ORBITS OF NON-ELLIPTIC DISC AUTOMORPHISMS ON H?
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ABSTRACT. Motivated by the Invariant Subspace Problem, we describe explicitly the closed
subspace H? generated by the limit points in the H? norm of the orbit of a thin Blaschke
product B under composition operators Cy, induced by non-elliptic automorphisms. This
description exhibits a surprising connection to model spaces. Finally, we give a constructive

characterization of the Cy,-eigenfunctions in H? for 1 < p < oco.

1. INTRODUCTION AND PRELIMINARIES

Given a bounded linear operator 1" on a separable Banach space B, the fact that an operator
has invariant subspaces may not tell you much about the operator. On the other hand, knowing
that an operator has a large number of invariant closed subspaces, and, in particular, a structured
family, may make it possible to obtain a lot of information about the action of the operator on
B. In this context, it is helpful to focus on the behavior of the cyclic subspaces generated by the

elements of B under T’; in other words, focusing on the subspace

B
K, =span{T"xz: n >0} ,

n times

where z € B. Here TY denotes the identity operator I and T™ = To oT.

It turns out that knowing the cyclic subspaces of concrete operators on an infinite dimensional
separable Hilbert space H (operators that are universal) would solve the long-standing open
question known as the Invariant Subspace Problem. Recall that an operator U on H is called
universal, in the sense of Rota [14], if for any bounded linear T' on H, there exists a complex
constant A # 0 and a closed invariant subspace M of U such that U|,, is similar to AT

Note that every bounded linear operator on an infinite dimensional separable Hilbert space H
would have a non-trivial (closed) invariant subspace M, that is, M # {0} and M # H, if and only
if the minimal invariant subspaces of a universal operator U on H are just one dimensional. In the
eighties, Nordgren, Rosenthal and Wintrobe [13] proved that if ¢ is a hyperbolic automorphism

of the unit disc and A is in the interior of the spectrum of the composition operator C,, acting

on the classical Hardy space H?, then C, — Al is a universal operator on H? (see also [12]). Of
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course, the lattice of the closed invariant subspaces of C, — AI coincides with that of C,. Thus,
it is important to study the closed invariant subspaces of C,, in H 2 and, in particular, the cyclic
subspaces generated by H? functions.

Our discussion turns naturally to the factorization of f € HP into its inner and outer factor.
The inner factor can be factored further, into a piece carrying all of its zeros (the Blaschke factor)
and one with no zeros (the singular inner factor). If the zero sequence of the Blaschke product
is an interpolating sequence, the Blaschke product is said to be interpolating. An important
subclass of the interpolating Blaschke products is the set of thin Blaschke products; recall that
a Blaschke product B with zeros {zy},>1 is said to be thin if

H p(zna zk)_)l

n#k
as k—oo, where p denotes the pseudo-hyperbolic distance in the open unit disc . When this
holds, {z,} is called a thin sequence. Thin Blaschke products have the closest behavior to finite
Blaschke products that we can expect from infinite ones.

When ¢ is a non-elliptic automorphism, in [8] the first two authors exhibited Blaschke products
that are cyclic for C, by showing that the closed linear span of the limit points of their orbits
is the whole space H?. Clearly, this forces such Blaschke products to be infinite, since the
limit points of orbits of finite Blaschke products are constant functions of modulus 1. Here, we
consider an arbitrary thin Blaschke product and characterize the closed linear span of limit points
of its orbit, which is trivially invariant for C,,. Concretely, we prove the following (see Theorem
2.4): Let L,(B) denote the set of limit points, in the H? norm, of the orbit of a thin Blaschke
product B under the composition operator C', where ¢ is a non-elliptic automorphism. Then

the H2-closure of the linear span of L (B) is either
H? or (zbH?*)*,

where b is a Blaschke product with simple (or no) zeros that satisfies bop = b for some y € 9D.
We then proceed to show that the same result holds for the Hardy spaces H? when 1 < p < oo.
We find the appearance of model spaces surprising, and we also see from this result that a natural
question follows: What are the eigenfunctions of C,7 It is easy to see that f is an eigenfunction
if and only if the same is true for its Blaschke, singular and outer factors.

In [4] Cowen studied eigenfunctions for composition operators. Later, Matache [10] characte-
rized the singular inner eigenfunctions of C, in terms of the behavior of pull-back measures (see
also [11] for discrete singular inner functions). Our approach provides separate characterizations
for Blaschke products, singular inner functions and outer functions in H? that are eigenfunctions.

The basic idea is the same in each of the three cases, but some of the technicalities are different.
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The rest of the paper is organized as follows. Section 2 is devoted to studying the orbit of
thin Blaschke products. In Section 3 we characterize the eigenfunctions of composition operators
induced by non-elliptic disc automorphisms. Finally, and for the sake of completeness, we end

this preliminary section by recalling some basic results and notation.

1.1. Notation and basic results. Throughout this paper the open unit disc of the complex
plane will be denoted by D and 9D will stand for its boundary. We will denote the space of
holomorphic functions on D endowed with the topology of uniform convergence on compacta by
H(D).

