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Abstract

We study the duality of reconstructions systems (RS’s), which are G-frames in a
finite dimensional setting. After proving some basic facts about these systems and their
duals, we focus on dual systems of a fixed projective RS (i.e. the analogue of a fusion
frame in this context) that are optimal with respect to erasures of the RS coefficients.
Finally we study the projective RS that best approximate an arbitrary reconstruction
system and the existence of a dual projective system of a RS of this type.
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1 Introduction

Fusion frames were introduced under the name of “frame of subspaces” in [7]. They arise
naturally as a generalization of the usual frames of vectors for a Hilbert space H; indeed
frames of vectors can be treated as “one-dimensional fusion frames”. Several applications of
fusion frames have been studied, for example, sensor networks [10], neurology [21], coding
theory [3], [4] , [15], among others. We refer the reader to [9] and the references therein for
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a detailed treatment of the fusion frame theory. Further developments can be found in [6],
[8] and [22].

Given m ∈ N we denote by Im = {1, . . . ,m} ⊆ N. In the finite dimensional setting,
a fusion frame is a sequence Nw = (wi , Ni)i∈Im where each wi ∈ R>0 and the subspaces
Ni ⊆ Cd generate Cd. The synthesis operator of the fusion frame Nw is usually defined as

TNw : KNw

def
=
⊕
i∈ Im

Ni → Cd given by TNw(xi)i∈ Im =
∑
i∈ Im

wi xi .

Its adjoint, the so-called analysis operator of Nw, is given by T ∗Nw
y = (wi PNi

y)i∈ Im for
y ∈ Cd, where PNi

denotes the orthogonal projection onto Ni . The frame Nw induces a
linear encoding-decoding scheme that can be described in terms of these operators.

However, the previous setting for the theory of fusion frames presents some technical
difficulties. For example the domain of TNw relies strongly on the subspaces of the fusion
frame. In particular, any change on the subspaces modifies the domain of the operators
preventing smooth perturbations of these objects. Moreover, this kind of rigidity on the
definitions implies that the notion of a dual fusion frame is not clear.

An alternative approach to the fusion frame (FF) theory comes from the theory of G-
frames [24] (see also [14, 25, 26]) and its variants, namely the theory of protocols introduced
in [3] and the theory of reconstruction systems considered in [17] (see also [20]), which are
finite dimensional G-frames.

In this context, we fix the dimensions dimNi = ki and consider a universal space

K = Km,k
def
=
⊕
i∈ Im

Cki .

If Nw = (wi , Ni)i∈Im is a FF, it is modeled as a sequence V = {Vi}i∈ Im with Vi ∈ L(Cd , Cki)
and such that V ∗i Vi = w2

i PNi
for each i ∈ Im. In general, sequences V = {Vi}i∈ Im such

that Vi ∈ L(Cd , Cki) and such that they allow the construction of an encoding-decoding
algorithm are called finite dimensional G-frames or reconstructions systems (RS’s). Notice
that the representation of a FF above as a RS is not unique, in the same manner as different
vector frames can be identified with a 1-dimensional FF. The RS’s that come from FF’s as
above are called projective RS’s.

The main advantage of the RS (or more generally of the G-frames) framework with
respect to the fusion frame formalism is that each (projective) RS has many RS’s that are
dual systems. In particular, the canonical dual RS remains being a RS (for details and
definitions see Section 2). In contrast, it is easy to give examples of a FF such that its
canonical dual is not a fusion frame (see Example 5.4 below). There exists a notion of
duality among fusion frames defined by Gavruta (see [11]), where the reconstruction formula
of a fixed V involves the FF operator SV of V . Nevertheless, in the context of RS’s we follow
[24] where the notion of dual systems can be described and characterized in a quite natural
way.

The problem of computing duals that are optimal with respect to some criteria, as well
as the characterization of (fusion) frames that are optimal for erasures have been widely
studied in the theory of frames and G-frames (see for example [14, 24, 25, 26] and [3, 4, 5, 8,
13, 15, 17, 23] respectively). We point out that although we focus on a problem dealing with
duals that are optimal for erasures, our work has a different setting. Indeed, this research is
in the vein of [16] but in the more general context of G-frames, where we first fix a RS and
then search for duals of this fixed RS that are optimal with respect to erasures. Note that
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we are interested in the case where the reconstruction error due to erasures is measured in
terms of the Frobenius 2-norm we restrict our study to the finite dimensional setting. Thus,
instead of working with general G-frames we deal with RS’s.

Briefly, a reconstruction system arise from a usual vector frame by grouping together the
elements of the frame. Thus, the coefficients involved in the encoding-decoding scheme of
RS are vector valued. If V is a fixed projective RS, we study those dual RS’s for V that
are optimal for erasures of these vector valued coefficients. We study two different ways of
measuring the performance of duals of projective RS’s for the erasures of coefficients:

We first consider the mean square error (MSE), that has been considered in [15] in a
probabilistic setting as opposed to our deterministic approach. We show that for every
projective system there is a unique optimal dual RS for the MSE, and we give a complete
characterization of this optimal dual.

In the second case we study the worst-case reconstruction error (WCRE). We show that
all results of [16] can be extended (with similar techniques) to the RS setting: we give
sufficient conditions on a projective system V which guarantee that the cannonical dual RS
of V is optimal, and we show that several examples - in particular group RS’s - satisfy these
conditions.

For the case of a non projective system V , we characterize the projective RS which is
nearest to V , in terms of a suitable distance between RS’s. It is worth noticing that a
projective RS may not have any projective dual (see Example 5.4). Thus, the previous
results can be applied to compute approximate projective duals of a given projective RS.

On the other hand, given a projective RS it is natural to focus on dual systems that are
also projective (if it is possible). Hence, it seems to be an interesting problem to characterize
those projective systems V such that the canonical dual or some other dual system W is
also projective and work within this class. In the last section, we present several examples
of these problems.

The paper is organized as follows: In Section 2 we recall some basic facts about general
reconstruction systems and we fix some of the terminology used throughout the paper. In
Section 3 we study the optimal dual systems for erasures of vector coefficients. In section 4
we describe the projective RS which is nearest to a fixed RS. In Section 5 we give several
examples of group RS’s, and about the existence (or not) of projective dual systems.

Notations.

Given H ∼= Cd and K ∼= Cn, we denote by L(H,K) the space of linear operators T : H → K.
Given an operator T ∈ L(H,K), R(T ) ⊆ K denotes the image of T , kerT ⊆ H the null
space of T and T ∗ ∈ L(K,H) the adjoint of T . If d ≤ n we say that U ∈ L(H,K) is an
isometry if U∗U = IH . In this case, U∗ is called a coisometry. We denote by I(d , n) the set
of all isometries in L(H,K).

