A CHARACTERIZATION OF HERMITIAN MATRICES WITH VARIABLE
DIAGONAL AND SMALLEST OPERATOR NORM
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ABSTRACT. We describe properties of a Hermitian square matrix M € M, (C) equivalent to that of having
minimal quotient norm in the following sense:

M| < [|M + D
for all real diagonal matrices D € M,(C) and || || the operator norm. These matrices are related to some
particular positive matrices with their range included in the eigenspaces of the eigenvalues =%| M| of M.

We show how a constructive method can be used to obtain minimal matrices of any dimension relating this
problem with majorization results in R".

1. INTRODUCTION

Let M, (C) and D,, (R) be the algebras of complex and real diagonal n x n matrices. We are interested in
describing Hermitian matrices M € M, (C) that verify

|M|| < ||[M + D||, for all D € D, (R)

or equivalently
|[M]| = dist (M, Dy, (R))

(where || || denotes the operator norm). These M will be called minimal matrices and appeared in the study
of the minimal length curves in the flag manifold P(n) = U(M,(C))/U(D,(C)), where U(A) denotes the
unitary matrices of the algebra 4. Namely, minimal curves in P(n) are given by action of (the class of)
exponentials of anti-Hermitian minimal n X n matrices. To study anti-Hermitian minimal n X n matrices is
(isometrically) equivalent to investigate the Hermitian minimal n x n matrices, and we find them notationaly
simpler to consider.

The following theorem follows ideas in [3], where this problem was also studied in the context of von
Neumann and C* algebras. The next result was proved in Theorem 3.3 of [1] as stated here. We write it
down in its Hermitian form.

Theorem 1. A Hermitian matriz M € M, (C) is minimal in the quotient norm with respect to the diagonals
if, and only if, there exists a positive semidefinite matrix P € Mf{((C) such that,

e PM? = )2 P, where ||M]| = .

e The diagonal elements of the product PM are all zero.

Previous attempts to describe minimal matrices beyond this theorem were done in [1] in 3 x 3 matrices.
In that work, all 3 x 3 minimal matrices were parametrized. However, Theorem 1 does not show how to
construct n X n minimal matrices. Our goal in the present paper is to study some properties of n x n minimal
matrices that allow the construction of them.

This minimal operators were studied recently in [7] where Theorem 2.2 of [1] was used to relate Leibnitz
seminorms with quotient norms in C*-algebras.
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2. PRELIMINARIES AND NOTATION

Let us call with M?(C) the set of n x n Hermitian complex matrices and with D,, (R) the subset of
the diagonal real matrices. In these algebras we will denote with || || the usual operator norm, that is
|All = max{|o| : o is an eigenvalue of A} if A € M!(C).

Given a matrix A € M (C) we will call with A\(4) C R™ the set of the eigenvalues of A in decreasing order
and counting multiplicity, that is,

AMA) = (A, A2, ),
with Ay > Ay > --- > \,, and \; an eigenvalue of A. The spectrum of A will be denoted with

o(A) ={o1,09,...,0:}

where the eigenvalues of A are listed just once and without any prescribed order.
We will denote with {e;}!" ; the usual canonical basis of C" and with “tr” the usual trace of matrices.
Observe that if M € M*(C) and D € D,, (R) then (M + D) € M"(C). Let us consider the quotient
M) /D, (R) and the quotient norm

|| [M] minR) |M + D|| = dist (M, D,, (R))

=, zoin (
for [M]={M + D : D € D, (R)} € M"(C)/D,, (R). The minimum is obtained by compactness arguments.
Definition 1. A matric M € M"(C) will be called minimal for D,, (R) or just minimal if

|M|| < ||M + D||, forall D€ D, (R)
or equivalently, if |M| = ||| [M] ||| = DEI%H%R)HM_F D|| = dist(M, D, (R)).

Remark 1. Observe that if M is a minimal matriz then its spectrum is “centered” in the sense that if

|M|| = A, then =\ € o(M).