Recall that the Hardy space HP, 1 < p < oo, consists of holomorphic functions f on D for

27 1/p
. do
_ i0y|p
= su re
151, = (s [ s 5 )

is finite. The space consisting of bounded analytic functions on D endowed with the sup norm

which the norm

will be denoted by H*°. A classical result due to Fatou states that every Hardy function f has
non-tangential limit at e’ € 9D, except possibly on a set Lebesgue measure zero (see [6], for
instance). Throughout this work, f(e?) will denote the non-tangential limit of f at e®.

Recall that an automorphism ¢ of D can be expressed in the form

o P— %

D
1—pz (2 € D),

p(z) =e
where p € D and —7 < @ < m. Recall that ¢ is called hyperbolic if |p| > cos(6/2) (thus, ¢ fixes
two points on dD); parabolic if |p| = cos(6/2) (so, ¢ fixes just one point, located on OD) and
elliptic if |p| < cos(0/2) (therefore, ¢ fixes two points in the Riemann sphere, one in D and the
other outside D, see [1], for example).

Throughout this paper, the involution that interchanges 0 and w will be denoted by

w—z

pulz) = 1—wz’

where z € D. For w € D, we shall always denote this automorphism by ¢,,. The pseudo-

hyperbolic and hyperbolic metrics for z,w € D are given, respectively, by

1+ p(z,w)

p(z,w) = |pyw(2)] and B(z,w) =log T pw)

and we will denote by D,(z,r) and Dg(z, R) the respective closed balls of center z and radius r,

with0<r<1land R>0.
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If ¢ is a non-elliptic automorphism and n € Z (an integer), we denote by (™ the |n|-th iterate
of ¢ if n > 0, of ¢! if n < 0, and the identity map if n = 0. The action on I of the group
G, = {¢™ : n € Z} leads naturally to the consideration of the quotient space /G, where we
are identifying points z,w € I such that (™ (2) = w for some n € Z.

Since the class of z € D in D/G, is the bilateral orbit o,(2) = {¢™(2) : n € Z}, we can
represent D/G,, by any subset D, C D such that o,(2) N D, is a singleton for every z € D.
Figures 1 and 2 show reasonable choices of D, when ¢ is hyperbolic and parabolic, respectively.
We can transfer the quotient topology of D/G, to D, so that the one-to-one correspondence
becomes a homeomorphism.

This identification allows us to think of the quotient map P : D —D/G, ~ D, as a map onto
Dy; that is, P(z) = 0,(2) N Dy, defines a continuous map from D onto D, where D, has the
quotient topology. So, D, can be identified with a subset of ID, but endowed with the topology
where a base of neighborhoods of a point z € D, is given by {w € Dy, : inf,ez |[w—p™(2)| < €},
for € > 0. From Figures 1 and 2 it is not difficult to see that in both cases D, is homeomorphic

to a two-sided truncated cylinder without the upper and lower boundaries.

2. ORBITS OF THIN BLASCHKE PRODUCTS

We study the orbit of thin Blaschke products under composition operators induced by non-

elliptic automorphisms, characterizing the closed set of its limit points (in the H? norm).
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If ¢ is a self-map of D and f is analytic in D, that is, f € H(D), the orbit of f is defined by
Ou(f)={fo @™ :n > 0}. When f is a bounded analytic function, that is, f € H, the orbit
O,(f) is precompact in the compact-open topology of H(ID), so it makes sense to define the limit
set

L,(f)={9geH™: fo ") g in H(D) for some subsequence {n;}}.

By the Corollary that follows Proposition 2 in [2], any sup-norm bounded sequence that converges
in H(D) also converges weakly in H? for 1 < p < oo. Thus the points in L,(f) belong to the
HP-closure of the convex hull of O, (f). As we will show later, more can be said in case f is a thin
Blaschke product. We proceed with a technical lemma that will be needed for our description of

L,(B) when B is a thin Blaschke product.

Lemma 2.1. Let {z,} in D be a sequence such that |z,|—1, 0 < rp < 1 be any sequence and
0 < & < 1 be a sequence that tends to 1. Then there is a subsequence {zn, } of {z,} such that
any sequence of points & € D,(2zp, k) satisfies

11 7. > b

J#k
In particular, {&} is thin.

Proof. Let x; € (0,1) be a thin sequence such that [, p(z;, 2x) > k. It will be enough to
choose the points z,, so that p(D,(zn,,7k), Dp(2n,,75)) > p(ar,x)) Lef ag,; for all k # j or,

equivalently,

ﬁ(Dﬁ(znk’Rk)vDﬁ(zanj)) > ﬁk,j fOI"j <k,
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where

Ry, = log | J::Z and fy; = log 71 i ZZj
This is quite easy to do inductively. Once z,,,...,2,,_, are chosen, simply take z,, such that
B(zng {22y ) > Ri+ Y51 (R + Brj)- 0

The preceding lemma resembles that of Wolff and Sundberg [15, Lemma 5.4], though we
do not need to control the pseudo-hyperbolic distance from our given sequence as they do.
Instead, we pass to a subsequence to obtain the properties we need. Our next result provides
a description of all the sets in H(ID) of the form L,(B), where B is a thin Blaschke product.
The description contains some undetermined constants that will be irrelevant later when we take

linear combinations (in the proof of Theorem 2.4).

Proposition 2.2. Let ¢ be a non-elliptic automorphism. If B is a thin Blaschke product, then
there exists a nonempty set V. C 0D such that

(2.1) L,(B) ={\pw: weE, for some e oD} UV,

where E C D is closed in D with ¢(E) = E. Conversely, given any such set E, there is a thin
product B and a set V' such that L,(B) is given by (2.1). Also, given B,

E={weD: 3z € Z(B) and integers m;— + oo such that p(=™ (z;)—w}.

