THE ESSENTIAL NORM OF OPERATORS ON A?(B,)

MISHKO MITKOVSKIf, DANIEL SUAREZ!, AND BRETT D. WICK}

ABSTRACT. In this paper we characterize the compact operators on AZ(B,,) when 1 < p <
oo and o > —1. The main result shows that an operator on A2 (B,,) is compact if and only
if it belongs to the Toeplitz algebra and its Berezin transform vanishes on the boundary of
the ball.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let B,, denote the unit ball in C". For a > —1, we let
I'n+a+1)
n!T(a+1)

This choice of ¢, gives that v, (B,) = 1. For 1 < p < oo the space AX(B,,) := AP is the
collection of all holomorphic functions on B,, such that

1 = [ P duafz) < oo,

We will also let L2 (B,,) := L, denote the standard Lebesgue space on B,, with respect to the
measure v,. The standard inner product between vectors z,w € C" will be denoted by zw.
Recall that the projection of L? onto A2 is given by the integral operator

Pe = [ i

It is well-known that this operator is bounded from L? to A? when 1 < p < oo and a > —1.
Let M, denote the operator of multiplication by the function a, M,(f) := af. The Toeplitz
operator with symbol a € L* is then defined by

T, := P, M,.

dve(2) = co (1 — |2*)*dv(z), with ¢, =

dvg (w).

It is immediate to see that ||y ;zz ar) < [laf[ . For 1 <p < oo, @ > —1 and for A € B,
n+l4+a

let k:(p’a)(z) = WD T here as usual ¢ = ~2. We also let K (2) = =—=+——, which
A T @ 1= -1 AME) = Ao

is the standard reproducing kernel in the space AZ.
The Berezin transform of an operator S on A? is defined by

B(S)(2) := (SkP™, ko)) .
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It is easy to see that if S is a bounded operator then sup{|B(S)(z)|: z € B,} < ||S]|. One of
the interesting aspects of operator theory on the Bergman space is that the Berezin transform
essentially encapsulates all the behavior of the operator. In fact, the Berezin transform is
one-to-one, so every bounded operator on A? is determined by its Berezin transform B(S).
It is also easy to see that if S is compact, then B(S)(z) — 0 as |z| — 1. Moreover, as we
will see in this paper, it is possible to obtain a characterization of compact operators on A?
in terms of the Berezin transform. The following papers provide additional examples of how
the Berezin transform determines properties of several classes of operators on the Bergman
space of the unit ball B,,, [2,8,9,11,13, 14, 17].

As motivation for our project, we highlight some of the major contributions leading to a
characterization of compactness in terms of the Berezin transform. A major breakthrough
was obtained by Axler and Zheng for the standard Bergman space A3(D), see [1]. They
showed that if S is a finite sum of finite products of Toeplitz operators, S is compact if and
only if the Berezin transform vanishes as |z| — 1. This was later extended by Englis to the
case of bounded symmetric domains in C", see [7]. See also the proof by Raimondo, [12], in
the specific case of B,,.

To state the next contribution, we need a little more notation. Let 7, , denote the Toeplitz
algebra generated by L*> functions. Miraculously, there is a very close relationship between
membership in 7,, and compactness since it is known that the compact operators on A?
belong to 7,4, see [6]. When o = 0, the second author showed in [15] that the compact
operators are precisely those that belong to the Toeplitz algebra and have a Berezin trans-
form that vanishes on the boundary of the unit ball. The main theorem of this paper is a
generalization of the last result to a > —1, as stated below.

Theorem 1.1. Let 1 < p < oo and a > —1 and S € L(AP, AP). Then S is compact if and
only if S € Tpa and lim, 1 B(S)(2) = 0.

There is a well-known similarity between results on the Bergman space A? and the Fock
space of entire functions F?(C"). These are the entire functions on C" such that

I

In the recent paper [3], Bauer and Isralowitz obtained analogous results for the compact
operators on the Fock space. In particular, they showed that an operator on the Fock space
is compact if and only if it belongs to the Toeplitz algebra and the Berezin transform vanishes
at infinity.

The outline of the paper is as follows. In Section 2 we fix notation and state some
additional facts that will be needed throughout the paper. In Section 3 we show how to
approximate S € 7, , by certain localized operators that will be crucial when computing the
essential norm of S. In Section 4 we introduce a way to connect the behavior of the Berezin
transform to the behavior of these localized operators. Finally, in Section 5 we merge the
ingredients of the two previous sections to prove our main results. This is accomplished by
obtaining several different characterizations of the essential norm of an operator on A?.

Throughout this paper we use the standard notation A < B to denote the existence of
a constant C' such that A < C'B, while A ~ B will mean A < B and B < A. The value
of a constant may change from line to line, but we will frequently attempt to denote the
parameters the constant depends upon. The expression := will mean equal by definition.

(o3

f2)e

‘ 2

' dv(z) < 0.
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2. PRELIMINARIES

We let Zw denote the standard inner product in C*. For z € B,, ¢, will denote the
involutive automorphism of B,, such that ¢.(0) = z. Using this automorphism, the pseudo-
hyperbolic and hyperbolic metrics on B,, are defined by

1 1
p(w) = o) and Bz, w) = - log jﬁ—gg
Recall that these metrics are connected by p = giﬁ;i = tanh 5. It is well-known that these

metrics are invariant under the automorphism group of B,,. We let
D(z,r) :={weB,: f(z,w) <r}={weB, : p(z,w) <s=tanhr},

denote the hyperbolic disc centered at z of radius r. Recall the following well-known identity
for the Mobius maps that will be used many times in what follows:

1= ot = = DEZ),

n+l4+a

. ,Q 1—|A[2
For 1 < p < 0o, —1 < a, and for A € B,, 1fk§\p )(z) = %,
ka\p <) p ~ 1 with implied constants depending on p,a,n. For a set £ C B,, we let 1g
denote the indicator function of the set E.

The next lemma is well-known, and we omit the proof. The interested reader can consult

the book [18].

we have that

Lemma 2.1. For z € B,,, s real and t > —1, let

Fs.(2) ::/IB wdv(w).

1 —wz
Then Fy, is bounded if s < n+1+t and grows as (1—|2|*)" 14 when |z| — 1 if s > n+1+t.

2.1. Carleson Measures for A? . Unless stated otherwise, a measure will always be a
positive, finite, regular, Borel measure. For p > 1 a measure p on B, is a Carleson measure
for AP if there is a constant C),, independent of f, such that

( 5 |f(2) du(Z)) ‘<, ( 5 |F(2)[F dva(z)); . (2.1)

The best constant C), such that (2.1) holds will be denoted by |||
For a measure u we define the operator

1) = [ i dutw),

which gives rise to an analytic function for all f € H*. When 1 < p < oo, T, is densely
defined on AP, and T}, is bounded from A? — AP if and only if i is a Carleson measure for
AP . Notice also that if p is absolutely continuous measure with density a, i.e., if du(z) =
a(z) dve(z) then T), is equal to the Toeplitz operator Tj,.

The following well-known result provides a geometric characterization of the Carleson

measures for A?.
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Lemma 2.2 (Necessary and Sufficient Conditions for A? Carleson Measures). Suppose that
l<p<ooanda>—1. Let pu be a measure on B,, and r > 0. The following quantities are
equivalent, with constants that depend on n, o and r:

14722 n+l4+a
(1) [[ellgxn = suP.ep, an % dp(w);
[1—Zw|

@) loll? = i {C: o, /P du(2) < C f, 1P dea()}:
<3) HMHGeo = Susz]Bn %;
(4) 1Tl g e

Observe that conditions (1) and (3) are actually independent of the exponent p = 2 and
so, the equivalence with (2) is actually true for all 1 < p < 0.

Another simple observation one should make at this point is the following. Suppose that
i is a complex-valued measure such that |p|, the variation of the measure, is a Carleson mea-
sure. Decompose p into its real and imaginary parts and then use the Jordan Decomposition
to write g = py — pio + i — ipy where each p; is a positive measure and |p| ~ ijl |11

Then |p;| is a Carleson measure with |||x|||gey = ijl |4l gpenr- Using Lemma 2.2 we
have that 7), is a bounded operator on A? when p is a complex-valued measure with |u| a
Carleson measure.