For ay,as,...,a, € R we will denote with diag(ay,as,...,a,) or with diag{aj,as,...,a,} the diagonal
matrix of D, (R) with a1, ag,...,a, in the diagonal.

Given v € C", we will call with v ® v the linear map from C" to C™ defined by (v ® v)(x) = (x,v)v, for
x € C" and (, ) the usual inner product in C".

For M € M!(C) and v € C" we will write M and ¥ to denote the matrix and vector obtained from M
and v by conjugation of its canonical coordinates.

If M,N € M,(C) we will denote with M o N the Schur or Hadamard product of those matrices defined
by (M oN); ; = M; ;N; j for 1 <14, j < n. Therefore, if v € C", with coordinates in the canonical basis given
by v = (U17U27 <o avn)7

vo® = (Juif? |vel?, ..., |val?) € R

The usual matrix product will be denoted with M N, for M, N € M, (C).

3. MINIMAL MATRICES
The following is a slight variation of Theorem 1.

Theorem 2. A matriz M € M (C) is minimal in the quotient norm with respect to the diagonals if, and
only if, there exists a positive semidefinite matriz P € M!(C) such that,

e PM? = )2 P, where |M]|| = .

o The diagonal elements of the product PM are all zero,

e P commutes with M.
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Proof. Since M is minimal if and only if the first two conditions of Theorem 2 hold for a positive P (see,
Theorem 1), we only have to prove that a positive matrix Py that fulfills the three conditions of Theorem 2
can be chosen if M is minimal.

Suppose that the spectrum of M is o(M) = {\, =\, 01,...,0,}, with ||M| =X (A > |o4]), for 1 <i <r
and that Qx, Q_x, Qo,, --., Qs, are the corresponding spectral projections of M. Then,

.
M =2XQx = AQ-x+ ) 0iQo,.
i=1
Observe that since A > |oy|, for 1 < i < 7, then the spectral projection of M? for the eigenvalue A\? is
Qx+ Q-

Since we are supposing that M is minimal, there exists a positive semidefinite matrix P that verifies
the two conditons of Theorem 1. Then, since PM? = A\?P, then P commutes with M?. Then taking the
same unitary to diagonalize P and M?, and using that PM? = A\?P, it can be proved that PQ = 0 for
every spectral projection @Q of M?, except the one corresponding to the eigenvalue A2, that is, @\ + Q_».
Therefore, the representation of P and M in blocks corresponding with the orthogonal decomposition given
by the range of the orthogonal projections @y, @—_x and I — Q) — Q_» (respectively) is

Py Py 0 A0 0
P=| Py Pop 0| andM=| 0 —A 0
0 0 0 0 0 S, 0iQo,

Then, using the second condition of Theorem 1, that is, (PMe;, e;) = 0 for the canonical basis {e;}i—1, . n,
we obtain that

AP —APi2 0 Qxe; Qxei
(PMej,e;) = (| APfy —AP22 O Q-x€i ; Q-xei )=0
0 0 0 e — Qxei — Q_xe; e — Qxei — Q_xe;

for all 7 = 1, Loy n. Then, since Pl,lQ)\ = P171, PLQQ,)\ = PLQ, P1*72Q)\ = P1*,2 and PQVQQf)\ = P272, it follows
that

<)\P1716i — )\P1726¢, 6¢> + <)\P1*’26i — /\nggei, 6i> = )\<(P171 — PQQ)@Z‘, 6¢> + )\<(P1*’2 — P172)6i, €i> =0
for all i = 1,...,n. The term ((P1,1 — P>2)e;, e;) in the previous equation is real, since P; 1 = @ \PQy and
P55 = Q_\PQ_) are positive semidefinite matrices. The term ((Pl*y2 — Pi2)e;, e;) is purely imaginary since
(Pfy — Pr2)eisei) = —((Pry — P12)e;, e;). Then both terms must be zero, which implies that (P11e;,€;) =