Proof. Observe in advance that for B thin, every H(ID)-convergent subsequence of { Bop(™} tends
either to A, or A, for some A € 9D and w € D. This is because if B o @) — f in H(D), there
are three possible situations: in the first one, |f(0)| = 1 and consequently B o ¢(™) — X € ID.
If f(0) = 0, then the definition of thin Blaschke product along with Schwarz’s lemma shows
that there exists A € 9D such that f(z) = Az (see [9, Proposition 2.3], for instance). Finally, if
¢ = f(0) # 0 and |¢] < 1, then a computation shows that ¢¢ o B is thin and ¢ 0 B o (™) — ~z
for some € 9D. Thus, B o (™) — ¢ (v2) = Apy(2), for some A € D and w € D.

First we show that if B is a thin product, there is some A € 0D that is a limit point of
{Bop™}. Otherwise, the maximum modulus principle implies that sup,,> |B(¢™(0))| < a for
some « < 1. Thus, there exists R > 0 such that

©™(0) e {z:|B(z)| < a} C U Dg(v, R)
vEZ(B)
for all n > 0. This is true because a thin product B satisfies |B(z)|—1 as 8(z, Z(B))—oo (see [7,
Ch. X, Lemma 1.4]). Since {¢(™(0)} is an interpolating sequence (see Section 3), the number of
points contained in each of these balls, Dg(v, R), must be bounded independently of the ball, say
by m. Consider only the zeros vy, of B such that Dg(vk, R) contains some point ¢(™+)(0). Thus,



ORBITS OF NON-ELLIPTIC DISC AUTOMORPHISMS 7

at least one of the points (™) (0), "+ (0),..., o™+ (0) must be contained in a different
ball, Dg(vj, R), with j # k. Hence,

m—1

Bok,v) < Blue, @™ (0) + D Ble™HD(0), o™ (0)) + R
=0

m—1
< R+ Be(0),0M(0) + R
=0

2R +mp3(0, (0)),

where the second inequality holds because ( is ¢-invariant, and this happens for every k. On the
other hand, since {v;} is a thin sequence, B(vg, {v; : j # k})—00 as k—o0, a contradiction.

Now suppose that w € E = {w € D : Ap,, € L,(B) for some A € dD}. Then there is a
sequence {ny} such that B o p(")—\p,,. So, for any m € Z, B o o™+ 5 )\(¢,, 0 (™). Now,
©w 0 ™) vanishes at p(~™ (w), so taking m = —1,1 we see that ¢ (w), o(~1(w) € E. Thus,
©(F) = E. The fact that E is closed in D follows from a diagonal argument: indeed, if ws € E
is a sequence that tends to w € D, then for each s there exists a sequence {ny(s)} such that
Bo <p("k(s))—>)\s<pws for some A\; € 0D, when k — oco. We may assume that the sequence g
converges to some \g € O, and then we can extract a sequence from B o (™)) that tends to
Ao, SO w € E.

To prove the converse, first consider the case in which E = §. Since »(™ (0)—~y € 9D, the
attractive fixed point of ¢, for every Blaschke product B with zeros that do not accumulate at
we have B o o™ —B(v) € D in H(D).

If E # (), choose a sequence {¢;} that is dense in E and change it to {wy}r>1, given by

a1, 0, g, 01,2, 03,07, ...,

so that, as sets {wy}r>1 = {a;};>1, and the set of limit points in I of the sequence {wy} is
E. Write ™ = \,p.., where |\,| = 1 and z, € D (every automorphism can be written in
this form), and observe that |z,| — 1. Now use Lemma 2.1 to choose a subsequence {z_,, } of

{z—n}n>0 such that any sequence with one point in each D,(2_,, |wg|) is thin. Consider

B(Z) - H ’Yk(éﬁwk o (p(ink))(z) = H Yk Pwy, ()\_nkcpz—nk (Z))v
k>1 k=1

where ~y, € 0D are chosen so that either each factor is positive at the origin or it is z. The zeros

of B are ¢, (A—nywk) € Dp(2—n,., lwi]). If w € E, there is a subsequence wy, —w, and

(nky) _

Bo ™) = gu, v, [] (pun 0w
k#k;

(_nk"r’"«kj)).
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Since every H(D)-convergent subsequence of {B o ¢™i)} tends either to Ag.. or A, for some
A € 0D and z, € D, and in our case Puy, —Puw; it follows that the convergent subsequences of
{Bo <p(nki)} tend to automorphisms of the form Ay,,, for some A € 9D. On the other hand, if
there is A € 9D such that A\p,, € L, (B), we will show that w € E. For any integer m:

Z(Bo ™) =¢=m™(Z(B)) = {"" ) (wy) : k> 1} C E,

where the last inclusion holds because {wy}r>1 C E and ¢(E) = E. If Ap,, € L,(B) for some
A € 9D then 0 = inf,,>0 p(w, Z(B o p™)) > p(w, E), and consequently w € E because E is
closed.

