of Banach manifolds and
I={Xep:qg(e®)=q(1)}

is a discrete and additive subgroup of p N Z(g), with T ~ 7 (M) and M ~p/T". Z(g)
denotes the center of the Banach-Lie algebra g. If X,Y € p and q(eX) = q(e¥), then
X-Yel.

2. The polar map
m:ipxU—G, (X,u)— e u

is a surjective covering whose fibers are given by the sets {(X — Z,e?u) : Z € T'},
ue U, X ep. If M is simply connected the map m is a diffeomorphism.

In the context of C*-algebras (Example 2.2), since G/U is simply connected and has semi-
negative curvature we get the usual polar decomposition of invertible elements as a product
of a positive invertible element and a unitary.



Corollary 3.2. In the context of the previous theorem Gz = ¢eP. Note that given h € ng
there is a g € G4 such that h = go(g)~'. Using the polar decompostion in G 4 there are
X €p and u € U such that g = eXu. Then h = eXuo(eXu)™ = eXuuteX = e2X € eb.
We note also that X = e2Xg(e2X)~! € G for every X € p.

The following decomposition theorem in the context of Finsler symmetric spaces of semi-
negative curvature was proven by Conde and Larotonda in [5].

Theorem 3.3. Corach-Porta-Recht decomposition (CPR)
Let M = G/U = (G,0,,] - |ly) be a simply connected Finsler symmetric space of semi-
negative curvature. Let p € B(p) be an idempotent, p> = p. Let s := Ran(p), § =
Ran(1 —p) = Ker(p), so that p = s®s'. If ad2(s) C s, ad?(s') C s’ and ||p|| = 1, then the
maps

®:Uxs x5 =G, (u, X,Y) = ue™e¥

U:s' x5 — G, (X,Y) = e¥e2XeY
are diffeomorphisms.

The following two definitions are from Beltita and Galé [2].

Definition 3.4. A reductive structure is a triple (Ga,Gp; E) where G 4 is a real or complex
connected Banach-Lie group with Banach-Lie algebra g4, Gp is a connected Banach-Lie
subgroup of G4 with Banach-Lie algebra g, and E : ga — ga is a R-linear continuous
transformation which satisfies the following properties: E o E = E; RanE = gp, and for
every g € Gp the diagram

E
gA —> 9B

Adgl lAdQ
E

gA—> 0B

commutes.

Definition 3.5. A morphism of reductive structures from (Ga,Gp; E) to QGTA, Gp:E)is a

homomorphism of Banach-Lie groups o : G4 — G 4 such that a(Gp) C Gp and such that
the diagram

E
gA —> 9B

E

gA —> 0B
commutes.

For example, a family of automorphisms of any reductive structure (G a,Gp; E) is given by
g grg t, Ga — Ga, (g € Gp).

Definition 3.6. If (Ga,Gp; E) is a reductive structure and o is an involutive morphism
of reductive structures we call (Ga,Gp; E,0) a reductive structure with involution. If
(Ga,Gp; E,0) and (G~A7 Gp: E,5) are reductive structures with involution and o is a mor-
phism of reductive structures from (Ga,Gp:E) to (Ga,Gp;E) such that a oo = &0«
then we call o a morphism of reductive structures with involution from (Ga,Gp; E,0) to

(G~A,G~B;E,5).



Example 3.7. Conditional expectations in C*-algebras

Let A and B be two unital C*-algebras, such that B is a subalgebra of A andlet E: A — B
be a conditional expectation. This means that E is a linear projection on A with RanE = B,
E(14) =1p(=14) and norm 1. By Tomiyama’s theorem [14] the following holds

E(byaby) = b1 E(a)bs forallae A; b1,bpeB
E(a*) = E(a)* for all a € A.

Let Gy for A € {A, B} be the Banach-Lie group of invertible operators in A endowed with
the topology given by the uniform norm. Then the Banach-Lie algebra of Gp is g = A.
Since in this case we have Ad,(a) = gag™" for each g € G4 and a € A, the expectation E
satisfies the conditions of Def. 3.4, so that (Ga,Gp; E) is a reductive structure.

If (Ga,GpR; E) is a reductive structure that is derived from an inclusion of C*-algebras and
a conditional expectation as above then o : Ga — Ga, a + (a™1)* defines an involutive
morphism of reductive structures since o, : A = A, a — —a* and E(041(a)) = E(—a*) =
—E(a)* = 0.1(E(a)). Therefore (Ga,Gp; E,0) is a reductive structure with involution.

