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Abstract

We prove a variety of results describing the possible diagonals of tuples of commuting hermi-
tian operators in type II; factors. These results are generalisations of the classical Schur-Horn
theorem to the infinite dimensional, multivariable setting. Our description of these possible di-
agonals uses a natural generalisation of the classical notion of majorization to the multivariable
setting. In the special case when both the given tuple and the desired diagonal have finite joint
spectrum, our results are complete. When the tuples do not have finite joint spectrum, we are
able to prove strong approximate results. Unlike the single variable case, the multivariable case
presents several surprises and we point out obstructions to extending our complete description
in the finite spectrum case to the general case. We also discuss the problem of characterizing
diagonals of commuting tuples in B(#) and give approximate characterizations in this case as
well.
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1 Introduction

The classical Schur-Horn theorem characterizes the possible diagonals of a hermitian operator on
C9. Indeed, fix an orthonormal basis {e1,--- ,eq} for C? and let E be the restriction map (acting
on d X d matrices) that sends a matrix to its diagonal. Given hermitian diagonal matrices A and
S, the following are equivalent (see [7])

1. There is a unitary U such that E(USU*) = A.

2. The majorization relations hold : If (u1,-- -, ug) and (Aq,---,\g) are the diagonal entries of
A and S respectively (i.e. their eigenvalues), arranged in non-increasing order, then

k k d d
Zﬂméz)\m; 1<k<d, Zﬂm:ZAm~
m=1 m=1 m=1 m=1

The above line of investigation can be fruitfully extended to type II; factors; Here, the term
“diagonal of an operator” refers to the trace preserving conditional expectation of an operator
onto a masa. As pointed out by Arveson and Kadison in [5], it is natural to ask for a description
of the relationship between a hermitian operator in a type II; factor and its possible diagonals.
This problem admits a complete answer in terms of a concrete set of inequalities analogous to the
matrix case. Given hermitian operators A and S in a type II; factor M, majorization is defined
by a system of inequalities analogous to the matrix case (see [11, 15]). Indeed, let f4 and fs be
the non-increasing rearrangements of A and S respectively; then, we say that A is majorized by S,
denoted A < S if we have that

/OrfAdmé/Orfsdm7 0<r<t, /OlfAdmzjolfsdm. (1)

Let A be a masa in M and let F denote the normal conditional expectation onto A. Given a
hermitian operator S in M, let O(S) denote the norm closure of the unitary orbit of S,

O(S) := [USU|U € U(M)]}.

Further, let us use the notation S ~ T for hermitian operators S and T to denote that S and T are
approximately unitarily equivalent, that is 7' € O(S) (or equivalently S € O(T)). It is well known
that S ~ T iff they have the same moments or equivalently if the non-increasing rearrangements of
S and T coincide.

Kadison and Arveson proved in [5] that if A € A and S € M are hermitian operators such that
E(T) = A for some T' € O(S5) then we have that A < S and they conjectured that the converse
was true. The Schur-Horn theorem in type IIy factors [21] then states:

Theorem 1 (The Schur-Horn theorem in II; factors) (Ravichandran, 2012) Let M be a type
Iy factor, A a masa in M and let E denote the trace preserving conditional expectation onto A.
Given hermitian operators A € A and S € M such that A < S then, there is an element T € O(S)
such that

ET)=A.
Secondly, given hermitian operators A and S such that A < S, there is some masa B so that
Ep(S) = A.
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The two statements above are subtly different and neither follows from the other. The first
statement is what Kadison and Arveson referred to as the Schur-Horn theorem in type II; factors.
The solution in [21] builds upon previous work of Argerami and Massey [1, 3], Dykema, Hadwin,
Fang and Smith [10] and Bhat and Ravichandran [20].

We remark that Theorem 1 above implies the so-called carpenter theorem in type II; factors
conjectured by R.V. Kadison in [13]:

Theorem 2 (The carpenter theorem in II; factors) (Ravichandran, 2012) Let M be a type
Iy factor, A a masa in M and let E denote the trace preserving conditional expectation onto A.
Given a positive contraction A € A there exists an orthogonal projection P € M such that

E(P)=A.

In recent work, Kennedy and Skoufranis have extended the Schur-Horn theorem above to gen-
eralise Thompson’s theorem [22] describing the possible singular values of a matrix with prescribed
diagonal to the setting of type Il factors [16]. Upon the completion of this paper, we came to
know that they have independently proved results in the multivariable case, analogous to ours.

Given the Schur-Horn theorem for single hermitians, a natural next problem is to investigate if
there are multivariable analogues of the above results; Can the joint diagonals of tuples of commut-
ing hermitians can be effectively described in terms of spectral relations? There are currently no
complete descriptions of this kind, even in the matrix case (see [6, 23] and the reference therein);
The goal of this paper is to show that this is an intriguing problem in both continuous(finite) and
discrete factors.

We approach this problem by first defining a notion of multivariate majorization. In the single
variable case, results of Hiai [11] show that the majorization inequalities in Eq. (1) are equivalent to
the existence of a doubly stochastic map D (a linear, unital, positive, trace preserving map acting
on M) such that D(S) = A. With this in mind, it is natural to define majorization for tuples as
follows.

Definition 3 (Joint Majorization) Given tuples S = (S1,---,Sy,) and A = (A1,---,A,) ina
type I, factor or a matriz algebra M, say that A is majorized by S (which we will denote by
A <'S) if there is a doubly stochastic map D on M such that D(Sy,) = Ay, for 1 <m <n.

In case both A and S are tuples of commuting hermitian operators in a type II; factor, the
relation A < S was considered in [2] (based on Hiai’'s work on majorization between normal
operators [12]), where several characterizations of this notion were shown; indeed, joint majorization
between tuples of commuting hermitian operators can be characterized in terms Choquet’s notion
of comparison of measures and also in terms of tracial inequalities using convex functions (that we
discuss in the next section). Apart from this, the fact that the set {A : A < S} has a pleasing
topological structure (it is weak™ closed as well as convex) makes this a natural notion.

Remark 4 (Notation) Throughout the paper we will deal with tuples of hermitians, for which
we will consistently use the following notations. Suppose S = (S1,--- ,Sm) is a tuple of operators:
the expression ¢(S) where ¢ is a map on the algebra containing the operators will be understood
to mean ¢(S) := (¢(S1), -, ¢(Sn)). We will encounter the conditional expectation onto a masa
E and the trace T used in this way on tuples repeatedly throughout this paper. Tuples of operators
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will always be written out in bold. We will use the notation, ||S| := max{[[S;]| : 1 < i < n}.
Additionally, we will use bold greek letters, a for instance, to refer to a tuple of scalars a =
(a1, , ). In both cases, the expression ¢S or qa where q is a scalar (or an operator), will refer
to (¢ S1,-++,qSn) and (qaq,--- ,qoy,) respectively. Finally, the expression S + T will refer to the
tuple (S1+ Ty, -+, Sp+Th).

Example 5 Let A be a masa in the type I} factor M, let E be the trace preserving conditional
expectation onto A and let U € M be a unitary operator. Then, it is easy to see that () +—
E(U (-)U*) is a doubly stochastic map. Hence, for every n-tuple S = (S1,---,Sp) € M™ we have
that E(USU*) < S.

Let U(M) denote the unitary group of the type 11y factor M (or the algebra of m x m complex
matrices). As in the single variable case, given S = (S1,---,S,) € M™, we define

US) = {USU*: UecU(M)} and OS)=U®S)

that is, the (joint) unitary orbit of S and the norm closed (joint) unitary orbit of S, respectively. It
is easy to see that when S is an n-tuple of commuting hermitians, then O(S) is not only || - ||-closed
(by construction) but it is also closed in the SOT(strong operator topology).

A very satisfactory multivariable Schur-Horn theorem would then be the following characteri-
zation of the joint diagonals of a commuting tuple of hermitians operators in a type II; factor:

Statement 6 (Multivariable Schur-Horn) Let M be a type II; factor, A a masa in M and let
E denote the trace preserving conditional expectation onto A. Let A and S be n-tuples of commuting
hermitian operators with A € A™ and S € M™ such that A <'S. Then, there is a tuple T in O(S)
such that

E(T)=A.

Taking into account Example 5, Statement 6 is equivalent to the identity
EOS)={AcA": A<S}, (2)

where S is an n-tuple of commuting hermitian operators in M and E denotes the conditional
expectation onto a masa A C M.