If K = H we denote by L(H) = L(H , H), by Gl(H) the group of all invertible operators in
L(H), by L(H)+ the cone of positive operators and by Gl(H)+ = Gl(H) ∩ L(H)+.

If T ∈ L(H), we denote by σ(T ) the spectrum of T , by rk T the rank of T , and by trT the
trace of T . Given m ∈ N we denote by Im = {1, . . . ,m} ⊆ N and 1 = 1m ∈ Rm denotes the
vector with all its entries equal to 1.

On the other hand, Mn,m(C) denotes the space of complex n ×m matrices. If n = m we
write Mn(C) = Mn,n(C), Gl (n) the group of all invertible elements of Mn(C), U(n) the
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group of unitary matrices, Mn(C)+ the set of positive semidefinite matrices, and Gl (n)+ =
Mn(C)+ ∩ Gl (n).

If W ⊆ H is a subspace we denote by PW ∈ L(H)+ the orthogonal projection onto W , i.e.
R(PW ) = W and ker PW = W⊥. For vectors on Cn we shall use the euclidean norm, but for
matrices T ∈Mn(C), we shall use both

1. The spectral norm ‖T‖ = ‖T‖sp = max
‖x‖=1

‖Tx‖.

2. The Frobenius norm ‖T‖2 = (tr T ∗T )1/2 =
( ∑
i,j∈In

|Tij|2
)1/2

. This norm is induced by

the inner product 〈A, B〉 = tr B∗A , for A,B ∈Mn(C).

2 Basic framework of reconstruction systems

In what follows we consider (m,k, d)-reconstruction systems, which are more general linear
systems than those considered in [2], [3], [4], [5], [13] and [18], that also have an associated
reconstruction algorithm.

Definition 2.1. Let m, d ∈ N and k = (k1 , . . . , km) ∈ Nm.

1. We denote by K = Km,k
def
=

⊕
i∈ Im

Cki . Sometimes we shall write each direct
summand by Ki = Cki .

2. Given a space H ∼= Cd we denote by L(m,k, d)
def
=
⊕

i∈Im
L(H , Ki) ∼= L(H,K). A

typical element of L(m,k, d) is a system V = {Vi}i∈ Im such that each Vi ∈ L(H , Ki).

3. A family V = {Vi}i∈ Im ∈ L(m,k, d) is an (m,k, d)-reconstruction system (RS) for H if

SV
def
=
∑
i∈ Im

V ∗i Vi ∈ Gl(H)+ ,

i.e., if SV is invertible and positive. SV is called the RS operator of V . In this case,
the m-tuple k = (k1 , . . . , km) ∈ Nm satisfies that tr k

def
=
∑

i∈ Im
ki ≥ d.

We shall denote by RS(m,k, d) the set of all (m,k, d)-RS’s for H ∼= Cd.

4. The system V = {Vi}i∈ Im ∈ RS(m,k, d) is said to be injective if V ∗i ∈ L(Ki , H) is
injective (equivalently, if Vi V

∗
i ∈ Gl(Ki) ) for every i ∈ Im .

We shall denote by RSI(m,k, d) the set of all injective elements of RS(m,k, d).

5. The system V is said to be projective if there exists a sequence v = (vi)i∈Im ∈ Rm
+ of

positive numbers, the weights of V , such that

Vi V
∗
i = v2

i IKi
, for every i ∈ Im .

In this case, the following properties hold:

(a) The weights can be computed directly, since each vi = ‖Vi‖sp .

(b) Each Vi = viUi for a coisometry Ui ∈ L(H , Ki). Thus V ∗i Vi = v2
i PR(V ∗i ) ∈ L(H)+

for every i ∈ Im .
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(c) Observe that in this case SV =
∑

i∈ Im
v2
i PR(V ∗i ) as in fusion frame theory.

We shall denote by P(m,k, d) the set of all projective elements of RS(m,k, d).

6. The analysis operator of the system V is defined by

TV : H → K =
⊕
i∈ Im

Ki given by TV x = (V1 x , . . . , Vm x) , for x ∈ H .

7. Its adjoint T ∗V is called the synthesis operator of the system V , and it satisfies that

T ∗V : K =
⊕
i∈ Im

Ki → H is given by T ∗V
(

(yi)i∈ Im

)
=
∑
i∈ Im

V ∗i yi .

Using the previous notations and definitions we have that SV = T ∗V TV . 4

Examples 2.2 (Vector and fusion frames as RS’s).

1. As it was mentioned, RS’s arise from usual vector frames by grouping together the
elements of the frame. Therefore, it is natural to expect that in the case k = 1m , the set
RS(m,k, d) can be identified with the set of m-vector frames for H ∼= Cd.

Indeed, let F = {fi}i∈ Im ∈ Hm. For i ∈ Im consider Vi : H → C given by Vi(x) = 〈x, fi〉 for
every x ∈ H. Let VF = {Vi}i∈Im and notice that

SVF =
∑
i∈Im

V ∗i Vi =
∑
i∈Im

〈 · , fi〉 fi = SF .

Thus F is a frame for H if and only if VF ∈ RS(m,1, d). Actually, RS(m,1, d) = P(m,1, d)
because every functional is a multiple of a coisometry. Moreover, TVF : H → ⊕i∈ ImC = Cm is
the usual analysis operator of F . On the other hand, it is clear that elements in RS(m,1, d)
correspond to vector frames for H.

2. Let Nw = (wi , Ni)i∈Im be a fusion frame for H ∼= Cd, with weights wi > 0 and subspaces
Ni ⊆ H with dimNi = ki for every i ∈ Im . Its fusion frame operator is

SNw =
∑
i∈ Im

w2
i PNi

∈ Gl(H)+

(see [9] for a detailed exposition of fusion frames). Let Ui ∈ L(H,Cki) be a coisometry such

that U∗i Ui = PNi
, for every i ∈ Im . Therefore, the system V = {Vi}i∈Im

def
= {wi Ui}i∈Im

satisfies that SV = SNw ∈ Gl(H)+. Hence V ∈ P(m,k, d) is a projective RS associated to
Nw . Observe that V has the same weights as Nw and it also satisfies that each Ni = R(V ∗i ).

Conversely, given V = {Vi}i∈ Im ∈ P(m,k, d), the sequence Nw =
(
‖Vi‖, R(V ∗i )

)
i∈ Im

is a
fusion frame such that SV = SNw . Nevertheless the correspondence is not one to one, since
any system of coisometries {Ui}i∈ Im with (kerUi)

⊥ = Ni produces the same fusion frame
Nw = (wi , Ni)i∈Im . This phenomenon is similar to the correspondence of vector frames with
one dimensional fusion frames. 4

Remark 2.3. In what follows we list some properties and notations about RS’s :
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1. Given V = {Vi}i∈ Im ∈ RS(m,k, d) with SV =
∑

i∈ Im
V ∗i Vi , then∑

i∈ Im

SV
−1 V ∗i Vi = IH , and

∑
i∈ Im

V ∗i Vi SV
−1 = IH . (1)

Therefore, we obtain the reconstruction formulas

x =
∑
i∈ Im

S−1
V V ∗i (Vi x) =

∑
i∈ Im

V ∗i Vi(S
−1
V x) for every x ∈ H .