Proof. The equivalence between (1), (2) and (3) is well-known, [18]. Finally, to prove the
equivalence with (4), first suppose that (2) holds. Then, using Fubini’s Theorem we have
that for f,g € H*

) f(w)g(w) dp(w)

171125 Ngllzs,

S el e g Ngllag -

(Tt 9)

IN

But, this inequality implies T}, : A2 — AP is bounded. Here we have identified (A?)* = A4.
Conversely, if T}, is bounded, observe
n+l4+a
L ¢ e i N
T <k,(P70¢)> — / Ul d
BT (2) 5, (1 — zw)ntite (1 — dw)nti+e p(w)

and in particular

n+l+a

(p.2) B (1= AP
T, (kxp ) (\) = /En R dp(w).

This computation implies

(1 B |)‘|2)n+1+a el Ne
/B s du(w) = (TEP, k! >>A§ <

ST Y

k/(\‘La)

‘k§p7a)

1Tl ey |62, 5,

X N Tull gaz any
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Lemma 2.3. Let 1 < p < oo and suppose that j is an A2 Carleson measure. Let F' C B,
be a compact set, then

1
HTulpf”Ag S ”TM||Z(A£7A5) HlFfHLP(u) )

where q = z%'

Proof. 1t is clear T}, f is a bounded analytic function for any f € AP since F' is compact
and g is a finite measure. As in the proof of the previous lemma, we have

(Tuap )| = | [ et flwlglal due)

< ||1Ff||LP(M) ||g||Lq(u)

1
N ||Tu||Z(Ag,Ag) ||1Ff||LP(M) ||9||Ag :

Taking the supremum over g € A? we have the desired result. ([l
For a Carleson measure p and 1 < p < oo and for f € LP(B,,; 1) we also define
_ f(w)
P.f(z) = /IB%n (1 — wz)ntite dp(w).

It is easy to see based on the computations above that P, is a bounded operator from
LP(B,; p) to A and 1), = P, o 1,.

2.2. Geometric Decompositions of B,. We will use the following geometric facts. The
first lemma is classical and we omit its proof. The proof of the other two can be found
in [15].

Lemma 2.4. Given o > 0, there is a family of Borel sets {D,,}~_, C B, and points
{wm Y, such that
(i) D (wm,2) C Dy, C D (wp, 0) for all m € N;
(ii) DkﬂDl :Q) Zf]{? 7& l,‘
(iii) U*_, D,, = B,.

It is easy to see that when the radius ¢ is fixed, for w € D,,, then (1 —|w|*) &~ (1 — |wu|*)
and |1 — Zw| = |1 — Zw,,| uniformly in z € B,,.

Lemma 2.5 (Lemma 3.1, [15]). There is a positive integer N = N(n) such that for any
o > 0 there is a covering of B,, by Borel sets {Bj};?‘;l satisfying:
(i) B;N B =0 if j # k;
(ii) every point of B, belongs to at most N of the sets {z : B(z,B;) < o};
(ili) there is a constant C(c) > 0 such that diamg B; < C(0) for all j.

Let 0 > 0 and k be a non-negative integer. Let {B;}32; be the covering of the ball
satisfying the conditions of Lemma 2.5 with (k + 1)o instead of 0. For 0 <i <k and j € N
write

Foj=B; and Fi,;:={z:0(zF; <o}.
Then we have,

Lemma 2.6 (Corollary 3.3, [15]). Let 0 > 0 and k be a non-negative integer. For each
0 <i <k the family of sets F; = {F, ; : j € N} forms a covering of B, such that
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1) Foj N Foj, =0 if j1 # jo;

1) Fo; CFy; C-- C Fyprj for all j;

iii) 6( igs P ) 20 forall0 <i <k and j>1;

v) every point of B, belongs to no more than N elements of F;;
v) diamg F; ; < C(k,0) for all i,j.

3. APPROXIMATION BY SEGMENTED OPERATORS

The goal of this section is to show that every operator in the Toeplitz algebra can be
approximated by certain localized operators that are sums of compact operators. This ap-
proximation will help us to estimate the essential norm.

Theorem 3.1. Let S € T,,, it be a AY. Carleson measure and € > 0. Then for j € N there
are Borel sets F; C G; C B,, such that
(i) By = U5Z, Fj;
(ii) FyNFy=04f j#k;
(ili) each point of B,, lies in no more than N(n) of the sets G;;
(iv) diamg G; < d(p, S, €)
and

_ZMleSTlllGj < €.

j=1

L(AG,LE)

In order to prove this result we will need several technical estimates that we group into
a few lemmas. The following classical test for boundedness will be used repeatedly in what
follows.

Lemma 3.2 (Schur’s Lemma). Let (X,pu) and (X,v) be measure spaces, K(x,y) a non-
negative measurable function on X x X, 1 < p < oo and %—l—é = 1. If h is a positive function

on X that is measurable with respect to p and v, and C, and C, are positive constants such
that

/ K(z,y)h(y)?!dv(y) < Cyh(z)? for p-almost every z,

/ K(z,y)h(z)? du(zx) < C,h(y)? for v-almost every v,

then Tf(x) = [ K y)dv(y) defines a bounded operator T : LP(X;v) — LP(X;pu)
with HTHLP(V)—>LP < C Cp

Lemma 3.3. Let 1 <p < oo, a > —1 and p be a A2 Carleson measure. Forj e N, suppose

that Fy, Kj C B,, are Borel sets such that { F}}32, are pairwise disjoint and 3(Fj, K;) > o > 1
1
forall j. If 0 <y < min {m, T}’ then
(1= |w]*) "> . 21
/ le Wdﬂ(w) STl pag azy X=X = [7)7> (3.1)

where § = tanh & and the implied constants depend on n,a and p.
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Proof. Consider a sequence of points {w,,} and Borel sets D,,, as in Lemma 2.4 with ¢ = %.
Standard computations show that there are constants C'(n,p, «) such that

_1 2.1
(I—fw®)™7 (1= |wnl) 7"
n+l4+a ~ n+l4a (32)

|1 — zw| |1 — Zw,y,|

for all w € D,, and z € B,,. By the Carleson measure condition, we have a constant C' such
that

1(Dm) S HTH|’£(AQ7AZ) Va(Dm)-
If z € F; and w € Kj, with f(z,w) > o, then K; C B, \ D(z,0) and

o0

Z L, (2) 1k, (w) < 15 (2) 1\ Dz ().

J=1

Thus, the integral in (3.1) is controlled by

NE

1F‘(2)/ s \p (w)%du(w)
- J ; n\ (sz) |1_Ew|n+1+o¢

<.
I

WE

1) | Lo (0)(z. ) duw)

1

<.
Il

i
NE

1Fj (Z)JZ
1

<.
Il

For simplicity, we write ¢(z,w) as the kernel appearing above, and D(z,0)¢ =B, \ D(z,0).
We now estimate each integral J,. By definition,

J, = /n 1pezoye(w)o(z, w) dp(w) = Z/D 1p(z,o)e(w)d(z, w) du(w)

< ¥ e
D;ND(z,0)#0
~ Z /gbzwj dp(w)
D;ND(z,0)#0
S Wl 30 o))
D;ND(z,0)¢
~ Wy 3 o) donte)
D;ND(z,0)¢

If D;ND(z,0)¢# 0 and w € Dy, then f(w, D(z,0)°) < diamg D,,, < 20 = %, and since

5(0(-3) pts1) =3

1
27
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we have that D; N D (z,%) = () whenever D; N D(z,0)° # 0. Thus,

Jy S ||Tu||[;(Ag,Ap) Z / Qb Z, w dva ) = HT ”L(AQ,AP / D(%g)c(w)gb(z,w) d“a(w)‘

D;ND(z,0)#0 :

Continuing the estimate, we have

75 I ||,;(ApAp21F ) [ Loy o w) duafw)

2

w>s |1 —Zw|

_1
SR o (A= lel) >
= Hullgar, az) F;(2) — e Qa(w)
j=1

1
(L= Jul) 5 (1= |23 5
< ||IT / dv(w).
H #HE(AZ,AQ) w|>3 |1_§w|n+1+o¢—% ( )

Here we have used the change of variable v’ = ¢,(w) and that the sets Fj are pairwise
disjoint. Pick a number a = a(n, a, p) satisfying

1
l<a<p and a<n+1—|—04——> <n+1+a.
p
Note that the second condition can be rephrased as p(n + 1+ a) < a, so it is clear that

we can select the number a with the desired properties. Now apply Holder’s inequality with
é%—%:ltoseethat

(1—Jw*) > (1—Jw’)* : 5
—— dva(w) < —~ dvg(w) | (vafw : Jw| > 6})«
w|>5 |1 _ zu]|n+ +CM*; |w|>5 |1 o 2w‘a<n+1+a—5)

