EQUIVALENCE BETWEEN REPRESENTATIONS FOR
SAMPLABLE STOCHASTIC PROCESSES AND ITS
RELATIONSHIP WITH RIESZ BASIS.

JUAN MIGUEL MEDINA AND BRUNO CERNUSCHI FRIAS

ABSTRACT. In this paper we study the question of the representation of ran-
dom variables by means of a countable Riesz basis. We study different rep-
resentations for processes which are linearly determined by a countable Riesz
basis. This concerns the representation of continuous time processes by means
of discrete samples.

1. INTRODUCTION

Recall the definition of a Hilbert space representation given by Parzen [12] of
a finite variance stochastic process. In this work we will study different equiv-
alences between several representations for samplable processes. In this context,
a samplable process, will mean a continuous time, or spatial process, which can
be completely linearly determined by a series expansion, using a set of countable
samples or measurements of the original process. This is related to the problem of
reconstructing a signal from its samples. One of the most known results, related
to this problem, is the Shannon-Whittaker-Kotelnikov (SWK) sampling theorem,
which also has its stochastic version for wide sense stationary (wss) random pro-
cesses :

Theorem 1.1. [13] Let 2" = {Xi}ier be a w.s.s. random process defined over a
probability space (Q, F,P), such that its spectral measure is concentrated in a finite
interval (—B, B), then

sin(Bt — n)
X = ———— Xz
! nze:z Bt —mn B

Where the convergence is in the L*(Q, F,P)-norm.

This result admits some generalizations for related processes. Lloyd [9] gave a
necessary and sufficient conditions, in terms of the spectral measure, for a w.s.s.
process to be completely linearly determined by its samples. This result can be
extended for some non stationary processes [8]. However, the condition, for a
process, of being linearly determined by its samples is weaker then the condition
of the samples forming a basis. The study of conditions for a w.s.s. process to
have a basis or minimal system goes back to Kolmogorov [13] [14]. However, all
these references, as in the case of the SWK theorem, deal with equidistant samples,
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and are mostly stated for w.s.s. processes. The stochastic version of the SWK
theorem, under additional conditions, gives an orthogonal set or a Riesz basis of
samples which spans the Hilbert space spanned by the whole process [11]. The
representation of signals using Riesz basis has many practical applications [2], in
particular, this gives a robust representation of the process under additive noise. A
classical generalization of the (deterministic) SWK theorem was given by Kramer
[7]. This result allows to treat the case of non uniform samples. In [4] a converse
of this result is given, stated as conditions on the interpolating functions. Here, by
means of the reproducing kernel Hilbert space [15] associated to the process, we will
give an analogous to Kramer’s result, and its converse, for random processes, which
are the (stochastic) integral transform of an appropriate kernel function. W.s.s.
processes are particular cases of this. We shall see that this is also a necessary
condition for a Riesz basis of samples. Under additional conditions, we prove that
this representation is obtained in a very similar manner to a Karhunen-Loeve (KL)
expansion, although, the classic KL result may not be applied in this general case.

2. GENERAL CONDITIONS FOR THE EQUIVALENCE BETWEEN REPRESENTATIONS

Let (92, F,P) be a probability space, if X is an integrable random variable, we
denote E(X) = [ XdP. Let T be a set of indexes, which in our case of interest, is
Q

considered uncountable. In this work we will assume that 2" = {X;}+cx is a finite
variance, zero mean random, real valued stochastic process with correlation function
R(t,t') = E(X¢ Xy). This positive definite function defines a reproducing kernel
Hilbert space (RKHS) [12] [15], which we will denote H(R). We are interested in
some Riesz basis for H(2") = spanZ’, the closed linear span of 2" in L?(Q, F,P),
and some of their properties.

Definition 1. A Riesz basis for H, a Hilbert space, is a family of vectors {v, }, C
H, such that v, = Ue,,, where {e, },, is an orthonormal basisof H, and U : H — H
is a bounded bijective operator.

A very useful characterization of Riesz basis is the following well known theorem:

Theorem 2.1. [2] Let H be a Hilbert space, {vn}, is a Riesz basis for H <
{vn}n is complete in H, and there exists constants 0 < A < B < oo, such that

2
AZ|Ck|2§ ch’l)k SBZ|C[€|2
k k o k

2.1. Condition for the existence of a countable Riesz basis of H(Z), an
stochastic Kramer like theorem and its converse. The Kramer sampling the-
orem [7] gives a method for obtaining orthogonal sampling formulas, for functions-
signals which are in the range of an appropriate integral operator. The SWK
theorem for band limited functions is a particular case of this. In the random case,
we can see briefly that something similar happens if we consider processes which
are the integral transform of a suitable random measure. Here, T denotes a set
of indexes, which we assume to be, in general, uncountable, as this is the case of
interest in sampling problems.

