MINIMAL LENGTH CURVES IN UNITARY ORBITS OF A HERMITIAN
COMPACT OPERATOR

TAMARA BOTTAZZI ! AND ALEJANDRO VARELA!2

ABSTRACT. We study some examples of minimal length curves in homogeneous spaces under a left
action of a unitary group. Recent results relate this curves with the existence of minimal (with
respect to the quotient norm) anti-Hermitian operators Z in the tangent space of the starting point.
By instance, we show minimal curves that are not of this type but nevertheless can be approximated
uniformly by those.

1. INTRODUCTION

Let H be a separable Hilbert space and IC(#H) be the algebra of compact operators. In this paper
we study the orbit manifold of a self-adjoint compact operator A by a particular unitary group, that
is

04 = {uAu” : v unitary in B(H) and u — 1 € K(H)}.
Given two points, z,y € O 4, the rectifiable distance between them is the infimum of the lengths of
all the smooth curves in Q4 that join x and y. Our purpose is to study the existence and properties
of minimal length curves in Q4.

The tangent space at any b € Q4 is

(TOA)y ={2b—0bz:2z€ K(H), 2" =—=2}

endowed with the Finsler metric given by the usual operator norm ||-||. If z € (T'O,)s, the existence
of a (not necessarily unique) minimal element zy such that

z|l, = l|20l| = inf {||z]| : 2 € K(H), 2" = —2, 2b—bz =z}

allows in [1] the description of minimal length curves of the manifold by the parametrization

_ tzo —tz0 m m
)= vt ve [ i)
These zy can be described as i(C' + D), with C' € K(H), C* = C and D a real diagonal operator in
the orthonormal basis of eigenvectors of A.

If we consider B C A von Neumann algebras, it has been proved in [5] that for each a € A, a* = a,
there always exists a minimal element by in B. That is ||a + bo|| < ||a + b, for all b € B. However,
in the case of K(H), a C*-algebra which is not a von Neumann algebra, we proved in [4] that there
is not always a minimal compact operator. In this case, the existence of a best approximant for
C e K(H), C* = C is guaranteed when C, for example, has finite rank (see Proposition 5.1 in[1]).

The above motivates us to study the following, among other issues in the unitary orbit of a
Hermitian operator: let b € O4 and x € (T'O,4), and suppose that there exists an uniparametric
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curve ¥(t) = eZbe~'? which is a minimal length curve among all the smooth curves joining b and
b(t) in Oy for t € [—ﬁ, ﬁ}

e Would Z be a compact minimal lifting of x (i.e z = Zb—bZ and || Z]| = || X|],)?

e Can 1 be approximated in O4 by a sequence of minimal lenght curves of matrices?

The present work continues the analysis made in [1] of this homogeneous spaces and we use minimality
properties that we developed in [4].

The results in this paper are divided in two parts. In the first we describe and study minimal length
curves in the orbit of a particular compact Hermitian operator. In the second part we construct a
sequence of minimal length curves of matrices which converges uniformly to the minimal length
curves found in the first part.

2. PRELIMINARIES AND NOTATION

Let (A, (,)) be a separable Hilbert space. We denote by ||k|| = (h, h)"/* the norm for each h € H.
Let B(#H) denote the set of bounded operators (with the identity operator I') and K(H), the two-sided
closed ideal of compact operators on H. Given A C B(H), we use the superscript ** (resp. ") to
note the subset of anti-Hermitian (resp. Hermitian) elements of A.

We consider the group of unitary operators in B(H)

UH)={ueBH): uw' =uu=1I}
and the unitary Fredholm group, defined as
UH)={uvelU(H):u—T€eK(H)}.

We denote with [|-|| the usual operator norm in B(#) and with |, | the commutator operator, that

is, for any TS € B(H)

[T,S] =TS — ST.
It should be clear from the context the use of the same notation ||-|| to refer to the operator norm or
a norm on #H.

We define the unitary orbit for any fixed A € K(H), A = A*, as
Op={vAu":ueld,(H)} € A+K(H).
O, is an homogeneous space if we consider the action m, : U.(H) — Oa, m(u) = ubu*. For each
b € O4, the isotropy group Z, is
Iy ={uv e U(H): ubu* =b}.

Since for each u € U,(H) there always exists X € K(H)* such that u = e* (see Proposition 2), the
isotropy can be redefined by

Ty ={eX cU.(H): X € K(H)*", [X,b] =0}.
For each b € O, , its tangent space is

(TOA), = {Yb—bY : Y € K(H)™"} € K(H)*.
Consider a smooth curve (i.e. C! and with derivative non equal to zero) u : [0, 1] — U.(H) such that
u(0) =1y «/(0) =Y, then the differential of the surjective map m, at 1 is

(dm)i(¥) = 5 (2] ]y = o/ (0w (0) + (0} u/(0)°
=Ybl"+10Y*"=Yb—0bY = [V, 0.