Unfortunately, Statement 6 does not hold in full generality, see section 1.1. The main result in
this paper is that Statement 6 does hold when both tuples A and S have finite spectrum (Theorem
23). We then use this to prove the following result (see section 3.3 for its proof):

Theorem 7 (The Approximate Multivariable Schur-Horn theorem) Let M be a type 1T
factor, A a masa in M and let E denote the trace preserving conditional expectation onto A. For
any n-tuple S of commuting hermitians in M,

EUS) ={AecA":A<S}. (3)



1 Introduction Multivariable Schur-Horn theorems

Remark 8 With the notations of Theorem 7, notice that this result is weaker than Statement 6 as
a description of the set {A € A" : A < S}: to see this, compare the identities of Egs. (2) and (3)
using the fact that, by the norm continuity of E, we always have that

=7 ran !
E(O(8)) C EU(S)) .
It can be shown (see Proposition 15) that for every commuting tuple of positive contractions
A, there is a commuting tuple of projections P such that A < P. It is then natural to conjecture
the following extension of the carpenter theorem for type II; factors (which is a particular case of
Statement 6 above):

Conjecture 9 (The Multivariable carpenter theorem) Let M be a type I, factor, A a masa
in M and let E denote the trace preserving conditional expectation onto A. If A is an n-tuple of
positive contractions in A then, there is a n-tuple of commuting projections P such that

E(P)=A .

We feel that Conjecture 9 (the multivariable carpenter theorem) does hold; Indeed, it holds when
the majorized tuple has finite spectrum (Theorem 24). By the previous remarks and Theorem 7
we get the following result (see section 3.3 for its proof):

Theorem 10 (Approximate multivariable carpenter theorem) Let M be a type II; factor,
A a masa in M and let E denote the trace preserving conditional expectation onto A. If A is an
n-tuple of positive contractions in A and € > 0 then, there is a n-tuple of commuting projections P
such that

IE(P) - Al <e.

In another direction, it is well known that in B(H) there is a difference between approximate
diagonals and true diagonals of selfadjoint operators. For example, the celebrated Kadison’s Car-
penter’s theorem in B(#) in [14] shows that there are some interesting obstructions for a sequence
(an)nen in [0,1] such that Y- _yan =, cn(1 — a,) = 0o to be the diagonal - with respect to an
orthonormal basis of H - of an orthogonal projection, while the results from [18] show that any such
sequence in [0, 1] can be || - ||«-approximated by diagonals of orthogonal projections in B(H) (i.e.
any such sequence in [0, 1] is an approximate diagonal of orthogonal projections in B(H)). Arveson
extended Kadison’s results in this matter (see [4]) and showed that there are obstructions (besides
the expected trivial ones) for a sequence of complex numbers to be the diagonal of a normal opera-
tors with finite spectrum (see section 4.2 for details). The following result - that partially extends
the results on approximate diagonals from [18] - shows that for the normal operators considered in
[4] there are no non-trivial obstructions for a sequence to be an approximate diagonal (see Section
4.2 for its proof).

Theorem 11 (Approximate diagonals of some normal operators in B(H)) Let A C B(H)
be an atomic masa and let S be a collection of n commuting hermitians with finite joint spectrum,
with the points in the spectrum all having infinite multiplicity and lying on the vertices of a convex
set Cy in R™. Then,

EUn(9)) = {A € A%, : o(A) C Ca},

where o(A) denotes the joint spectrum of the tuple of commuting hermitian operators A.
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1.1 Obstructions to a multivariable Schur-Horn theorem

We now discuss a couple of obstructions to a multivariable Schur-Horn theorem. The first, in the
context of matrix algebras is due to Arveson, who observed this when analyzing the possible diag-
onals of normal operators in [4]. He noted that the problem of characterizing diagonals of normal
operators is equivalent to characterizing the joint diagonals of a pair of commuting hermitians.

In the matrix context, given d x d normal matrices A and S with eigenvalues u, A € C? respec-
tively then A < S (or equivalently the commuting two tuple (Re(A),Im(A)) is majorized by the
commuting two tuple (Re(S),Im(5))) if and only if there exists an d x d doubly stochastic matrix
D (i.e. D has non-negative entries and the sum of the entries in each row and column equals 1)
such that DX\ = pu (see Proposition 18 below).

14 144
2°2" 2

) and

Now, let A and S be 3 x 3 normal complex matrices with eigenvalues p = (
A =(1,0,7). Let D be the doubly stochastic matrix

D= (4)

N= O Nl
O NI
== O

Then, we have that DA = u. However, there is no 3 x 3 unitary U so that E3(USU*) = A, where
Ej5 is the restriction to the diagonal, as a map acting on 3 x 3 matrices. Interestingly, by doubling
the multiplicities both of the eigenvalues and the diagonal entries, we can resolve the problem. This
is discussed in section 4.1.

Remark 12 Let My denote the algebra of d x d complex matrices and let Ay C My denote the
diagonal masa in My. Let Eg be, as before, the restriction to the diagonal (i.e., the trace preserving
conditional expectation onto Ag). The previous example shows that in general, for a n-tuple S of
commuting hermitian matrices in My, the closed sets

Ei;U(S)) and {AcAj: A<S}

are not equal, as opposed to the one variable case (d = 1) in which the equality of these sets (for
every such S = S) is equivalent to the Schur-Horn theorem for matrices.

In light of Remark 12 we point out that Theorem 7 is somewhat unexpected, as its finite dimen-
sional (matrix) version does not hold (as opposed to Theorem 1 - which is the natural extension to
the type II; factor setting of the classical Schur-Horn theorem).

The above obstruction does not emerge in type I1; factors, due to their “diffuseness”; There is
however a different kind of obstruction that arises because of this very “diffuseness”. Let R be the
hyperfinite type II; factor, let A be a masa in R and let E denote the trace preserving conditional
expectation onto A. Choose a unitary U that generates A. Next, consider the masa A®A inside
R®R and consider the tuple (U ® I,I ® U). The map A from R®R to R (considered as a map
from R to itself) given by

AX®Y)=7(Y)EX)
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on simple tensors and extended linearly to all of R®R is a doubly stochastic map. We have that
AU®I)=T, AIeU)=1U)I

that is,
U,rU) )<= UxI[,IxU).

Notice that these relations correspond to a joint majorization between the 4-tuples of commuting
hermitians given by real and imaginary parts of the normal operators in each 2-tuple. However,
there is no element T = (A, B) in O((U ® I,I ® U)) so that E(T) = (U,7(U) I). This is seen as
follows: Let U,, be a sequence of unitaries so that both U, (U ® I)U; and U, (I ® U)U;} converge in
norm to the commuting unitary operators A and B respectively and additionally,

E(A)=U.
We note that

T(A-U)*(A=U)) = 7(AA")—2Rer(A*U)+7(UU")
2—-2Re7(E(A)"U)=0.

implying that A = U. Consequently, noting that U generates A and that A commutes with B, we
see that B also lies in \A. Hence, E(B) = B € O(I ® U) cannot possibly be a scalar. This rules
out Statement 6, which was the natural (straightforward) extension of the Arveson-Kadison type
Schur-Horn theorem.

Remark 13 Let M be a type I} factor, let A C M be a masa and let E denote the trace preserving
conditional expectation onto A. As a consequence of the results in [21], we get that for an hermitian
operator S € M then

E(0(S)) = BU(S))

i.e. diagonals and approrimate diagonals of S coincide. On the other hand, the previous example
shows that in the multivariable case the sets

E(O(S)) and  EU(S))

of joint diagonals and approzimate joint diagonals of S do not coincide (which is in accordance with
the distinction between diagonals and approzimate diagonals of some normal operators in B(H),
see the comments before Theorem 11). Thus, there are obstructions for an tuple A € A™ to be a
joint diagonal of S. The nature of these obstructions is not yet understood.

1.2 Outline of the paper

We collect a few facts about Joint majorization in section 2, most importantly relating it to Cho-
quet’s notion of comparison of measures. We also provide a way of concretely checking this when
both tuples of operators have finite spectrum. Section 3 contains a proof of the Schur-Horn theorem
when both tuples have finite spectrum - We accomplish this by first proving the result when the
majorized tuple consists of scalars; we then use the scalar case to prove the result in case both



2 Joint majorization in type I, factors P. Massey and M. Ravichandran

commuting tuples have finite spectrum, using the equivalence between majorization and Choquet’s
notion of comparison of measures. We then collect consequences of this theorem, including an
approximate Schur-Horn theorem for general tuples of commuting hermitians and an approximate
multivariable carpenter theorem. In section 3.4, we adapt an idea of Dykema et al [10] to show
that we can find diffuse abelian orthogonal subalgebras of masas (in the sense of Popa) and use
this to show the partial validity of Statement 6 in certain II; factors. In section 4.1, we digress to
discuss the situation in matrix algebras, obtaining some approximate representations of the action
of doubly stochastic matrices in terms of dilations. We end this section with a simple characteriza-
tion of approximate diagonals of tuples of commuting hermitians with finite spectrum (with each
element in the spectrum being of infinite multiplicity).

2 Joint majorization in type II; factors

Let M be a type II; factor. Given tuples of operators A = (Aj,---,Ay,) and S = (S1,---,5,) in
M, recall(Definition 3) that A is majorized by S, denoted A < S if there is a doubly stochastic
map D (unital, positive and trace preserving) from M to itself such that D(S) = A.