R
o

1
7

But, (vo{w:|w|>d})¥ = C(n,a)(1l — 6*")a
s:a<n—|—1+a—5> we have

(- luly % (- Juf’)
</|| 1= zuflreie?) dv“(w)) </ 1 D) d““(w)>

(1= ) :
- (/B EONCICARERET) dv(w)) =cmen

n |1 —Zw|*

a

, and by Lemma 2.1 with { = a — > and

IN

since a (n +1+a— —) <n+l+a-—-*% by the choice of a. This then gives

1 _1
T STl pagay (1= 37 (1= =) 75,

with the restrictions on a giving the corresponding restrictions on ~ in the statement of the
lemma. U

Lemma 3.4. Let 1 < p < oo and p be a A? Carleson measure. For j € N, suppose that
F;,K; C B,, are Borel sets and a; € L> and b; € L>*(B,; ) are functions of norm at most
1 for all 5. If
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(ii) suppa; C F; and suppb; C K;;
(ili) every z € B,, belongs to at most N of the sets Fj,

then Y 7% My, P, My, is a bounded operator from AP, to LE, and there is a function B, q(0) — 0
when o — oo such that

> Moy PuMyf|| < NBpalo) 1 Toll g azy 11z (3-3)
Jj=1 74
and for every f € AP
S (1M, By £ < N2 (0) 1Tl I (3.4)
Proof. Since i is a Carleson measure for A2, 1, : A» — LP(B,; i) is bounded, with ||z,] <
1
|l e annd so it is enough to prove the following two estimates:
9] L1
S Mo Py £ < Negal®) 1Tl e s 1 o (3.5)
Jj=1 h7e
and
D Mo, Py, f 1|7y < N6 O 1Tl anazy 1 g0 (3.6)

where § = tanh § and k,4(0) — 0 as § — 1. Estimates (3.5) and (3.6) imply (3.3) and (3.4)
via an application of Lemma 2.2.
First, consider the case when N = 1, and so the sets {F}} are pairwise disjoint. Set

1

z U}) = lp(z)lK(w)ﬁ
; J J |1 . ZQU| +1+

Suppose now that f € LP(By; p), [lajl o and [|bj]| oo (,.,) < 1. Easy estimates show

Soue) [ e )

s/@@wmmww

n

> Mo, PMy, f(2)
j=1

which implies that it suffices to prove that the operator with kernel ®(z,w) is bounded
1
between the necessary spaces. Set h(z) = (1 — |z|°) % and observe that Lemma 3.3 gives

[ @b i) Tl az) (1 - 5B

n

while Lemma 2.1, plus a simple computation, implies that

/ O(z,w)h(2)P dvy(z) < h(w)P.

n

Schur’s Lemma and Lemma 3.2 then give that the operator with kernel ®(z,w) is bounded
1

from LP(B,,; i) to L? with norm controlled by a constant C(n, v, p) times k; o(9) ||TM||ij A7)
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We thus have (3.5) when N = 1. Since the sets Fj are disjoint in this case, then we also
have (3.6) because

p

Z HMajpuMbijig - ZMaquMbjf
j=1 j=1 I
Now suppose that N > 1. Let z € B, and let S(z) = {j : z € F}}, ordered according to
the index j. Each F; admits a disjoint decomposition F; = U,ZCV:1 A;? where A? is the set of
z € Fj such that j is the i*" element of S(z). Then, for 1 <k < N the sets {A¥: j > 1} are
pairwise disjoint. Hence, we can apply the computations obtained above to conclude that

Z HMGJ'PMMbijig = Mo AkP My, f
J=1 Lg
N oo
- ZZ ot Pl i
k=1 j=1 L&
S NEE () | Tl anazy 1 s
This gives (3.6), and (3.5) follows from similar computations. O
Lemma 3.5. Let 1 < p < o0 and o > 1. Suppose that ay,...,ar € L* are functions of

norm at most 1 and that p is a A2 Carleson measure. Consider the covering of B, given by
Lemma 2.6 for these values of k and o > 1. Then there is a positive constant C(p, k,n, «)
such that

k

[17.

=1

k

Hm

=1

T, — ZMlF

where By q(0) = 0 as 0 — oc.

5 BP,OJ(O-) ||TM||L(A§“Ag) 3 (37)

T
PlE

L(AG,LE)

Proof. We break the proof up into two steps. We will prove that

‘ Z My, H Totr,,
and

Z MlFo

k

7|7

=1

S Bpol @) 1Tull pag gy (3:8)
L(AR,LE)

1Fk+1 ]M

k

[17.

i=1

'U’1Fk+1 ZMlFD HTallF

< Bpalo) HTMHL(Ag,Ag) )
L(AGL?) (3.9)

where the constants depend on p, k,n, and «. It is obvious that each of these inequalities

combined give the desired estimate in the Lemma.
For 0 < m < k + 1, define the operators S,, € L (A2, LF) by

S =Y M, HTlF a H T.|T
j=1

i=m+1

NlF]H_l g
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Clearly we have Sy = > 7%, My, | [Hle Taz} T, = [Hle Taz} T,, with convergence in the
strong operator topology. Similarly, we have

Sk =) My, H Toit,
j=1

When 0 < m < k — 1, a simple computation gives that

m k
m+1 E Mlpo | | TlFi’jai T1F7crz+1,j Am+1 | | Tai
=1

i=m-+2
Here, of course, we should mterpret this product as the identity when the lower index is
greater than the upper index. Take any f € AP and apply Lemma 3.4, in particular (3.4),
Lemma 2.6 and some obvious estimates to see that

HleH]

k p
H(Sm - Sm-H) f”ig < C(p)pm Z MlpmyjamPaMIFT%H’jamH [ H T, Tuf
J i=m-2 LE

IN

C(p)"™NBy ol T, f

[H T.,

i=m-+2

< C(p)p(k_l)Nﬁﬁa(U) ”Tqu(Ag,Ag) ||f||,4g :
Also,

— S = ZMlF HTIF o

and again applying Lemma 3.4, and in partlcular (3.4), we find that

(St = Sisn) FIy < CENBLo(0) WTull iy 171 -
Since N = N(n), we have the following estimates for 0 < m <k,

H(Sm - Sm+1) fHLg SJ ﬁp,a<0-) ||T#HL(AZ7A3) ||fHA§1 )
But from this it is immediate that (3.8) holds,

1 3
T, FEy

k
10S0 = Skr) Fllp < D M(Sm = Smir) Fllze S Boal@) 1 Tull gz azy 1 az -
m=0

The idea behind (3.9) is similar. For 0 < m < k, define the operator

Sm:ZMlFo,j HTIF a; H ,-Ta2
j=1

i=m+1

Hle+1]

so we have

gO - Z 1ry 5 HTal

oo

S’k = Z HTale

=1

ll»leH g

MleH ;




12 M. MITKOVSKI, D. SUAREZ7 AND B. D. WICK

When 0 < m < k — 1, a simple computation gives

- Mm+1 — ZMlFO |:HT1F a1:|T1Fc am+1 [ H Tal

i=m-+2

NleH

Again, applying obvious estimates and using Lemma 3.4 one concludes that
(- s, < cor S

C(p)P*=1) Do (0) 1T, H[;(Ag,AP Z ||1Fk+1 Jf”LP(M

IN

MleH g

IN

< O IBL,(0) |IT, ||£(Ag,Ap 11

< NC(pP*Y80 (o) |IT, IIMP any 11

Here the second inequality uses Lemma 2.3, the next inequality uses that the sets {Fyi1,}
form a covering of B,, with at most N = N(n) overlaps, and the last inequality uses Lemma
2.2. Summing up, for 0 < m < k — 1 we have

(S = Smsa) ]|, = Bra@) 1Tl cgapazy 1l

<3 (50 - 80

which implies

Ii5.-5)

» S Bpalo) HTuHc(Ag,Ag) ”f”Aﬁ )

giving (3.9). O
Lemma 3.6. Let
S=2 H o | T
=1 LI=1
where aé € L, ky,....kn < k and p; are complez-valued measures on B,, such that |u;|

are A? Carleson measures. Given € > 0, there is 0 = 0(S,€) > 1 such that if {F;;}32, and
0 <i<k+41 are the sets given by Lemma 2.6 for these values of o and k, then

5= 00,3 HT
j=1

=1 =

ule}H—l <€

L(AG,LE)
Proof. First, suppose that p; are non-negative measures. It suffices to prove the result in
this situation since for general p; we can decompose ft; = ft; 1 — fti 2 + i 3 — 1 t;, 4, Where each
i j is a non-negative measure, and hence a Carleson measure.