For every b € O4 we consider each tangent space as

(TOA) = (TULH))1 /(TTy)1 = K(H)™" /({0})",



MINIMAL LENGTH CURVES IN UNITARY ORBITS OF A HERMITIAN COMPACT OPERATOR 3

being {b}’ the set of elements that commute with b in a C*-algebra A (in this particular case
A =K(H)). Let us consider the Finsler metric, defined for each x € (T'O4), as

2]y = inf{||Y] : Y € K(H)*" such that [Y,b] = z}
and it can be expressed in terms of the projection to the quotient K(H)*/({b}')*" as

Yo —bY[l, =[[[Y]l =  inf Y +C]
Ce({b})er

for each class [Y] = {Y +C: C € ({b}')**}. This Finsler norm is unitarily invariant under the
action of the Fredholm group.

There always exists Z € B(H)*" such that [Z,b] = x and ||Z| = ||z||,- Such element Z is a called
minimal lifting for z, and Z may not be compact and/or unique (see [4]). We consider piecewise
smooth curves 3 : [a,b] — O4. We define the rectifiable length of 5 as

b
L) = [ 15Ol
and the rectifiable distance between two points of O4, named ¢; and co, is

dist(cy, co) = inf{L(B) : f is smooth, [(a) = ¢1, B(b) = ca}.

If Ais any C*-algebra of B(H) and {e;};-, is a fixed orthonormal basis of H, we denote with D(A)
the set of diagonal operators, that is

DA)={T € A: (Te;,e;) =0, foralli#j}.
Given an operator Z € A, if there exists an operator Dy € D(.A) such that
|1Z + D1|| = dist (Z,D (A)),

we say that Dj is a best approximant of Z in D(A). In other terms, the operator Z + D, verifies the
following inequality
1Z + Di| < |2+ D

for all D € D(A). In this sense, we call Z 4+ D; a minimal operator or similarly we say that D; is
minimal for Z. If Z is anti-Hermitian it holds that

dist (Z,D (A)) = dist (Z,D (A™)),

since |[Im(X)| < || X]| for every X € A.

Let T € B(#H) and consider the coefficients T;; = (Te;,e;) for each 7,57 € N, that define an
infinite matrix (Tz)” ey With this, the jth-column and ith-row of 1" are the vectors in (? given by
c;(T) = (Tn;, T5j, ...) and f;(T) = (Ti1, Ti2, ...), respectively.

We use o(T') and R(T) to denote the spectrum and range of T' € B(H), respectively.

We define @ : B(H) — D(B(H)), ®(X) = Diag(X), which takes the main diagonal (i.e the
elements of the form {(Xe;, e;) }ien) of an operator X and builds a diagonal operator in the chosen
fixed basis of H. For a given bounded sequence {d,},en C C we denote with Diag({d,}.en) the
diagonal (infinite) matrix with {d, },en in its diagonal and 0 elsewhere.

3. THE UNITARY FREDHOLM ORBIT OF A HERMITIAN COMPACT OPERATOR

We study the unitary orbit of a particular case of Hermitian operators, that is: A € K(H)",
A = uDiag ({\i}ien) u*, with u € U.(H) and {)\;}ien C R such that \; # ), for each i # j.
Consider O4 as defined in section 2 and b = Diag ({\;}ien) € Oa. The isotropy Zy is the set
{ed . d € D(K(H)™)} and (TO4), can be identified with the quotient space K(H)/D(K(H)").
We state the first remark.
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Proposition 1. Let b = Diag ({\i}ien) € Oa. For each x € (TOa)s, if Z € K(H)" such that
[Z,b] = x, then

(3.1) ||y = inf |Z + D||
DeD(K(H)ah)

Proof. If Y1,Ys € {Y € K(H)* : [Y,b] = x} then
Yi—=Y,e{D: [D,b] = Db—0bD =0} = {b}
and b is a diagonal operator, so every D is diagonal. Thus
Y, — Y, = D, with D diagonal
or equivalently
Y, =Yy + D, with D € D(K(H)™").
If Yo € {Y € K(H)™ : [Y,b] = z}, it follows that

|z|[p = inf{||Y] : Y € /C(H)ah such that [Y,b] = z}

=inf{||Y| : Y € K(H)*" such that Y = Y, + D, with D € D(K(H)")}.
0

Fix x = [Z,,b] = Z,b—bZ, € B(H)*", where Z, is a anti-Hermitian operator defined as the infinite
matrix given by