When both A and S are tuples of commuting hermitians, the relation A < S is equivalent to
any of the following conditions (see [2]):

1. For every convex function f : R"™ — R, we have that
T(f(A17 to 7ATL)) < T(f(Sl7 T 7STL)) :

2. We have that

*

w

S COHV{O(S)}W* = conv{USU* : U e U(M)}

3. Let p and v be the (joint) scalar spectral measures of A and S respectively; that is, for every
polynomial in n variables, we have that

o A) = [ plar, o) da

and similarly for S and p. Then, for every tuple of positive Borel measures p1,- -+ , tm, such
that Y ", i = p, there are positive Borel measures v1, - - , vy, such that > /" v; = v and

/:deyi:/ xjdu;, 1<i<m,1<j5<n.

In this case, say that v majorizes p in Choquet’s sense and write p < v.

Using the description using Choquet’s comparison of measures in item 3 above, we can describe
joint majorization in operator algebraic language as follows

Remark 14 Given two tuples A and S in a masa A, we have that A < S iff for every partition
of the identity, Py + --- + P, = I into mutually orthogonal projections in A, we have a partition
of the identity, Q1 + - - - + Qum = I into mutually orthogonal projections in A so that

T(P]) = T(Qj) and T(A--Pj) = T(SQj) for 1<j<m.
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It is easy to see that the set {A € A" | A < S} is a convex, weak™® closed set.

Proposition 15 Let M be a type I factor. If A is a tuple of commuting positive contractions
then there exists a tuple of commuting projections P such that A < P.

Proof. Take a partition Q1+ - -+ @, = I into mutually orthogonal projections such that for each
1 <i < m, Q; commutes with A and such that there exists a permutation o; of {1,...,n} with
QiAoi(j) < QiAUi(j-i-l) for 1 <j<n—1. Nowset R;1 = QiAai(l) and R; ; = Qi(Aai(j) — Aai(j—l))
for 2<j<mand1l<1i<m. Notice that for 1 <i<m and 1 < j <n we have
n o7 ' (7)
Ripni1:=Q; — ZRi,k = Qi —max{Q;A1,...,QiA,} >0 and Q;A; = Z Ry .
k=1 k=1

Consider a partition Q;1 + - - + Qint1 = Q; such that 7(Q; ;) = 7(R;;), for 1 <14 < m; hence, by
the one variable carpenter theorem, there exist doubly stochastic maps T; ; acting on M such that
T;j(Qij) = Rij for 1 <i<mand 1< j<n+1. Finally, set

m n+l1 m Ufl(j)
T()=> > Tij(Qij-Qij) and Pi=Y > Qir, 1<j<n.
i=1 j=1 i=1 k=1

It is easy to see that T is a doubly stochastic map acting on M and that P = (P, ---,P,) is a
commuting tuple of projections such that T(P) = A so that A <P. =

It is now natural to conjecture the multivariable “carpenter” theorem, Conjecture 9. While
we are unable to settle this, we do prove it in the case when the operators in A have finite joint
spectrum (see Theorem 24).

Remark 16 In analogous fashion to Proposition 15, any normal contraction A is majorized by a
unitary. If the contraction has finite spectrum, the unitary may be taken to have finite spectrum as
well.

Remark 17 Let M be a type II1 factor. We point out that the only n-tuples of commuting positive
contractions in M that are not magjorized by another n-tuple of positive commuting contractions
except in a trivial way (approximately unitarily equivalent tuples joint majorize each other) are
those all of whose elements are projections. This is routine and we omit the proof.

In the one variable case, majorization can be described by a pleasing set of inequalities. Given
a hermitian operator A with increasing rearrangement f4, define the numbers

t
Aa(t) = sup 7(AP) = / fa(x) dx.
T(P)=t 0

Then, given two hermitian operators, A and S, we have that A < S iff Ay (t) < Ag(T) for t € [0, 1]
and 7(A) = 7(5). Note that for any ¢ € [0, 1], the functions A — A4(t) are operator convex
functions.

We have been unable to find such a pleasant characterization in the multivariable case. However,
when both tuples A and S have finite spectrum, it is possible to give a concrete easily checkable
description of joint majorization.
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Proposition 18 Let M be a type II, factor. Let P = (P1,- - ,Py) Q = (Q1, -+ ,Qm) be two
tuples of mutually orthogonal projections in M summing up to I. Let oy, B; € R"™ for 1 < i <k,
1<j<mandlet A, S € M be the n-tuples of commuting hermitian operators given by

k m
S:Zaipi , A:Z,BiQi .
i1 i—1

Then, A <'S iff there is a m x k matriz of non-negative numbers, D = (dij)i1<i<m, 1<j<k such that

Dly,=1n, ¢D=p' and Da=38. (5)
Here, p is the column vector T(P)!, q is the column vector 7(Q)!, a is the kxn matriz [ay | -+ - | ag]t
and B is the m x n matriz [B1 | -+ | Bm]t .

Proof. Let {Py, -+, P} and {Q1, -+ ,Qm} be sets of mutually orthogonal projections summing

up to I in M and such that
k m
S=Y a;P, A=) BiQi,
i=1 i=1

for n-tuples of real numbers a; and 8;. Assume further that A < S and let A be a doubly stochastic
map acting on M such that A(S) = A. Define

dij=7(Q;) ' T(AP)Q;) >0, 1<i<m,1<j<k.

If we set D = (dij)1<i<m,1<j<k then D satisfies the conditions in Eq. (5). Conversely, given a
matrix D satisying Eq. (5) we set

AT)=>"Y djr(PTP)Q;, TeM.

i=1 j=1

It is straightforward to check that A is a doubly stochastic map acting on M, such that A(S) = A.
]

Note that when all the projections have the same trace, this reduces to the statement that the
matrix D is doubly stochastic. The condition in Proposition 18 above can be checked using linear
programming. This result has a simple and pleasing consequence in the very special case when the
majorizing n-tuple has finite joint spectrum which lies on the vertices of a simplex in R™.

Proposition 19 Let S be a n-tuple of commuting hermitians in a type I, factor such that the
joint spectrum consists of n + 1 points that form a simplex in R™. Then

{AeM?,: A<S}={AecM} : o(A)Cconv(c(S)), 7(A) =7(S)} . (6)

Proof. It follows from item 3 of the list of equivalent conditions to joint majorization (at the
beginning of this section) that the set to the left in Eq. (6) is included in the set to the right. This
holds in general, without conditions on the spectrum. As to the converse, first assume that the

10
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n-tuple of hermitians A has finite spectrum along with o(A) C conv(c(S)) and 7(A) = 7(S). Let
us write

n+1 m
S:ZaiiDiy A:Z,BiQi-
=1 =1

The a; form the vertices of a simplex X and by the condition on the spectrum, the 8; belong
to X. The condition on the spectra implies that each 8; can be uniquely written as the convex
combination of the a;,

n+1 n+1
Bi=) dija;, > dij=1, 1<i<m. (7)
P =1
Let D be the matrix D = (dij)lgigm,1§j§n+l- We see that
m m n+1 n+1 m
Y BiT(Q) = D> diym(@Qi)ej, =Y a; Y di T(Qi) - (8)
i=1 i=1 j—=1 =1 =1

The trace condition implies that

n+1

Zaj T(Pj) = Zﬂj T(Qj) - 9)

Combining Egs. (7) and (9), we see that
n+1 n+1 m

Y air(P) = ;> dijT(Qi). (10)
j=1 j=1 =1

Since the convex combinations that realise the B; using the a; are unique, we see that Dg = p
where p is the column vector [7(P;), - ,7(Puy1)]t, q is the column vector [7(Q1), -+ ,7(Qm)]"
Together with Eq. (7), we see that condition Eq. (5) in Proposition 18 is satisfied and we conclude
that A < S.

The general case (when A does not have finite joint spectrum) follows by a routine approxi-
mation argument which can be found in the proof of Theorem 7, for instance (see Section 3.3).
[

Proposition 19 applies to normal operators N € M with spectrum consisting of three non-
collinear points, by considering the associated 2 tuple (Re(N), Im(NN)). The above result fails when
the joint spectrum does not lie on the vertexes of a simplex. We use the following example taken
from [17, Example 2] which in turn was inspired by an example of Alfred Horn. Let {P; : 1 <i <4}
be projections, all of trace i in M and let N and A be the normal operators with spectral projections
P; and spectra,

o(N)=1{0,4¢,3 — 2i,—3 — 2i}, o(A)={2,-2,2i,—2i}.

Clearly, the operators have the same trace and that o(A) C conv(c(NN)). Nevertheless, it is shown
loc.cit. that A £ N. While the points on the spectrum of N above do not have the property
that every triple is non-collinear, one can perturb them slightly to get a counterexample with that
additional property as well.

11
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3 Multivariable Schur-Horn theorems in type II; factors

In this section we obtain an exact multivariable a characterization of joint majorization between
tuples of commuting hermitian operators with finite spectrum (Theorem 23), which is an extension
of the Schur-Horn theorem in type II; factors. We then use this result to obtain a proof of the ap-
proximate multivariable Schur-Horn theorem (Theorem 7). We also consider additional hypothesis
on the inclusion A C M, where A is a masa in the type II; factor M, in order to obtain partial
extensions of Theorem 23.