Without loss of generality, set k; = k for all ¢ = 1,...,m. This can be accomplished by
placing copies of the identity in each product if necessary. We now apply Lemma 3.5 to each
term in the operator S. By Lemma 3.5, for 0 = o(S5, €) sufficiently large we have

k [e%9)
| |Ti — E M

ak 1Ry 4
j=1 j=1

k

I17;

€
< —

HilEy m

L(AZ,LE)
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for : = 1,...,m. Then, summing this estimate we see that
s [H i) Tt <e
==t L(AR,LR)

But, for every i = 1,...,m we have that > Mg, [H] (T } Fpy i CODVErges in the
sJ
strong operator topology, and so

00 m ks
=Y My S 7| Tiry <

j=1 i=1 Li=1 L(AZ,LE)

as desired. U
We are finally ready to prove Theorem 3.1.
Proof. Since S € Ty, there is So = S0 [11, T,; such that
1S — SOHL;(Ag,Az;) <6

where a} € L™ and k; are positive integers. Set k = max{k; :i =1,...,m}. By Lemma 3.6

we can choose 0 = 0(Sy, €) and sets F; = Fy; and Gj = Fj41,; with

S@Tu — ZMle SOTIAG < €.

j=1

L(AZ,LE)

We have that (i), (i), (iii) and (iv) hold by Lemma 2.6. Now, for f € A2 we have

p
(S —50) s f|| = Z))MlF S— ST,
L%
< GPZ‘ /ﬂG
< EPZHM Mo
<

Ep HTqu(Ag,Ag) ||f||ig :

Therefore, the triangle inequality gives

< ||S - SOHc(Ag,Ag) HTuHc(Ag,Ag) te

- My, STy,
j=1

L(AG,LR)

< €

~Y Y

> My, (S = 50) T,

j=1

L(AG,LS)

where the constant of the last inequality depends only on ||| ;4 4r) and n. O
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4. A UNIFORM ALGEBRA AND ITS MAXIMAL IDEAL SPACE

We consider the algebra A of all bounded functions that are uniformly continuous from
the metric space (B, p) into the metric space (C, |-|). We then associate to A its maximal
ideal space M 4, which is the set of all non-zero multiplicative linear functionals from A to
C. Endowed with the weak-star topology, this is then a compact Hausdorff space. Via the
Gelfand transform we can view the elements of A as continuous functions on M 4 as given
by a(f) = f(a), where f is a multiplicative linear functional. Since A is a commutative C*
algebra, the Gelfand transform is an isomorphism. It is also obvious that point evaluation is
a multiplicative linear functional, and so B,, C M 4. Moreover, since A is a C* algebra, B,,
is dense in M 4. Also, one can easily see that the Euclidean topology on B,, agrees with the
topology induced by M 4.

We next state several lemmas and facts that will be useful going forward. Their proof can
be found in [15]. For a set E C My, the closure of E in the space My is denoted E. Note
that if £ C rB,,, where 0 < r < 1, then this closure is the same as the FEuclidean closure.

Lemma 4.1. Let z,w,& € B,,. Then there is a positive constant C(n) such that

p(z,w)
p(e:(8), pu(€)) S ———3-
1—[¢]
Lemma 4.2. Let (E,d) be a metric space and [ : B, — E be a continuous map. Then f
admits a continuous extension from M 4 into E if and only if f is (p, d) uniformly continuous

and f(B,,) is compact.

Let x € M4 and suppose that {z,} is a net in B,, converging to z. By compactness, the
net {..} in the product space M}" admits a convergent subnet {¢,, }. That is, there is
a function ¢ : B, — My such that fog. — fo¢. Moreover, it can be shown that the
whole net {z,} converges to x, and that ¢ does not depend on the net. We then denote the
limit by ¢, and one can easily observe that ¢,(0) = x. This gives the following Lemma.

Lemma 4.3. Let {z,} be a net in B,, converging to x € M 4. Then

(i) aop, € A for every a € A. In particular, ¢, : B, — M4 is continuous;
(ii) a o p,, — a o, uniformly on compact sets of B,, for every a € A.

4.1. Carleson Measures and Approximation. Given a complex-valued measure p whose
variation is Carleson, our next goal is to construct a sequence of functions By(u) € A such
that T,y — 7T, in the norm of L(A?, AP) for any @« > —1 and 1 < p < co. As a
consequence, we have the following Theorem.

Theorem 4.4. The Toeplitz algebra T, o equals the closed algebra generated by {T,, : a € A}.

For a = 0 this was proved in [15, Thm. 7.3]. Here we give a more direct and quantitative
proof. We remark that an additional proof can be given by building on the ideas in [15, 16].
Recall that for a > —1,

I'n+a+1)
nT(a+1)’

is a probability measure on B,,. Let u be a complex-valued, Borel, regular measure on B,, of
finite total variation. If 2 € B,,, kK > a, and a > —1, the (k, a)-Berezin transform of p is the

dvg(2) i= co (1 — |2[H)*dv(2), with cq =
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function

By (p)(2) :=

C_k / (1 B |¢Z<w)|2)n+1+k d,LL(lU)

Cor (1— |w|2)n+1+o¢
When 1 = adv,, with a € L, a change of variables gives By(adv,) = an(a o ©,) duy.
Also, observe that if x| is a Carleson measure then By(p) = B(7),), the Berezin transform

of T,. Finally, observe that for k > «,

/ (1 = [z (w)[?)mtite

|Be(p)(2)] < %

Ca (1 — |w|?)n+ita d|pl(w) = o B, (|])(2).

«

Lemma 4.5. If |u] is a AP, Carleson measure and k > «, then By(p) is a bounded Lipschitz
function from (B, p) into (C,|-|). Specifically, there are constants depending on n,k and «
such that

[Be(1)(2)| S Ballul)(z) and  |Br(p)(z1) — Be(p)(22)| S | Ballp)llo (21, 22).

Proof. The first estimate is immediate from the definitions, and so we turn to the second.
Let z1, 22 € B, and assume first that w € B, is such that |p,, (w)| < |p.,(w)|. Applying
Lagrange’s Theorem to the function f(x) = z® for 0 <z <1 and s > 1 yields

(1= Jz, (W) ) = (1 = [0z, (w)[?)*] < 25 (1 = |0z, (w) )" [z (w)] = 02, (w)]]
< 25 (1 = ooz, (w) )" p(21, 22) (1 = |z (w)] 02, (w)])
<25 (1 —Jga, (0)*)" p(21, 22),

where the inequality in the middle uses a well-known stronger version of the triangle in-
equality for the metric p. If w € B, is such that |p,,(w)| < |¢., (w)| we get a symmetric
inequality. Thus, for k > a, taking s = n+ 1+ k, there are constants depending on k,n and
a such that

|Bi(12) (1) — Bu(p)(22)| < [Br(lu)(21) + Bellul)(z2)] p21, 22) S [1Ballpe) oo p(21, 22).
O

For the next lemma, we will need truncated versions of B, and a corresponding adjoint.
To define these operators, if 0 < r < 1, let

_a (1Pt
B =2 [ e dn(w)

and for h € L}

B )= [ e e ) dun(2)

Since the measure % is conformally invariant and dvy = cx(1 — |u|?)* dv is a prob-

ability measure, it follows immediately that By . is a contraction on L). The change of
variables ¢, (z) = u leads to

B, (h)(w) = |

|u|<r

(1 — [uf?)+i+e
1w h(pw(u)) dog(u), (4.1)




16 M. MITKOVSKI, D. SUAREZ7 AND B. D. WICK

which also shows that By, acts on L* with norm bounded by some positive constant
C(a,n,r). Furthermore, if || is a AP Carleson and h € L}, Fubini’s theorem yields

| Bu@h@)dea() = [ B, (b)) dutw) (1.2
Let f be a complex-valued C! function on B,. Recall that the gradient of f is defined as
of of of of
V= (821 "0z, 07, 07,
and the invariant gradient as
Vf(z) =V (fog:)(0).
In [18, pp.49] it is shown that if f is holomorphic on B, and ¢ € Aut(B,,), then

and (1= ) IVi()| < |Vi)|. (43)

V(feg) ()| = |V ewlz)
Lemma 4.6. Let f € AP and g € A%, with * —|— = =1, and write h = fg. Ifr < < , there is
a positive constant C'(k) independent of r such that C(k) — 0 when k — oo, and

Bi =) <€) [ (191011701 Fat0l) T oo

n

(4.4)
Proof. By (4.1)
. (1 — Juf?)rti+e
B, (|h = h(w)]) (w) = /|u|<r 1 T v |h(pw(u) — h(w)| dog(u)
< gt /|  hliu) = h(w) o). (4.5)
Furthermore, there is a constant C'(n) such that
|h(pw(uw) —h(w)| < [ul |S£1‘1<p [V(howw)(§)l
S vl lliug (90 9u)V(fopu)l+ lzupl |(f 0 0uw)V(gopuw)l| - (4.6)

Since the functions (g o ,)V(f 0 p,) and (f o ¢,)V(g o ,) are analytic from B, into C*",
each coordinate is subharmonic, and consequently so is the sum of their absolute values.
Furthermore, since the ¢! and ¢? norms are equivalent on C?" via constants depending only
on n, we see that for some constant C'(n) and [¢| < 1

(90 0a)V(f 0 )| (€) < 420 / (90 )V (f 0 )| do(s)

1
|§*€‘<Z

<[ B e navie s

1—(3)
—— @)a“ /c|<;(1 = [sIM)1(g © L)V (f © pu)l dva(s).