Theorem 2.2. Let M be a random orthogonal measure over a measurable space

(U, A),and let 2 = {Xi}iex C L32(Q, F,P) be an stochastic process defined by
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Xy = [k(t,s)dM(s), where k(t,s) = > Sp(t)fu(s); {fu}n is a Riesz basis of
U ne”Z

L2(U, A, ), with the control measure u(.) = E|M(.)|?, (Sp(t))n € I and {k(t, .) }rex
is complete in L?(u). Then:
i) Sp(t) belongs to the RKHS generated by R(t,t') = E(X; Xy) and if (an)n € 12 is
such that > a,Sp(t) =0,V t, then a, =0, Vn.
ne”Z
it) There exists {Z,}n, a Riesz basis of H(Z") such that Xy = > S,(t)Z, .
neL

Proof. If { fu }n is a Riesz basis, then there exists a biorthogonal basis { f}, },. Recall-
ing the isometry between H(2") and L?(u) define Z, = [ f/dM and Z,, = [ fn,dM.

U U
Thus {Z,}, is a Riesz basis in H(2Z"), with a dual basis given by {Z/},. From
this: S, (t) = E(X:Z,,) = (k(t, .), f},) L2()- We have:

2 2
E|X:— Y Su(t)Zn| =|k(t,.) = > Su(t)f 0
[n|<N In|<N L2(p)
Finally, suppose that (a,), € [? is such that > «,S,(t) = 0 for all ¢. This is
neZ

equivalent to E (( > oznZ;L)Xt> =0 for all ¢, then > «,Z], =0 and thus o, =0
nez neZ
for all n, since Z}, is a Riesz basis.

O

Note that in theorem 2.2, {k(t, .)}tex and L?(u) are both representations of
Z, in the sense given by Parzen in [12]:

Definition 2. A Hilbert space H is a representation of a random process Z =
{X¢}tex if H is congruent to H(Z").

Definition 3. A family of vectors {v; }+cx in a Hilbert space H, is a representation
of a random process 2" = {X;}iex if for every s,t € T: (vg,vs)p = E(X: Xs).

As in [4] it is possible to give a converse of this result (theorem 2.3). Giving
appropriate conditions on the sampling functions, it is possible to obtain a Riesz
basis of the whole space H(Z"). In particular, the random process is linearly
determined by its samples. In contrast to Garcia’s result [4], the hypothesis on
the signal, in this random case, of being the image of an integral transform can
be dropped. So, in principle, one may conjecture that there exists a larger class of
processes with this property. However, is rather easy to see (theorem 2.5), that if
there exists a Riesz basis of H(Z") then the process is the integral transform of an
appropriate random measure.

Theorem 2.3. Let T be a set of indexes, generally non countable, and let Z =
{Xi}ex € L2(2, F,P) be a stochastic process, such that E(X;) =0, for all t € T.
Let H(Z') be the closed subspace spanned by 2 . The following assertions are
equivalent:

i) There exists a subset of T wvalued functions {Sn}nez € H(R) and a subset of
random variables {Zp}nez C H(Z") such that:

a.1) (S,(t)n € 12, for all t € T, ((Sn, [lur)n € * for all f € H(R), and if
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(an)n € 12 verifies Y. a,Sn(t) =0 for allt € T, then a,, =0, for alln € Z.
neZ
a.2) (E(YZy))n € 12 forallY € H(Z) and Xy = Y. Sn(t)Zn, where convergence
nez
is in the L? norm.
it) There exists {Z, }nez, o Riesz basis of H(Z) .
i11) There exists {Sp}nez a Riesz basis of H(R).