3.1 Finite spectra: Scalar diagonals

We consider first the simplest case : S is a commuting tuple of hermitians with finite joint spectrum
and A = 7(S)I. Write S = Zle a; P;. In this case, the fact that 7(S) I < S can by seen by using
Proposition 18 and the matrix D = [7(P1), - ,7(Pg)]. Or, for that matter, by the fact that the
map - — 7(-) I is doubly stochastic. We will prove:

Proposition 20 Let A be a masa in a type I} factor M and let EE denote the trace preserving
conditional expectation onto A. Let k be a natural number and let S be a tuple of commuting
hermitians with joint spectrum consisting of at most k points. Then, there is a unitary so that
E({USU*)=7(S)I.

We will prove this proposition using a double induction argument. We need the following
definition:

Definition 21 Let S and T be two tuples of commuting hermitian operators with finite joint
spectrum in type I} factors M and N respectively. Given a natural number k we say that S
k—resembles T if we may write

k k
S=> Qi T=>» BiRi, t:m(@Q)=7n(R), 1<i<k,
i=1 i=1
where {Q1,- -+ ,Qk} (respectively {R1,--- ,Ri}) are mutually orthogonal projections that form a
partition of Ing (respectively for Ixr).
The proof of Proposition 20 will require the following lemma.

Lemma 22 Let A be a masa in a type I} factor M and let E denote the trace preserving condi-
tional expectation onto A. Let P be a projection in A and let S and T be two tuples of commuting
hermitians in PMP and (I — P)M(I — P) respectively, so that S (k — 1)—resembles T. Then,
there is a unitary U, a projection @ in A of trace at least % and a projection R orthogonal to @ so
that letting A=S @& T and B=U (S& T)U*, we have,

1. B(QBQ) =1(A)Q.
2. R commutes with (I — Q)B (I — Q) inside (I — Q)M(I — Q).
3. RB R inside RMR (k—1)—resembles (I-Q—R) B (I—Q—R) inside (I -Q—R)M(I-Q—R).

12
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4. T(A) = 11_Qumu-@) (I —Q)B (I = Q)).

A pictorial description of this result might be useful to the reader. Lemma 22 above states that
there is a unitary U so that
S 0 .
v ( 0 T ) Ut =

where Y resembles Z and X has conditional expectation equal to the trace of A.

X x 0
* Y O
0 0 Z

Concerning Proposition 20 there is nothing to prove when k£ = 1; Similarly, Lemma 22 trivially

holds in case K — 1 = 1. We will prove Lemma 22 assuming the truth of Proposition 20 for
1,--- ,k — 1. Further, we will prove Proposition 20 for a fixed k assuming the truth of Lemma 22
for 1,--- ,k— 1. (this double induction argument allows to conclude the truth of both Proposition

20 and Lemma 22); Briefly, our argument is as follows: consider the notations of Proposition 20.
We may, after conjugating by a unitary, assume that S lies in the masa A. Suppose S has joint
spectrum consisting of k£ points. Write S = Zle a;P;. Assuming Lemma 22 holds for tuples of
commuting hermitians with joint spectrum of at most £ — 1 points, we will construct sequences of
unitary operators U, and projections @), in M that implement partial solutions, that is, we will
have that

Coupled with additional facts about @), we will show that U,SU} converge in the SOT to a tuple
of commuting hermitians W, say, such that

E(W)=7(S)I and S~W.

Therefore W has joint spectrum consisting of k points, so there exists a unitary operator U € M
such that W = U SU™* and then Proposition 20 holds for k (for details see below).
Now, for the construction of the U,, and @,, we need:

Proof of Lemma 22. (Assuming Proposition 20 for £ — 1 > 2) After conjugating by a unitary,
we may assume that S and T belong to the masas AP and A(I — P) of the type II; factors PMP
and (I — P)M(I — P) respectively. We may assume that 7(P) < 1; else, we just switch the roles
of S and T. Let m > 1 be the integer such that

(m+1)7(P) <1< (m+2)7(P). (11)

Given the hypotheses, we may write

k—1 k—1
S=> B, T=) BF,
=1 =1

where {F1, -+, Ex_1} and {F1,- -, F_1} are mutually orthogonal projections that form partitions
of P and I — P respectively and such that

7(Es) T(F3) :

T(P) :TPMP(EZ):T(I—P)M(I—P)(F‘Z):m7 1SZ§]€—1 (12)
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For each 1 <i < k — 1, pick a family {F},- - ,Fg”“} of mutually orthogonal sub projections of F;
such that, for 1 <7 <k —1:
1—(m+1)7(P)

r(F) = cp =gy ), 1Si<m, r(FM) = —— e (F)

Thus, {F},--- ,Fz-mH} forms a partition of F; for each 1 < i < k — 1. Now define
Qi=F+ --+F_,, 1<j<m+1.

Note that for 1 < 57 < m,

k—1 k—1
Q) = Y rlF) = - H S rlE) = 7(P),
=1 i=1

and similarly,
T(@ms1) =1— (m+ 1)7(P).

Now, for 1 < j < m look at the operator tuple

k—1

TQ; = ZﬁlFlﬂ where 7'(Fij) (1:2) T(E;), 1<i<k-1.

i=1
Pick partial isometries V4,---,V,, in M so that V;E;V;* = F]’ forl<i<mand1<j<k-—1;in
particular, we get that V;PV;* = ();. With this in hand, we may write S® T as

Shla; E; 0 0 0 0

0 SEIBiE; 0 0 0

A= 0 0 % 0 0
0 0 0 Y/ BiE: 0

0 0 0 0 T,

where T is the compression of T to Q1 MQm41 ie.

k—1
T, = Z'BZ Fierl and T(Fim+1) =
i=1

Hence, T in Q41 MQm+1 (kK — 1)-resembles Zf;ll Bi E; in PMP. Also notice that

1—(m+1)7(P)
7(P)

T(E), 1<i<k-1.

k—1 k—1 k-1
ﬂﬂ:f@?ﬂZm&p:ﬂm:ﬂzmmwﬂxﬁﬁgymﬂ (13)
=1 =1 =1

Choose a 6 so that cos?(f) = 7(P). After conjugating by the unitary

cos(f) sin(d) 0 0 O

—sin(f) cos(d) 0 0 0O

Wy = 0 0 I 00
0 0 010

0 0 0 0 I

14
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we get that
C = 0 0 0 0
% Ay 0 0 0 0
* 0 0 Zf:_ll B:E; 0O 0 0
WAWT =14 0 % 0 0
0 0 0 0 SIBE 0
0 0 0 0 0 T,
where
k—1 k—1
C=)> (r(P)ai+7(I—-P)Bi)E; and Ay=>» (r(I-P)a;+7(P)B:)E; .
i=1 =1

Hence, 7(C) = 7(P)7(A) and Ay (k — 1)—resembles "~ B; E; as well as T;. Similarly,

_7(P) 1-27(P)
R R g ) ;ﬂE

and thus continuing as above, m —1 more times, we get a unitary operator W = W,, W,,_1--- W €
M so that

C * x x * 0
x C x x * 0
P * *
WAW? = x *x x C * 0 (14)

x ok % % Api 0
0 0 0 O 0 T

where 7(C) = 7(P) 7(A) and A,,+1 (k — 1)—resembles T;. Notice that Eq. (14) implies that

k—1 '
P(WAW*)P =C, QWAW"Q;=>» (t(P)ay+7(I—P)B)F/, 1<i<m-—1.

1

.
I

In particular, each of these (compressed) tuples are hermitian commuting operators and such that
T(P(WAW*)P) = 7(Q;(WAW™)Q;) =7(P)T(A), 1<i<m-—1.

Now, we can apply Proposition 20 (for k£ — 1) to P(WAW™)P in the type II; factor PMP (notice
that its joint spectrum has k — 1 points) and conclude that there exists a unitary operator Uy in
PMP such that

Eap(Uy POW AW*)PUZ) = mpap(P(W AW*)P)P = r(A) P. (15)

Similarly, by applying Proposition 20 (for k — 1), we conclude that for 1 < i < m — 1 there exists
a unitary operator U; € Q; M@); such that

Eaq,(UiQi(W AW)Qi Uf) = 1Q,mq:(Qi(W AW™)Qi) P = 7(A) Qi (16)

15
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Let Q = P+ Q1+ -+ + Qpu—1 and notice that 7(Q) = m7(P) > % because of Eq. (11). Consider
the (block diagonal) unitary operator V.=Uy @ --@®Uy,,—1 B (I — Q) € M and the unitary operator
U=VW e M. Since V is block diagonal then

P(UAU*)P = Uy PWAWHPUE,  QiUAU"Q; = U; Qi(WAW*)Q; Uf, 1 <i<m
Item 1 of the statement now follows from Egs. (15) and (16) and the previous identities.