2. For every V = {Vi}i∈ Im ∈ RS(m,k, d), we define the system

V# def
= {Vi S−1

V }i∈ Im ∈ RS(m,k, d) ,

called the canonical dual RS associated to V . By Eq. (1), we see that

T ∗V# TV =
∑
i∈ Im

SV
−1 V ∗i Vi = IH and SV# =

∑
i∈ Im

S−1
V V ∗i Vi S

−1
V = S−1

V .

Next we generalize the notion of dual RS’s : 4

Definition 2.4. Let V = {Vi}i∈ Im and W = {Wi}i∈ Im ∈ RS(m,k, d).

1. We say that W is a dual RS for V if T ∗W TV = IH , or equivalently if

x =
∑
i∈ Im

W ∗
i Vi x for every x ∈ H .

2. We denote by D(V)
def
= {W ∈ RS(m,k, d) : T ∗W TV = IH }, the set of all dual RS’s for

a fixed V ∈ RS(m,k, d). Observe that D(V) 6= ∅ since V# ∈ D(V).

4

Remark 2.5. Let V ∈ RS(m,k, d). Then W ∈ D(V) if and only if its synthesis operator
T ∗W is a pseudo-inverse of TV . Indeed, W ∈ D(V) ⇐⇒ T ∗W TV = IH . Observe that the map
RS(m,k, d) 3 W 7→ T ∗W is one to one. Thus, in the context of RS’s each (m,k, d)-RS has
many duals that are (m,k, d)-RS’s. This is one of the advantages of the RS’s setting.

Moreover, the synthesis operator T ∗V# of the canonical dual V# corresponds to the Moore-
Penrose pseudo-inverse of TV . Indeed, notice that TV T

∗
V# = TV S

−1
V T ∗V ∈ L(K)+, so that it

is an orthogonal projection. Under this point of view, V# has some optimal properties that
come from the theory of pseudo-inverses. 4

3 Erasures and errors

Let us fix the parameters (m,k, d) with tr k ≥ d. Hence we have the spaces H ∼= Cd,
Ki = Cki and K =

⊕
i∈Im
Ki . Given a subset J ⊆ Im of size |J| = r, we consider

MJ ∈ L(K) given by MJ
(

(yi)i∈ Im

)
=
(
1J (i) · yi

)
i∈ Im

,
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where 1J : Im → {0, 1} denotes the characteristic function of the set J ⊂ Im . Similarly,

we consider the packet-lost operator LJ
def
= MIm\J = IK −MJ . If J = {j}, we abbreviate

M{j} = Mj and L{j} = Lj .

Given V = {Vi}i∈ Im ∈ RS(m,k, d), we shall consider a “blind reconstruction” strategy in
case some packets of coefficients are lost. That is, assuming that the encoded information
TV x ∈ K (for some x ∈ H) is altered according to the packet-lost operator LJ , our recon-
structed vector will be T ∗W LJ TV (x), where W ∈ D(V) is some dual RS for V . Therefore, if
we fix r ∈ Im and W ∈ D(V) we get the

(
m
r

)
-tuple

e(r , W) = (‖I − T ∗W LJ TV‖2)J∈Pr(Im) ∈ R
(m

r )
,

where Pr(Im) = {J ⊆ Im : |J| = r}. This vector corresponds to the reconstruction er-
rors (with respect to the Frobenius norm) for the erasure of r packets of coefficients, for
all such possible choices. In what follows we shall consider two different measures of the
reconstruction error based on the finite sequence e(r , W) namely the mean square error and
the (normalized) worst-case error.

Finally, let us mention that there are several papers that study the structure of optimal
frames and fusion frames (with some further structure) for the erasures of coefficients, for
example [3], [4], [5], [8], [13], [17], [23]. In contrast, we consider optimal dual RS’s for a fixed
RS in a similar way as considered by J. Lopez and D. Han in [16].

3.1 Minimizing the mean square error

Let V = {Vi}i∈ Im ∈ RS(m,k, d). In this section we consider as a measure of performance of
a dual (m,k, d) reconstruction system W the mean square error (m.s.e.)

e(2)
r (V , W) = ‖e(r , W)‖2 =

( ∑
J∈Pr(Im)

‖I − T ∗W LJ TV‖2
2

)1/2

Let us denote by

e
(2)
1 (V) = inf

W∈D(V)
e

(2)
1 (V ,W) = inf

W∈D(V)

(∑
i∈Im

‖W ∗
i Vi‖2

2

)1/2

. (2)

We are interested in those dual RS’sW for V such that e
(2)
1 (V ,W) = e

(2)
1 (V). In other words,

we define the set of 1-loss optimal dual RS’s for V with respect to e
(2)
1 (V , ·) as

D
(2)
1 (V)

def
= {W ∈ D(V) : e

(2)
1 (V , W) = e

(2)
1 (V)} .

Proceeding inductively, we set e
(2)
r (V) = inf{e(2)

r (V , W) : W ∈ D(2)
r−1(V)} and define D

(2)
r (V)

as the subset of D
(2)
r−1(V) where this infimum is attained, called the r-loss optimal dual RS’s

for V with respect to e
(2)
r (V , ·), in case these sets are non-empty.

Theorem 3.1. Let V = {Vi}i∈ Im ∈ P(m,k, d) with weights v = (vi)i∈Im. Then D
(2)
1 (V) =

{W0} i.e., there is a unique 1-loss optimal dual RS W0 for the m.s.e. Moreover, if

1. D ∈ L(K) is the block diagonal matrix D =
⊕
i∈ Im

v−2
i IKi

, and
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2. SV, D = T ∗V DTV =
∑
i∈ Im

PR(V ∗i ) ∈ Gl(H)+ ( since SV, D ≥ (min
i∈Im

v−2
i ) · SV > 0 ),

then the optimal system is W0 = {v−2
i Vi S

−1
V,D}i∈ Im . In particular, TW0 = DTV S

−1
V, D .

Proof. First we check that W0 ∈ D(V). Indeed, T ∗W0
TV = S−1

V, D T
∗
V DTV = S−1

V, D SV, D = I.