0 ry r72 7‘73

ody oy A
(3.2) Z,=i|™* v ds
A A

0 ry ry? 7y’ 00 0 0
vy 0 vy A2 0 do 0 0
(3.3) =i|m™* v 0 9 +i|0 0 d3 O =Y, + Dy.
v 2 420 0 0 0 dy
Y Do
This operator Z, satisfies the conditions:
(1) v € R such that |y| < 1.
(2) For each j € N, 5 > 1:
1 —~Jd—2 J
TR ke

Notice that lim d; = 1

Jj—o0 =1

1l
I +D0’1|/2, where Yl =y, — | ™Y

2
r>—-———>>
( ) - (220:1’7%) 7”}/3
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Observe that the definition of each d; is independent from the parameter r.
The operator —iZ, it has been studied in [4] and fulfills the conditions of minimality stated in
Theorem 1 of the same work. Therefore, it holds that

[V ]ll= inf  |[Y.+ D[ =Y, + Dol = |1 Z]]-
DeD(K(H)ah)

Moreover, the diagonal operator Dy is the unique minimal diagonal (bounded, but non compact)
operator for Y,. Since Dob — bDy = 0, then x = Y,b — bY, € (T'O4), and it holds that

=1Z,b—bZ,)|,= inf ||V, +D|=|[Y]|l=2%] <Y+ D
[, = 1 I = o, Vet DI == 12 < Jlye + DI

for all D € D(K(H)*"). In other words, there is no compact minimal lifting for z.
The following Proposition is a characterization of the unitary Fredholm group in terms of operators

in IC(H).

Proposition 2. If X € K(H)™ then eX € U.(H). On the other hand, given w € U.(H) there exists
X € K(H)™ such that w = e*.

Proof. 1If we consider the series expansion of eX with X € K(H)*", then

X ol X4 IX2 X
2 3!
14 X [4ixsixey o4k K € K(H)
~ 2 3! ’ ’
EX(H)eh
and therefore e € U.(H).

On the other hand, given w € U.(H) C U(H) by Lemma 2.1 in [1] there exists X € K(H) such that
w = eX. Moreover, the operator X can be chosen anti-Hermitian. Indeed, let u(¢) be a smooth curve
in U.(H) such that u(0) = 1 and u/(0) = v € B(H). We claim that v = —v*. In particular u(t) = e'¥,
with X € K(H) and ¢ € R, is a smooth curve in U.(H) that satisfies the previous conditions, with
u(0) = e =1 and v/(0) = Xe®* = X. Therefore, X can be chosen in K(H). O

Remark 3. Even if Z ¢ K(H)", eZ may belong toU.(H). Indeed, let Xy € K(H)™, then Xo+2mil ¢
KC(H)™ but

€X0+27Til — €X0 c UC(H)

Define the uniparametric curve 3 given by

m m
(3.4) B(t) = e#rbe % |t € [— : ] :
2[1Z: 11" 211z

To prove that § C O4, we introduce first the next result.

Lemma 4. Let Z, the operator defined in (3.2). Then for each t € R, there exist z; € C, |z =1
and U(t) € U.(H) such that

€tZT = ZtU(t)
Proof. Let o = —i lim d,, = ﬁ Then

n—oo

etZT+aIt _ etZTeto‘I.

Observe that et = et*J. Tt follows that

tZ, — —ta tZ-+tal —

e e —ta  tYr+tDo+tad

e e e )
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with e7™ € C, |e7™| =1 for every t € R. Also, Dy + al € D(K(H)™"), since it is bounded, diagonal
and
1 1 —~Jd—2 J 1 J—=2 J
ORI S O e L Y
1—x 11— 1—92 1—v 1—vy 1—72
when j — oo. Therefore, since tZ, + tal € K(H)* for every t € R then U(t) = el ¢ Y. (H)
and

—0

’(D0 +al),,| =

et = 2 U(t), with z, = ' € C.
UJ

Remark 5. Observe that || Z.|| = [|[Y;]|lg0)en jpsaeyen and Zy is (the unique) minimal lifting of

x = 1[Y,,0] in B(H). Consider P = {uAu*: uw € U(H)}, then by Theorem II in [5] the curve B has
minimal length over all the smooth curves in P that join 5(0) = b and 5(t), with |t| < Since

Oy C P, then for each ty €

2||Z I

_2”27‘“7 2||ZTH follows that

L(B) = inf{L(x) : x € P, x(0) = b and x(to) = 5(to)} <
< inf{L(x) : x € Oa, x is smooth, x(0) =b and x(ty) = B(to)}
— dist (b, Bl(to)),
where dist(b, B(to)) is the rectifiable distance between b and [(ty) defined in the preliminaries.