For the last assertion of the proposition, suppose that B is a thin product with associated set
E. Then w € E if and only if there exists a sequence m;— 4-o0o such that B 0p(M3) =\, for some
A € 9D. This means that B(p("s)(w))—0, and since B is an interpolating Blaschke product, this
holds if and only if p(¢(™)(w), Z(B))—0 (see [7, p.395]). That is, there is a sequence {z;} in
Z(B) such that p(¢(™)(w), z;) = p(w, =™ (2;))—0, or equivalently, w = lim (=) (z;). O

Lemma 2.3. Let B be a thin Blaschke product. Then the H?-limit points of O,(B) are precisely
the functions in L,(B).

Proof. If g is an H2-limit point of O,(B), there is a sequence B o ¢(™)—g in H2. It is clear
that g € H>* and bearing in mind that norm convergence in H? implies uniform convergence on
compacta, it follows that g € L, (B).

Conversely, if g € L,(B), there is a sequence B o (™) — g uniformly on compacta. This, plus
the fact that ||B o ¢(™) |y = 1, implies that B o ¢(™)—g weakly in H2. By Proposition 2.2, we
have that either g = \p,, or g = A, for some A € dD and w € D. Hence,

(2.2) |Bop™) — g|5 =2 - 2Re (Bop™), g) — 2(1 — ||g[|*) = 0
as k — oo, and the lemma follows. O

Now, we are in position to state the main result of this section. If N C H? is a closed subspace,

we denote its orthogonal complement by N-=.

Theorem 2.4. Let ¢ be a non-elliptic automorphism and B be a thin product. Write H =
span L,(B) for the closure in H? of the linear span of L,(B). Then

H=H? or H=(zbH?*)",

where b is a Blaschke product with simple (or no) zeros that satisfies bow = vb for some v € OD.
Conwversely, if H is either of the above spaces, there is a thin product B such thatspanL,(B) = H.
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Proof. Since Proposition 2.2 says that L,(B) contains a non-null constant and for w € D\ {0},

w—z 1 — |w|?
2.3 w(2) = =1— ,
(2:3) Wipw(2) wlfwz 1—wz

the same proposition tells us that a subspace H C H? has the form H = span L,,(B) for B thin
if and only if there is a relatively closed set E C D, with p(FE) = E, such that

1
H=spanpg: [{1}U{——:we E}U{z: if0€ E}|.
1 —-wz
We recall that the function K, (z) = (1 —wz)~! is the reproducing kernel in H? for w € D,
meaning that (f, K,,) = f(w) for all f € H2. So, a function f is orthogonal to H if and only if

f(0) =0, f(w) =0 for all w € E, and f'(0) = 0 when 0 € E. That is,
HL:{fEHQ:f€ZH27 f=0 on E and f € 22H? if0 € E}.

There are four possibilities: E = (), E # () is not a Blaschke sequence, or F is a Blaschke
sequence, in which case we distinguish temporarily between the cases 0 ¢ Eand 0 € E. If E = (),
then H+ = zH?. Since the zeros of a non-null function in H? form a Blaschke sequence, when
E is not such sequence we have H+ = {0}. If E is a Blaschke sequence, let b and by be Blaschke
products that satisfy Z(b) = E and Z(by) = E\ {0}. If 0 € E, we get H+ = zH?> NbH? = 2bH>.
On the other hand, if 0 € E we get H+ = bgH? N 22H? = 2%bgH? = zbH?. Summing up,

1. H = H? < E is not a Blaschke sequence.

2. H=C< E=0.

3. H = (2bH?)*, with Z(b) = E & E is a Blaschke sequence, whether 0 € E or not.
Finally, in the last case we have Z(boy) = p~1(Z(b)) = ¢~ }(E) = E = Z(b). Therefore bop and
b are Blaschke products with the same zeros, which means that b o ¢ = b for some unimodular

constant . O

By Theorem 2.4, the equality is attained in the inclusion span L, (B) C span O, (B) if and
only if span L, (B) = H? or span L,(B) = (2bH?)*, where b is a non-constant Blaschke product
as in the theorem, and B € (zbH?)*. This means that zbB = zv, where v € H? is inner, or
equivalently, that B divides b. Our next example shows that §pan L,(B) can be much smaller

than span O, (B).
Example 2.5. There exist thin Blaschke products B such that
span O, (B) = H* and 3panL,(B) = C.

Proof. Let {wy} be a sequence in D,, such that |wj|—1 and whose set of non-tangential accu-

mulation points has positive measure. We show the existence of such a sequence as follows: take
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any maximal sequence in D that satisfies §(w;, wy) > 6 > 0if k # j. Since the sequence is hyper-
bolically separated, it does not accumulate on D. We claim that it accumulates non-tangentially
at every point of JD.

Otherwise, for every angle 0 < o < /2, there is a point £ € D such that some non-tangential
sector with vertex £ and half opening a does not contain any point wy. If a is big enough we
have that the hyperbolic distance of r£ to the sequence is larger than § when r < 1 is close to 1.
This contradicts the maximality of the sequence. Hence, the intersection of this sequence with
D,, satisfies the desired condition.