If for two triples (A, B; E), (A, B; E) there is a bounded homomorphism ¢ : A — A which
satisfies p o E = E o ¢ then o = dlc, defines a morphism of reductive structures with
involution from (Ga,Gp; E,0) to (Ga,Gp; E,6).

Example 3.8. We use the notation of Example 2.3. Let B C A = B(H) be a C*-subalgebra,
and let E : A — B be a conditional expectation with range A such that E sends trace-class
operators to trace-class operators and E is compatible with the trace, that is Tr(E(zx)) =
Tr(z) for any trace-class operator x € A. Letp > 1, B, = BNA,, Ga, = {g € A% :
g—1e A} and Ggp = {9 € A : g—1¢€ B,}. Then ga, := A, and gg, = B, are
the Banach-Lie algebras of G4, and G, respectively. It was proven in Section 5 of [5]
that E, = Ela, : Ay — By and that |E,|| = 1. It easy to see that (G, Gp p; Ep,0) is a
reductive structure with involution.

Example 3.9. Corners

Let ‘H be a Hilbert space, n > 1 and p;, i = 1,...,n+ 1 be pairwaise orthogonal nonzero
projections with range H; and Z?;ll p; = 1. Let G4 be the group of invertible elements of
B(H) and let

Gp = oottt g, invertible in B(H;) fori=1,...,n ;
0o 0 ... g, O
o o0 ... 0 1

where we write operators in B(H) = B(H1® ... ® Hny1) as (n+ 1) x (n+ 1) matrices with
the corresponding operator entries.
In this case ga = B(H) and

X: 0 ... 0 O
0 X9 ... 0 O
95 = : Do bt s Xy in B(H) fori=1,...,n
0 0 ... X, 0
0 o ... 0 O

If we consider the map E : ga — g, X — > o piXp; and o = (-)*71 it is easily verified
that (Ga,Gp; E,0) is a reductive structure with involution. Note that || E| = 1.



Definition 3.10. If (Ga,0) is a symmetric Banach-Lie group we say that a connected
subgroup Gp C G4 is involutive if 0(Gp) = Gp.

Remark 3.11. If G C G 4 is an involutive Banach-Lie subgroup with Banach-Lie algebra
g8 C ga and ga = pDu is the eigenspace decomposition of 0,1, we can write gg = ppDupg,
where pp :=pNgp and ugp :==unNgp.

Proposition 3.12. Given a Finsler symmetric space My = Ga/Us = Sym(Ga,o,| -
llp) of seminegative curvature, if Gp is an involutive subgroup, then Mp = Gp/Up =
Sym(Gp,clay, || - lps) is a Finsler symmetric space of semi-negative curvature. Also, the
inclusion I'g C T'a N pp holds. In particular, if M is simply connected then Mp is also
simply connected.

Proof. We can restrict the Ady ,-invariant norm of M4 = G4/Ua to pp to give Mp =
Gp/Up a Ady,-invariant norm. Since for each X € p the operator —(adx)?|, is dissipative
and —(adx)?|,(pp) C pp for all X € pp, we conclude that the operator —(adx)?|p,
is dissipative for all X € pp. Therefore Mp = Gp/Up = Sym(Gg,0lcy, | - llps) has
seminegative curvature.

It X € T'p then g o Fxpp(X) = op so that Fxpa(X) = FExzpp(X) € Ugp C Ua and
gao Expa = 04. We conclude that T'p C T 4 Npp. O

Remark 3.13. If (Ga,Gpg; E) is a reductive structure, since AdgoE = EoAd, for each g €
Gp we see that Ad,(KerE) C KerE for every g € Gp. If o is an involutive automorphism
of reductive structures and ga = u @ p is the decomposition into eigenspaces of o, then
Ady, (p) Cp and Ady, (u) C u, so that the actions Ad : Ug — B(pg) and Ad : Ugp — B(ug)
are well defined, where we denote pp := KerENp and ug := KerENu.

Theorem 3.14. Ezxtended CPR splitting
If for n > 2 we have the following inclusions of connected Banach-Lie groups, the following
maps between its Banach-Lie algebras

G CGyC---CGy

Es E3 E,
gr<—g2<— ... < On
and a morphism o : G, — G, such that:

o (Gn,Gn-1;E,,0),(Gn-1,Gn-2;En,0lc,_,), -, (G2,G1; Eo,0|q,) are reductive struc-
tures with involution.

o M, = Gn/Un = Sym(Gn,a, ” : |
semi-negative curvature.

) is a simply connected Finsler symmetric space of

o ||Eyp |l = 1 for k = 2,...,n, where the norm is the norm of the previous item
restricted to pr :=p N gi.