Denote by Bi = v−2
i Vi S

−1
V, D , the i-th entry of W0 , for every i ∈ Im . Consider a dual system

W = {Wi}i∈ Im ∈ D(V). Since each ViV
∗
i = v2

i IKi
, then

‖W ∗
i Vi‖2

2
= tr(V ∗i WiW

∗
i Vi) = tr(WiW

∗
i ViV

∗
i ) = v2

i tr(WiW
∗
i ) = v2

i ‖W ∗
i ‖2

2
. (3)

In particular, we can compute the m.s.e. for W0 :

e
(2)
1 (V , W0) =

∑
i∈ Im

‖B∗i Vi‖2
2

(3)
=
∑
i∈ Im

v2
i ‖B∗i ‖2

2
=
∑
i∈ Im

v−2
i ‖S−1

V, D V ∗i ‖2
2
.

On the other hand, for every i ∈ Im we have

v2
i ‖W ∗

i ‖2
2

= v2
i ‖B∗i + (W ∗

i −B∗i )‖2
2

= v−2
i ‖S−1

V, D V ∗i ‖2
2

+ v2
i ‖W ∗

i −B∗i ‖2
2

+ 2 Re
(
v2
i tr

[
(W ∗

i −B∗i )Bi

] )
. (4)

Let ti = tr
[

(W ∗
i −B∗i )Bi

]
= v−2

i tr
[

(W ∗
i −B∗i )Vi S−1

V, D
]
. Then we have that∑

i∈ Im

v2
i ti = tr

( ∑
i∈ Im

(W ∗
i −B∗i )Vi S−1

V, D

)
= tr

[
(T ∗W − T ∗W0

) TV S
−1
V, D
]

= 0 .

since bothW and V# are dual RS’s for V . Therefore, summing over Im , the third summand
of (4) vanishes and

e
(2)
1 (V , W) =

∑
i∈ Im

‖W ∗
i Vi‖2

2

(3)
=
∑
i∈ Im

v2
i ‖W ∗

i ‖2
2

(4)
=
∑
i∈ Im

v−2
i ‖S−1

V, D V ∗i ‖2
2

+ v2
i ‖W ∗

i −B∗i ‖2
2

≥
∑
i∈ Im

v2
i ‖B∗i ‖2

2

(3)
= e

(2)
1 (V , W0) .

(5)

Therefore W0 ∈ D(2)
1 (V). Moreover, if we take another W = {Wi}i∈ Im ∈ D

(2)
1 (V), then Eq.

(5) implies that ‖W ∗
i −B∗i ‖2 = 0 for every i ∈ Im , so that W =W0 .

Remark 3.2. As an immediate consequence of Theorem 3.1 we conclude that, for every
r ∈ Im then D

(2)
r (V) = {W0}. That is, following the hierarchies for the definition of D

(2)
r (V)

as above, the r-loss optimal dual RS for V with respect to e
(2)
r (V , ·) is unique and given by

W0, which is described in Theorem 3.1. 4

We say that a system V = {Vi}i∈ Im ∈ P(m,k, d) is an uniform projective RS if the weights
v = (vi)i∈Im of V satisfy that v = v 1 for some v > 0.
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Remark 3.3. The unique 1-loss optimal dual RS W0 ∈ D
(2)
1 (V) of Theorem 3.1, can be

described in the following way: If v = (vi)i∈Im are the weights of the system V ∈ P(m,k, d),
consider U = {Ui}i∈Im = {Vi

vi
}i∈Im , which is a uniform projective RS. Then

SV, D =
∑
i∈ Im

PR(U∗i ) = SU , V = v · U def
= {vi Ui}i∈Im and W0 = v−1 · U# , (6)

because W0 = {v−2
i Vi S

−1
V, D}i∈ Im = {v−1

i Ui S
−1
U }i∈ Im . 4

Corollary 3.4. Let V = {Vi}i∈ Im ∈ P(m,k, d). Assume that V is uniform. Then the unique
1-loss optimal dual RS for the m.s.e. (and hence the r-loss optimal dual RS for the m.s.e.)
is the canonical dual V#.

Proof. If the weights of V are v = v 1 then, with the notations of Remark 3.3, we have that
V = v U , SV = v2 SU and V# = v−1 U#. Then we apply Eq. (6). �

Remark 3.5. Let V = {Vi}i∈ Im ∈ P(m,k, d) with weights v = (vi)i∈Im . We give another
interpretation of the system W0 , the unique 1-loss optimal dual RS for V of Theorem 3.1:

Let D ∈ L(K) be the block diagonal matrix D =
⊕
i∈ Im

v−2
i IKi

. Consider on K the (perturbed)

inner product given by 〈x, y〉D = 〈Dx, y〉, for x , y ∈ K. Then KD
def
= (K , 〈·, ·〉D) becomes

an inner product space (which is equivalent to K with its usual inner product). Given
T ∈ L(H , K) let T ∗D ∈ L(K , H) be the adjoint operator with respect to 〈·, ·〉D (on the side
K). Thus, T ∗D is a linear transformation such that

〈Tx, y〉D = 〈x, T ∗Dy〉H for every x ∈ H , y ∈ K .

Simple computations show that T ∗D = T ∗D. Hence, if we consider the space KD just as
an inner product space in which the analysis of the signals coming from H is performed in
terms of TV , then T ∗DV = T ∗V D becomes the (oblique) synthesis operator of V .

Therefore, the (oblique) RS operator of V is T ∗DV TV = T ∗V DTV = SV, D (as in Theorem 3.1).
Finally, let us denote by V#D the (oblique) D-canonical dual RS of V , again with respect to
KD and notice that V#D = {Vi S−1

V, D}i∈Im . Then the synthesis operator of the optimal dual

W0 of V coincides with the oblique synthesis operator of the D-canonical dual V#D . Hence,
both systemsW0 and V#D produce the same (optimal) left inverse for TV . Indeed, V#D has
D-synthesis operator given by

T ∗DV#D
(yi)i∈Im = T ∗V#D

D (yi)i∈Im =
∑
i∈Im

S−1
V, D V

∗
i v
−2
i yi =

∑
i∈Im

(
v−2
i Vi S

−1
V, D

)∗
yi ,

for every (yi)i∈Im ∈ K. Therefore T ∗DV#D
= T ∗W0

, since W0 = {v−2
i Vi S

−1
V, D}i∈ Im . 4

3.2 Minimizing the worst-case reconstruction error

Let V = {Vi}i∈ Im ∈ P(m,k, d). For each W = {Wi}i∈ Im ∈ D(V) , we introduce the worst-
case reconstruction error when r packets are lost with respect to the Frobenius norm:

er(V , W)
def
= ‖e(r , W)‖∞ = max

J∈Pr(Im)
‖I − T ∗W LJ TV‖2 .
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As in the beginning of Section 3.1, we denote by

e1(V) = inf
W∈D(V)

e1(V ,W) = inf
W∈D(V)

max
i∈ Im

‖T ∗WMi TV‖2 = inf
W∈D(V)

max
i∈ Im

‖W ∗
i Vi‖2 . (7)

We define the set of 1-loss optimal dual RS’s for V as

D1(V)
def
= {W ∈ D(V) : e1(V , W) = e1(V)} .