As we did in the proof of Proposition 2.2, we can use Lemma 2.1 to pick ny— + oo so that
the Blaschke product

B(z) = [ ] (0w, 0 )(2)
E>1

with zeros (™) (wy,) is thin. Moreover, by Lemma 2.1 we can choose ny—o0 so fast that B is as
‘thin’ as we wish, meaning that if j > 1 and Bj := [[;_; v (¢w, © (=) then |B; (™) (w;))]
is so close to 1 as we predefine (by choosing §; — 1 fast enough in Lemma 2.1). Furthermore,
since for every h € H*, with ||h|lcc < 1, and w € D, the Schwarz-Pick inequality easily yields
p(|h(w)], |w|) < |k(0)| (see [7, Ch.1, Cor. 1.3]), taking h = B; o ¢(") and w = w;, we can ensure
that the right hand side of

p(IBj 09" (w;)], lwj]) < 1Bj o o!™)(0)]

is as close to 1 as desired. In particular, we can impose the condition

(1= 1B oo™ (0)?)>

(2.4)
1 —fw;|?

— 0.

We will check that spanO,(B) = H?. Suppose that f € H? is orthogonal to O,(B). By
Proposition 2.2, f L C. So, using (2.3), f L (Bo (™)), f 1L C and

Bo ™) = (By oo™y, (k>1),

successively in the following chain of equalities, we get

B0 fuw) = oy (£ (1= Tapw) w(Bro "))
= o (B ) 4 (1= T ) (B0 ) 0)
_ Wk o (k) Wk o (k)
(£ o) - {0, (B0 p™)(0))
wg

W (f s Wpw [(Br 0 0™)) = (Bi 0 o"))(0)]).
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Consequently
Ble™ O w0l < Ll o ™) — (Bro o™ O
B G 1— |(By, 0 ™)) (0)[2)2 =0
1l (1= (B o ") O

by (2.4); that is, f(wy)—0. Since the sequence {wy} accumulates non-tangentially on a set of
positive measure in JDD, the non-tangential limits of f must vanish on a set of positive measure,
implying that f = 0. This proves our claim.

The equality span L,(B) = C will follow from the last assertion of Proposition 2.2 if we
show that the set E associated with B is empty. So, suppose that w € FE. Since the ze-
ros of B are (") (wy), the proposition says that there are integers mj, kj— + oo such that

@(*mj)(go("’“j)(wkj))ew. Applying the quotient map P : D—D,,, we obtain
limwy, = lim P75 (wy, ) = P(w) € D,
where the limit is taken in the D, topology. This is not possible, because |wy,|—1. O

2.1. Generalization to Hardy spaces. The proof of Theorem 2.4 is more natural and trans-
parent in the context of the Hilbert space H?, but with very minor modifications we can see
that both Lemma 2.3 and Theorem 2.4 are valid for HP when 1 < p < oo. We recall that the
composition operator C,, is bounded on H? for p > 1 (see [5, p.121]). To see that the lemma

holds simply replace (2.2) by

1B o) —gllp < [|B o™ —gl5,Ly) 1B op™) — gl <277 [Bop™ — g,

which by (2.2) tends to 0 as k — oo, where the first inequality is the Cauchy-Schwarz inequality
and the second holds because |B o o) — g| < 2.
Let 1 < p < oo and N C HP be a subspace. The annihilator of N is

Nt ={feH!:(h,f)=0forall he N},

where 1/p + 1/¢ = 1. Mimicking the proof of Theorem 2.4 we see that if ¢ is a non-elliptic
automorphism and B is a thin product, a space H C HP? has the form H = 5pan y» L, (B) if and
only if it is closed and H+ = {0} C H? or H*+ = 2bHY, where b is a Blaschke product as in
Theorem 2.4. This is the same as saying that

H=H? or H=(zbHY)"=H"NbH",

where the bar means complex conjugation. This is the HP? version of Theorem 2.4 for 1 < p < 0.

The result for H' requires a different argument. Since the first of the following spaces

span L, (B) C span g2L,(B) C span g1 L, (B) :=="H
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is dense in the latter, so is the one in middle, which by Theorem 2.4, is either H? or H? N bﬁQ7
with both cases ocurring. In the first case H = H' and in the second, 7 is the H'-norm closure

of H?N bﬁ2, which by Lemma 5.8.14 of [3] is H! N bH'. This gives Theorem 2.4 for H*.

3. A CONSTRUCTIVE CHARACTERIZATION OF EIGENVECTORS

While our work in this section is related to those in [4, Section 4], our approach to the problem

is quite different. The function h(z) = i}*2 maps D onto Cy = {v € C : Imv > 0}, with

h=t(v) = Z;j If ¢ is a hyperbolic automorphism of D, by conjugating C,, with an invertible
operator, we can assume that its fixed points are —1 and 1, where 1 is the attractive point.
Thus, p = h™ L o @ oh, where ¢ : Cy— C, is ¢(w) = aw, with o > 1 (see [1], for instance). A
straightforward calculation shows that

(3.5) () = —p1a(2) and ¢ (2) = —p1an(z) Vn€Z.

Tta T+a

The same argument with ¢ : D—D parabolic, where we now assume that its fixed point is 1, and

therefore p(w) = w + t, with ¢ € R\ {0}, shows that

t—2i nt — 24
= t (n) = nt .
(3.6) w(z) (t T 22,) ¢+ _(z) and ¢"(2) (nt n 22_> ¢t _(z) VnezZ

We can further assume that ¢ > 0, since otherwise the treatment is analogous.

From the above expressions for ¢, it is easy to see in both cases that if wg € C, then {4,5(”) (wo) :
n € Z} is an interpolating sequence for H>°(Cy) (see [7, Ch. VII]), so {¢(™(2y) : n € Z} is an
interpolating sequence for H>° (D) for any fixed 2o € D.