Using the previous remark and Lemma 4 we can prove the following Theorem.

Theorem 6. Let A = uDiag ({\i}ien) v*, with u € U.(H) and {\;}ien C R such that \; # \; for
each i # j. Let b = Diag ({\i}ien) € Oa and the parametric curve B defined in (3.4). Then (3
satisfies:
(1) p(t) = Mt T Dpe ot 51 ) which means that § C Oy4.
2) 5/(0)_:5_Yb bY, = Z,b— bZ, € (TOL),.
(3) 5 has minimal length between all smooth curves in O4 joining b with B(ty), for every ty €
[ u ] That 1s

2[1Z|

( 8] Oto]) inf{L(y) : x is smooth, x(0) = b and x(ty) = B(to)} = dist(b, B(to)).
(4) L (Bliay) = ltol el for each to € —m,m .

Proof. (1) By Lemma 4, if U(t) = €/”"*'7=5" then /8 can be rewritten as
B(t) = ztU(t)b(ztU(t)) = 27U (H)bU (1)
= U(t)bU (1) = !5 Dpe 12zl
and U(t) € U.(H) for each t € R. Tt follows that §(t) € O4 for every t € R.
(2) B'(0) = e [Z,, 0] et t=0"
(3) Tt is a direct consequence of @4 C P and the minimality of Z, in B(H)*" /D(B(H))*", as was

stated in Remark 5.
(4) Observe that L(8) = [i° |8'(t)]l 5y dt = to | Y;b — bY,|,- Indeed,

18" )| gy = || Zre'?rbe™% — b Z,e o= HetZ" Zryb] e
= ||zzU®) [Z., 0] U )|, = 212 ||U(t) [2,. 0] U
= ||U()[Z,, 00U Hw i = I1Z:0 = bZ, ],
= [|Y;b = bY, |, = [|=|l, -

”/3 Hﬁ
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where the equality |U(t) [Z.,b] U~ (O)lly@po-1y = 1200 — bZ, ||, holds due to the unitary
invariance of the Finsler norm.

O

Summarizing, we obtained that the parametric curve given by
m 0 (e%e) = e!Pebe™t 0 7 = 7. + %I € K(H)*",
-7
has minimal length between elements of O 4. Nevertheless, the operator Z, is not a minimal element
in its class (recall that [Z,] = {Z, + D : D € D(K(H)*") = [V;]}). On the other hand,

etZabeftZa — etZrbeftZT
and Z, is minimal, but it does not belong to IC(H)*". We conclude with the following result.

Corollary 7. Let b € O4, b = Diag ({\;}ien) such that \; # X; for each i # j. Then, there exist
minimal length curves of the form p(t) = eZbe~'? in O4 such that they join b with other points of
the orbit, but with Z € K(H)*" and || Z|| > 121 ke 20)0m /p 10 2070 -

3.1. Bounded minimal operators Z + D with Z € K(H) and non compact diagonal D. Let

Y,, Do be the operators defined in (3.3). To stablish the equality 5(t) = VDot 5 o= (Yt Dot £251)
in Theorem 6 the following properties were essential:

(1) Dy + =1 € D(K(H)*") and

0T T
(2) 171 commutes with Z, and b.
Since 1;] ¢ KC(H), then 1j7] ¢ {Z.} Nn{b}. This motivated us to study more cases in K(H).

Let {\;(A)}32, be the eigenvalues of a Hermitian compact operator A (suppose all have multiplicity
one) and
b = Diag ({\;(4)}2,) € Oa.
For z in the tangent space (T'O4), C K(H)*" holds that
lzll, = inf{||Z + D|| : Z € K(H)™, [Z,b] =z and [D,b] = 0} = [|[Z]llci30p0n piscirpen -
In this context, there always exists D; € D(B(H)*") such that
1211 =112 + Dull,

nevertheless, in [4] we proved that the best diagonal approximant might not be compact. Sup-
pose that the minimal Dy ¢ D(K(H)™). Denote with {(D1);;};en the sequence of the elements of

the main diagonal of D;. The following proposition shows that if this sequence has a limit then
DN peHZED) € 0,