Take R = @,, and notice that item 2 of the statement follows from Eq. (14). Item 3 follows by
construction of A,,+; and T3. Finally, since 7(C) = 7(P) 7(A) then

_ T(A) —m-7(C)

Tr-Qmiu-@(({ —Q)B(I - Q)) —mrP) T(A).
[ ]

Proof Of Proposition 20. (Assuming Lemma 22 for k—1 > 1). After conjugating by a unitary, we
may assume that S lies in A and we may write S = Zle a; P; for mutually orthogonal projections
that form a partition of the identity {P;,---, Py} in A. Set P = Py +---+ Py_1 so that I — P = Py.

Since

k-1
T(P;) 7(I — P)
— = 7(F%)
= D)
we can pick mutually orthogonal projections {F1,--- , Fi_1} that form a partition of P; and such

that
T(F) (I - P)

=T

for1<i<k—1. (17)

Hence, (3-¥"'a; P;) and (Zf:_ll ay F;) are two tuples of commuting hermitians in PMP and (I —

P)M(I — P) respectively, so that they (k — 1) resemble each other. Apply Lemma 22 (for k — 1)
to get a unitary U; and projections @)1 and R; in M, so that letting S1 = Uy SU;

1
E(@i8:1Q1) =7(8)Q1, 7(Q1) 25
and also, T = (I — Q1)S1 (I — Q1) commutes with R; inside (I — Q1)M(I — Q1); therefore, we
can apply Lemma 22 again to (T Ry, T (I — Q1 — Ry)) (for (k — 1)) inside (I — Q1)M(I — Q1).
In this way, we get sequences of unitary operators U, and projections @, in M, so that letting
S» = U, S U}, we have @, S, Qn, = Qp, Sy, @y, for m > n and (by item 4 of Lemma 22)

B(QuSQu) = 7(S) Qn »  7(Qu) =1 - (g) |

These facts show that the sequence of S;,’s converge in SOT to a tuple W of commuting hermitian
operators in M. Since O(S) is SOT closed we see that W € O(S); moreover, since S has finite
joint spectrum we get that O(S) = {VSV*: V € U(M)} and there exists a unitary U € M such
that W = U SU*. Finally, by continuity of £ we see that U has the desired properties. m

16
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3.2 Finite spectra: exact multivariable Schur-Horn theorem

Let M be a type II; factor, let A be a masa in M and let E denote the trace preserving conditional
expectation onto .A. Suppose S is a commuting tuple, U € M is a unitary operator and E(U SU*) =
A. Then, since the map (-) — E(U (-) U*) is doubly stochastic, we have that A < S. Our goal in
this subsection is to prove the converse of this fact when A and S have finite spectrum.

Theorem 23 Let M be a type I, factor, let A be a masa in M and let E denote the trace pre-
serving conditional expectation onto A. Let A and S be n-tuples of commuting hermitian operators
with finite spectrum with A € A™ and S € M™ such that A < S. Then, there is a unitary U in M
so that

E(USU*) =A.

Proof. We may assume, after conjugating by a unitary if needed, that S € A". Let A = >"", 8;Q;,
where {Q1, -, @} are mutually orthogonal projections in A that form a partition of the identity.
Using the equivalence between joint majorization and Choquet’s notion of comparison of measures
we see that there are orthogonal projections Ry, - , R, in A so that

T(Ri) =7(Qi), 7(SR)=BiT(R:), 1<i<m.
By Proposition 20 we may find a unitary U; in each of the type II; factors R; M R; so that
Ear,(USRU]) = Bilg,mr, » 1 <i<m.

Letting U be the unitary U; @ - - - @ U, € M, we see that
EA(USU*) =Y BiQi=A.
i=1

|

A simple consequence of the above theorem is the following result, which deserves to be called
the multivariable Carpenter theorem (for commuting tuples of positive contractions with finite
spectrum). As pointed out in the introduction (see Remark 17), the n-tuples of commuting projec-
tions are <-maximal elements, modulo approximate unitary equivalence, within the set of n-tuples
of commuting positive contractions in a type II; factor.

Theorem 24 (The multivariable carpenter theorem: finite spectrum case) Let M be a
type II; factor, let A be a masa in M and let E denote the trace preserving conditional expec-
tation onto A. For every n-tuple A € A" of positive contraction with finite spectrum there is an
n-tuple of commuting projections P such that

E(P)=A.

Proof. By Proposition 15 there exists an n-tuple of commuting projections Q such that A < Q.
Since Q also has a finite spectrum we can apply Theorem 23 and get a unitary operator U € M
such that E(UQU*) = A. Then P = U QU™ has the desired properties. m

Next we describe the set of all possible diagonals of n-tuples of mutually orthogonal projections.

17
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Proposition 25 Let M be a type Il factor, let A be a masa in M and let E denote the trace
preserving conditional expectation onto A. Suppose A = (Ay,---, Ay) € A" is a n-tuple of positive
operators with finite spectrum. Then there is a tuple of mutually orthogonal projections P such that

EP)=Aiff S A <.

Proof. If we assume that P = (Py,---, P,) is an n-tuple of mutually orthogonal projections such
that E(P) = A then ) ;" | A; = E(} ;" P;), which is a positive contraction since ;" | P; is an
orthogonal projection.

In the converse direction, note that > . ; 7(4;) < 1. Choose mutually orthogonal projections
Ry, ,Rp,Rpy1 =I—(Ri+---+Ry) such that 7(R;) = 7(A;) for 1 <i <n. Let A =>"", Bi Qi,
where {Q1,...,Qmn} are mutually orthogonal projections that form a partition of the identity.
Notice that

A=3"B()Qi, 1<i<n = Y 4= (Y 80()]| @i<I.
i=1 j=1 =1 \j=1

Let D be the m x (n + 1) matrix defined by
n
Dij=Bi(j), 1<i<m,1<j<n, Dipp1=1- Bi(j), 1<i<m.
j=1

Then D has non negative coefficients,
Dlpyi=1n, ¢D=p' and Da=8,

where p is the column vector (7(R;))’}!' € R"*! ¢ € R™ is the column vector 7(Q)!, e is the
n+1x n matrix [eg | -+ | en | 0,]" (here {e;}?; denotes the canonical basis of C" and 0,, € C")
and B is the m x n matrix [81 | -+ - | B]t. Hence, if we let R = (Ry,--- , R,) then, by Proposition
18, we have that A < R. Now, by Theorem 23, we have that there is a unitary U such that

E(URU*) = A. The components of P = U RU* are clearly mutually orthogonal projections. m

Here is another fact close in spirit to Theorem 24 above.

Theorem 26 Let A be a masa inside the type Iy factor M and let E denote the trace preserving
conditional expectation onto A. If A € A is a normal contraction with finite spectrum then, there
is a unitary U in M such that

EU)=A.

The unitary constructed will in fact have finite spectrum. The proof uses an argument similar to
that needed for Remark 16, following the lines of the proof of Theorem 24 and we omit it.

3.3 Approximate multivariable Schur-Horn theorem

Analogous to the proof of [20, Theorem 4.1.], we have:

18
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Proof of Theorem 7. First notice that the inclusion of the set to the left in Eq. (3) in the set
to the right is a consequence of the following two facts: on the one hand E(USU*) < S for every
unitary U € M; on the other hand the set {A € A" : A < S} is || - [|-closed.

In order to show the other inclusion, we consider the following reduction: since A is masa in
M then there exists S’ € A™ such that S ~ S’ so that, O(S) = O(S’). Therefore

Bus)) = Eus))".

Hence, we assume (without loss of generality) that S € A™.
Let A be a doubly stochastic map on M with range in A so that A(S) = A. Fix € > 0 and
choose a tuple of commuting hermitians T = Zle a; P, € A" with finite spectrum so that

IS—T| <e.

Let B = A(T) and pick another tuple of hermitians in A with finite spectrum, C = >~ 8;Q;,
such that ||B — C|| < e. It is then easy to see that

T

| B — Qill <e.
; (Qi)

Let D=3%"", T(](BQQ;) Qi. Thus, we have that ||[D — A(T)|| < e. The operator A defined on M
T(Qi
by
AoAy o N~ T(A(A) Qi)
A(A) = g Q) Qi
i=1

is doubly stochastic and

Am =2 Ti]?@?)i) Q=D

Thus, by Theorem 23 there is a unitary U € M so that E(UTU*) = D. We conclude that

IEQUSU") - Al = [[E(USUY) - A(S)]|
< [[EUS -T)U|[+[[EUTU") =D +[|D - A(T) || + [[ AT - S) ||
< €+0+e+te.

Since € was arbitrary, the theorem follows. m
We end this section with the proof of the approximate carpenter theorem.