3.1. Blaschke product eigenvectors. It is clear that a Blaschke product b satisfies boyp = ~v0b
for some v € 0D if and only if b and bo ¢ have the same zeros. This means that for every zero w
of b, {p™ (w) : n € Z} are zeros of b, each one with the same multiplicity as w. Hence, b is solely
determined by the sequence of its zeros in D,. So, a characterization of the Blaschke products
that are eigenvectors is tantamount to a characterization of the Blaschke sequences {zj}r>1 in
D, such that {¢™(z) : k > 1,n € Z} is also a Blaschke sequence. We have to distinguish

between the hyperbolic and the parabolic case.

Theorem 3.1. Let {z;}r>1 be Blaschke sequence in Dy. Then {o™(z): k> 1,n € Z} is a
Blaschke sequence

(1) always when ¢ is hyperbolic.

(2) if and only if {zr} stays outside of some horocycle tangent to OD at the fized point of ¢,

when @ is parabolic.
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Proof. Geometrically, it will be more convenient to look at things in the upper half-plane C; =
{#z € C:Imz > 0}. Hence, the Blaschke condition for the sequence z = xj, + iyx is > H?l’i;klz <
o0. To prove (1) we can assume that ¢ is a hyperbolic automorphism that fixes 0 and oo, and
therefore has the form p(w) = aw with 1 # «a > 0. We can also assume that o > 1, since the
proof is the same in both cases. In this case, we can take D, = {z € C; : 1 < |2| < a}, and we

must show that if {z }x>1 in D,, is a Blaschke sequence then so is {a"z, : k > 1, n € Z}. Hence,

"y oYk n
> Thjara? = ZZWJFZZO‘ Yk

k>1,n€Z n>0k>1 n<0k>1
1 .
< ZJ‘FZQ” Zyk (since |zg| > 1)

n>0 n<0 k>0

1 1+ a?
ot el +a”) (since |zx| < @).
a—1 1+ |22

£>0

To prove (2) we can assume that ¢ is a parabolic automorphism that fixes co, and therefore has
the form p(w) = w + t, where t € R, and we can also assume that ¢ > 0, since the proof is the
same in both cases.

In the case at hand, we take D, = {z € C; : 0 < Rez < t}, and show that given a Blaschke
sequence {zj}r>1 in Dy, {2 +nt : k > 1, n € Z} is a Blaschke sequence if and only if the
sequence {yx} is bounded.

First suppose that there is some constant C' > 0 such that y, < C for all £ > 1. Since
lzx + nt| > |njt — 2, > (|n] — 1)t, we have that (x + nt)? > (|n| — 1)%¢? for all n # 0.
Consequently, if n € Z\ {0},

L+anl?  _ 1+£24C2
1+ |zg +nt]2 = 14 (In| — 1)2¢2°

leading to

Z Yk B Z Yk 1+ |z |?
2 = 2 2
KoL, aTh\ (0} 1+ |zx + nt| KoL, aTh\ (0} 14 |25 14 |zx + nt]

Yk 14+t2+C?
S DY s Pt AN DI pr gy o7
= 2 —1)2¢2°
=1 Ll nemgoy T (Inf = 1)%
which is convergent. Obviously, the sum is also bounded for n = 0.
If the sequence {yx} is not bounded, fix an arbitrary y; > ¢t + 1 and consider all the values of
n € Z such that —%& < — [yT’“] <n< [yT’“] < ¥ where [a] denotes the largest integer < a. Since

0 <z <t, we have

—yp <ap—yp < xp+nt <z +yp <t+yr < 2y,
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and consequently (zj + nt)? < (2yx)?. Thus,

Yk 1 Yi
L —— > i
2 1+ |z, + nt|? - . 2 bor L+ 5YE

[ ][]

(ye > 1) 1
= 6
T pens(
1
o
6y t
> L (%) = 1
B 6yr \ t 6t
Consequently,
Yk Yk 1
> =2 DD D ey D D
2 = 2 = ’
tmen ST ey PP O
which is infinite if there are infinitely many y, >t + 1. ]

3.2. Outer eigenfunctions. If ¢ is given by (3.5) (the hyperbolic case) consider the circular
intervals J = (p(2),1] U [—i,(—1)) of D, and if ¢ is given by (3.6) (the parabolic case) consider
J =[-1,¢(—-1)) (see Figures 1 and 2).

Lemma 3.2. If ¢ is given by (3.5) then
1 /
(3.7) Zoflnl < ™ ()] < (a+1)2a" " vw e J, Vn € Z.

If ¢ is given by (3.6) then there is a constant c(t) > 0 such that

1 ’ C(t)
3.8 — <™ < —=2— YwelJ VneL.
(39) g <l W) < 50— Vwe g v
Proof. If ¢ comes from (3.5),
1-— ‘ %;an 4a™
n 7 am™ 1+Oé" 2
o ()] = — s = <1 L
’1* 1+g"w‘ ’17 1+3"w‘

When w € J and n € Z, %w remains in the angular sector {re? : 0 < r < 1, argp(i) < 6 <

arg ¢(—1)}. Since DN 9D, is orthogonal to D (see Figure 1), it follows that

22 1—am |?
W|1<P(0)|2§’11+anw <22
For n € Z,
ol < 49"yl
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so combining the above inequalities we obtain the desired result. If ¢ comes from (3.6),

— |t 4
|¢(n)/(w)| nt—21 n2t2 14
llint 2@ ‘ llint QZw‘

When w € [-1, ¢(—1)), Figure 2 shows that

nt
2> |w—
'w nt — 2i

> lp(-1) - 1] - |1 - 22

- i ]
- (t2+1)172 (n2t2+4)1/2
ifn#0
1 1
> 2 {(t2+1)1/2 - (t2+4)1/2:| .