Then the maps
D, U, Xpg, X -+ XPpg, Xp1 = G,

X X, Y,
(Uny Xy ooy X2, Y1) > upe™™ . e e’}

. +
U, :pg, X - XPpg, Xxp1 = G}
(Xnyo oy X0, Y1) s e¥1eX2 | eXnm1e2XneXn-1 - pXa2p)h

are diffeomorphisms, where pg, = KerEy Npy fork=2,...,n.
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Proof. Note that Prop. 3.12 implies that M} := Gy /Uy are simply connected Finsler
symmetric spaces of semi-negative curvature for £k = 2,...,n. We prove the statement
about the map ® for the case n = 2 and then prove the statement for n > 2 by induction.
Since E 0 041 = 041 © Ea, E3(p2) C po2, we can consider p := Ej|p, : pa — pa. We see
that [[p|| = 1 and Ker(p) = Ran(1 — p) = pg,. Also, since E3 = E5 and Ran(E2) = g1,
Ran(p) = p1. The condition adﬁl(pl) C p; of the statement of the CPR splitting 3.3 is
trivial. Also note that for every g € G; and for every X € go, Ady(E2(X)) = Ea(Ady(X)). If
Y € g1 and we differentiate Adgv (F2(X)) = E2(Adey (X)) at ¢ = 0 we get ady (E2(X)) =
Es(ady (X)) and therefore ady, (KerEy) € KerEy. Since ady,(p2) € p2 we conclude that
ad? (pp,) C pg,. The CPR splitting (Th. 3.3) implies the existence of a diffeomorphism

Qo : Uy X pg, X p1 — Ga
(UQ,XQ,Yl) — ’U,2€X26Y1.

Assume now that n > 2 and that the theorem is true for Kk = n—1 and k = 2. We
prove that ®,, is surjective. If g, € G,, then the splitting theorem applied to the reductive
structure (G, Gn-1; Ey) implies the existence of w, € U,, X, € pg, and Y,_; such

that g, = u,eXre¥"-1. Since ¥~ € G, _; applying the splitting theorem in the case
k=n—1weget u,_1 € Up—1, Xn—1 € Pg,_,,..., X2 € pp, and Y7 € p; such that
eYn-1 = q,,_1eXn-1 . eX2¢¥1 Then
Ad 1 Xp
gn = uneX'"eY"*1 = uneX”un,leX"*1 LeXzett = UpUp—1€ =1 eXn-1_  eX2et

is in the image of ®,, because Adu—lan €pg,.
We prove that ®,, is injective. Assume that

’ ’ ’ ’
upeXreXn-1 X2t — g eXneXnor | X271,

Since eXn-1 ... eX2eM € G,,_; there are u,_; € U,_; and Y;,_; € p,_; such that

un_ley"‘l = eXn-1 | eX2e)1,

Also there are u],_; € U,—1 and Y,,_; € p,_1 such that

’ ’ ’ ’
ul,_je¥n-1 = eXn-1 | eX2e¥t,

Then

—1

Ad Ad =1 X/
UpUp—1€ Un—1

/ u n Yy’

X"eynf nile n—1 e n—1

1 — .,/
= u,u

and because of the uniqueness of the splitting theorem for £ = 2 we conclude that

Uplp—1 = Uhul_4
Adu;ian = Adu’;ier/L (1)
Yoo1 = Y. ..
Since u,_1e¥n-1 = eXn-1.. eX2e¥1 and u%fley";fl = X1, eXaeYl
u;lleX"*l ceX2eVt =¥t — ¢ -1 = u';ileXilfl ...eXéer

the uniqueness of the splitting theorem for & = n — 1 implies that u,—1 = u),_;, Xn-1 =

1y, Xo =X} and Y7 = Y/. The equalities in (1) say that u, = u), and X,, = X/, also

hold.



We prove that W, is bijective based on the fact that &, is bijective. If p, € Gj then

Dn = ¢ng, for some g, € G,. Because ®, is surjective there are w, € U,, X, €
PE,, -, Xo € pr, and Y; € p; such that g = u,eXn...eX2e¥1. Then p, = g,g; =
eYreX2 e2Xn | eX2eY1 and we conclude that ¥, is surjective. To see that ¥, is in-

. . ’ ’ ’ ’ ’
jective let assume that e¥Y1eX2 ... e2Xn eX2e¥1 = e¥ieXe | 2Xn .. . eX2eVi. If g, =
’ ’ ’ .
e¥ieXz eXn and ¢/, = e¥ieX2...eXn then g,97 = ¢',¢'. and therefore there is an
’

Xn L eX2e¥1 = oXn | .eXéeYI/

U, € Uy such that g,u, = g},. Then upe and we conclude

that (X,,..., X2, Y1) = (X],..., X5, Y)).