(P2 2¢€;,€;). Therefore, the matrices P11 and P» 2 have the same diagonal in the canonical basis {e;}i=1,.. n.
Then, if we define

Py 0 0
Py = 0 Po 0],
0 0O O
this matrix verifies
<P0M€Z‘, €i> = )\ (<P171€Z', 6Z‘> — <P2,2€i7 ez>) =0 (3.1)
Moreover, Py > 0 and, using the block decompositions of M and Py, it also verifies that

PoM? = \?P,y , and PyM = MP,. (3.2)
Therefore, the equalities (3.1) and (3.2) imply that the positive semidefinite matrix Py verifies the three
properties required. O

Remark 2. Observe that the matriz Py of Theorem 2 was obtained as a diagonal block matrix in terms of
the spectral projections Qx, Q_x, I — Qx — Q_x of M from any matriz P verifying Theorem 1.

The proof of Theorem 2 suggests another equivalent condition for being minimal:
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Corollary 1. Given a matriz M € M (C) the following statements are equivalent:
o M is minimal
o &|| M| € o(M) and there exist a pair positive semidefinite matrices Py, P_ € M"(C), such that, if
Q); Q| are the spectral projections of M with respect to the eigenvalues %||[M|| respectively,
they satisfy the following
D) PrQuay = QP = Py
i) P-Qojay = Qo P~ = P-

iii) (P_e;,e;) = (Pyej,ei), for alle;, i =1,...,n, the canonical basis of C™.
Proof. 1f we suppose that M is minimal it suffices to choose Py = P; 1 and P_ = P55 from the proof of
Theorem 2.
If there exist such P and P- then a direct calculation shows that the matrix P = Py + P_ fulfills the
requirements of Theorem 2, and therefore M is minimal. 0

This corollary motivates the following definition.

Definition 2. Given a positive semidefinite matriz P € M!(C), another positive semidefinite Q € M/ (C) is
called a companion matriz of P if, PQ =0 (being 0 the null matriz) and they both have the same diagonal
in the canonical basis. We will say that P has a companion @Q, or that P and Q) are companions.

Remark 3. i) Note that if P is a companion of Q, then Q is a companion of P.

it) If P and Q are companions then they must have the same trace since they have the same diagonal.

iii) If P is a companion of Q and P # 0, then Q # 0. This holds because if Q = 0 then the diagonal of
P must be zero in the canonical basis. This yields to P = 0 since P is positive semidefinite, a contradiction.
Therefore, if P and Q) are companions and one of them is 0, then the other must be 0.

iv) Observe that not every positive semidefinite matriz P has a companion. For example, if P is invertible,
then it has not got any companion matriz. Therefore, if a matriz P has a companion, then P must have non
trivial kernel.

v) Note that a matriz P could have many companions. Take por example any 3 x 3 complex Hadamard
matric H (that is a matriz such that |H; j| = 1 with orthogonal rows and columns), and consider the unitary
matric U = %H Then, if diag(a,b,c) denotes the 3 x 3 diagonal matriz with a, b and ¢ in its diagonal,
and we define P = Udiag(4,0,0)U* and Q; = Udiag (0,4 —t,t)U* fort € R and 0 < t <4, an easy check
proves that {Q:}o<t<a are all different companion matrices of P.

In the following corollary, if @ € M, (C), then ran(@) will denote the range of the corresponding linear
transformation.

Corollary 2. Given S1, So subspaces of C™ with S1 L Sa, then the following statements are equivalent:
i) There exist positive semidefinite matrices Py, P, € M(C), with ran(P1) C Si and ran(Py) C Sa,
such that P; and Py are companions.
ii) M =X Ps, —\ Ps, + R is a minimal matriz, for every A > 0 and R € M(C) such that Ps, R =
Ps,R = 0 and |R|| < A (with Ps, and Ps, the respective orthogonal projections onto the subspaces
51 and SQ)

Proof. Let us suppose first that P; and P, are companion matrices with the hypothesis of i). Consider then
A > 0 and a matrix M = XA Panp) — A Pran(p,) + R, with R such that its range is orthogonal to that of P
and P, and |R|| < A. Then taking P = P; + P, it is easy to verify that P and M satisfy the conditions of
Theorem 1 that imply that M is minimal with [|[M]| = A.