Proposition 8. Let Z € K(H)™ and suppose that there exists a unique Dy € D(B(H)") such that

||[Z]”IC('H)E’1/D(]C(H)ah) = ||Z + D]
and Dy is not compact. If there exists X € iR such that lim; . (D1);; = A, then the curve
x(t) = o (Z+D1=\I)p~t(Z+D1—XI)

has minimal length between all the smooth curves in O4 joining b with x(to), for ty € [2||7rZ||’ 2||[7FZ}|I]'
Proof. First observe that Re ((D;);;) = 0 for each j € N, since Dy € D(B(H)™"). Then,

lim (Dy); = A

J]—00

and A # 0 since Dy is not compact. Therefore, using functional calculus
1Z + Dy = M| = max{|— [[[Z]|| = [A]; [I[Z]]] = |Al} > [[[Z]]] -
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Also Dy — M € D(K(H)™), since
(D1 = AL)j5| = [(D1)j; — Al =0

when j — co. Then, Z + D; — Al is not minimal in K(H)* /D(K(H)) but the curve parameterized
by
X(t> — 6t<Z+D1_>\I)b€_t(Z+D1_>\I) c OA

has minimal length, as y is equal to the curve
5(t) = elZTPpe=tZ+D1),

Then, by Theorem I in [5], 6 has minimal length in the homogeneous space given by
{uAu*: uveU(H)}
and clearly, this homogeneous space contains to O 4. Therefore x has minimal length in O 4. U

Given Z € K(H), it is not true that every diagonal operator D; such that Z + D; is minimal
fulfills the condition
Jj—00

Indeed, consider the following operator

0 -5 y _52 ,.y2 _53 ,.y3
-5 0 y _52 ,}/2 _53 ,.)/3
R R U e S e
_52 _62 _52 0 ,}/2 _53 73 '
T=| 2 2 2 42 g _g 8 , with 7,9 € (0,1).
_53 _53 _53 —(53 _53 0 73
O I Y B Y B

Since A 52
* * P)/
(") = (T"T)y2 = 2 1=
and for each n > 3
(n—1)0"+ L5+ 80 if n=2k

D s
(n—l)v“—i—ﬁ—l—% it n=2%k-1,

(T*T>nn = {

follows that

t?"(T*T) = Z(T*T)nn = (T*T)ll + (T*T)22 —+ Z(T*T)(Qk)@k) -+ Z(T*T)(Qkfl)(gkfl)
n=1 k=2 k=2
4 2 2 3 _ 2 352 2 ) -9 4
PV AP . (" = 277" + 2+ (=2 +1( 4;37)))5)<OO.
-7 T (L2214 7) (14 )

Thus, Zy = iT € K(H)™ (moreover, Z, is a Hilbert Schmidt operator).
Let D' = iDiag ({d},},cy) the unique bounded diagonal operator such that

(35) <C1(Z0), Cn(ZO -+ D/)> =0V neN.
Simple operations show that the condition (3.5) implies that {d} },en = {db) fren U {dy, 1 Fren with

k=2 2 k -2 k-1 Sk+2
[ J I &5
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ms(20)- (&) 2

and

for each k € N. If v* < § and §? < v both sequences,{ko}keN and {d%_l}keN, are convergent. For
example, if we fix § = 1/4 and v = 1/2 then

b —2/3

k— :
o0 { Ay, — —2/3

If ZOD] is the operator Z, with zeros in its first column and row and r = u then r(Zy — Z(gl]) +

Z([)l] + D' is a minimal operator by the same arguments as well as Z, was mlmmal. Nevertheless,
D' = iDiag ({db, }ren U {day_; }ren) satisfies
2 . .
) N 30 if n=2%k
Hm(D)an = { 2 it n=2k—1,
We conclude that the sequence {(D’),;}nen has no limit. This allow us to state the following
corollary.

Corollary 9 (Minimal operators with oscillating diagonal). There exists Z € K(H) such that its
best approzimant Dy € D(B(H)™") does not fulfills the condition

j—o0

As Zj, there exist other operators such that its best bounded diagonal approximant oscilates.
Moreover, there exist examples of minimal operators in which the elements on the main diagonal
have subsequences convergent to m different limits (for every m € N).

4. APPROXIMATION WITH MINIMAL LENGTH CURVES OF MATRICES

There are two main objectives in this section: the first is to build two sequences of minimal
matrices which approximate Z, and Z, + 7] in the strong operator topology and in the operator
norm, respectively. The second objetive 1s to find a family of minimal length curves of matrices
which approximates the curve § defined in (3.4).