We prove that ®,, is a diffeomorphism by induction. The CPR splitting states that ®5 is
a diffeomorphism. Assume that n > 2 and that ®,_; is a diffeomorphism. If g, € G,
then g, = (g, )eXn ) eYn-1097) where (un, Xp,Yn_1) : G — Up X P, X Pp_1 is smooth
because the inverse of the CPR splitting is smooth in the case n = 2. If we denote f(g,) :=
e¥Y"=1(9n) then f is a smooth map and

f(gn) — unfl(f(gn))exnil(f(gn)) . €X2(f(gn))eyl (f(gn))

where
(Un—1,Xn—1,..., X2, Y1) : Gpo1 = Up_1 X PR, | X - X P, X

is a smooth map. Since

Gn = Un(gn)eX" I, (f(gn))eXn—1Flon))  Xa(fgn))Y1(f(9n)) =

(G )ity (g r 0o ) X (o)) Xl (o)) Y27 (o)

we get that @1 : G,, = U, X P, X -+ X Pg, X P1
gn = (Un(gn)un—1(f(gn)), Adu;il(f(g”))Xn(gn)» Xo—1(f(gn))s -, X2(f(9n)), Y1(f(gn)))

is smooth. o o
We prove next that ¥=! = (X,,,..., X»,Y7) is smooth. If g, € G,, then

Po = g = €T Faen) | (K (0) (2K ) o (Ka0a)) | (Ka(0a)) (V100
Since g, = wy (gn)eXn9) . eX2(9n)e¥1(9n) where @1 = (uy, X,,. .., Xo, Y1), we get
D 1= g;gn — eY1(gn)eX2(gn) . eanl(gn)eQXn(gn)eXn—l(gn) . eXZ(gn)eyl(gn)
so that

(Xina"'7f2771) = (Xn7-~~7X27Y1)O7T

where 7 : G, — G},9n — glgn. Since 7 is a submersion we conclude that U1 =
(Xn7 . ,XQ, Yl) is smooth.
O

Remark 3.15. The previous theorem provides a decomposition G = UePEn .. ePB2eP1,
which can be considered as a multiplicative version of the additive decomposition g = u &
bE, @ - DPE, DP1.

Remark 3.16. We note that in the context of the previous theorem, if Fy, j := Ej 0. -0Ey,
then (Gi,Gj; F ;) is a reductive structure and || F}, jp, || = 1.



Remark 3.17. The splitting theorem of Porta and Recht [13] asserts that if we have a
unital inclusion of C*-algebras B C A and a conditional expectation E : A — B then the
map

Q:Uyps xXpp xpp — Ga

(u, X,Y) = ue™e¥

is a diffeomorphism, where pg are the self-adjoint elements of KerE and pp are the self-
adjoint elements of B.
Theorem 3.14 in the case n = 2 is a formulation of the CPR splitting (Theorem 3.3) in
the context of reductive structures. The Porta-Recht splitting theorem is a special case of
the previous theorem if we consider (Ga,Gp; E,0) derived from the triple (A, B; E) as in
example 3.7 and verify that the conditions of the theorem are satisfied because of what was
stated in example 2.2. The CPR theorem covers the case where the inclusion of algebras
and the map E are not unital, as in Example 3.9 of reductive structures. It also covers the
case where the symmetric space and reductive structure are derived from unitized ideals of
operators as in Example 2.3 and Example 3.8, see [5].
The CPR theorem in the context of several reductive structures (Theorem 3.14) covers for
example the case of multiple unital inclusions of C*-algebras and conditional expectations
between them

A C A C---C A,

E E: E,
Ap &2 Ay &2 A,

4 Complexifications of homogeneous spaces

Proposition 4.5 to Remark 4.13 here are extensions of Section 5 of [1], from the context
of C*-algebras to the context of Finsler symmetric spaces of semi-negative curvature with
reductive structures.

Definition 4.1. Let X be a Banach manifold. A complexification of X is a complex Banach
manifold 'Y endowed with an anti-holomorphic involutive diffeomorphism o such that the
fized point submanifold Yo = {y € Y : o(y) = y} is a strong deformation retract of Y and
is diffeomorphic to X.

Example 4.2. Let M = G/U = Sym(G, o, | - ||) be a simply connected Finsler symmetric
space of seminegative curvature. Theorem 3.1 guaranties that U is a strong deformation
retract of G. If G is a complex analytic group and o is anti-holomorphic, then G is a
complexification of U. In the context of C*-algebras the group of invertible elements G is a
complezification of the group of unitary elements U with o = (-)~1*. Note that U is not a
complex analytic manifold.