Ca



THE ESSENTIAL NORM OF OPERATORS ON AZ(B,) 17

In the last integral, using that by (4.3), (1 — []2) |V(f o ¢u)(s)] < [(VF)(0w(s))], we see
that there is a constant C'(n, «) such that

(g0 0u)V(fopw)l(§) < /KlI(gosow)(<)\\(ﬁf)(sow(C))!dva(G)

(1= fuwf?)tte
|1 _ Zw|2(n+1+a)
(1 _ ‘C‘2)n+1+a
|1 _ Zw|2(n+1+a)

- / 994 v (0)
low ($)]<

2

dva(C),

2

< v
< / PG

where the equality comes from the change of variable ( = ¢,(s) and the last inequality
holds because (1 —|w|?) < 8(1— |¢|*) when |¢,,(¢)| < 3. Since the same estimate holds when
interchanging f and ¢ in (4.6), we obtain

(1 _ ’<|2)n+1+a
|1 _ Ew|2(n+l+o¢)

[h(pw(w) = h(w)] < Jul /B (19 QY £+ £ V9(0)]) dva(().

where the implied constant depends on n and «. Note that
/ lu| dog(u) < C(k) := |u| dog(u) — 0
ul<r Bn

as k — oo. Inserting this inequality in (4.5), we have another positive constant C'(n, «) such
that

Bi,(n— b)) < c® [ (aOIF5]+ 1Q1Fe(0)]) T

’1 _ Zw|2(n+1+o¢)

dva(C)

which proves the Lemma. 0

Theorem 4.7. Let 1 < p < oo, a > —1, |u| a A2 Carleson measure and h = fg, with
fe Al and g€ AL. Then

/ By (1) (2) (=) dva(z) — / h(z) du(2)

n n

< CR) 1 BalleDllog 1 1lag 19l ag > (47)

where C'(k) = 0 as k — oo. In particular, when 1 < p < oo and o > —1, T, () — T, when
k — oo.

Proof. Fix any 0 < r < 1 and split Bi(pt) = By, (1) + Ey (1), where

@ (1 lpw)y =
B = [ S )

From (4.2) we see that

/n Bi(u)h dv, — / hd,u' <

Jk =

/Bm(u)hdva—/ hdu‘+/ By (j)h] dow
By B,

n

IN

/B |BS,(h) — h| dlp| + / By, ([ul) [h] dua.
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and since
< By, (Ih = h(w)])(w) + | B;,.(1) = 1| |h],

we get

Ji < / By, (Ih — h(w)l)d | (w) + / 1By, (1) — 1 [Ald || + / By (lul) 1] dva. (48)

n

So, it is enough to show that each one of the above integrals admits a bound as in (4.7).
For the last integral, observe

o (L@ e
B =% [ e e (1=l w)) " diul(w)

Ck k—a
< % (1) Bulluble

«

_I'n4+k+1) T(a+1) ko
= Tt Tmrarn o) 1Bl

< C(a,n) k" (1 - T2)k_a [ Ba(l1]) lso,

where the last inequality follows from Stirling’s formula. Thus, for any 0 < r < 1 there is a
constant C,.(k) — 0 as k — oo such that Ey,.(|u]) < Co(k)|| Bal|i])]] co-

In order to estimate the second integral in (4.8), observe that since v is a probability
measure whose mass tends to accumulate at the origin when k£ — oo, then vg (B, \ 7B,,) — 0
when k£ — oo for any 0 < r < 1. Furthermore, since

|B;;, (1) — 1] < |B; (1) — vk (rB,)| + vk (B, \ 7B,,)

we only need to show that the the first term of the above sum is bounded by a constant that
tends to 0 as k — oo. Indeed, applying Lagrange’s Theorem to the function f(z) = z"+t
on [0, 1], and using that r < §, we find a constant C(n, «) so that

‘BZ,T(l)(w) — Uk(ﬂggn)| < / (1-— |u|2)n+1+a

e [TL =T PO

1' dvy,(u)

< [ = ) = 11—l o

< lu| dog(u) — 0
Bn

when k — oo. Then |By (1) — 1| < Cy(k) — 0 as k — oo.
Finally, we use Lemma 4.6 to estimate the first integral in (4.8). By (4.4),

[ B = h i) <€) [ (la@ITHQI+LHQNT9O]) BalleD(€) dea(©

CONBalli) e (lgllag 19 Fllzs + 17 Laz ¥ ly)

Since (18, Theorem 2.16] says that |9 fllzz < |l and [Vglg < llglla
says that C'(k) — 0 when k — oo, the theorem follows.

IN

, and Lemma 4.6

q
a

O
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4.2. Maps from M, into L(AE, AP), Define a map

o 2 n+11)+a
VP f(w) = f(p(w)) L) 7
(1—wz) »

where the argument of (1 — wZ) is used to define the root appearing above. A standard
change of variable and straightforward computations give

JUP f|| e = 1 llan VS € AL,
and ULy = Id». For a real number 7, set

(L= |z

(1 — wz)r(tlta)’

Ji(w) =

Observe that

2

U fw) = flp:-(w)JE (w) and UL =T 5 ,UPY = UPT (3.

Jz

Do

So, if ¢ is the conjugate exponent of p, we have

(UZ(Q,a))* _ Uz(27a)T(T%*1 — TTL%Uz@a)'

Then using that UV U = 1d 42 and straightforward computations, we obtain
(Uz(q,oc))* Uz(p,a) =T, and UZ(”’O‘) (Uéq,a))* = Tbj,

where

(1 . wZ) (n+1+a)<

(1 . zw)(n+1+a)< — )
Also observe at this point that if p = ¢ = 2 then b,(w) = 1. This will be important later on

when we consider the special case of AZ2.
For z € B, and S € L(A?, A?) we then define the map

S, = UPS(U)r,
which induces a map Vg : B,, — L(AP2, AP) given by

One should think of the map S, in the following way. This is an operator on A2 and so it
first acts as “translation” in B,,, then the action of S, then “translation” back. We now show
how to extend the map Ug continuously to a map from M, to L(AP, AP?) when endowed
with both the weak and strong operator topologies.

First, observe that C'(B,,) C A induces a natural projection 7w : M4 — Meg- o € Ma,
let

b.(w) =

(4.9)

l,l)
q p
1_1
q p

(1-— EW(:L‘))("HJFO‘)(%_%)
(1 - (x)w)(n-l-l-l-a)(%—%) )
So, when z, is a net in B,, that tends to x € My, then z, = 7(z,) — 7(x) in the Eu-
clidean metric, and so we have b,, — b, uniformly on compact sets of B,, and boundedly.
Furthermore,

be(w) = (4.10)

Uy UP® =T, — T, and (UP) UL = Tp- — Ty,

z z
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where convergence is in the strong operator topologies of L(A2, AP) and L(AZ, AL), respec-
tively. If a € A then Lemma 4.3 implies a o ., — a o ¢, uniformly on compact sets of B,,.
The above discussion implies that

T(aop= )bz~ Taops)a
in the strong operator topology associated with £(A?, AP).

n+l+4a
Recall that we have k" (w) = %, with |[£P)

~ 1, and so
P

@

zg[» )

= (1= e OF) 7 Apa (& 2)-

n+ ta g\ ntlta |1 —
P

(1= ™5 12 (6) = (1~ . (O)P)

(1 _6 ) (n+1+a)

Here the constant A, o) is unimodular, and will essentially be the eigenvalue of the operator
<Uz(p’a)> . To see this, if f € AP, then

(5o KoY = (005 = (o b))

A2 A2 2
— @)1 — ) )
= f(%(&))(l - |soz< >\2>“““’ Ay (€, 2)
- <f’ eoz 5)
This computation yields
(UPD) R = Ay (€, 2D (4.11)

We use these computations to study the continuity of the above map as a function of z.