Proof. ((it) = (¢)) If {Z,,}», is a Riesz basis of H(Z"), then there exists a biorthog-

onal basis {Z] } ez, such that S, (t) = E(Z], X;) and X; = > S, (t)Z,. These S, (t)
nez

are unique, since Z,, is a Riesz basis. Is immediate that (E(Z,Y)), € (2, for all

Y € H(Z') and S,, € H(R) from the definition. On the other hand, recalling the

theory of reproducing kernels, for every f € H(R), there exists Y € H(Z") such

that f(t) = E(X:Y). This can be written as f(t) = j(Y)(t), where

(2.1) J: H(Z) — H(R),
Y J(Y)=E(X,Y)

= Ran(j), is equipped with

~—

and where the reproducing kernel Hilbert space H (R

H,_/

the norm [15]: o]l 4z, :inf{||w||H(%) L J(w) =

v ¢. In this way, an isometry is
defined and thus (S,, f)u(r) = E(Z,Y), but (E(Z,Y)), € I because {Z]},, is also
a Riesz basis. In particular, for allt € T: Y [S,(t)]? < co. Finally, let (o), € [?

neL
be such that > «,S,(t) =0, V¢ € . Hence:
neZ
> anSu(t) = anE(Z,X:) = <Xt > anZ), ) =0 VieT.
neL nez nez
Then Y a,Z, € H(Z)* = {0}, thus > a,Z! = 0 but {Z'}, is a basis, then

nez nez
a, =0, for all n.

((i) = (i1))We shall see that {Z,}, of (i) is, indeed, a Riesz basis.
(Step 1) Let T}, and T be defined as:

Ty : HZ) — 12 and T:H(Z) — 17,
Y (B(Z3,Y )Lk, (n) Y (E(Z,Y)n

where the Z/’s are such that E(Z/, X;) = S, (t), thus,
Tv) - TR = Y Y2, — 0,
[n|>k

and then pointwise convergence follows from this. On the other hand

1Tl < | D EIZLP ) EYP,
|n|<k

then, by the Banach-Steinhaus theorem, 7' is a bounded operator, so there exists
B such that :

> |E(Z,Y)|* < BE|Y]?.

neZ



Then by Lemma 3.1.6. of [2], we have that

2
Z anZ),

ne”Z

(2.2)

<B)Y lan.

H(Z) nez

For all (ay)n € 1%
(Step II) Let H(S) be the reproducing kernel Hilbert space induced by the linear
operator
J:1? — H(S) |,
(Ock)k'—ﬂ(a):ZkZ ap Sk (t)

note that J is well defined, and H(S) is the range of J: Ran(J) equipped with the

norm [[v]| gy = nf {[|wll;z © J(w) =v }.

Let us see that H(S) = H(R), in the sense of set inclusions. Let v € H(S), then

v(t) = > a,Sn(t), taking in account that S,(t) = E(Z,X:) = J(Z]) and that
nez

> anZ] converges by (Step I) eq. 2.2, then by eq. 2.1 v(t) = J (Z anZT’l> (1),

nez nez

and thus v € Ran(}) = H(R). On the other hand if v € H(R), then v = j(Y),

for some Y € H(Z'), but if X; = > Z,5,(t) and recalling again eq. 2.1: v(t) =

neZ

S E(Z,Y)S.(t) = J(B)(t), with B, = E(Z,Y), B € [2, then v € Ran(J) = H(S).

nez

(Step III) Now, let us see that their norms are equivalent. In fact, consider the

inclusion map H(R) < H(S) and v, = i(v,) — w in the H(S)-norm and such

that v,, — 0 in the H(R)-norm. But as H(}%T;Ond H(S) are both RKHS, then
convelrgenn_ggzO in norm implies pointwise convergence for each ¢t € T, so we have
that v, (t) = i(v,)(t) = w(t) = 0 for all ¢ € T, thus w = 0, and then by the
closed graph theorem i is continuous, but i is also a bijective map, then there exist
constants 0 < A < B < oo such that:

Alollg gy < li@ ) < Bllolge) »
but we have seen that v = J(8), with 8, = E(Z,Y), and since this coefficients are
unique (condition a.1) [[v][g) = > |E(Z,Y)|?. On the other hand, v = J(Y),
nez

thus

1

2
Al Ly < (Z |1E<zny>|2> < BIYllio -
neL
and then {Z,}, is a frame.
(Step IV) Now, we shall see that {Z,},, is a Riesz basis of H(Z"). Indeed {Z,,, Z},},,
is a biorthogonal system, with Z/ as in (Step I). Since X; = > Z,5,(¢) and
nez
then Sy, (t) = > E(Z],Z,)Sn(t), thus E(Z],Z,,) = 6, m- Finally, let us see that
nez

span{Z;}r = H(Z"). For this, take Y € H(Z") such that E(Z,Y) = 0Vk € Z,
but this implies E(Y X;) = 0 for all ¢ € T, and then Y = 0 a.s.
((i7) <= (di1)) is immediate.