Definition 4.3. Let (Ga,0) be a symmetric Banach-Lie group with involutive subgroup
GB. We deﬁne oG - GA/GB — GA/GB, UGB — O’(U)GB and \ : UA/UB — GA/GB,
’LLUB — ’LLGB.

We now give a criteria which implies that Ua/Up is diffeomorphic to the fixed point set of
the involution oq.

Proposition 4.4. If My = Go/Ux = Sym(Ga,o,| - ||) is a Finsler symmetric space of
seminegative curvature, Gp is an involutive subgroup of G, and I' C pp, then Gj NGgp =
Gt



Proof. Since G}, € G N Gp always holds, it is enough to prove that G} N Gp C G}. By
Cor. 3.2 G, = ¢ and G, = eP5. If g € G/{ N G then there is an X € p such that g = e¥.
Since G g is an involutive subgroup G5 /Up has semi-negative curvature and using the polar
decompostion of Th. 3.1 in G guaranties the existence of u € Ug and Y € pp such that
g = ue¥. Then, Theorem 3.1 applied to G4 tells us that for certain Z € T', u = e and
Y =X —Z. Since I C gg we conclude that X € gp and therefore g € GE. O

Proposition 4.5. If G, = G NGp, then NUa/Ug) = {s € Ga/Gp : 0G(s) = s}.

Proof. The inclusion C is obvious. Given s = uGp such that og(s) = s, u~lo(u) €

o(u)o(w) = o(uw), so that uw € Uy and s = uGp = vwGp = AuwUg). O

We give a geometric description of the complexification G 4/Gp of Us/Up in the context
of reductive structures. This can be seen as an infinite dimensional version of Mostow
fibration, see [9, 10] and Section 3 of [4].

Remark 4.6. Since the actions Ad : Ugp — B(pg) and Ad : Ugp — B(ug) are well defined
we get the homogeneous vector bundles Ua Xy, pp — Ua/Up and Ug Xy, up — Ua/Up,
[(u, X)] = uUpg, where the actions of Up on Uy Xy, pp and Uy Xy, ug are given by
v (u,X) = (v, Ad, X).

Theorem 4.7. Let My = Ga/Us = Sym(Ga,o,| - ||) be a simply connected Finsler
symmetric space of seminegative curvature and (Ga,Gp;E,0) a reductive structure with
involution such that ||Ely|| = 1. Consider UF : Uy x pp — Ga, (u,X) — ue® and
K (u, X) — [(u, X)] the quotient map. Then there is a unique real analytic, U s -equivariant
diffeomorphism TUE .Uy Xvup PE — Ga/Gp such that the diagram

\I/E

Ua X pE Ga

)

Ui Xup Pp ——> Ga/Gp

commutes.
Therefore the homogeneous space G 4 /G g has the structure of an U 4-equivariant fiber bundle
over Us/Up with the projection given by the composition

(gF)~t =
Ga/Gp——Ua Xy, pp —=Ua/Usp

ueXGp — [(u, X)] — uUp forueUs and X € pg
and typical fiber pg.
Proof. To prove that UF is well defined we show that for u € Us, v € Ug and X € PE

q(UF (u, X)) =ueXGp=uv e XyGp = uv~teAXGp
= q(¥§ (w™", Ady X)) = q(F (v - (u, X)))

The uniqueness of UF is a consequence of the surjectivity of &.
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Theorem 3.14 for the case n = 2 implies the existence of a diffeomorphism
®: Uy xpp xXpp — Gy
(u, X,Y) = ue™e¥.

If gGp € Ga/Gp there is (u, X,Y) € Ua x pg x pp such that g = ueXe¥ and we get
gGp = ueXe¥ Gp = ueXGp, proving the surjectivity of ®.

To see that UF is also injective assume that u;eX'Gp = upeX2G . Then thereis a b € Gp
such that u,eX1b = use™2. Since G is an involutive connected subgroup of G4 and G 4/Uyx
has semi-negative curvature, Proposition 3.12 states that Gp/Up has also semi-negative
curvature and we can apply the polar decomposition (Proposition 3.1) in Gg: there are
unique v € Ug and Y € pp such that b = ve¥. Then

)eAdU_leeY Y Xo

(uyv = ureXve’ = u1eX1h = uqe

and applying (®)~! to this equality we get (ujv, Ad,—1X1,Y) = (uz, X2,0), which implies
that ’U_1 . (ul,Xl) = (’U,Q,XQ).