Let us suppose now that M = X\ Pg, — A Ps, + R as in item ii) is a minimal matrix. Then using that
Sp L So, that ran(R) is orthogonal to S7 @S2 and that ||R|| < A, it is apparent that the spectral projections
Qx, Q—x of M with respect to the eigenvalues A and —\ verify that )y = Pg, and Q_, = Ps,. Then
there exists a positive semidefinite P € M/ (C) that verifies the three statements of Theorem 2. Therefore
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P commutes with M. As in the proof of Theorem 2 it can be proved that the representation of P as a block
matrix with respect to the orthogonal subspaces Si, So and (S @ 5’2)l is

Py 0 0
P=| 0 Py 0
0 0 0

We shall prove that Py = Pi; = P, PPs, and P, = P, = Pg, PPg, fulfill the conditions of i). Since P is
positive semidefinite it is apparent that P} and P, are also positive semidefinite. By definition, ran(P;) C S;
and ran(P,) C Se and PP, = 0.

Moreover, since PM has zero diagonal in the canonical basis, then

AP 0 0
PM = 0 =2 0
0 0 0

has zero diagonal in the canonical basis of C". That means that A((P; — P2)e;, e;) = 0 for the canonical basis
{€i}i=1,..n of C", and then the diagonals of P; and P coincide in that basis. Therefore, P; is a companion
of PQ. O

4. CHARACTERIZATION OF COMPANION MATRICES

Corollary 2 gives a direct relation between minimal matrices and pairs of companion matrices. Moreover,
if one has a pair of companion matrices then a minimal matrix can be constructed as in ii) of that corollary.
In this section we will describe some of the properties of the companion matrices.

Recall that, as it was mentioned in the preliminaries, for a given vector v € C",

n
vou = (lunf’ ol [al?) = ) lvs1%es € RY,
j=1
if v has canonical coordinates (vi,v2,...,v,). For given vectors {wi};; C C" we will denote with

K ({wg}}) and co ({wy}}";) the cone and the convex hull generated by them (respectively).

Theorem 3. Let P € M!(C) be a positive semidefinite matriz, its eigenvalues counted with multiplicity
given by A(P) = (a1,a2,...,a,,0,...,0), with a; > 0, 1 < r < n. Then the following properties of P are
equivalent

i) P has a companion Q.

ii) There exist a set of orthonormal eigenvectors {vi,va,...,v.} corresponding to the (strictly) positive
eigenvalues ay, as, ...a, of P and another set of orthonormal eigenvectors {v,41,Vr42,...,vn} of the
kernel of P, and x; > 0 such that

n

Zai(vioﬁ) = Y wj(vj o). (4.1)

j=r+1
ili) There exist a set of orthonormal eigenvectors {v1,va,...,v.} corresponding to the (strictly) positive
eigenvalues ay, ag, ...a, of P and another set of orthonormal eigenvectors {v,41,Vr42,...,0n} of the

kernel of P such that

zr:ai(vi oT;) € K({Uj OFJ}?:T+1) .

i=1
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iv) There exists a set of orthonormal eigenvectors {v;}i_, of P corresponding to the (strictly) positive

eigenvalues ay, as, . ..a, of P and orthogonal eigenvectors {vj}§Ii+1 C Ker(P), that verify

,
; W})vi o0T; € co ({vj o vj}gsz) .