Let Y, be the anti-Hermitian compact operator defined in (3.3) and consider the following decom-
position

0 v 7 9
v 0 0 0
(4.1) Y, =rL+YY with L=i|2* 0 0 0
50 0 0

v

. . . . yl+D
Let Dy the diagonal bounded operator defined also in the previous section. If r > w

Z, =rL+ YW 4+ Dy is minimal.
Let us consider for each n € N the orthogonal projection P, over the space generated by {es, ..., e, },
that is P, = P,IP,. We define the following finite range operators

, then

(4.2) Y, = r,P,LP, + P,YWP,,

with r, € R.qg for each n € N. For each n € N we define a diagonal operator D,, = iDiag(d,(in)) such
that
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(1) di” =0
(2) (a1(Yy + Dy),c;(Y + Dy,)) =0, for each j € N, j # 1;
(3) d™ =0, for every k > n.
Thus, if we take for convention that Z?;g Y=0= Z;:i 72=n+l - each d,gn) is univocally determi-

nated as

(n) _ k=35 el o5
(4.3) D, = iDiag(d{”)/ { % =207 2= 7 <0
d,’ =0foral ke N—{2;3;...;n}.

The proof is by induction over the indices k for every n € N. Observe that the choice of each d;") is
independent from the parameter r,,.

Consider the following lemma which will be used to prove the minimality of each Y,, + D,, as
matrices for a fixed r,,.

Lemma 10. Let Y, = r,P,LP, + P,YWP, and D, as defined in (4.2) and (4.3) for each n € N,
respectively. Then
sup || P.YMP, + D, || < cc.
neN
Proof. Fix n € N, then
|RAPR, 4 Dl < [ RV 4 1Dl < WP Y]+ sup [df”
1<k<n

< YR+ (a7 < [V + sup [di | < [[Y ]+ [1Do]l < oo,
neN

As a consequence of this lemma, there exists a constant My € Ry such that:

(4.4) My = max {Sup |2 YMP, + Dy, Y™ + DOH} .
neN

Now we can prove the minimality of each Y,, + D,,.

Proposition 11. Let Y, = r,P,LP,+ P, YU P, and D, as defined in (4.2) and (4.3) for eachn € N,

respectively. Consider the real constant My as in (4.4) and fix r, = Mﬁ‘fﬁ. Then for eachn € N
the operator Z, =Y, + D,, is minimal in K(H)* /D(K(H)™), that is
[V ]l = inf Y, 4 Dyl| = | Yo + Dyl = M.
Dn€D(K(H)h)

Proof. Fix n € N. Without loss of generality, we can consider Y,, + D,, as a n x n matrix. Then
° dgn) =0
o (c1(Y,+ Dy),c;(Y,+Dy)) =0, foreach j e N, 2 < j <mn;
o [les(Yo + Do)l = ller(Yo) |l = 7 lex (PaLPy) || = Mo > || P,Y NP, + D, ||.

Therefore, using Theorem 8 in [7] D,, is the unique minimal diagonal for n x n for Y,,. Since

inf Y, +D||= _ min ||Y,+D,,
DeD(K(H)ah) D, €D(Mn(C)ah)

it follows that
1Y)l = [|Ya + Dal| -

Observe that the norm of the minimal operator Y,, + D,, is M, for every n € N.
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Remark 12. For every n € N holds that

inf Y, +D[= ~min_ |V, +D|| =Y, + Dyl
DeD(K(H)eh) €D(M, (C)ah)

but there is no uniqueness in D(K(H)") even when it occurs in D(M,, (C)*™). Moreover, every block
operator of the form

C, = <l())” DO >, with D, diagonal and such that ||D.|| < ||c1(Yy)|| satisfies

1Yo + Cull = max {|[Yy, + Dl|; | De H} = 1Yo + Dull = [[[Ya]ll -

Reconsider the operator Y, = rL + Y fixing r = Yl ( Ik Note that
[yt D _
Y <r<oo
e (L)

where the inequality on the right holds due to Lemma 10. Then, Z, = Y, + Dy satisfies the hypothesis
of Theorem 1 in [4] and is a minimal operator with Dy, the unique (non compact) bounded diagonal
operator such that

Y]l = inf = C[[Ye + Dl = [1Z,].
€D(K(H)*")
Moreover,
YAl = ller(Zo)]| = ller (Vo) = Mo.
Therefore,
(4.5) I = Y]

The following result vinculate Y, with Y,,.

Proposition 13. Let Y, the operator defined in (4.1) and {Y,}22, the family ofﬁm'te range operators
defined in (4.2). If My is the real constant defined in (4.4) such that r = Al (Yr)ll and r, = Wf\jﬁ
for each n € N, are fixed. Then

(1) lim r, =r.
n—o0

(2) Y, = Y, when n — oo in the operator norm.