Proof of Theorem 10. If A is an n-tuple of positive contractions in A then, by Proposition
15, there exists an n-tuple of commuting projections in M, say Q, such that A < Q. Hence, by
Theorem 7, given € > 0 there exists a unitary operator U € M such that |[E(UQU*) — A| < e.
Hence P = U QU™ is a commuting n-tuple of projections that has the desired properties. m
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3.4 Diagonals with finite spectra

In a recent paper [10], Dykema, Hadwin, Fang and Smith presented a different approach to the
Schur-Horn and carpenter theorems, relating the problems to one involving the kernels of conditional
expectations onto masas, when restricted to corners of type II; factors. This technique allows to
improve a result of Popa [19] on orthogonal subalgebras of type II; factors. Recall that two
subalgebras A and B of a type II; factor M are said to be orthogonal if for every A € Aand B € B,
we have 7(AB) = 7(A) 7(B). This is equivalent to several other statements, most notably that the
conditional expectations E 4 and Ez commute as operators in B(L?(M, 7)). Popa showed that any
abelian algebra admits a n dimensional orthogonal abelian algebra with all minimal projections of
same trace, for any n.

Theorem 27 Let A be a masa inside a type I} factor M and let EE denote the trace preserving
conditional expectation onto A. Suppose that for every projection P in M, E restricted to PMP
has non-trivial kernel. Then, there is a diffuse abelian von Neumann algebra B in M that is
orthogonal to A.

Proof. We first claim that for every pair of projections P < @ in M with E(P) = 7(P)I and
E(Q) = 7(Q)I and for every A with 7(P) < A < 7(Q), there is a projection R with P < R < @
such that E(R) = AI. To see this, define the set

X:={SeMf| P<S<Q, ES) =\I}.
This set is weak™® closed and convex; we will show that it is non-empty. Indeed, consider the set
Y:={E(S):5€(@—-P)M"(Q—-P)}
which is convex and weak* precompact. Let p:= 2\ — 7(Q + P); it is easy to see that
pe (=m(Q@—-P),7(Q—P))C(=11).

Assume that g > 0 (the proof for when p < 0 is analogous). If we assume further that p is not
in the weak* closure of ), we could find an element A € L'(A,7) with 7(A) = 1 and a ¢ with
0 < ¢ < psuch that 7(AE(S)) = 7(E(AS)) = 7(AS) < ¢ for each S in (Q — P)M{*(Q — P). But,

T(A(Q@—-P)) =7(E(A(Q - P))) =7(AE(Q — P)) = 7(A7(Q = P)) = 7(@ = P) > p>c.

This gives us a contradiction and we conclude that pu € v

There is thus a net S, in (Q — P)M3*(Q — P) such that E(S,) — pl. Pick a subnet that
converges to an element S in (Q — P)M3%(Q — P). Since the conditional expectation is weak*
continuous, we have that F(S) = ul. We then see that

- P
S+R-P

P
+ 2

X.
Analogous to the argument in in [10, Lemma 2.1], we conclude that each extreme point in the

weak* closed convex set X must be a projection. Pick one such extreme point projection and call
it R. The claim follows.
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With this in hand, it is easy to see that we can iterate this argument to produce for every n, a
tower of projections { Py, : 1 < m < 2"} with 7(P,, ,) = m-27" and with the additional property
that Poy—1n + Pamn = Pmn—1 and so that E(P,,,) = 7(Pnn)l. Let B be the von Neumann
algebra generated by {P,, : 1 <m < 2" n=1,2,---}. It is routine to see that B is diffuse and
orthogonal to A. m

We can use the above result to prove a Schur-Horn theorem when the majorized tuple has finite

spectrum. We first record a reduction applicable to this case.

Proposition 28 Let M be a type II; factor, A a masa in M and let E denote the trace preserving
conditional expectation onto A. The following statements are equivalent:

1. For every tuple of hermitians A in A with finite spectrum and every tuple of commuting
hermitians S in M such that A <'S, there is a tuple T in O(S) such that E(T) = A.

2. For every projection P € M and every tuple of commuting hermitians S = (S1,---,Sp) such
that PS =S in M, there is a tuple T in O(S) such that E(T) = :((2)) P.

Proof. Notice that (1) = (2) is trivial; (2) implies (1) follows from a reduction argument
similar to that in the proof of Theorem 23, using the equivalence between Joint majorization and
Choquet’s notion of comparison of measures. m

This can be used to prove:

Proposition 29 Let M be a type II; factor, A a masa in M and let E be the canonical conditional
expectation onto A. Suppose that for every projection P in M, the conditional expectation E
restricted to PMP has non-trivial kernel. Then, for every n-tuple A € A™ with finite joint spectrum
and n-tuple S € M", there is an element T € O(S) such that

E(T)=A.

Proof. By Proposition 28, it is enough to prove the theorem in the case when the tuple A consists
of scalars. Pick a diffuse abelian algebra 5 orthogonal to A and a tuple T in B that is approximately
unitarily equivalent to S and hence in O(S). Since B is orthogonal to A, we see that

E(T)=7(S)I=A.

The following result describes conditions on a fixed type II; factor M and a fixed masa A in
M that characterize when the joint majorization relations A < S between tuples of commuting
hermitians such that S has finite joint spectrum, have a corresponding exact multivariable Schur-
Horn theorem (and complements Proposition 28).

Proposition 30 Let M be a type II; factor, A a masa in M and let E denote the trace preserving
conditional expectation onto A. The following statements are equivalent:

1. For every tuple of hermitians A in A and commuting tuple of hermitians S with finite spectrum
in M such that A <'S, there is a unitary U in M such that E(USU*) = A.
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2. For every tuple of hermitians A in A and commuting tuple of projections P in M such that
A < P, there is a unitary U in M such that E(UPU*) = A.

3. For every tuple of positive contractions A = (Ay, -+, Ay) in A such that Ay + -+ A, <1,
there is a tuple P of mutually orthogonal projections in M such that E(P) = A.

Proof. Notice that (1) = (2) is trivial while (2) = (3) follows using arguments in the proof
of Proposition 15: explicitely, if P = (P;,---, P,) is a tuple of mutually orthogonal projections
such that 7(P;) = 7(A4;) for 1 <i <n then A < P.

To show (3) = (2) we consider the case n = 2; the general case is a routine extension. Let
A be a doubly stochastic map such that A(P;) = A; and A(P,) = Ay. Let Pia = P1P; and let
Ajg = A(P12) Since A12—|-(A1 —A12)+(A2—A12) = A1 +Ay—Ap = A(Pl +P2—P12), the operator
tuple B = (Aj2, A1 — Aj9, A2 — Aj2) satisfies the hypothesis of (3) and there is a tuple of orthogonal
projections Q = (Q1, @2, @3) such that E(Q) = B. Therefore, E[(Q1 + Q2, Q1 + Q3)] = (41, A2)
and we also have that 7(P1) = 7(Q1 + Q2), 7(P2) = 7(Q1 + Q3) and 7(P1 P2) = 7(P12) = 7(A12) =
7(Q1) = 7[(Q1+Q2)(Q1+Q3)]. These last facts show that the tuples (Pr, P») and (Q1+Q2, Q1+Q3)
are unitarily equivalent. Letting U be a unitary that implements this equivalence, we have that
E(UPU*) = A.

Finally, we show (2) = (1): let’s suppose we are dealing with n-tuples. Write S = ;" | ag Py,
and let A be the doubly stochastic map such that A(S) = A. After composing with a conditional
expectation, we may assume that the range of A lies in A. We have that B = (A(P1),--- , A(Py)) <
P = (P, ,P,) and hence, by (2), there is a unitary U such that E(UPU*) = B. If we let X be
the n x m matrix given by X;; = a;(i), we see that S = XP! and that A = XB’. Thus,

E(USU*) = E(UXP'U*) = XE(UPU*)! = XB' = A.

4 Multivariable Schur-Horn theorems in discrete factors

At the beginning of section 1.1 we considered an example (for 3 x 3 normal matrices) which showed
that the natural extension of the classical Schur-Horn theorem (for hermitian matrices) to normal
matrices fails. In this section we show that it is possible to dilate such a problem and obtain a
positive result. On the other hand, we investigate the approximate diagonals of commuting n-tuples
of selfadjoint operators in B(H) with finite spectrum (all with infinite multiplicity). In particular,
we show that in this context there are no non-trivial obstructions for a sequence in R™ to be an
approximate diagonal. This contrasts with the results in [4] on exact diagonals of normal operators
with finite spectrum. We end this section with some final remarks.

4.1 Arveson’s example revisited

Throughout this section Mg denotes the algebra of d x d complex matrices, Ay C My, the masa
of diagonal matrices and F; : My — My denotes the compression to the diagonal i.e. the trace
preserving conditional expectation onto Ajg.
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Recall that in the matrix context, given normal matrices 4, S € My with eigenvalues p, A € C¢
respectively then A < S (or equivalently the commuting two tuple (Re(A),Im(A)) is majorized by
the commuting two tuple (Re(S),Im(S))) if and only if there exists an d x d doubly stochastic
matrix D such that DA = p.

Let us recall Arveson’s example from section 1.1. There we considered the normal matrices

L ;, L ; Z) and A = (1,0,4); if we let D be the doubly stochastic
matrix in Eq. (4) then, we have that DA = u. However, there is no unitary matrix U € M3 so that
Es(USU*) = A or equivalently the multivariable Schur-Horn theorem in Mj fails. Nevertheless,
it is fairly simple to compute examples of unitary matrices U € Mg such that the normal matrix
U*(N @ N) U has main diagonal g @ p € C®. This suggests that we could get a Schur-Horn type
result for a suitable dilation of the original problem.