]
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The fact that every samplable process admits a representation as an stochastic
integral, in this case, is a consequence of the fact that H(Z") is separable and that
all separable Hilbert spaces are isometrically isomorphic. We will give a complete
proof of this, in order to make the development of the work self contained. First,
we need the following theorem:

Theorem 2.4. [5] Let the covariance function of a random process 2" = {Xi}iex
admit the following representation: R(t,t') = [k(t, . )k(t', .)dp, where p is a pos-
U

itive measure over (U, A), and {k(t, .)}iex C L?*(pn) is complete. Then X =
{Xi}ex admits the following representation: Xy = [k(t, .)dM a.s., where {M(A),
U

A e A} C H(Z) is an orthogonal random measure, such that B|M(.)]? = u(.).
With this result, we can prove:

Theorem 2.5. If there exists a Riesz basis, {Zp}n of H(Z), given (U, A u) a
measure space, such that L?(u) is separable, then:
i) There exists an orthogonal random measure M over (U, A), with control measure

w, ie. u(.)=E|M(.)]>.
ii) There exists a Riesz basis { fn}n of L*(n), such that: Xy = [k(t,s)dM(s), with

U
E(t,s) = > Su(t)fn(s) and {Sn}n as in a.1) of theorem 2.3, and {k(t, )}tex a
neZ
complete system.

Proof. If {Z,}nez is a Riesz basis of H(Z"), then H(Z") is separable as it is
L?(u), so there exists an isometric isomorphism J : H(2) — L?(u1), and taking
fn=J(Z,), then {fn}nez is a Riesz basis of L?(u). So, we take,

k(t, ) = ZE(XtZ/n)fn = Z Sn(t)fn-

nez neE”Z

The coefficients are the same, unique, S, (t)’s of the previous result, so a.l) of

theorem 2.3 holds. On the other hand X; = > E(X;Z',,)Z,, thus J(X;) = k(¢, .)
neZ
and then

BUCX) = [ 00T (X = [ ble, D
U U

and {k(t, .)}eex is complete, indeed, take h € L?(u) such that (k(t, .),h)r2¢.) =0,

for all t € T, and since (fyn, h)2(,) = E(Z,, J~'(h)) and from the bi orthogonality

of {Zn}nez and {Z/ }cz, we have:

0="> E(XiZ'n){fn D)2y = > B(XZ'n)E(Z, ] () = E(X,J ' (R)).
nez nez

As this holds, for every ¢t € T, then J~'(h) = 0 a.s. and thus h = 0 a.e-[y].
Finally, from the representation theorem 2.4, it follows that there exists a random
measure M, such that X; = [k(¢, .)dM, and E|M(.)]> = u(.).

U

(]

Remark: Alternatively, one may construct the random measure M, and the Riesz
basis {f, }nez in the following way: as H(2") and L?(u) are both separable, take
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any pair of orthonormal basis {Y;, }nez and {g, }nez of H(Z') and L?(u) respec-
tively, and define over the algebra of A-measurable subsets with finite ;1 measure:

M(A) = Z<1A7gn>L2(,u)Yn 7and fn = Z ]E(Znym)ym .
ne”Z meZ

Then one can verify that if A(\B = & then M(A|JB) = M(A) + M(B), and

E|M(A)* = Z |<gna1A>L2(#)|2 = / 114]2dp = p(A).
neL i

From this, the measure M extends as usual. Now, given M, the stochastic integral
[ fdM, for f € L?(p) is constructed in the standard way, defining an isometry.
U

2.2. Application: A sampling theorem. The following result, shows how the
previous results may be applied to the problem of characterizing process which are
linearly determined by its samples, and which also form a Riesz basis

Corollary 2.1. Let {X;}iex be a zero mean, finite variance stochastic process.
The following are equivalent:
i) There exists Sy, € H(R), Z, € H(Z") and {t,,}», C T such that:

(b.1.) > |Sn(t)|2 <oo,Vt € T, Su(ty) = 0nyr and (<Sn7f>H(R))n e ? Jor all
nez

fe HR).
(0.2.) (E(YX;,))n €2VY € H(Z) and Xy = > Xt,Sn(t).