Proceeding inductively, we set er(V) = inf{er(V , W) : W ∈ Dr−1(V)} and define Dr(V) as
the subset of Dr−1(V) where this infimum is attained, called the r-loss optimal dual RS’s for
V with respect to er(V , ·), in case these sets are non-empty.

The following results can be viewed as a natural extension to the RS setting of the results
in [16]. Their proofs use techiques similar to those of Han and Lopez.

3.6. Recall that RS(m,k, d) ⊆ L(m,k, d) =
⊕

i∈Im
L(H , Ki) ∼= L(H,K). If we fix an

injective V = {Vi}i∈ Im ∈ RSI(m,k, d), then the map ‖ · ‖V : L(m,k, d)→ R+ given by

‖W‖V
def
= e1(V , W) = max

i∈ Im

‖W ∗
i Vi‖2 for W = {Wi}i∈ Im ∈ L(m,k, d)

is a norm in L(m,k, d). Indeed, the only non trivial condition is the faithfulness. But the
fact that V ∈ RSI(m,k, d) (i.e. Vi is surjective for every i ∈ Im) assures that ‖W‖V = 0 =⇒
‖W ∗

i Vi‖2 = 0 for every i ∈ Im =⇒ W = 0.

Since D(V) is closed in L(m,k, d) with the usual norm and all norms are equivalent on
L(m,k, d), then D(V) is ‖·‖V -closed in L(m,k, d). Therefore there exist elementsW ∈ D(V)
such that ‖W‖V = min

N∈D(V)
‖N‖V = e1(V). Indeed, the intersection of D(V) with a fixed

closed ball is a compact set. On the other hand, D(V) is convex (actually it is an affine
manifold). Since every norm is a convex map, we have proved the following result: 4

Proposition 3.7. Let V ∈ RSI(m,k, d) be an injective system. Then the set D1(V) of
1-loss optimal dual RS’s for V is non-empty, compact and convex. �

Remark 3.8. The study of D1(V) has been considered by Han and López [16] in the par-
ticular case of (m,1, d)-RS’s for H, i.e. usual vector frames. Indeed, let F = {fi}i∈Im be a
frame for H and let VF = {Vi}i∈Im be its associated (m,1, d)-RS as in Example 2.2.

In this context the following optimization problem is considered in [16]: to find the (m,1, d)-
RS’s W [ ∈ D(VF) such that

max
i∈ Im

‖T ∗W [MiTVF‖∞ = min
W∈D(VF )

max
i∈ Im

‖T ∗WMiTVF‖∞ . (8)

Notice that if W = {Wi}i∈Im ∈ D(VF) then

max
i∈ Im

‖T ∗WMiTVF‖∞ = max
i∈ Im

‖T ∗WMiTVF‖2 = e1(VF ,W) ,

since, for i ∈ Im, T ∗WMiTVF is a rank one operator and hence its spectral norm and Frobenius
norm coincide. 4

Theorem 3.9. Let V = {Vi}i∈ Im ∈ P(m,k, d) with weights v = (vi)i∈Im. If

‖S−1
V V ∗i Vi‖2 = v2

i ‖S−1
V PR(V ∗i )‖2 = c for every i ∈ Im ,

then V#, the canonical dual RS of V, is the unique 1-loss optimal dual RS for V (and hence
the r-loss optimal dual RS for every r). In other words, D1(V) = {V#}.
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Proof. By Proposition 3.7, there exists some W = {Wi}i∈ Im ∈ D1(V). Then

‖W‖V = max
i∈ Im

‖W ∗
i Vi‖2 ≤ max

i∈ Im

‖S−1
V V ∗i Vi‖2 = ‖V#‖V = c .

If we denote each ViS
−1
V = Ci , then ‖W ∗

i Vi‖2
2
≤ c = ‖C∗i Vi‖2

2
for every i ∈ Im . Recall

that, by Eq. (3), ‖W ∗
i Vi‖2

2
= v2

i ‖W ∗
i ‖2

2 , since ViV
∗
i = v2

i IKi
. Similarly, we get that each

‖C∗i Vi‖2
2

= v2
i ‖C∗i ‖2

2
. Therefore ‖Wi‖2

2
≤ ‖C∗i ‖2

2 for every i ∈ Im . Note that

‖W ∗
i ‖2

2
= ‖C∗i + (W ∗

i − C∗i )‖2
2

= ‖C∗i ‖2
2

+ ‖W ∗
i − C∗i ‖2

2
+ 2 Re

(
tr
[

(W ∗
i − C∗i )Ci

] )
and hence ‖W ∗

i − C∗i ‖2
2

+ 2 Re
(

tr
[

(W ∗
i − C∗i )Ci

] )
≤ 0, for every i ∈ Im . Finally,

∑
i∈ Im

tr
[

(W ∗
i − C∗i )Ci

]
= tr

[
(T ∗W − T ∗V#)TVS

−1
V

]
= 0 ,

since both W and V# are dual RS’s for V . Then

0 ≤
∑
i∈ Im

‖W ∗
i − C∗i ‖2

2
=
∑
i∈ Im

‖W ∗
i − C∗i ‖2

2
+
∑
i∈ Im

2 Re
(

tr
[

(W ∗
i − C∗i )Ci

] )
≤ 0 ,

which implies that W = {Wi}i∈ Im = {Ci}i∈ Im = V#.

A system V ∈ RS(m,k, d) is called a protocol for H if SV = IH . This notion appears in
[3], [17] (see also [4], where protocols are related to C∗-encodings with noiseless subsystems).

Corollary 3.10. Let V = {Vi}i∈ Im ∈ P(m,k, d) be a projective protocol for H (i.e. SV = I)

such that ‖V ∗i Vi‖2 = v2
i k

1/2
i = c for every i ∈ Im . Then D1(V) = {V#} = {V}.

Proof. By hypothesis SV = IH , and hence ‖S−1
V V ∗i Vi‖2 = ‖V ∗i Vi‖2 = c for every i ∈ Im .

Thus, the previous theorem can be applied in this case.

Remark 3.11. Examples of pojective protocols as in Corollary 3.10 are the equi-dimensional
uniform projective protocols i.e., {Vi}i∈Im ∈ P(m, k 1, d) that are uniform. These are the
analogues of the so-called uniform fusion frames.