The claim follows for n # 0 by inserting the above inequalities in the expression of [’ (w)|.

Since |0 (w)| = 1, it also follows for n = 0 by taking c(t) > 4. O

Lemma 3.3. Let 1 < p < 0o and ¢ be a non-elliptic automorphism. If fo > 0 belongs to LP(J)
and log fo € LY(J) with respect to the linear Lebesque measure |dz|, then for A > 0,

z) = ZX¢<7L>(J)(Z) A" fo( ™™ (2))

neL
is in LP(OD) and log f € L'(OD) if and only if
(1) % < A< ¥a in the hyperbolic case (i.e.: when ¢ is given by (3.5)),
(2) A =1 in the parabolic case (i.e.: when @ is given by (3.6)).

Furthermore, f o = Af on D in both cases.

Proof. Clearly f is defined almost everywhere on 9D so that f|; = fo and (fop(™)(2) = A" f(2)
for all n € Z (see Figures 1 and 2). Thus,

Lo g@rlasl = [ e @)™ w)aw
e (J)
(3.9) - vamm¢wwmmL

In the hyperbolic case we insert the inequalities (3.7) in the above expression to obtain a constant

C(a) > 0 such that

dar [ fertavt < [ gy < o5 [ i

Summing over n € Z,

4Za\n|/ p</8Dfp<C ) \n|/

ne”Z
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For the convergence of the sum it is necessary and sufficient that \? /o < 1 and AP« > 1; that is,

% < A < ¥a. The same idea, with f? replaced by log f, gives

1 1 1
*Zm/(logjw—nlog)\) S/ logfSC(@)ZW/(Iogf—i-nlog/\),
Ao oD = alnl J;

which converges because o > 1.
In the parabolic case we insert the inequalities (3.8) in (3.9) to obtain a constant ¢(t) > 0 such

that
)\pn pd pd )\pn pd
e < < c(t)—————— .
n2t2+4/Jf(w) \ wl/g)(n)(J)f(z) | zl,c()n2t2+4/]f(w) |dw|

Summing over n € Z,
APT / AP
el A AU 0D SP e
7; n2t2 + 4 J oD T;Z n2t2 + 4 J
The sum converges if and only if A = 1. Finally, observing that for A = 1 we have log(f o ¢) =
log f, the same proof, with fP replaced by log f, gives

1 1
= fregf< [ togf<e®)S — [1
%n2t2+4[] ogf_/aD ogf_C()%n2t2+4[] og .

which converges. O

Theorem 3.4. Let 1 < p < 0o and ¢ be a non-elliptic automorphism. There is an outer function

e 4 2 o, dl
F(z) = ——1 Wy —)eHr
@ =ew ([ G Zonren 5 ) €
such that F oo = yAF for A > 0 and some vy € 0D if and only if

(1) % < A < Ya in the hyperbolic case (where ¢ is given by (3.5)),

(2) A =1 in the parabolic case,

and f is given by Lemma 3.3. Moreover, vy depends on ¢ and fo but it is independent of \ in

both cases.

Proof. Since |F(§)| = f(€) for almost every £ € D, we also have |F(p(£))] = f(¢(£)) = Af(€),
where the last equality comes from the lemma. That means that the outer functions F o ¢ and
AF have the same modulus on 9D, and consequently they differ by a multiplicative constant of
modulus one (see [7, Ch.II, Thm. 4.6]). To complete the proof, notice that
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So, if we partition dD = (J,, ., ©(™(J) and change variables (as in (3.9)), we obtain

= expli mL(O)O ei9w
v = p(/aDI 7 p(0) 8 ) Ty )

= exp <z2<p / ZI M [log fo(e™) + nlog Al |d(ei9)>

o eM(e?) — 0(0) 2m

(n)’ (¢i0 eif
= exp <i2(p( )/logfo 19 ZI l;peza( 30|(0) |d(27T >|>7

nez

where the last equality holds in the hyperbolic case because J is symmetric with respect to the

real axis, ¢(0) € R and @™ (e=) = ¢ (i), and in the parabolic case because A = 1. O

Remark 3.5. The case p = oo is easier. If a bounded function is an eigenvector corresponding
to an eigenvalue a, then |a| = 1. On the other hand, if fo € L>°(J), log fo € L'(J) and A\ = 1
in Lemma 3.3, it is clear that the function f of the lemma is bounded and the same proof shows
that log f € L'(0D). Thus, Theorem 3.4 holds for p = oo with A = 1 in both the hyperbolic and

parabolic case.

3.3. Singular inner eigenvectors. For p a positive, finite, singular measure on 9D, its associ-

ated singular inner function is

5. = e (- [ 2 du(e”)).

The following lemma was proved by Matache in [10] as a means to characterize the singular

inner eigenfunctions in terms of pull-back measures. We give a different proof.