Proof. (1) Since |1 (Yn)|| = (ZZ 1 )2 and |1 (V)| = 02, 72i)%, follows that lim r, = r.

n—o0

(2) Fix € > 0. The condition lim r, = r implies that there exists n; € N such that if n > n,

n—oo

then |r, — r| < e. Since the sequence is bounded, there exists M; > 0 such that |r,| < M;
for each n € N.

On the other hand, it is not difficult to see that L and Y are Hilbert-Schmidt operators,
then there exists ny, € N such that

n>ny = ||L— P,LP,|| <c¢

and
n>ny = |[Y - PYUP,| <e
Therefore, for every n > ng = max{n;ny}
1Y, = Y|l = |[rL + YW — 7, P, LB, — B,YUP,|| < ||rL — r, P, LB, || + || Y™ — YR,
< |r =1l IL|| + [Irall 1L — PoLP,|| + ||[Y™ = YW R, |

<e|[Lll+ Me+e=e(||L]| + M +1).
We conclude that [|Y,, — Y, || — 0 when n — oo.
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Observe that the numerical sequence {d,(c")}neN converges to dp when n — oo, for each k € N

k-3 [e'e) —3 k
(n) j i~k _ j v _
d, \_27]_2’72] —_Z'Yj—l_ny—dk.
=0 =k =0

As a consequence, the sequence of diagonal operators {D,, },en converges strongly to the unique best
approximant (non compact) diagonal Dy € D(B(H)) for Y,.

Proposition 14. Let Y, be the operator defined in (3.3) and Dy the unique bounded diagonal operator
such that ||Y, + Do| < ||V, + D|| for all D € D(K(H)™). Consider the sequence of finite range
diagonal operators { Dy, }nen defined in (4.3). Then

D, — Dy,
in the strong operator topology.
Proof. Let x € H and € > 0. For each n € N,
M?—dJZ{’Zﬁﬂﬂk(UkS”
|di| if k> n.
If k <ny~y<1,theseries 332 4%~ is convergent and then, there exists no € N such that

i 72j—/f<:

Jj=n

n > ng = < €.

If i > n, then |dg| < ||Dy||. Thus,
1Dy — Do) &l|* = (D — Do) &, (Do — Do) z) < €Y [z, e) " + | Doll* Y I en)|.
i=1 i=n

(z,e;) are the coordinates of x in the basis {e;}, .y so they form a sequence {(z,e;)}iew C 2. Then,
there exists n; € N such that

o0
n>mn; = Z [z, e;) ] < €2
=n

Finally, for every n > max{ng;n;}
I(Dn — Do) z||* < € [|z||* + || Doll* € = € (ll«]|* + |1 Doll) ,
and it holds for each x € H fixed. O

Observe that Propositions 13 and 14 imply that Z, =Y, + D,, tends to Z, in the strong operator
topology. Since D,, € K(H)® for all n and Dy € D(B(H)™") \ D(K(H)™), the convergence can
not be in the operator norm. To establish the second main result of this section we prove first the
convergence in the operator norm of Z, + ol to Z, + al, for a particular o € R.

Proposition 15. Let Y;, Do, {Y, }nen, { Dn }tnen, { P }nen be the operators and sequence of operators
defined previously. Then

Y, + Dy + ——Py = Y, + Dy + ——1,
1 —v 1—v

in the operator norm when n — oo.
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Proof. Let € > 0, then

By Proposition 13, there exists n; € N such that

i
I—7

<V =Vall+ D+ 1= Dy o
-7

Y.+ Do+ ——1I-Y,~ D, — ——P,
1—7 1—7

n>n =Y, - Y, <e

We focus on the second term. For each n € N

{ i 1 ]
Dot 1= D= op sl - - (52 |,
but
dor i () |- S i ksn
1—- L= "/ ‘dk+ﬁ‘ if k>n

Which means that there are two possibilities:

(1) If & < n, then ’dk - ﬁ - d,(C") - < L Pn> ‘ = ‘E;’in nyj_k). It is a convergent series, so
kk

1—y
there exists ny € N such that

1 1 = .
dp + —— —d" — (——P, 2k

@)1k > n, then |de+ i —d” = (5P) | = |dt 55| Since () — —% when

k — oo, there exists k1 € N such that

€
n > ny = < 5.