As a consequence Theorem 3.9 and Remark 3.8 we recover [16, Thm 2.6]. Moreover, we can
conclude from the examples [16, Section 3] that the optimal dual system W ∈ D1(V) may
not be the canonical dual RS and may not be unique for a general V ∈ RS(m,k, d). 4

4 Approximation by projective RS’s

As we have shown in Theorems 3.1, and 3.9 , there are optimal duals RS for a fixed V ∈
P(m,k, d), but in general these are not projective. Although there could be some projective
elements in D(V) (we shall focus this problem in the following section), we are interested
in those (m,k, d)-projective RS’s that are closest, with respect to some distance, to a fixed

11



S = {Si}i∈ Im ∈ D(V) which has some desired properties. Given W ∈ RS(m,k, d), we
consider

d(S , W)
def
= ‖TS − TW‖2 = ‖T ∗S − T ∗W‖2 ,

the distance between their synthesis (or analysis) operators. Hence, we seek for W0 ∈
P(m,k, d) that minimize d(S , W) among the projective RS’s. In what follows we will
describe the structure of such (unique) minimizer in case S is an injective RS. As one would
expect, its “directions” are the coisometries of the polar decompositions of the coordinate
operators Si of S, while its weights are the “averages” of their singular values. We need first
some preliminary results:

Given k, n ∈ N such that k ≤ n, we denote by

I(k , n) = {U ∈ L(Ck , Cn) : U∗U = Ik} ,

the set of isometries from Ck into Cn. The following result is known in the literature [1]. We
include a short proof of it to keep the text self-contained.

Lemma 4.1. Let k, n ∈ N such that k ≤ n, and let A ∈Mn,k(C) be a full rank matrix with
polar decomposition A = U |A| with U ∈ I(k , n). Then

‖A− U‖2 = min
V ∈I(k , n)

‖A− V ‖2

Proof. Let V ∈ I(k , n). Then V ∗V = Ik . Therefore

‖A− V ‖2
2

= tr(A∗A) + tr(Ik)− 2 Re tr(A∗V )

≥ tr(A∗A) + k − 2 | tr(A∗V )|
≥ tr(A∗A) + k − 2 tr(|A|)

since | tr(A∗V )| ≤ ‖V ‖sp tr(|A|) and ‖V ‖2
sp = ‖V ∗V ‖sp = ‖I‖sp = 1. On the other hand, if

we consider U as the polar factor above then

‖A− U‖2
2

= tr(A∗A) + tr(Ik)− 2 Re tr(A∗U) = tr(A∗A) + tr(Ik)− 2 tr(|A|) . �

Recall that for every A ∈Mn,k(C) its polar decomposition satisfies

A = U |A| = |A∗|U =⇒ U∗A = |A| and A∗ = U∗|A∗| , (9)

where U ∈Mn,k(C) has kerU = kerA.

Proposition 4.2. Let S = {Si}i∈ Im ∈ RSI(m,k, d). Then there exists a unique

W0 ∈ P(m,k, d) such that d(S , W0) = min
W∈P(m,k,d)

d(W , S) , (10)

and it is given by W0 = {αi Ui}i∈ Im where, for each i ∈ Im , Si = Ui |Si| is the polar

decomposition, so that each U∗i ∈ I(ki , d) and αi =
tr |Si|
ki

.

12



Proof. Let W ∈ P(m,k, d) be a system such that the minimum in (10) is attained at W .
Denote by w = (wi)i∈Im ∈ Rm

+ the weights of W . Notice that

‖T ∗S − T ∗W‖2
2

=
m∑
i=1

‖S∗i −W ∗
i ‖2

2
and each WiW

∗
i = w2

i IKi
,

Thus, each isometry w−1
i W ∗

i ∈ I(ki , d) attains the minimum in the optimization problem∥∥w−1
i W ∗

i −
S∗i
wi

∥∥
2

= min
X∈I(ki , d)

∥∥X − S∗i
wi

∥∥
2
,

where, by hypothesis, each w−1
i S∗i is a full rank linear transformation. By Lemma 4.1 we

get that w−1
i W ∗

i = U∗i , the isometry of the polar decomposition

w−1
i S∗i = U∗i |w−1

i S∗i | = w−1
i

(
U∗i |S∗i |

) (9)
=⇒ Si = Ui |Si| and kerUi = kerSi ,

and hence Wi = wi Ui . Next we show that each wi = tr |Si|
ki

. Fix i ∈ Im . Then

‖Si − wi Ui‖2 = min
α>0
‖Si − αUi‖2 .

Therefore wi · ‖Ui‖2 is the norm of the orthogonal projection of Si to the line RUi , using
the R-inner product 〈A,B〉 = Re

[
tr(B∗A)

]
. It can be computed explicitly:

0 ≤ tr |Si|
‖Ui‖2

(9)
=

tr
(
U∗i Si

)
‖Ui‖2

=

∣∣∣∣ 〈Si , Ui
‖Ui‖2

〉 ∣∣∣∣ = ‖PRUi
(Si)‖2 = wi · ‖Ui‖2 ,

for every i ∈ Im . Then we obtain the equalities wi = ‖Ui‖−2
2

tr |Si| =
tr |Si|
ki

.

Remark 4.3. Let V = {Vi}i∈Im ∈ P(m,k, d) and let W = {Wi}i∈Im ∈ P(m,k, d) be the
nearest projective RS to V#, as described in Proposition 4.2. Then W is optimal in a
point-wise sense, i.e. it minimizes the Frobenius distance between each S−1

V V ∗i and W ∗
i .

Nevertheless, we could give different criteria for finding the best dual projective RS for V .
Indeed, we pose the following optimization problems, that we consider of interest:

1. Find W0 ∈ P(m,k, d) such that

‖T ∗V TW0 − I‖2 ≤ ‖T ∗V TW − I‖2 for a fixed W ∈ P(m,k, d) .

2. Find W0 ∈ P(m,k, d) such that

‖TW0 T
∗
V − TV S−1

V T ∗V‖2 ≤ ‖TW T ∗V − TV S−1
V T ∗V‖2 for a fixed W ∈ P(m,k, d) . 4

5 Examples

In this section we present a variety of examples related with the previous sections. First,
we exhibit a family of (projective) RS’s which satisfies the hypotheses of Corollary 3.4 and
Theorem 3.9, the so-called group RS. In particular, the canonical dual of a group RS (which
is also a group RS) is the unique r-loss optimal dual RS for the MSE as well as for the
WCRE. The remaining subsections are devoted to the study of particular cases of RS where
D(V)∩P(m,k, d) 6= ∅ . The first examples show that for certain projective systems we can
explicitly construct projective duals, which in general will not coincide with the canonical
duals. The last example describes a Riesz RS whose unique dual RS (i.e. the canonical dual)
is not projective. This leads to a characterization for Riesz RS‘s with projective canonical
dual.
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5.1 Group reconstruction systems

We begin by describing the behaviour of the group RS’s: Let K ∼= Ck and V ∈ L(H , K).
Given a unitary representation G 3 g 7→ Ug ∈ U(H) of a finite group G in U(H) we say that

V(G , V )
def
= {V Ug}g∈G

is aG- reconstruction system (shortly, G-RS) if V(G , V ) ∈ RS(m, k1, d), wherem = |G|.
If S = V ∗(K), this is equivalent to the fact that

span
{ ⋃

g∈G

Ug(S)
}

= H ,

where V ∈ L(H , K) is the base operator for V(G , V ). This definition of G-RS reduces
to that of G-frame in the vector frames setting (see [12]).