Proof. Let us suppose first that P has a companion @, and the spectrum of P, counting multiplicity of
eigenvalues and in descending order, is A(P) = (a1, a2, ...,a,,0,...,0), with a, > 0. Then, since PQ = 0,
they commute, and therefore we can choose a unitary matrix V' that diagonalizes both P and Q. We can
also choose V in the following way:

2}171 U172 e Ul,n
V2,1 V22 ... UVan

v=| T T T (4.2)
’Un71 ’Un72 e Un,n

where the columns are the coordinates in the canonical basis of C™ of an orthonormal basis {v;}1<i<p of
eigenvectors of P and v; = (v14,v24,...,Vn;) is the corresponding eigenvector of a; (for 1 < ¢ < r). Then,
this V' verifies that P = VDpV* and Q = VDgV*, where Dp is a diagonal matrix with A(P) in its diagonal
and Dg is a diagonal with the eigenvalues of ) in its diagonal. Since @) must be positive and PQ = 0, then
the diagonal of Dg has to be of the form {0,0,...,0, 2,41, Zr42,..., 25} with 2; > 0, for r+1 < i < n.
Moreover, since P and ) have identical diagonals in the canonical basis, then considering the decompositions

P =VDpV* =

al 0 0
0 ay O 0

V11 V12 ... Uln . 0 U1 U1 ... Upi

V21 V22 ... U2n : V1,2 V22 ... Up2
= : : 0 0 a O 0
0o ... 0 0 0 ... 0

Un1 Un2 ... Unn . . . . . . . Uim V2 -+ Unn
0 0

and
Q =VDoV* =

0 0 0
0 0 0 0

V1,1 V1,2 ... Uln , 0 V1,1 V21 ... Upt

v21 V22 ... UV2gn ’ V12 V22 ... Unpp2
= . . . 0 0 0 0 0
0o ... 0 0 xr41 0

U?’L,l U’VL,Q e Un;n, . . . . . . . Ul,n ,U27n oee Un;n,
0 Tn

we obtain the n following equations
T 2 n . 12
izt ailvigl® = Zj:r+1 zj|v gl
r oo <12 — n ) |2
iz Gilvagl® = Zj:r+1 zjlva |

i ailvnil? = Yo wilonl?
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Then,
T T r n n n
(Zai\vl,iP,Zailvg,iP,...,Zai\vn,iP) = Z .I‘j”l)l,j|2, Z $j|’027j‘2,..., Z xj|vn7j\2
i=1 =1 i=1 j=r+1 j=r+1 j=r+1
and

n

=Y (vl

Jj=r+1

o2, Jun ) (4.3)

'
Zaj (loril?, Jva,l?,
=1

which proves ii).

Now suppose that ii) holds. If we define @ = > 1, ; (v; ® v;), with x; and v; as in ii), then it verifies
that PQ = 0. Moreover, since the equality (4.1) is equivalent to the equality of the diagonals of P and @,
then @ is a companion of P.

Assertion iii) is equivalent to ii) since > . z;(vj 0 Uj) is a generic element of the cone generated by
{Uj © Tj}?:r+1'

Statement ii) implies iv) because the equality (4.1) is equivalent to the fact that P has the same diagonal

than Q = Z;Jriﬂ zj (v;®v;). Then P and @ have the same trace equal to Y ;_; a; = Z;+i+1 . Therefore
] — s
Z Z —vj 0 = Z % Vi°Uj € co ({Uj o Uj};:ﬁH) .
=17 j=r+1 Zj:r—I—l Ly

If iv) holds then obv1ously iii) an ii) hold.
O

Considering the results obtained in Corolllary 2 and Theorem 3 we can conclude that a matrix M =
APs, — APs, + R € M!(C) (with S; L Sy and R € M!(C) with ||R| < )) is minimal, if and only if, there
exist orthonormal vectors {v;}7_; C S and {v; }j T 11 C S such that

co({vi oD }j_;) Nco ({vJ o U}t T+1) #0.

Note also that any minimal matrix is necessarily of this form.