1
dy+ ——| < =.

k>k =
= K1 —~ 5
If n > kq, then kK > n > k; and
1 (n) ( 1 ) 1 €
dy + ——d,' — | —P, =|dp+ —| < <.
1—7 K 1—7 ke 1—7 2

Then, there exists ng € N (by example, ng = max{ki;ns}) such that
)

< € <
— <€
11—~ ’

-2

nzn;),jHDOJFLJ—Dn—
1—v

since for each n holds that

1 1
sup |dy + —— — d\™ — (—Pn)
kelI\DI g I—7 F L=~ kk

1
;sup d;ﬁ—m }

= max max
k>n

1<k<n

o0
2j—k
2.7
j=n

Finally, if ng = max{n;;ng;ns} it follows that

n>ng = YT+D0+1LI—Y,L—DR—1LPN < %,
—

-7

which means that Y,, + D,, + ﬁPn tends to Y, + Dy + 1;] when n — oo in the operator norm.

0



14 TAMARA BOTTAZZI ' AND ALEJANDRO VARELA'?

In the above proof we also obtained that {D + 1 P ) Jnen, which is a finite range operator
(K(H)“h). Even though Y, + D,, + =5
and Y, + Dy + ﬁ[ are not minimal operators, they are useful to construct minimal length curves

in the unitary orbit of A. We will also use the operators Y,, + D,, + ﬁPn to construct a sequence

of minimal length curves that converge to § defined in (3.4).
The first result in this direction is the convergence of the sequence of exponential curves in Oy4.

Proposition 16. Let b € O4 and B,(t) = ¢'“"be™"#" a sequence of curves in Ox with {Zy}nen C
K(H)™ such that ||Z, — Z|| — 0 when n — oco. If we define B(t) = eZbe~t4 then

Bn— B
uniformly in the operator norm when n — oo for any closed real interval [ty,to].
Proof. Let € > 0.
18a(t) — B@)|| = ||e"7mbe" P — e Zbe || < ||e"Pmbe P — e Zbe P || 4 ||e P be P — ebe ||
< (e = ) bt | 4 2 (e — )| < (e |+ et — ) .

It is known that the exponential map exp : K(H)*" — U.(H) is Lipschitz continuous in compact sets
of K(H), then there exists ng € N such that

et - e < i
TENT e et <

for each ¢ in a closed interval [t;, 5] C R. Therefore

18n(t) = B()|| < €

for each n > ng and ¢ € [tq, 1], which implies that 3, — [ uniformly in the operator norm. U

HbH
il

If we consider the sequence {Y,, + D, + = b . }nen, by Proposition 15 follows that

Yn+Dn+1— n

in the operator norm when n — co. We define for each n € N the curves parametrized by
(4.6) Bu(t) = !0 F Pt T Pt Dut 5 B) ¢ [0, 1],

Observe that these curves can be considered as matricial type, since each operator Y,,, D,, and P, is
a compresion.
Below, we state the following result.

Theorem 17. Let A and b € O4 as in Theorem 6. Let {f,}nen, the sequence of curves defined as
in (4.6), and B the curve defined in (3.4). Then, for each n € N

(2) Bn(t) = etV tDn)pe=t(VntDn) for all t, since Z P commutes with Y, + D,,.
(3) For each ty € [—m, m] = [ TG’ TG ] holds that

L (Buliosy) = ltol Y2l = lto] Mo = L ().

(4) By 2 [0,t0] = O with ty € [—L L} is a minimal length curve in O 4.

2Mo* 2Myp

(5) 5,(0) = B'(0) in the norm ||.||, of (TOa)s.
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Moreover, by Proposition 16 5, — 3 uniformly in the operator norm in the interval [—ﬁ, ﬁ]
Proof. The proof of items (1), (2), (3) is analogue to proof in Theorem 6. The equality ||[Y,]|| =
My = ||[Y;]|| is due to Proposition 11.

Since for each n € N fixed Y,, + D,, is a minimal compact operator, Theorem I in [5] states that (3,
is a minimal length curve between all curves in Q4 joining /3,,(0) = b to £, (t) with || < SV D
This means that (3, is also a minimal curve in O4. Then, (4) is proved.

We proceed to prove (5): let € > 0. Then there exists nyg € N such that n > ng = [|Y, = Y,| <e.
Therefore,

18,(0) = B'(0)]l, = inf {[|Z]| : Z € K(H)*™", [Z,8] = (Y, = Y,) b= 0 (Y, = V})}
= inf 1Y, =Y, +D|| < ||V, =Y,]| <e€
DeD(K(H)*)
for each n > ny. It follows that [|5/(0) — £'(0)||, = 0 when n — oo.
0]

As a conclusion of this section, we obtain a minimal lenght curve § C O4 that can be uniformly
approximated by minimal curves of matrices {5, }, but 5 does not have a compact minimal lifting,
although each (3, has at least one minimal matricial lifting.
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