Lemma 4.8. Fiz £ € B,. Then the map z — (Uz(p’a)) kéq’a) s uniformly continuous from
(Bn, p) into (AL, [| - [| 45)-

Proof. By (4.11) we only need to prove the maps z — Apa)(2,€) and z — kglz’é)) are uni-
formly continuous from (B,, p) into (C,|-[) and (A, ||| 4q), respectively. It is obvious
2 = Apa)(2,€) has the desired property. So, we focus only in the continuity of the second
map.

By Lemma 4.1, we have that z — ¢,(§) is uniformly continuous from (B, p) into itself.

So, it suffices to prove the uniform continuity of the map w kfff’a). Namely, for any € > 0,
there is a § > 0 such that if |w| < 0 then

S k(‘I7a) _ kj(an)
QBI?LH 2 = (w) || 4a

We use the duality between A? and A¢ to have that

(1 —=")

< €.

n+1+a n+l4+a

F(2) = (1= Lo ()P) 5 flpaw)|.

kgq,oz) . /{(q’a)

Sup = (w)

z€B,,

’ /A sup sup
AL zeB, fea?

Consider the term inside the supremums, and observe it can be dominated by

(1= 1257 (£(2) = Floa(w))] + 1 oe(w))] |1 = J217)

n+1+a n+ +a n+l4+a

— (1= Jp(w)[) "
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by adding and subtracting a common term. For the second term, it is easy to see using the
reproducing property of the kernel k%) that this is dominated by

|1 —@z|2n+;+a
Cp,a HfHAg 1— 9\ ntita |
(1= Jwl) >

and the last expression can be made as small we wish, independently of z, by taking |w|
small. For the first term, observe that

n+l+a
(L= 1) 77 1 (2) = Floz(@D] S I fllag 1Kz = Kol e
Again, this last estimate can be made as small as desired. 0

Proposition 4.9. Let S € L(AP, A?). Then the map Vg : B, — (L(AL, A?), WOT) extends
continuously to M 4.

Proof. Bounded sets in L£(AE, AP) are metrizable and have compact closure in the weak
operator topology. Since Vg(B,) is bounded, by Lemma 4.2, we only need to show Wg is
uniformly continuous from (B, p) into (L(A2, AP), WOT), where WOT is the weak operator
topology. Namely, we need to demonstrate that for f € AP and g € A% the function
2+ (S.f,9) 42 is uniformly continuous from (B, p) into (C,|-|).
For z, zo € B,, we have
Sa =8, = UPISUE) — UL SUL)"
= UGIS[ULD) = (U] + UL - U SOy
= A+ B.

The terms A and B have a certain symmetry, and so it is enough to deal with either, since
the argument will work in the other case as well. Observe that

(AL ) as| < TLDS] gy agy MWL) = WD) 1] g gl
(BL.g)as| < WSS gy NUL) = U2 g g 1511

Since S is bounded and since Hng )

expression

< C(p, ) for all z, we just need to show the
L(AG,AL)

(@) = (U2 g]| 4y

can be made small. It suffices to do this on a dense set of functions, and in particular we

can take the linear span of {kfﬁ’ e IB%n}. Then we can apply Lemma 4.8 to conclude

the result. O

This Proposition allows us to define S, for all z € M 4. Namely, we let S, := Ug(z). In
particular, if (z,) is a net in B, tending to x € M4 then S,, — S, in the weak operator
topology. In Proposition 4.11 below we will show that if S € 7, , then we also have S, — S,
in the strong operator topology.

Lemma 4.10. If (z,) is a net in B, converging to © € My then Ty, is invertible and
Tb:i — T, ! in the strong operator topology.
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Proof. By Proposition 4.9 applied to the operator S = Id,» we have that Uz(w’a) ( 2(3’“)) =
T, (;1 has a weak operator limit in £(A?, A?), denote this by ). The Uniform Boundedness
< C' for all w. Then,

Principle then says that there is a constant C' such that HTb:i o)
given f € AP and g € A, since we know that o

|(7., - 75.)
we have
A2

<qu;Qf7 g)Aa = <Qf7 TEL9>A(21 = huI)Il <Tb:i fv Tgxg>

= lim (<Tb:jf, (Tzz - T@w) g>Ai + <Tb:if, Tb2w9>Aa)
= (f19a + hUIJn <Tb:if7 (Tgx — ngw> 9>A2 = (/19 a2 -

This gives T,,QQ = Ids». Since taking adjoints is a continuous operation in the WOT,
T{l — @, and interchanging the roles of p and ¢, we have T; Q* = Id,q, which implies

that QT;, = Idur. So, Q = Tbj and T, b_i — Tbj in the weak operator topology. Finally,

— 0,
AL

Tb:i - Tb;1 = Tb:: (Ty, — Ts,,) Tb;17
and since HTI;1

< C and Ty, — T, — 0 in the strong operator topology, we also

w

L(AZ,AL)
have Tbj — T, bj in the strong operator topology as claimed. 0

Proposition 4.11. If S € T,, and (z,) is a net in B,, that tends to x € My, then S,, —
Sy in the strong operator topology. In particular, Vg : B, — (L(AE, AR),SOT) extends
continuously to M 4.

Proof. First observe that if A, B € L(A?, A?) then
(AB). = UPDABUS)" = UPAUL) (UL) ULUr BUs):
= AT, B..
In general, this applies to longer products of operators.

For S € 7,, and € > 0, by Theorem 4.4 there is a finite sum of finite products of Toeplitz
operators with symbols in A such that [[R — S|z 4n azy < € and so [[R. — S.f[pap an) <
C(p, a)e. Passing to the WOT limit we have [[R; — Sallz4r an) < C(p, a)e for all x € M.
These observations imply that it suffices to prove the Lemma for R alone, and then by
linearity, it suffices to consider the special case R = HT:1 T,;, where a; € A. A simple
computation shows that

U§27Q)TQU§27G) = Taocp
and more generally,

(T.). = UL (UE) (Ul™) TUPIUL) (Ule)’

B ) Uézw) (Uéq,a))*

= U(p7a) (U(qva))* T 1_2 U(2706)TaU(2,OZ)T 1
z z 774 z z 7

2
P

= T, Taopy. Ty -



THE ESSENTIAL NORM OF OPERATORS ON AZ(B,) 23

We now combine this computation with the observation at the beginning of the lemma to
see that

(H T%‘) = (Tal)szz e 'sz (Tam>z
Jj=1 .

- —1 -1 ~1 ~1
= sz T(alo@z)szbz T(a2°4ﬁz)szbz ’ .‘sz T(amOGDz)szbz :

But, since the product of SOT nets is SOT convergent, Lemma 4.10 and the fact that
T(aovzw)bzw — T(aog%)bz in the SOT, give

(H TJ) = T, Taopon. T, Tiazopann T, T, Tamon Ty, -
j=1 .

@

But this is exactly the statement R, — R, in the SOT for the operator H;”:l T,,, and
proves the claimed continuous extension. 0

The next result gives information about the Berezin transform vanishing in terms of the
operators 5.

Proposition 4.12. Let S € L(AP, AP). Then B(S)(z) — 0 as |z| — 1 if and only if S, =0
for all v € M4\ B,.

Proof. 1t z,£ € B,,, then we have

B(S:)() = <S(U<qva))*k§“a>,(U(p,a>)* kéq,a)>A2

B T [ qpe) 1)
= Ao (& 2 Apa (€ 2) <5 Kore) kwi<s)>,43 :

Thus, |B(S.)(€)| = |B(S)(¢:(£))| since Apa) and A(gq) are unimodular numbers. For z €
M4\B,, and & € B, fixed, if (2,) is a net in B,, tending to x, the continuity of ¥g in the WOT
and Proposition 4.9 give that B(S,,)(§) — B(S.)(§), and consequently |B(S)(¢.,(&))| —
B(S,)(€).