Lemma 3.6. Let ¢ be any automorphism and v be a (finite positive) singular measure on 9D.
Then there ezists a unique singular measure p that satisfies |S, (¢~ 1(2))| = |Su(2)| for z € D,

and it is given by

(3.10) ue) = [l
e H(E)

for Borel sets E C OD.

Proof. The existence holds because S, (¢~1(z)) is a singular inner function, so there must exist a
singular measure p and A € D such that S, (¢~!(2)) = AS,(2). The uniqueness follows because
two singular inner functions with the same modulus have the same associated measure (see [7,
p. 70]). To prove the last statement consider first the case v = J¢, the Dirac measure concentrated

at a point £ € ID. If 1 is the measure that satisfies |Ss, (01 (2))| = Sy, (2)], the first function
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extends continuously to dD \ {¢(&)} as the constant 1, and thus the same holds for |5, ()],

which means that ue = cd,(¢) for some constant ¢ > 0. Moreover,

1l )
PO

So, pe = ' (€)|0,(¢), which is the measure defined by (3.10) for v = J¢. For an arbitrary singular

¢ = (D) = —log |5y, (0)] = —log S5 (¢ (0))] = 1¢'(O)I-

measure v, write v = [ d¢ dv(£) and consider the singular measure p := [ pedv(§), where the
integrals converge weak-* in the space of finite Borel measures. Since p¢ is the measure that
satisfies (3.10) for d¢, then p is the measure that satisfies (3.10) for v. Moreover, since the map

o P,(0) = —log|S,(2)| (the Poisson integral of o) is linear,

—log |Sl/(9071(z))| = P¢*1(z)(y) = /Papfl(z)(é&)d’/(g) = /Pz(ﬂﬁ)dy(g) = P.(n) = —log ISM(Z)|7

where we can take the integral of measures outside of the Poisson integral because the kernel of

P, is continuous on JD for every w € D, and the equality in the middle is proved above. ]

In order to present a statement that is as clear as possible, we allow the possibility of v = 0

as a singular measure in the next corollary, and we interpret this to mean that S, = 1.

Corollary 3.7. Let ¢ be a non-elliptic automorphism and v be a non-negative measure supported

on the fized points of ¢. Then |S,(p™1(2))] = |S,(2)| for 2 € D if and only if

(1) v =0 in the hyperbolic case,

(2) v = ady in the parabolic case, where 01 is the Dirac measure at 1 and a > 0.

Proof. By (3.10), |S, (97 1(2))| = |S.(2)| if and only if v({¢}) = |¢'(&)|v({¢}) for any fixed point
€ of . So, £ € {—1,1} when ¢ is hyperbolic, and since |¢’(1)| = o=t and |¢/(—1)| = «, where
a # 1, then v({¢}) = 0. If ¢ is parabolic, we have that £ = 1 and |¢’(1)| = 1, which means that

v({1}) can be any non-negative number. O

Now we are in position to state the result concerning singular inner functions.

Theorem 3.8. Let ¢ be a non-elliptic automorphism and J C 0D be the set associated with ¢ by
the paragraph that precedes Lemma 3.2. If vy is a singular measure on 0D with mass concentrated
in J, write
(3.11) dv = Z dvy, where v,(G) = / |g0(”)/(ei9)\ dv(e®?).

nez e=m(@)
Then S, is a singular inner function that satisfies S, (¢(z)) = ¥S,(z) for some v € OD. If p is
parabolic, the same holds for Syyas, for any a > 0. Conversely, every singular inner eigenvector

S, has this form, with vy = xsp and, if ¢ is parabolic, a = p({1}).
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Proof. First we prove that v is a finite measure. Observe that the whole mass of v, is concentrated

in ©(™(.J) and that these sets are pairwise disjoint. Hence,

v0D) = ¥ wa(0D) = [ S 1o (@) dne®) = [ ST ()] dm(e).

ne”Z neE”Z neZ

It follows from Lemma 3.2 that the above quantity is finite.

By (3.10), |S,, ("™ (2))| = |S., ()|, and consequently,

1501 (2)] = 180 (0D (2))] = 154, (0 (0(2)))] = 150, (0(2))].

Therefore

log[S,(2)] = ) _10g[Sy,_, (2)] = Y log|Sy, (p(2))] = log S, ((2))],

nez nez
which means that S, (¢(2))/S,(2) is some constant of modulus 1. Corollary 3.7 says that we can
add to v an atom at 1 when ¢ is parabolic.
To prove the converse, suppose that S, is a singular inner eigenvector and write v, = X ,n) () 1-
If we fix n € Z, for any Borel set G C (™ (J), the equality |S, (¢~ (™ (2))| = |S,.(z)| together
with (3.10) yields
(@) = u(6) = [

e @l = [ e
e(=m)(G)

e(=™)(G)
Thus, 4 = v + i, where v is given by (3.11), with vg = xspu and pe supported on the fixed
points of . But since S, and S, are both eigenvectors, the same holds for S, . The theorem

now follows from Corollary 3.7. |

We can summarize this discussion by saying that if 1 < p < 0o, and h = FBS € HP, where
F is outer, B is a Blaschke product and S is a singular inner function, then h is an eigenvector
of C, if and only if ', B and S are respectively given by Theorems 3.4, 3.1 and 3.8. The same
holds for p = 0o, with F' given by Remark 3.5.
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