Finally, we prove that W¥ is an analytic diffeomorphism. Since s is a submersion and
VP ok (= qgo UF) is a real analytic map U¥ is real analytic. Since the map ®~1 : g —
(u(g), X(9).Y(g)) is analytic, the map o : g — [(u(g), X(9))], Ga — Ua xu, pE is also
analytic. Since ¢ is a submersion and o = (U¥)~! 0 ¢ we see that ()~ is analytic. [

Corollary 4.8. If we analyze the diagram of the previous theorem in the tangent spaces
using the following identifications T(l,o)(UA XPE) 2 Us X PR, T[(l,o)](UA XU PE) =~ U X PR
and To(Ga/Gp) ~ KerE then

(®)w0) tua X pp —ga, (Y, 2)—=Y+Z
Ky(1,0) ' WA X PE — U X PR, Y, Z2)— (1-E)Y,Z)
Gs1:9a— KerE, Wi (1-E)W
and therefore
(®),1.0) 1 uE X pp — KerE,  (1-E)Y,Z)— (1-E)(Y+Z)=(1-E)Y + Z.
We conclude that
(®") 10y 1 ue X pg = KerE, (X, 2)—»X+7Z
is an isomorphism.

Corollary 4.9. If we assume the conditions of the previous theorem, the fixed point set
of of the involution o on Go/Gp ~ Ua Xy, pE is diffeomorphic to Us/Up and Us/Up
is a strong deformation retract of Ga/Gp. If G4 is a complex analytic group and o is
antiholomorphic then G 4/Gpg is a complezification of Ua/Up.

If we define 7¢ : Ua Xy, pE — Ua XU, PE, [(u, X)] — [(u, —X)], then the following diagram

TG
Usg Xy b ——Ua Xy, PE

Ga/Gp —25— G4/Gp

commutes.
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Proof. Note that I' = {0} so that Prop. 4.4 implies G = G NG and Prop. 4.5 states
that Ua/Up is diffeomorphic to the set of fixed points on o¢.

Alternatively, the diagram tells us that the set of fixed points of the involution og is
WE({[(u, X)] € Un xu, e 5 7e(((u, X)) = [(, X)]}) = WE({[(u,0)] : u € Uy}) = {uGp -
u € UA} =AUa/Up).

If we define F : (Ua Xy, pr) X [0,1] = Ua Xug pE, ([(u, X)],t) — [(u,tX)] we see that
{[(u,0)] : w € Us} is a strong deformation retract of Us Xy, pp and {[(u,0)] : u € Uy} is
diffeomorphic to U /Up.

If o is antiholomorphic then o4 is antiholomorphic (see [12]) and it follows from Definition
4.1 that G4/Gp is a complexification of U /Up. O

Theorem 4.10. If we assume that the conditions of Theorem 4.7 are satisfied then there is
a U g-equivariant diffeomorphic vector bundle map from the associated vector bundle U Xy,
ug — Ua/Ug to the tangent bundle T(Ua/Ug) — Ua/Ug given by o : Ua Xy, up —
T(Ua/Up), [(u,X)] = (tu)s0q1X, where the action of Uy on T(Us/Ug) is given by
w+— = (ly)s— for every u € Uy.

Proof. Let a : Ug x Up/Up — Ua/Up be given by (u,vUp) — uvUgp, then Osa : Uy x
T({Ua/Up) — T(Ua/Up), (u,V) — (py)«V. Since Eo o, = 04, 0 E E(u) C u, and
since E(ga) = gp we get the decomposition u = ug @ ug. Then ugp ~ T,(Usa/Ug),
X 5 ¢ X and restricting 9o to Ua x T, (U /Ug) we get amap of : Usxug — T(Ua/Ug),
(u, X) = (pu)xoqs1 X

We assert that there is a unique Ujyi-equivariant diffeomorphism o : Us Xy, ug —
T(Ua/Ug) such that af o k = o, where & is the quotient map (u, X) — [(u, X)].

To prove that o is well defined we see that for every v € Us, v € Ug and X € ug

E

af(w-(u, X)) = af(ww™ AdyX) = (fuv-1)s0qs1 Ady X

(Muv*l)*oq*l(LJ)*lX = (Huv*lqlv)*lX

= (Mu“v*quvval)*lx = (Mquv*ILvRv*I)*lX
(Muqufl)*lX = (Nuq>*1 = (Nu)*o(Z*lX = aéﬂ(u7X)

The uniqueness of o is a consequence of the surjectivity of k. «F is surjective because

(1tu)vo = To(Ua/Up) = Tywy(Ua/Up) is bijective for every u € Ua. To see that o is
injective assume that (fy,)soq1 X1 = (fbus)s0qsx1X2. Then q(u1) = q(uz) and therefore
there is a v € U such that u;v = us. Then

(Huy ) w001 X1 = (Puy ) w081 X2 = (fuy0q)x1 X2 = (Huy poq) 1 X2
= (,Uul,uquvfl)*lXQ = (,Uuquvval)*lXZ
= (Muquv>*1X2 = (Nul)*o(J*lAde2
so that Ad,Xs = X; and we conclude that v - (ug, X2) = (u1, X7). O

Lemma 4.11. If o is a anti-holomorphic involutive automorphism of a complex Banach-Lie
group G 4 then tu = p.