Moreover, given a matrix M € M/ (C), then M is minimal, if and only if, there exists a unitary matrix
U such that U*MU = diag (A\(M)) and the rows of the unistochastic matrix U* o U* have the required
properties with respect to the eigenspaces of A = ||M|| and —\ of M. Namely, that

o ({us 0 Ti¥imy) Neo ({v 0 T3}51, ) #0,

where {v;};_, are the corresponding orthogonal eigenvectors of A (and rows of U) and {v;}"
corresponding orthogonal eigenvectors of —\ (and rows of U).

Observe that following the notation of Theorem 3 ii), since > i a; =327,

r+s

jly+1 are the

xj, then
(0,0,...,0) < (a1,...,Qp, —Tp41,...,—Tp) = Ak

(where < is the usual notation for majorization of vectors in R", see [5]). Then the equations in (4.3) prove
that the matrix

o o2 o fonal?
— e e P (e
VieV* = ) :
[v1n]? [On.n?
obtained from the matrix (4.2) is a doubly stochastic (in fact, unistochastic) matrix that verifies (0,...,0) =

azx. (V* o W) This suggests a relation with results in majorization of vectors in R™.
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Take any n-tuple a0z = (ai,...,a,,0,...,0,—x1,...,—z;) € R”, with a; > 0 and xj > 0, such that
>i—1@i =Y j_yxj. Then it is apparent that (0,...,0) < a0z. Therefore a concrete unitary or orthogonal
matrix U can be found (see [4, 6]) such that (0,...,0) = a0z.(U o U). Then, if we call with vy the k-th

column of U* (for k = 1,...,n), any matrix of the form
' n—s n
M:)\Zvitgwi—{— Z An(vp @ vp) — A Z vj ® v (4.4)
=1 h=r+1 j=n—s+1

is minimal provided that A > 0, A\, € R and |A,| < A. These results, together with Corollary 2 and Theorem
3 allow to construct minimal matrices of any size.

The method to obtain minimal matrices M mentioned in (4.4) relies on which is the unitary U retrieved
from the unistochastic matrix. The work of 2] shows different algorithms to find such a unitary or even

orthogonal matrix U that verifies 0 = a02.UoU. Nevertheless, the set of all posible unitaries U that give the
same unistochastic matrix is not known in general. The works of [8] and [9] study the problem of describing
the different matrices U such that the mapping U — U o U gives the same unistochastic matrix.

Remark 4. In [1] a different characterization of minimal 3 X 3 matrices were given. It was shown that given
a 3 x 3 matriz M, with A\(M) = (X, i, =), |p| < X =||M]||, then, M was minimal, if and ony if, there exists
an orthonormal eigenvector vy of the eigenvalue A and a orthonormal eigenvector v_y of the eigenvalue — A
such that vy o Ty = v_) o v_y. The statement remains valid if any of the eigenvalues has multiplicity two

(u = +X). The following is an example of a 4 x 4 minimal Hermitian matriz where this condition does not
hold. Let

9 15 % 1 51 2 6
IS T A A A Ao
_L_|_£ 13 —l—l-’L. 61
M=1 1 s M, 5 T
7 7 7
oo T ha s
7 7 7 7 7

Then \(M) = (2,2,1,—2), and the eigenspace of the eigenvalue 2 is generated by the orthonormal eigenvectors

v = ﬁ (-1 —2i,5,—3 —1i,1 —3i) and vy = mﬁ (17 — 114, =15 4 54, —9 + 174, 3 — 19i) . The vector w =
2—\1/5 (1—14,1—14,1414,1414) is a orthonormal eigenvector of eigenvalue —2. A direct calculation shows that

fora =2, then a(v1003)+ (1— ) (ve003) = wow = (3,1, 1 1) “which is enough to prove that M is minimal

(using Theorem 3 and Corollary 2). Nevertheless, there is not a single eigenvector v in the eigenspace of A
such that v o = wow. This follows after writing v = Bvy + yve with B,y € C, and |B)?> + |7|?> = 1, and
proving that voT = wow could never happen (note that we can suppose that v = /1 — |5]2).
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