Now, suppose that B(S)(z) vanishes as |z| — 1. Since z € M4\ B, and z, — x, we have
that |z,| — 1, and similarly |p._(£)| — 1. Since B(S)(z) vanishes as z tends to the boundary,
B(S.)(§) = 0, and since £ € B,, was arbitrary and the Berezin transform is one-to-one, we
see that S, = 0.

Conversely, suppose that the Berezin transform does not vanish when z tends to the
boundary. Then there is a sequence {z} in B,, such that |z;| — 1 and |B(S)(zx)| > § > 0.
Since M 4 is compact, we can extract a subnet (z,) of {2} converging in M4 to x € M4\ B,,.
The computations above imply |B(S;)(0)| > 6 > 0, which gives that S, # 0. O

5. CHARACTERIZATION OF THE ESSENTIAL NORM ON AP

We have now collected enough tools to provide a characterization of the essential norm of
an operator on A?. Fix ¢ > 0 and let {w,,} and D,, be the sets of Lemma 2.4. Define the

measure
00

Mo = Z ch(Dm>(5wm7

m=1
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which is well-known to be a A? Carleson measure, and so 7T}, : A% — A? is bounded. The
following Lemma can be deduced from results in Luecking, [10], or work of Coifman and
Rochberg, [5], and we omit the proof.

Lemma 5.1. T, — Id» on L(A?, A) when o — 0.
Now choose 0 < ¢ < 1 so that HT#Q — Idy»
Tfl

o

< }l and consequently ||T”

Hg(Ag,Ag) C H»C(AZ,A’;)

and

paper.
For S € L(A2, AP) and r > 0, let

as(r) := T sup {[1Sl|y; + /€ T, (4201l <1}

and then define

are less than 2. Fix this value of g, and denote 1, := p for the rest of the
£(AE,AZ) ?

as = lim ag(r).
r—1

Since for ri < ry we have Ty1), . (AR) C Ty, (AR) and ag(r) < [|S]|zaz az), this limit
is well defined. We define two other measures of the size of an operator which are given in
a very intrinsic and geometric way:

bsg := sup lim ||M; SH

r>0 lol=1 1P e an oe)”
¢s = lim||M SH .
s =L 1m0 2 py

In the last definition, for notational simplicity, we let (rB,)" = B, \ rB,. Finally, for
S € L(AP, AP) recall that

|S]|, = inf {||S = Qll gz az) 1 Qs compact} .

We first show how to compute the essential norm of an operator S in terms of the operators
Sz, where © € M4\ B,,.

Theorem 5.2. Let S € T, . Then there exists a constant C(p, «a,n) such that

sup HSch(Ag,Ag) N ||S||e S osup ||Sch(Ag,Ag)- (5.1)
€M 4 \Br €M A\Br

Proof. For S compact, (5.1) is easy to demonstrate. Since kép’a) — 0 weakly as || — 1, then
i

L goes to 0 as well. Thus, we have

o

k(‘La)

{ (5.2)

BS)O] = |(sK, K0

< ”Ské““’

~ (p,c)
As HSkf

A2 AP, AP,

Hence, the compactness of S implies that the Berezin transform vanishes as || — 1. Then
Proposition 4.12 gives that S, = 0 for all x € M4\ B,,.

Now let S be any bounded operator on A? and suppose that () is a compact operator on
AP Select z € M4\ B, and a net (z,) in B, tending to z. Since the maps U¥* and U{%®
are isometries on A2 and A?, we have

192 4+ Qaull gz any SIS+ Qllgaz azy -
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Since S,, + Q., — S, in the WOT, passing to the limit we get

HSacHz:(Ag,Ag) S lim |55, + Qm“ﬁ(Aﬁ,Aﬁ) <[S+ QH[:(AQ,A’;) )
which gives

sup HS:sz:(Ag,Ag) SISl
:EEMA\IB”

the first inequality in (5.1). It only remains to address the last inequality. To accomplish
this, we will instead prove that

as S sup ||Sx||L(Ag,Ag)- (5.3)
:L'EMA\]BTL

Then we compare this with the first inequality in (5.7), [|S||, < as, shown below, to obtain

HS“eS sup HSz”z(Ag,Ag)-
$EM_A\B'IL

Also note that if (5.3) holds, then
as S 151l (5:4)

is also true. We now turn to addressing (5.3). It suffices to demonstrate that

Cls(?") SJ sup ||SmH£(AI; AR) Vr > 0.
TEM A\Br, ’

Fix a radius 7 > 0. By the definition of ag(r) there is a sequence {z;} C B,, tending to B,

and a normalized sequence of functions f; € Ty, ., (AB) with [|Sfjl| ;o — as(r). To each
Jo «
f; we have a corresponding h; € AP, and then
Vo (D)
fj(w) = TulD(zj,r) hj<w) = Z (1 — wyw)rtite hj(wm)
wm€D(z;,r)
N L 11
- 7,m (1 — w)n—i—l—i—a
wm€D(z4,r)
= D amkhd(w),
wm€D(z;,r)

where @, = Vo(Dp)(1 = |wn|?)™ @ hj(w,,). We then have that

(Vo) Bl = 2 @k w)
Sozj (’wm)ED(O,T)
where a ,, is simply the original constant a;,, multiplied by the unimodular constant A(g,q)-
Observe that the points |¢., (w;,)| < tanhr. For j fixed, arrange the points ., (w,,) such
that |gozj(wm)’ < ‘gpzj (wm+1)| and arg ., (W) < arge. (Wp1). Since the Mobius map ¢,
preserves the hyperbolic distance between the points {w,,} we have for m # k that

B, (W) @, (wh)) = B, wy) > g > 0.

Thus, there can only be at most N; < M(o,r) points in the collection ¢. (wy,) belonging
to the disc D(0,z;). By passing to a subsequence, we can assume that N; = M and is
independent of j.



26 M. MITKOVSKI, D. SUAREZ7 AND B. D. WICK

For the fixed j, and 1 < m < M, select g, € H* with [|g; x| oo < C(tanhr, 2), such that
95k (@2, (W) = O m, the Kronecker delta, when 1 < & < M. The existence of the functions
is easy to deduce from a result of Berndtsson [4], see also [15]. We then have

nt+l4a
<(Uqa)> f]ag] k> - Z a;’,mgj,k(gpzj-(wm)) (1 - |90z](wm>‘2) !
¢=; (wm)ED(O0,7)
nt+l4a

= e (1= Jen,w)])

This expression implies that the sequence ‘ag» k| < C = C(n,p,o,r,«a) independently of j and

k, because g;, € H* has norm controlled by C(r, o), ( (@ a)) is a bounded operator, and

fj is a normalized sequence of functions in AP.

Now (., (w1), ..., ¢ (war), a, ..., d)y) € CM0HD is a bounded sequence in j, and passing
to a subsequence if necessary, we can assume that converges to a point (vy, ..., vy, dl, ... d},).
Here |vg| < tanhr and |a}| < C. This gives that

(0" > Y =

in the L? norm and moreover,

M *
! L(p,) — i (¢,)

E ayky, = hjm H (Uzj

k=1 L?,

Since the operator Uz(p ) is isometric and S, H oAz

A7) is bounded independently of j,

ag(r) = hm 1S fill ap = hm‘

- (U8) fil|
Since |z;| — 1, by using the compactness of M4 it is pos&ble to extract a subnet (z,) which
converges to some point x € M4\ B,,. Then S, h — S,h in AP, so

as(r) =l [[So hll g = [15ehll g S 1Sell g azy S sup 19l zag an) -

= lim HSZjh“Ag )

The above limit uses the continuity in the SOT as guaranteed by Proposition 4.11. 0J

Theorem 5.3. Let 1 <p < oo, > —1and S € T,,. Then there exist constants depending
only on n, p, and o such that:

g ~ bs ~ (g ~ HSHe
Proof. By Theorem 3.1 there are Borel sets F; C G; C B,, such that
(i) By = UFj;
(ii) F NE,=0if j #Fk;
iii)
)

(iii each point of B,, lies in no more than N(n) of the sets G;
(iv) diamg G; < d(p, S, ¢€)

and

< €. (5.5)
L(AG,L&)

=Y My, STy,

J=1
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Set

Sm = Z Mle STIAG]» .