In order to put the previous claim in context, in what follows we consider the unital x-subalgebra
Am @ Mg C My, @ My together with its associated trace preserving conditional expectation
E 4,,9Mm, determined by

A, S € M3 with eigenvalues y = (

Enom,(A® B) = En(A) @ B.
Also, given o € C™ we denote by diag(a) € A,, the diagonal matrix with main diagonal «.

Proposition 31 Let A : Mg — Mg be given by A(B) = 7%, a; U; BU;, where U; € My,
|Ujll <1 for 1 <j <m and a = (a;)]L, are coefficients for a convex combznation. Then, there
exists U € My, @ Mg with ||U| < 1, such that for every B € Mg we have that

Faen, (U (diag(@) © B)U™) = 1, @ A(B) (18)

Moreover, if U; € My is unitary for 1 < j < m then we can chose a unitary U € M,, @ Mgy
satisfying FEq. (18).

Proof. Consider w = exp(%) and let U € M,,, ® M, be given by

1 =
U=— WU B @ U, (19)
Vi j%l !

where {E},}"7 _; denotes the canonical basis of M,. Using that 37" wI* =0 for every 1 < |k| <
m — 1 we get that

1 ™
= *ZEkk(g’U:Uk
k=1

3

In particular |[U]] < 1. On the other hand, if B € M, then

U (diag(e) ® B)U* = > WM By diag(e) By ® UpB U
1 o
= - > WMoy By @ Uy BUS

23



4 Discrete factors P. Massey and M. Ravichandran

Using the computations above we see that

) . 1 & , 1
E4,,omq (U (diag(a) ® B)U™) = oo Z Ej;j @ g Uy BU, = %Im ® A(B).
G k=1

Finally, assume that U; € My is unitary for 1 < j < m. Then, if U is defined as in Eq. (19), the
computations above show that U*U = I,,., and hence U € M,,. 4 is a unitary matrix. m

Corollary 32 Let D € My be a doubly stochastic matriz. Then, there exists m € N, coefficients
for a convex combination a = ()7, and a unitary U € My, @ My, = My, such that for every

B e C
Epa(U (diag(a) ® diag(B)) U*) = % I ® diag(D B). (20)

for 1 < j < m then we get that for every B € C¢

In particular, if aj = %

Proof. By Birkhoff’s theorem (see [7]) there exists coefficients for a convex combination & =
(oaj)g-”zl and permutation matrices Py, - - , P, € My such that D = ZTzl a; Pj. Let A - Mg — My
be given by A(B) = > "', a; P; B P;. Using the fact that P;diag(8) P} = diag(P; 8) we see that

A(diag(B)) = diag(DB) for B eC?. (22)

By construction of A we can apply Proposition 31 and get a unitary U € M,, ® Mg = M,,.q for
which Eq. (18) holds. Hence, using that E,,.q(Ea,,om,(C)) = En.a(C) for C € My,.q4, together
with Eq. (22) we see that Eq. (20) holds. The second part of the statement is a immediate
consequence of the previous facts. m

We now consider again Arveson’s example described at the beginning of this section. Let

D € DS(3) be defined as in Eq. (4) and consider the normal matrices A, S € M3 with eigenvalues

1 ¢ 1+

H = (ia 57 T

permutation matrices Py, P» € Mg such that D = 1/2- (P, + P,). Hence, by Corollary 32 there
exists a unitary U € Mg such that

) and A = (1,0,7); hence DA = p. It is easy to see that in this case there exist

E6(U (I ® diag(N)) U*) = I @ diag(p)

This last fact explains why we can obtain a Schur-Horn theorem for a dilation of the original
problem as claimed.

Remark 33 Corollary 32 shows that there are doubly stochastic matrices D € My for which there
exist m > 1 and a unitary U € M,,.q such that Eq. (21) holds, for every B € C*. It is natural to
wonder whether this is the general case i.e., given an arbitrary d X d doubly stochastic matrixz D we
can ask whether there always exist m > 1 and a unitary U € M,,,.q such that Eq. 21 holds for every
B € C. It turns out that this is not the case. Indeed, consider the following variation of Arveson’s

24



4 Discrete factors Multivariable Schur-Horn theorems

example: fix positive irrationals a and b adding up to one and let D be the doubly stochastic matriz
given by

!
|
> O Q
o o

0
b
a
Proposition 34 With the notations of Remark 33, there is no m > 1 so that there exists a unitary
U € Mg, such that

B3 (U* (I, ® diag(N)) U) = I,, ® diag(DA) for every A € C3.
Proof. Suppose there is in fact a matrix U € U(3m) such that

E 4,045 (U” (I ® diag(A)) U) = I, @ diag(DA)

Let us write

Ui Ui Uiz
U= Ux Uz Us
Us1 Usz2 Uss

A simple matrix calculation shows then that

D11 D12 D a 7
D= | Dy Di D3 Bl=1|9
D3y D3z D33 o z
Q
where D(a, 8,7) = (z,y, z), where & represents the vector : and D;; is the matrix given by
Q
D;j(k,1) = |U;j(k,1)|>. We have,
i a 0 b 0 0
D|0]|=|0]| ad D| 1 |=|a]| ad D[ O |=]0
6 E (~) 6 i g

In particular, we have

Tr(UnUfy) = Y [Un(k,1)] ZDH (k,1)

k1l
Similarly,
Tr(Us1U3)) = Z|U31kz ZDglkl mp

Now note that Dy3 and D39 and hence U13 and Usy are zero. We thus have that U1U3; = 0. We
also have that Uj|Ui; + U5,Us; = I. We conclude from Lemma 35 below that Uj; is a partial
isometry and hence Tr(U;;U11) = ma is an integer. Thus, o cannot be irrational. m

25



4 Discrete factors P. Massey and M. Ravichandran

Lemma 35 Suppose A and B are in My so that A*A+ B*B =1 and AB* =0. Then, A and B
are partial isometries.

Proof. Letting A = UH and B = VK be the polar decompositions, we have that H? 4 K? = I
and UHKV* = 0. Thus,
HK =U*UHKV*V =0

The two equations H%2 + K? = I and HK = 0 imply that H and K are projections and hence, that
A and B are partial isometries. m

Remark 36 We point out that using an argument similar to that in the proof of Corollary 32 we
can prove the following: given a doubly stochastic matrix D € My and € > 0, there exist m € N
and a unitary U € Mo,.q such that, for every B € C* we have that

[Em-a(U (Im ® diag(8)) U™) — Im @ diag(D - B)|| < €||diag(B)| - (23)

The proof is straightforward and we omit it.

4.2 Approximate multivariable Schur-Horn theorems in B(H)

There has been considerable progress on a related problem - that of characterizing the diagonals
of operators with finite spectrum in B(?). Analysis of this fundamental problem was initiated by
Kadison in [13, 14] who gave a complete characterization of the diagonals of projections. Kadison’s
results have recently been extended by Bownik and Jasper [8, 9], who have completely described
the diagonals of self-adjoint operators with finite spectrum.

The multivariable case, where we ask for a description of the joint diagonals of a tuple of
commuting hermitian operators is currently only partially understood, even in its most simple
formulation. Study of this problem was initiated by Arveson in [4], who analyzed the possible
diagonals of normal operators with finite spectrum, all of infinite multiplicity. He discovered an
index obstruction analogous to Kadison’s index for projections from [14]. He also pointed out that
there are other obstructions: however the ones he discovered stem from the fact that it is not
possible to have a multivariable Schur-Horn theorem in matrix algebras.

Let A C B(H) be an atomic masa and let S be an n-tuple of commuting hermitians in B(H)
such that the joint spectrum consists of finitely many points, all of infinite multiplicity. We are
interested in the set of joint diagonals of the n-tuple S, i.e. E(Uy(S)) ={EUSU*):U € U(H)},
where U(#H) is the group of unitary operators acting on B(H) and E is the normal conditional
expectation onto A. A precise characterization of E (U (S)) appears quite challenging.

Let us briefly recall the setting and results from [4]. With the notations above, let X =
{A1,- -+, Ax} C R™ be the joint spectrum of the n-tuple S and let D = {d;,d2, - - } be a sequence in
R™. Assume further that X is the set of vertices of a convex polygon Cy in R™. Arveson considered
what he called the critical sequences D that accumulate rapidly in X, i.e. those sequences in Cy
for which there is a map ¢ : N — {1,--- , k} so that

Z H)‘qﬁ(m) — de < 0.
m=1
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In this case Arveson showed that if D € E(Uy(S)) then there exist vq,---,v, € Z such that
Z?:l vj=0and 3270 ) Agm) — dim = Z§:1 Vi)

In what follows, we look at the “non-summable” case where we assume that the sequence is in
a closed subset of the interior of C'y. We then use this non-summable case to characterize the set
of approximate diagonals

EUn(S) c A.