Proof. f X € u, 0,4X = X and 0,1(iX) = —ic,1 X = —iX so that iX € p. The other
inclusion is proved in a similar way. O

Example 4.12. If G 4 is the group of invertible elements of a C*-algebra A then the previous
lemma applies and we get p = A, the set of self-adjoint elements of A and u = ip = iA; =
Ags the set of anti-self-adjoint elements of A.
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Remark 4.13. Assume the conditions of Theorem 4.7 are satisfied and that G 4 is a complex
analytic group, u =1ip, and E is C-linear. Since Ad,(iX) = iAd(X) for every g € G4 and
X € ga we conclude that © : Ua Xy, pg — Ua Xug ug, [(u, X)] — [(u,iX)] is well defined.
Theorem 4.7 and Theorem 4.10 imply that the composition
(\I/E —1 =) OcE
GA/GB —— Ua Xyg b — Ua Xyz up — T(UA/UB)
is a Ua-equivariant diffeomorphism between the complezification G o/Gp and the tangent

bundle T(Ua/Ug) of the homogeneous space Us/Up. Under the above identification the
involution o is the map V — =V, T(Ua/Ug) — T(Ua/UB).

The isomorphism in the last remark gives the tangent bundle of U4 /Up a complex manifold
structure which depends on the map F.

The following proposition shows that the diffeomorphism between G4/Gp and T(Ua/Ug)
respects the natural morphisms that can be defined beween homogeneous spaces of the form
G 4/Gp and tangent bundles of homogeneous spaces given by T(U4/Ug).

Proposition 4.14. Let (G4,Gp; E;0) and (Ga,Gp; E;6) be reductive structures with in-
volution that satisfy the conditions of the previous remark and let o : G4 — Ga be a
holomorphic morphism of reductive structures with involution. If we define ag : Go/Gp —
Ga/Gp, gGp — oz(g)G~B and ay : Ug/Ug = Us/Up, uUp — a(u)(fB then the diagram

GA/GB <~ Ua Xyup UE ;T(UA/UB)

dA/dB = UA XU~B u}; ;-T(U:A/U:B)
commutes, where the horizontal arrows correspond to the morphisms of Rem. 4.13.

Proof. Since aoo =doa, a(Ug) C Up and oy is well defined. Since (i 0041 = F41 © Qi
as1(u) C U Also Foau = @4 0 E implies as1(KerE) C KerE so that a.(ug) C ug.
Given u € Uy and X € ug, a(u) € Us and a1 X € ug and we have the following diagram

ue™ Gp <———— [(u, X) ————— (b )sod1 X

a(u)eia*l(x)dB ~— [(a(u), s (X))] —> (ﬂa(u))*o(ﬁla*lX

It is enough to verify that the values in the vertical arrows correspond to the stated mor-

phisms. ag(ueXGp) = a(u)e® (XGp = a(u)e*1X)Gp since a1 (iX) = i, (X)
because « is holomorphic. Since ay o piy = fiaw) © oy and o a = ay o q we get
aU*q(u)(Uu)*OQ*IX = (,&a(u))*oO‘U*oLI*lX = (ﬂa(u))*oCI*la*lX- 0

There are two basic examples of homogeneous spaces U, /Upg in the infinite dimensional
context, the flag manifolds and the Stiefel manifolds.

Example 4.15. (Flag manifolds)

Let H be a Hilbert space and let p;, i = 1,...,n be pairwise orthogonal projections in B(H)
each with range H; such that Y p; = 1. If we consider the action of the unitary group
Ua of B(H) on the set of n-tuples of pairwise orthogonal projections with sum 1 given by
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w- (qry. -y qn) = (uqru*, ..., uguu*) then the orbit of (p1,...,pn) can be considered as an
infinite dimensional version of a flag manifold. This orbit is isomorphic to Ua/Up where

Uy 0 0
0 U 0

U = . .| ug unitary in B(H;) fori=1,...,n p;
0 0 ... wup

and we write the operators in B(H) = B(H1®- - -®H,) as nxn-matrices with corresponding
operator entrie. If we consider the group G 4 of invertible operators in B(H) with the usual
involution o, the involutive subgroup

g1 0 0
Gp = .. . g; invertible in B(H;) fori=1,...,n p;
0 0 ... gn

and the conditional expectation E : ga — gp, X — Y., p;Xp; then we are in the context
of Example 3.7 and Th. 4.7, Th. 4.10 and Rem. 4.13 give a geometric description of the
complezification of the flag manifold.