Jj=m

Next, we consider one more measure of the size of .S,

lim
m—0o0

Z M, STy,

j=m

= 7%1_{20 HSmﬂa(Ag,Lg)-

L(AG,L3)

First some observations. Since every z € B,, belongs to only N(n) sets GG, Lemma 2.3 gives

Z |7 <D eIy S 110
j=1

Also, since T}, is bounded and invertible, we have that [|S||, = ||ST,,||,. Finally, we will need
to compute both norms in £(AP, AP) and L(AP, LF). When necessary, we will denote the
respective essential norms as || - ||, and || - || _,. It is easy to show that

vl ’

1Bl < RNl < [[1Pallppaz [1Blleq -

61‘—’

The strategy behind the proof of the theorem is to demonstrate the following string of
inequalities

bs < s S n@OHSmHE(A’;,LZ) S bs (5.6)
191, € T [Suleapn S as S IS, 61)

The implied constants in all these estimates depend only on p,«a and the dimension.
Combining (5.6) and (5.7) we have the theorem. We prove now the first two inequalities in
(5.7).

Fix f € AP of norm 1 and note that

15wl = 3 || M, 8T,

j=m
i HMlFS’”G ‘ H
j=m Tine, f

< S;lpstlp{ Mle GTM1G].(A§)7||9||A3: }Z’ e,
Jjzm j>m

< supsup {1, € Thae, (42). ol = 1} 58)
Jj=zm

Since diamgG; < d, by selecting z; € G; we have G; C D(z;,d), and so T}, (Aﬁ) C

T (AP). Since z; approaches the boundary, we can select an additional sequence 0<

;LD(z ,d)
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Y¥m < 1 tending to 1 such that |z;| > =, when j > m. Using (5.8) we find that

1Sl capizy S supsup {HMles,q\ 19 € T, (40), gl 4y = 1}

j=m

< sw sup{ [ 50, 00 T (A0 lallg ~ 1) (59)

|25 1>vm
S 5w sup {Iglug 59 € T (42).lollag = 1}
ZjlZYm

Since 7,, — 1 as m — 0o, we get
nll_fgo HSmHz:(Ag,Lg) S as(d).
From (5.5) we see that

ISTls € T Sl i) +€ S as(@) + € S as +

giving [|ST,l,, < limpyseo [|Smlz(az 12y S as, since € is arbitrary. Therefore,

er —

< as. (510)

~Y

ISl = ISTolle S WSTley < T[Sl 2z 1)

This gives the first two inequalities in (5.7). The remaining inequality is simply (5.4), which
was proved in Theorem 5.2.

We now consider (5.6). If 0 < r < 1, there exists a positive integer m(r) such that
Uj<m@ £j C rBy. Then

—11—1
HMI(HE")CSHL:(AQ,LQ) HTP« HL‘,(AZ,A’&) HMI(TIBn)CST.“' L(AP L)
< HMl(TW (ST# - > M, STlGj#>
=1 L(AB, L)
+ Ml(rmzn)c Z Mle STIGjH
=1 L(AB,LR)
S et Z MleSTlGjM =€+ Hsm(r)Hc(Ag,Lg) :
g=min) £(A%.LE)
This string of inequalities easily yields
cs = T [0, cS] o S T (Sl iny- (5.11)
Also, (5.9) gives that
o (1Sl ey < T (31,8 s (5.12)
Combining the trivial inequality bg < ¢g with (5.11) and (5.12) we obtain (5.6). O

From these Theorems we can deduce two results of interest.
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Corollary 5.4. Let o> —1 and 1 <p < oo and S € T, . Then
1S|l, = sup Lim [|S.f]] 4 -

£ 4z =1 2=
Proof. 1t is easy to see from Lemma 4.11 and the compactness of M4 that

sup ”SfoAg = lim ”SZfHAg
|z]—1

2EM4\Bp
But then,
sup HSa:”L(Ag,Ag) = sup lim ||Szf||Ag-
rEMA\B, 1£1 42 =1 |z|—=1
The result then follows from Theorem 5.2. O

The next result gives the characterization of compact operators in terms of the Berezin
transform and membership in the Toeplitz algebra.

Theorem 5.5. Let 1 < p < oo, a > —1 and S € L(A2, AP). Then S is compact if and only
if S€T,a and B(S)=0 on J0B,.

Proof. 1If B(S) = 0 on 9B,,, Proposition 4.12 says that S, = 0 for all x € M4\ B,. So, if
S € Tp.a, Theorem 5.2 gives that S must be compact.

In the other direction, if S is compact then B(S) = 0 on dB,, by (5.2). So it only remains
to show that S € 7,,. Since every compact operator on AP can be approximated by finite
rank operators, it suffices to show that all rank one operators are in 7, ,. But, the rank one
operators have the form f ® g, given by

(f@g)(h) = (h,g) a2 [

where f € AP g € A% and h € AP. We can further suppose that f and g are polynomials,
since the polynomials are dense in A? and AY, respectively. But then

fog=Ti(1®1)T;,

and it suffices to show that 1 ® 1 € 7, ,. This is an immediate consequence of Theorem 4.7,
since 1 ® 1 = Tj,, where ¢y is the Dirac measure concentrated at zero. O

5.1. The Hilbert Space Case. When p = 2, some of the previous results can be strength-
ened in straightforward ways. It is easy to see that if T € £(A2, A2), S € Tan, and z € My,
then

(ST)y = S, T, (TS)y=T,S,, (T%),=T,.
This follows from Propositions 4.9 and 4.11, just taking into account that in (4.9), b, = 1
for p = 2. Observe also that if S € L(A%, A2), z € B, and x € My, then

||Stz;(Ag,Ag) < HSz”z:(Ag,Ag) = HSHz:(Ag,Ag)-

Let K denote the ideal of compact operators on A%. Recall that the Calkin algebra is
given by L(A?%, A%2)/K. The spectrum of S will be denoted by ¢(S), and the spectral radius
by

r(S) = sup{|\ : A € a(9)}.
We also define the essential spectrum, o.(5), as the spectrum of S+ K in the Calkin algebra,
and the essential spectral radius as

re(S) = sup{|A| : A € 0.(9)}.
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The following result is the improvement that is available in the Hilbert space case.

Theorem 5.6. For S € Ty, we have

[S]l,="sup HS:UH[;(AgWAg) (5.13)
xEMA\Bn
and
1
sup  7(S;) < lim sup Sf ; =r.(9), 5.14
S r(S:) < Jim (IEMA\BHH iz a2y | = 7elS) (5.14)

with equality when S is essentially normal.

Proof. Since (S*), = (S,)¥, then Theorem 5.2 gives
ik . ik
mEZS\ERBn 1(S2) HZ(A%,A%) <|Is H: S xezswliRBn 1(S2) HZ(A%,A%)'

Taking the limit as k — oo yields

lim< sup HSfHZ(Ag’AaJ = r.(9).

k=00 \ zeM 4 \B,

1
For the inequality one notes that (7)) < HT’“H * for a generic operator, and consequently
1
sup 1r(5;) < sup Sk ® )
zeEM 4 \Bn, ( ) zeEM 4 \B, H( ) Hﬁ(Ai,Aa)

Combining these observations we obtain (5.14). Suppose now that S is essentially normal.
This means that S*S — SS5* is compact, and therefore

S*S, — 8,57 = (S*S — 85%), = 0.

Thus, S, is a normal operator for each = € M4\ B,,, and

1
Hsi“Z(Ag,Ag) = 7(5%).

This gives the equality in (5.14), since
= r.(9).

sup 7(S;) = lim sup HS;;HE(A&A%)

aCEMA\Bn k—o0 EMA\By,
Now apply the equality in (5.14) to the operator S*S and note that
IS|I2 = [|1S*S|l, = 7(S*S) = sup 7((S*S).)

l’GMA\Bn

= sup (1555 £z a2
€M A \Bnp

2
= sup ||Sx||L(A3,A?1) )
€M A \Br,

The following Corollary can be proved in a similar manner as in [15].

Corollary 5.7. Let S € Tao and 1,0 € R be such that nI < S, < I for all x € M4\ B,.
Then given € > 0, there is a compact self-adjoint operator K such that

m—el <SS+ K< (0+¢€)l.
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Using the tools from above, and repeating the proof in [15] we have the following.

Theorem 5.8. Let S € Ty,. The following are equivalent:

(1) A ¢ 0e(S);
(2)
¢ U o(S;) and sup ||(S; — A[)_1||£(A3,Ag) < 00;

iEEMA\Bn :EEM_A\Bn
3) there is a number t > 0 depending only on A such that
p g Yy

1(Se = ADfllag > tll Iz and  [[(S5 = ADf]| o =t f]la
for all f € A2 and x € M4\ B,,.
The above theorem then yields the following Corollary.
Corollary 5.9. If S € Ta, then

U a(S:) cou(s),

.’EGMA\BTL

with equality if S is essentially normal.
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