As we shall see, the index obstructions disappear as long as we are only interested in approximate
diagonals. We begin our analysis with the following simple fact.

Lemma 37 Let S be a commuting tuple of hermitians in M, (C). Then, there is a unitary U so
that E(USU*) =n~"' tr(S) I.

Proof. We may pick a unitary U so that USU* is diagonal. Let V be the Fourier unitary,
Vij = n~ /2 w0=D0-1 where w = exp(%). It is elementary to see that the diagonal of V. DV™ is
constant and equal to the normalised trace of D for any diagonal matrix D. Hence, the diagonal
of VUSU*V* is n 1 tr(S)I. m

Remark 38 In the statement of the next lemma we use the following terminology: let X =
{A1, -+, Ax} be the set of vertices of the convex polygon Cx C R™. It is clear that Cx coin-
cides with the convex hull of X in R™. In this case there exists a unique subspace Vy C R™ such
that Cy C Vy and Cx has nonempty interior, C'/Q( = CS((VX) # (), relative to V.

Lemma 39 Let X = {A1, -+ ,Ax} be the set of vertices of the convex polygon Cxy C R™ and let d
be a point in the interior of Cx. Then, we can find a decomposition,

d= Z aij (ovij Ai + Bij Aj)

1<izj<k

where the {q;; + 1 < i # j < n} are rational numbers summing upto 1, oy; # 0 # Bi; and
ai; + Bij = 1 whenever ¢;; # 0 and such that for every 1 <1 < k there exists 1 < j # 1 < k such
that qij 75 0.

Proof. By Remark 38 we see that we can assume that n = k — 1. Moreover, by considering an
appropriate affine linear transformation we can assume, without loss of generality, that A; = 0 and
Aj =ej_1 for 2 < j <k, where {e; ;:11 is the canonical basis of RF~1.

We now argue by induction on & > 2. When k& = 2, there is @ € (0,1) such that d =
a0; + (1 — a)e; and we see that the desired decomposition is achieved. Now, assume that the
theorem has been proved for k =2,--- , K — 1. Let Y be the convex hull of the first K — 1 points
A, Akt =1{0, €1, ex_o}.

Let the line segment starting at Ax = ex_1 and passing through d meet Y in f. Since d was in
the interior of the convex hull of X', we have that f is in the interior of Y (as described in Remark
38). It is clear that there is a e so that for every a € (1 — ¢, 1), the line segment starting from
aer_1+ (1 —a)0 and passing through d meets Y in its interior as well; call the latter point f,.
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It is elementary to see that we may pick an a € (1 —¢,1) so that d is a non-trivial rational
convex combination of a ex—1 + (1 —a) 0 and f,, i.e.

d=q(aex-1+(1-a)0)+(1-¢q)f,, forqeQn(0,1).

Now, by the induction hypothesis we have

fo= > aij (o A+ By Aj),

1<i£j<K—1

with the coefficients ¢;;, o;; and 3;; for 1 <14 # j < K —1 satisfying the properties of the statement.
Thus, we see that

d=gq@x+1—a) X))+ D (1—q) (@ Xi+ B A)
1<iAj<K-1

and we have our desired decomposition. =

Proposition 40 Let A be an atomic masa in B(H) and let E denote the trace preserving con-
ditional expectation onto A. Let S be a tuple of commuting hermitians with finite joint spectrum
where each joint eigenvalue has infinite multiplicity. Let D = {dy,da,---} be a sequence with only
finitely many distinct entries, all lying in the interior of the convexr hull of the joint spectrum of S.
Then, there is a unitary U so that E(USU*) = D.

Proof. Let us write the joint spectrum as X = {A1,---,Ax}. We prove the proposition in three
steps.

Step 1: First of all, we assume that the diagonal sequence is constant, D = {d,d,---}. We use
Lemma 39 to find a decomposition,

d= Z @ij (auj Ai + Bij Aj) (24)

(3,9)€l

where the I C {(¢,7) : 1 <i# j <k}, {g;: (i,5) € I} are non-zero rational numbers summing
upto 1, ay; # 0 # B and oy + Bij = 1 for (¢,7) € I and such that for every 1 <14 < k there exists
1 <j #1i <k such that (i,5) € I.

Write the Hilbert space H as @&(; j)erHi; where each of the spaces H;; is infinite dimensional.
Let Fjj == {eﬁlj :n = 1,2,---} be a basis for H;;. For (i,j) € I let p;; := oy; A + Bij Aj and
let P;; € B(Hi;) be a infinite projection such that I;; — P;; € B(H;;) is also infinite. Now, let
Sij = Ai Pij +Aj (I;; — Pij) € B(Hi;) which is a commuting n-tuple of hermitian operators with
joint spectrum consisting of A; and Aj, both of infinite multiplicity. Because of the properties of
the index set I it follows that the operator ®(; j)erSi; is unitarily equivalent to S. Hence, without
loss of generality we can assume that S = ©; j)c7Sij-

Let E;; denote the compression to the diagonal with respect to the orthonomal basis F;; in
B(Hij;). Since a;; € (0,1) for (i,7) € I then, by Kadison’s Pythagorean theorem [14], there exists
a unitary U;; € B(H;;) such that

Eij(Uij Py Ujj) = aij Ly = Eij(Uij Sij Ujj) = paj Ly, for (i,§) € 1.
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Let use write U = @(; jUi; and notice that U S U* = &(; jerUi;jSij U
Let N be a natural number such that ¢;; = n;; N1 with n;j a positive integer, for (i,j) € I.

Notice that }_; »crni; = N. Using Eq. (24) we may write

1
(1,9)el

Now, we take a different decomposition of H: let K, be the finite dimensional subspace (of

dimension N) spanned by {e;’ : (i,j) € I, 1+ (m —1) n;; <1 < m ny;}. It is clear that H =
OmenKm. Letting P, be the orthogonal projection onto KC,,, we see that the matrix P, (U SU*)P,,
has diagonal consisting of n;; copies of p;; for (7,j) € I and hence, has normalized trace (see Eq.
(25)) equal to d. By Lemma 37, one may conjugate by a unitary matrix V,, to make the diagonal
constant, this constant being d. Letting V' be the unitary @,,enVy,, we see that E(VUSU*V*) =
{d,d,-- -}, where E is the conditional expectation onto the diagonal algebra associated to the basis
F=A{ei: (i,j) eI, neN}.
Step 2: We next assume that the diagonal consists of a point d repeated infinitely often and a
single other point e. Pick a point f in the interior of the convex hull of X so that d is a rational
convex combination of e and f. Applying the argument in Stepl twice, we see that there is a
unitary U so that

e x 0
USU* = * A 0 ,
0 0 B

were we consider the 3x3 block representation with respect to the orthogonal decomposition H =
C @ Hy @ Ho so that Hq and Ho are infinite dimensional and A and B have constant diagonals e

and f respectively. We may write
a b

= tam!

for some positive integers a, b. Choose projections P, whose range space is spanned by basis vectors,
numbering a from H; and b from Hs and so that ®,cnPH = H1® Ho. Notice that the normalized
trace of P,USU* P, is d; hence, by Lemma 37, we may conjugate by a unitary to achieve a constant
diagonal d on P,H. Taking direct sums, we see that there is a unitary conjugate with diagonal
{e,d,d,---}.

Step 3: This argument can be trivially extended, by taking direct sums, to the case when the
diagonal consists of only finitely many distinct elements - In the case an element occurs infinitely
many times, use the first part of the proof; in the case it occurs finitely many times, the second
part. The proposition follows. m

Proof of Theorem 11. Any sequence in R" can be approximated in the £*° norm by a sequence
with only finitely many distinct entries. A moment’s thought shows that if the sequence belongs to
the convex hull of X', the approximating sequence with finitely many distinct entries can be chosen
to lie in the interior of the convex hull. m

Some final remarks are in order. We have shown in Theorem 7 that in the type II; setting
there are nice characterizations of the set of approximate joint diagonals of a tuple of commuting
hermitians operators in terms of joint majorization. This result is somewhat unexpected, since its
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finite dimensional version (i.e. for the finite discrete factor M) fails. Yet, the structure of the set of
joint diagonals of a tuple of commuting hermitians operators in a type II; factor still remains to be
understood as there are obstructions for a full extension of the Schur-Horn theorem for selfadjoint
operators to the multivariable setting in a type II; factor (as explained in Remark 13). The fact
that there are differences between joint diagonals and approximate joint diagonals of tuples of
commuting hermitians is in accordance with the distinction between diagonals and approximate
diagonals of selfadjoint and normal operators in B(H) (with respect to discrete masas), as seen
by comparing the work of Neumann [18] and Theorem 11 above (on approximate diagonals) with
the work of Kadison [14], Bownik and Jasper [8, 9], Arveson and Kadison [5] and Arveson [4] (on
diagonals). This remarks lead to what seems to be a challenging problem, namely to determine the
nature of the obstructions in the type II; setting.
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