Other examples of flag manifolds in the infinite dimensional context are coadjoint orbits in
operator ideals.

Example 4.16. Coadjoint orbits

In the setting of Example 3.8 let p > 1 and q > 1 such that 1/p+1/q = 1. The Banach-Lie
algebra of the Banach-Lie group Gap is 9a,p = Ap, the ideal of p-Schatten operators. The
Banch-Lie algebra of the real Banach-Lie group Uy ;, is ua ,, the anti-self-adjoint p-Schatten
operators. The trace provides strong duality pairings g7 , ~ ga,q and uj , >~ ua 4.

We denote by Ad* : Gap — B(gayp), Ady(X) = (Adg-1)*(X) = gXg~' for g € Gayp and
X € g, ~ 94y, the coadjoint action of Gap and by Ad™ : Uayp — B(ua,), Adj(X) =
(Ady—1)*(X) =uXu"! forue Uy, and X € Wy, = Ua,q, the coadjoint action of U p.
For a fived X € uaq C gaq let Og(X) = {Ad;(X) : g € Gayp} be the coadjoint orbit of X
under the action of Ga,p and Oy (X) = {Ad(X) : g € Ua,} be the coadjoint orbit of X
under the action of Uap. Since X is a compact anti-self-adjoint operator it is diagonaliz-
able, i.e. there is a finite or countable sequence of pairwise orthogonal projections (p;)N,
with N € NU {oo} such that vazl pi=1and X = Zfil Xipi, where X\; # \; for i # j and
M), CiR. The map E:Y Zfil p;Y'p; is a conditional expectation from A onto the
C*-subalgebra B ={Y € A : p;Y = Yp; for alli > 1}. This conditional expectation sends
trace-class operators to trace-class operators and preserves the trace, so the conditions on
E in Ezample 3.8 are satisfied. The coadjoint isotropy group of X for the action of Ga p
is {g € Gap:9Xg~ ' = X} = Gp, and the coadjoint isotropy group of X for the action
of Uayp is {u € Uayp : uXu™t = X} = Ug,. This follows from the fact that an operator
commutes with a diagonalizable operator if and only if it leaves all the eigenspaces of the di-
agonalizable operator invariant. Thus, making the identifications Og(X) ~ Ga,/Gp,p and
Ou(X)~Uayp/Ugp, Th. 4.7, Th. 4.10 and Rem. 4.18 give a geometric description of the
complezification of the flag manifold; there is a Ua ,-equivariant diffeomorphic fiberbundle
map between Og(X) and T(Opy (X)) covering the identity map of Oy (X).

It is also possible to give a geometric description of the complexification of the Stiefel
manifolds. To the knowledge of the author there is no straightforward way to adapt the
original Porta-Recht decomposition to study this case.
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Example 4.17. Stiefel manifolds
Let H be a Hilbert space and let p;, i = 1,2 be pairwise orthogonal projections in B(H) each
with range H; such that p1 + po = 1. If we consider the action of the unitary group Ua
of B(H) on the set of partial isometries given by by u-v = uv then the orbit of p1 can be
considered as an infinite dimensional version of a Stiefel manifold. This orbit is isomorphic
to Ua/Up where

1 0

U = u is unitary in B(Hs)
0 wu

and we write the operator in B(H) = B(H1 ® Ha) as 2 x 2-matrices with corresponding
operator entries. If we consider the group G 4 of invertible operators in B(H) with the usual
involution o, the involutive subgroup

1 0
Gp = : g is invertible in B(H2)
0 g
and the map E : ga — g5, X — (1 —p)X (1 —p) then we are in the context of Example 3.9

and Th. 4.7, Th. 4.10 and Rem. 4.13 give a geometric description of the complexification
of the Stiefel manifold.

Remark 4.18. The case of the flag manifold with two projections is the infinite dimensional
Grasmannian. The case of the Grassmannian where the decomposition of H is H = Cn &
(Cn)* for a nonzero vector n € H is the projective space P(H).

The special case of the Stiefel manifold where the decomposition of H is H = Cn @ (Cn)*
for a nonzero vector n € H is the unit sphere in the Hilbert space H.
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