Observe that the system V(G , V ) is:

1. Projective (and uniform) if in addition V V ∗ = v2IK for some v > 0 ;

2. Injective if in addition V ∗ is injective, in which case also R(V Ug) = K for every g ∈ G.

Notice that the RS-operator of V(G , V ) has the following structure:

SG ,V
def
= SV(G ,V ) =

∑
g∈G

U∗g V
∗ V Ug =

∑
g∈G

Ug−1 V ∗ V Ug .

Fix h ∈ G. By the group structure of the representation {Ug}g∈G , it follows that

Uh · SG ,V = Uh
∑
g∈G

Ug−1V ∗V Ug

=
∑
g∈G

Uhg−1V ∗V Ug (11)

=
∑
g∈G

U(gh−1)−1V ∗V Ugh−1Uh = SG ,V · Uh .

Then, SG ,V (and therefore S−1
G ,V ) commutes with the unitary representation of G. In par-

ticular, the canonical dual of a G-RS is another G-RS:

V(G , V )# = {V Ug S−1
G ,V }g∈G = {V S−1

G ,V Ug }g∈G = V(G , V S−1
G ,V ) .

If the base operator V ∈ L(H,K) satisfies V V ∗ = v2 IK then V(G , V ) is an equi-dimensional
uniform projective RS. Therefore, Corollary 3.4 implies that the 1-loss optimal dual RS for
V(G , V ) for the m.s.e. is its canonical dual V(G , V )#.

On the other hand, if the base operator V ∈ L(H,K) satisfies V V ∗ = v2 IK then V(G , V )
satisfies the hypothesis of Theorem 3.9. Indeed, if V(G , V ) is a G-projective RS, then

‖(S−1
G ,V U

∗
g V

∗)(V Ug)‖2 = ‖U∗g (S−1
G ,V V

∗V )Ug ‖2 = ‖S−1
G ,V V

∗V ‖2 = c ,

since each S−1
G ,V U

∗
g = U∗g S

−1
G ,V for every g ∈ G by (11). Thus, the canonical dual of such

G-RS’s is the unique 1- loss optimal dual for the worst-case error.
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If the base operator V ∈ L(H,K) is surjective, so that V(G , V ) is an injective RS then, using
Proposition 4.2, the projective RS nearest to V(G , V )# can be computed in the following
way: For every g ∈ G, we have that

|V S−1
G ,V Ug|

2 = U∗g S
−1
G ,V V

∗ V S−1
G ,V Ug = U∗g |V S−1

G ,V |
2 Ug .

Taking roots, we get that |V Ug S−1
G ,V | = U∗g |V S−1

G ,V |Ug for every g ∈ G. Therefore, if we

consider the polar decomposition V S−1
G ,V = W |V S−1

G ,V | of V S−1
G ,V , then also

V S−1
G ,V Ug =

(
W Ug

) (
U∗g |V S−1

G ,V |Ug
)

=
(
W Ug

)
|V Ug S−1

G ,V |

is the polar decomposition of each entry V S−1
G ,V Ug of V(G , V )#. In conclusion, if we denote

w =
tr |V S−1

G ,V |
k

, then V(G , wW ) =
{
wW Ug }g∈G

is the best projective approximation of V(G , V )# provided by Proposition 4.2. It is clear
from the previous computations that it is again a G-RS.

5.2 Dual projective systems

Now we give an example of a system V = {Vi}i∈ Im ∈ P(m,k, d) with projective dual systems
but such that V# /∈ P(m,k, d) :

Example 5.1. Let d = 3, m = 2 and k = (2, 2). Let V1 and V2 ∈ L(C3 , C2) be given by

V1(x, y, z) = (y, z) and V2(x, y, z) = (x, z) for every (x, y, z) ∈ C3 .

Then V = (V1 , V2) ∈ P(m,k, d) with weights 12 . If S1 = {e1}⊥ and S2 = {e2}⊥, then

SV = V ∗1 V1 + V ∗2 V2 = PS1 + PS2 =

 1 0 0
0 1 0
0 0 2

 .

Therefore V# /∈ P(m,k, d), for example because S−1
V V ∗1 (u, v) = (0, u, v

2
) for (u, v) ∈ C2. So

that the entry V1 S
−1
V of V# is not a multiple of a coisometry.

Let W = (W1 , W2) ∈ P(m,k, d) and assume that T ∗W TV = W ∗
1 V1 +W ∗

2 V2 = I3 . Denote by
{v1 , v2} the canonical basis of C2 and by {e1 , e2 , e3} that of C3. Then, easy computations
using the definitions of V show that

e3 = W ∗
1 v2 +W ∗

2 v2 , e2 = W ∗
1 V1 e2 = W ∗

1 v1 and e1 = W ∗
1 V2 e1 = W ∗

2 v1 . (12)

The two last equalities show that both W ∗
1 and W ∗

2 should be isometries with weight 1. But

in this case ‖W ∗
1 v2‖ = ‖W ∗

2 v2‖ = 1 and their sum also has norm one. Let ω = 1
2

+ i
√

3
2

.
Then |ω| = 1 but ω + ω = 1. Then we can define W ∗

1 , W
∗
2 ∈ L(C2 , C3) by

W ∗
1 (x, y) = (0, x, ω y) and W ∗

2 (x, y) = (x, 0, ω y) for every (x, y) ∈ C2 .

They are isometries and satisfy the three conditions of (12). Therefore, the system W =
(W1 , W2) lies in P(m,k, d) and it is a dual-RS for V .

Nevertheless, if we consider V1 and V2 as operators in L(R3 , R2), then such a W can not
exists. Indeed, looking at Eq. (12), we can deduce that W ∗

1 v2 ∈ {e2}⊥ and W ∗
2 v2 ∈ {e1}⊥.

These facts, together with the equality e3 = W ∗
1 v2 + W ∗

2 v2 imply that both W ∗
1 v2 and

W ∗
2 v2 ∈ span{e3}, which is impossible in the real case. 4
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Example 5.2. We can generalize Example 5.1 in the following way: Assume that the
projective system V = {Vi}i∈ Im ∈ P(m,k, d) satisfies that all the projections Pi = PR(V ∗i )

are pairwise commuting. We shall see that, in this case,

D(V) ∩ P(m,k, d) 6= ∅ .

Suppose first that all the weights of V are 1. Then SV =
∑

i∈Im
Pi . The commutation

hypothesis assures that, by taking all the possible intersections among the ranges of the
projections Pi , we get a family of projections (Qj)j∈In in L(H) such that

1. QiQj = 0 if i 6= j and
∑

j∈In
Qj = IH .