neL
it) There exist {t,}nez such that {X, }n is a Riesz basis of H(Z").
iti) Given (U, A, ) a measure space, such that L*(u) is separable, there exists M
an orthogonal random measure over (U, A), {tn}tnez and k(t,.) € L*(n) such
that {k(tn, .)}nez is a Riesz basis of L*(n), with E|M(.)]? = u(.) and X; =
J k(t, .)dM.
U

2.3. Examples:

2.3.1. The SKW theorem with a Riesz basis. Let 2" = {X;}ier, be defined by:

X, = / eMdM(N),
R

where M(.) is an orthogonal random measure, such that u(A) = E|M(A)|?> =

[ é(N)dA 1. For some non negative ¢ € L'(R), is an standard result that such M,
gxists [5]. Moreover we can take ¢, such that A < ¢ < B, a.e. on [—m, 7], for some
A,B >0, and ¢ =0 a.e. on [—7, 7). The resulting process is w.s.s. and it is easy
to verify that {%}nEZ is a Riesz basis of L?(R,du) and that, {X,,}nez is also a
Riesz basis of H(Z"). Moreover, the dual basis is given by {%}nez, and
then Sy, (t) = B(X,Z,) = 2200=m) “and obviously, k(t, \) = €1, (N).

w(t—n)

1n this case, the condition on p of being absolutely continuous with respect to the Lebesgue
measure, is necessary, as it was proved in [11].
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2.3.2. Bessel-Hankel Transforms. Consider 2" = {X;}ier.,, & process defined in
the following way: take {W;};cj0,1) @ Wiener process, and the orthogonal basis
{V@J - (xAn) }nen C L2[0, 1], where ), is the n-th positive zero of the Bessel function
Jry > —1. Thus, if

Xt = / \/!Ejr(mt)dW(fE), then Xt Z X/\nm7

(0,1] neN

where convergence is in the m.s. sense, this follows from the L?[0,1] convergent,

classic formula vtJ.(xt) = > /xJ, (x)\n)f(i m
neN L n

3. KARHUNEN-LOEVE TYPE EXPANSIONS

In the previous section, we have seen that the random variables Z,, and the
functions S, are related. Indeed if {Z] },, is the associated dual basis we know that
Sp(t) = E(Z], X:). We would like to give some additional condition under which
the Z,,’s are obtained in a similar fashion to “random Fourier coefficients” as in the
original K-L expansion. This point of view may be of more practical use in some
applications. However, in this case, we shall confine to the case when ¥ is an open
subset of R%. First we begin with an auxiliary result:

Proposition 3.1. Let T C RY be an open subset, let {X;}iex be a m.s. continuous
random process and let v be a finite Borel Measure, such that v is equivalent to the
Lebesgue measure (v = \) and E|X;|? = R(t,t) € L*(v). If there exists {Z,}nez a
Riesz basis of H(Z") and if {Sn}nez is as in the previous result, then {Sy}n is a
Bessel sequence (with respect to || . ||z, ). And T : ?— LQ( ), defines a linear,

(en)n—> > cnSn
nes

bounded and injective operator.

Remark: Note that under this conditions there exists an stochastically equivalent
measurable version of { X;};ex [5], i.e. a version which is B(R?) ® F- measurable, as
a function of (f,w) € T x Q. Indeed, we shall work with that measurable version.
N
~ [ asuw
k=1

L2(v) « /

This integral can be bounded, using the Cauchy-Schwartz inequality and the Bessel
condition on the Z/ s:

Proof.
2

dv(t) .

N

Z E(Z! X;)

k=1

2
dv(t

N 2
/ E (Xt (chz,g» du(t)
T k=1
2 N
/Rtt chzk dv(t) < B /Rttdu() > el
T k=1 k=1

Now, if K is a compact subset , (¢,), € [?, and since X; is m.s. continuous then
R(t,t) is continuous and bounded, In a similar manner as in the previous bound,



by the Cauchy-Schwartz inequality, we have:

N 1 M %
< 2 2 — .
E e Sk(t)| < tseulg (R(t,1)) <Z el ) N,M—>ooo
WM k=N

Then > ¢Sk converges uniformly over compact sets. On the other hand, |S,(¢) —
kEZ
S.(s)]? < E|Z.|’E|X; — X4|?, so the S, are continuous over K, and the same

holds for Y ¢;Si from the uniform convergence. Now, if (¢,), is such that

keZ
> ek Sk =0, thus > ¢Sp — 0, and then we have N} < --- < Nj_; <
A L2(v) |k|<N N—o0
Ny ' 0o, a subsequence, such that > ¢Sy — 0 a.e. [v], and since v = J,
k| <N, r—00
then > ¢xSk(t) = 0, for all . But the condition a.1) from theorem 2.2, implies
kez
cn, = 0, for all n. Thus,
T:1? — L*v),
(en)n— ZEZZ cnSn

is a well defined, linear and bounded operator, which is injective.
O

Now, if (%,F,v) is a measure space, given the process X, and if {5, },, is a basic
sequence, we can find the random variables Z,,, calculating an integral over ¥:

Theorem 3.1. Let 2" = { X, }iex be measurable (i.e. X (t,w) is FRF -measurable),
and let v be a o-finite measure, such that R(t,t) € L'(v). If {Sn}nez is a basis of
of = 5pan{Sp }tn, then:

i)

(3.1) zwwz/xmmmwm»
<

defines a bounded linear operator from L?(v) to H(Z'), and T(S.) = Z,, where
{8/} is the dual basis of { Sy}, with respect to the L*(v)-norm.
i)

(3.2) Tﬂﬂ=/R@ﬂﬂﬂMW%
<

defines a bounded linear operator from L?(v) to H(R), and T'(S.) = S}, where
{8 }n is the dual basis of {Sy}n with respect to the H(R)-norm.

Proof. i) Let us prove first that T : L?(v) — L%(P), is well defined and bounded.
Indeed, if X (¢,w) is § ® F-measurable, and as R(t,t) € L'(v) then X (¢,w) € L*(v)
for almost all w [P]. Thus, as f € L?(v), the integral 3.1 is well defined. On the
other hand, by Minkowski’s and Cauchy-Schwartz’s inequalities, respectively:

2

E|ITf*=E /X(t, D f(t)dv(t)
T
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2

(33) < | fExp)iro | < [Reoao i,
T <

Now, let us prove that Ran(T) C H(Z'), indeed, for each N € N, define Ty (f) =

> Zn{f,Sn)r2()- Is easy to verify that this Tiy’s are bounded linear operators
[n|<N
from L?(v) to H(Z'), and Ty — T strongly, since in a similar way to eq. 3.3, we

N—o0c0
can get:
2
BiTs - TfP < | [E[X= 3 ZuS,0| (o) | 171
T [n|<N
If {Z,}. is Riesz basis, there exist 0 < A < B < oo basis constants, so that:
2 2

E|X:— Y ZuSu(t)] =E| Y ZuSa(t)

In|<N [n|>N

2
<AY ISP < 5E = LRI € L),

nez

> Z,Sn(t)

ne”Z
2

But E|X, — 33 Z,S.(t)

— 0, so by Lebesgue’s theorem:
In|<N N—00

sup ]E|TNf—Tf|2N—>0 ;
||fHL2(,,):1 ™

from this T'f € H(Z), since H(Z) is closed. Finally, as Tn(S},) = Z, if
N > m, then T(S],) = Z,.

ii) If {X;}+ is such that X(t,w) is § ® F-measurable, then E(X; X ) = R(t,t)
is § ® §-measurable. On the other hand, by the Cauchy-Schwartz inequality:

T f()] < \/R(t,t)/\/R(t’,t’)lf(t')ldV(t')
T

1

< VR0 / RISV | 1]l aq < o0
<
So T' f is well defined and, by Fubini’s theorem:
T f(t) = / E(X, X)) f(#)dv(t') = E(X,Tf) = J(TF)(t)
<

where T, is defined as in eq. 3.1, and j as in eq. 2.1. Thus 77 = J o T defines a

bounded operator.
O



11

Final Remarks. Note that from the proof of theorem 3.1 we get that A" [(S,, f)|? <

n
E|Tf|?, so if Tf = 0 a.s. then (S,, f) = 0 for all n, thus f € &/*. In a similar
manner, if f € &+, then Tf = 0 and so Ker(T) = &/+. In particular if o7 is the
whole space L?(v), then T is injective. A similar analysis holds for 7".
In these last results {S,}, cannot be an unconditional (Riesz) basis with respect
the L?(v)-norm, indeed, if this would be the case, as the {Z,}, are a already a
Riesz basis, we have that A" |S,(t)]? < R(t,t) < BY_|Sn(t)|?, and integrating,

n n

we get > ||S,L||2L2(V) < 00, which contradicts the fact that inf||S,|| > 0.
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