2. SV =
∑

j∈In
rj Qj with rj ∈ Im for every j ∈ In .

3. For every i ∈ Im there exists Ji ⊆ In such that Pi =
∑

j∈Ji
Qj .

We construct the system W = {Wi}i∈ Im ∈ D(V) ∩ P(m,k, d) as follows: let Wi = Vi Ui ,
where Ui =

∑
j∈Ji

εij Qj with

εij ∈ { 1 , −1 , ω , ω } , where ω =
1

2
+ i

√
3

2
.

Note that each rj = |Sj |, where Sj = {i ∈ Im : j ∈ Ji}. If rj = 2sj + 1 (the odd case) we
select sj times εij = −1 and (sj + 1) times εij = 1 for the rj pairs (i, j) such that j ∈ Ji .
If rj = 2sj + 2 (the even case), we select sj times εij = −1 , other sj times εij = 1, plus one
εij = ω and one εij = ω for the rj pairs (i, j) such that j ∈ Ji . Observe that all the pairs of
indexes involved are those which belong to the set

KV = {(i, j) ∈ Im × In : j ∈ Ji} = {(i, j) ∈ Im × In : i ∈ Sj} .

As |εij| = 1 for every (i, j) ∈ KV , each factor Ui =
∑
j∈Ji

εij Qj acts isometrically on R(Pi).

Then all the entries Wi = Vi Ui of W are coisometries, so that W ∈ P(m,k, d). Finally,
observe that V ∗i Vi = Pi and that Ui Pi = Ui for every i ∈ I . Then∑

i∈Im

W ∗
i Vi =

∑
i∈Im

U∗i V
∗
i Vi =

∑
i∈Im

U∗i =
∑
i∈Im

∑
j∈Ji

εij Qj =
∑
j∈In

( ∑
i∈Sj

εij

)
Qj = I ,

since
∑
i∈Sj

εij = 1 for every j ∈ In by construction of the numbers εij .

The general case follows from the previous case. Indeed, if V has weights v = (vi)i∈Im , we
replace the previous W by Wv = {v−2

i Wi}i∈Im . 4

Remark 5.3 (Projective dual pairs). The previous example gives a method to construct
pairs of projective RS’s (V ,W) such that W ∈ D(V). Moreover, this method shows that for
every choice of parameters (m,k, d) such that

∑
i∈Im

ki ≥ d there exist V , W ∈ P(m,k, d)
such that W ∈ D(V). Indeed, to find such a projective dual pair (V ,W) we construct
V ∈ P(m,k, d) in such a way that the projections Pi = V ∗i Vi for i ∈ Im are pairwise
commuting (i.e. that are simultaneously diagonalizable by an orthonormal basis of H).
Then, we can apply the construction in the example above to obtain explicitly the projective
dual W .

These facts show that projective dual pairs are indeed more frequent than projective proto-
cols i.e. RS’s V such that (V ,V) is a projective dual pair, since it is known that there are
choices of parameters (m,k, d) for which no projective (m,k, d)- protocols exists (see [19,
Example 3.1.2.]). 4
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5.3 Riesz reconstruction systems

The elements of RS(m,k, d) are called Riesz RS’s if dimK = tr k = d = dimH . In this
case, every V = {Vi}i∈ Im ∈ RS(m,k, d) satisfies that both the synthesis operator TV and
the analysis operator T ∗V are invertible. Also T ∗V# = S−1

V T ∗V = T−1
V , and

H = R(V ∗1 )⊕ · · · ⊕R(V ∗m) (direct sum, but not necessarily orthogonal) , (13)

because the sum gives always H but in this case the sum must be direct by dimensional
reasons. On the other hand, if V = {Vi}i∈ Im ∈ RS(m,k, d) is a Riesz RS for H then

D(V) = {V#} , (14)

since the only left inverse of TV is T−1
V = T ∗V# . Recall that T ∗W TV = IH for everyW ∈ D(V) ,

and that the map RS(m,k, d) 3 W 7→ T ∗W is one to one.

Example 5.4. Let d = 4, m = 2 and k = (2, 2). We now construct a (necessarily) Riesz
V ∈ P(m,k, d) such that D(V) ∩ P(m,k, d) = ∅. Let V1 , V2 ∈ L(C4 , C2) be given by

V1(x1 , x2 , x3 , x4) = (x1 , x2) and V2(x1 , x2 , x3 , x4) = (x3 ,
x2−x4√

2
) , (15)

for (x1 , x2 , x3 , x4) ∈ C4. It is easy to see that V = (V1 , V2) ∈ P(m,k, d) with weights
(1, 1). Let us denote by S = kerV2 = span{e1 , e2 +e4} ⊆ C4. GivenW ∈ D(V), the equality

W ∗
1 V1 +W ∗

2 V2 = IH

implies that W ∗
1 V1 x = x for every x ∈ S. Then W ∗

1 ∈ L(C2 , C4) is completely determined
as the inverse of V1

∣∣
S

: S → C2. But we have that

‖V1 e1‖ = ‖e1‖ = 1 while ‖V1(e2 + e4)‖ = ‖e2‖ =
‖e2 + e4‖√

2
.

Then V1

∣∣
S

is not a multiple of an isometry and neither is W ∗
1 .

We can enlarge the previous example in order to get a RS with redundancy and without
projective duals. Indeed, consider V0 = (V1 , V2 , V3) ∈ P(3 , (2, 2, 2) , 4) obtained from V by
adding any coisometry V3 ∈ L(C4 , C2) such that also kerV3 = S. Then, arguing as before,
we conclude that there is no W = (W1 , W2 , W3) ∈ D(V0) such that W1 is a multiple of a
coisometry. 4

Remark 5.5. Assume that V = {Vi}i∈ Im ∈ RS(m,k, d) is a Riesz RS. Then, arguing as in
the previous example, it is easy to see that the following conditions are equivalent:

1. D(V) ∩ P(m,k, d) 6= ∅.

2. V# ∈ P(m,k, d).

3. If we denote by Si =
⋂
j 6=i

kerVi =
(⊕
j 6=i

R(V ∗)
)⊥

, then Vi
∣∣
Si
∈ L(Si , Ki) is a multiple of

an isometry, for every i ∈ Im .

These conditions are fulfilled if the sum of Eq. (13) is orthogonal. Also if every ki = 1. But
there exist other cases. For example, if we take the operator V1 of Eq. (15), and consider

V3(x1 , x2 , x3 , x4) = (x1 − x3 , x2 − x4) for (x1 , x2 , x3 , x4) ∈ C4 ,

then the condition 3 is satisfied by V ′ = (V1 , V3) ∈ P(2, (2, 2), 4). 4
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