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Abstract

We study the duality of reconstructions systems (RS’s), which are G-frames in a
finite dimensional setting. After proving some basic facts about these systems and their
duals, we focus on dual systems of a fixed projective RS (i.e. the analogue of a fusion
frame in this context) that are optimal with respect to erasures of the RS coefficients.
Finally we study the projective RS that best approximate an arbitrary reconstruction
system and the existence of a dual projective system of a RS of this type.
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1 Introduction

Fusion frames were introduced under the name of “frame of subspaces” in [7]. They arise
naturally as a generalization of the usual frames of vectors for a Hilbert space H; indeed
frames of vectors can be treated as “one-dimensional fusion frames”. Several applications of
fusion frames have been studied, for example, sensor networks [10], neurology [21], coding
theory [3], [4] , [15], among others. We refer the reader to [9] and the references therein for
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a detailed treatment of the fusion frame theory. Further developments can be found in [6],
[8] and [22].

Given m € N we denote by I, = {1,...,m} C N. In the finite dimensional setting,
a fusion frame is a sequence N, = (w;, N;)ie1,, where each w; € Ry and the subspaces
N; C C? generate C?. The synthesis operator of the fusion frame N,, is usually defined as

Ty, : K, o @N"—%jd given by T, (%;)icr, szxl.

S Hm 1€ ]Im

Its adjoint, the so-called analysis operator of N, is given by Ty y = (w; Py, ¥)ic1,, for
y € C4, where Py denotes the orthogonal projection onto N;. The frame N, induces a
linear encoding-decoding scheme that can be described in terms of these operators.

However, the previous setting for the theory of fusion frames presents some technical
difficulties. For example the domain of T),, relies strongly on the subspaces of the fusion
frame. In particular, any change on the subspaces modifies the domain of the operators
preventing smooth perturbations of these objects. Moreover, this kind of rigidity on the
definitions implies that the notion of a dual fusion frame is not clear.

An alternative approach to the fusion frame (FF) theory comes from the theory of G-
frames [24] (see also [14, 25, 26]) and its variants, namely the theory of protocols introduced
in [3] and the theory of reconstruction systems considered in [17] (see also [20]), which are
finite dimensional G-frames.

In this context, we fix the dimensions dim N; = k; and consider a universal space

K=Knx = @ CH.

1€ Ly,

If Ny = (w; , Ny)icr, is a FF, it is modeled as a sequence V = {V; }sc1,, with V; € L(C?, C*)
and such that V*V; = w? Py, for each i € I,,,. In general, sequences V = {V;};c1, such
that V; € L(C?, C*) and such that they allow the construction of an encoding-decoding
algorithm are called finite dimensional G-frames or reconstructions systems (RS’s). Notice
that the representation of a FF above as a RS is not unique, in the same manner as different
vector frames can be identified with a 1-dimensional FF. The RS’s that come from FF’s as
above are called projective RS’s.

The main advantage of the RS (or more generally of the G-frames) framework with
respect to the fusion frame formalism is that each (projective) RS has many RS’s that are
dual systems. In particular, the canonical dual RS remains being a RS (for details and
definitions see Section 2). In contrast, it is easy to give examples of a FF such that its
canonical dual is not a fusion frame (see Example 5.4 below). There exists a notion of
duality among fusion frames defined by Gavruta (see [11]), where the reconstruction formula
of a fixed V involves the FF operator S), of V. Nevertheless, in the context of RS’s we follow
[24] where the notion of dual systems can be described and characterized in a quite natural
way.

The problem of computing duals that are optimal with respect to some criteria, as well
as the characterization of (fusion) frames that are optimal for erasures have been widely
studied in the theory of frames and G-frames (see for example [14, 24, 25, 26] and [3, 4, 5, 8,
13, 15, 17, 23] respectively). We point out that although we focus on a problem dealing with
duals that are optimal for erasures, our work has a different setting. Indeed, this research is
in the vein of [16] but in the more general context of G-frames, where we first fix a RS and
then search for duals of this fixed RS that are optimal with respect to erasures. Note that



we are interested in the case where the reconstruction error due to erasures is measured in
terms of the Frobenius 2-norm we restrict our study to the finite dimensional setting. Thus,
instead of working with general G-frames we deal with RS’s.

Briefly, a reconstruction system arise from a usual vector frame by grouping together the
elements of the frame. Thus, the coefficients involved in the encoding-decoding scheme of
RS are vector valued. If V is a fixed projective RS, we study those dual RS’s for V' that
are optimal for erasures of these vector valued coefficients. We study two different ways of
measuring the performance of duals of projective RS’s for the erasures of coefficients:

We first consider the mean square error (MSE), that has been considered in [15] in a
probabilistic setting as opposed to our deterministic approach. We show that for every
projective system there is a unique optimal dual RS for the MSE, and we give a complete
characterization of this optimal dual.

In the second case we study the worst-case reconstruction error (WCRE). We show that
all results of [16] can be extended (with similar techniques) to the RS setting: we give
sufficient conditions on a projective system V which guarantee that the cannonical dual RS
of V is optimal, and we show that several examples - in particular group RS’s - satisfy these
conditions.

For the case of a non projective system ), we characterize the projective RS which is
nearest to V, in terms of a suitable distance between RS’s. It is worth noticing that a
projective RS may not have any projective dual (see Example 5.4). Thus, the previous
results can be applied to compute approximate projective duals of a given projective RS.

On the other hand, given a projective RS it is natural to focus on dual systems that are
also projective (if it is possible). Hence, it seems to be an interesting problem to characterize
those projective systems )V such that the canonical dual or some other dual system W is
also projective and work within this class. In the last section, we present several examples
of these problems.

The paper is organized as follows: In Section 2 we recall some basic facts about general
reconstruction systems and we fix some of the terminology used throughout the paper. In
Section 3 we study the optimal dual systems for erasures of vector coefficients. In section 4
we describe the projective RS which is nearest to a fixed RS. In Section 5 we give several
examples of group RS’s, and about the existence (or not) of projective dual systems.

Notations.

Given H = C¢ and K = C", we denote by L(H, K) the space of linear operators T : H — K.
Given an operator T' € L(H,K), R(T) C K denotes the image of T, kerT" C H the null
space of T" and T* € L(K,H) the adjoint of T. If d < n we say that U € L(H,K) is an
isometry if U*U = I . In this case, U* is called a coisometry. We denote by Z(d, n) the set
of all isometries in L(H, K).

If X =H we denote by L(H) = L(H, H), by GI(H) the group of all invertible operators in
L(H), by L(H)* the cone of positive operators and by GI(H)" = GI(H) N L(H)™".

If T'e L(H), we denote by o(T) the spectrum of T, by rk 7" the rank of 7', and by tr T the
trace of T'. Given m € N we denote by I,,, = {1,...,m} C Nand 1 =1,, € R™ denotes the
vector with all its entries equal to 1.

On the other hand, M,,,,(C) denotes the space of complex n x m matrices. If n = m we
write M,,(C) = M,,,(C), Gl(n) the group of all invertible elements of M,,(C), U(n) the



group of unitary matrices, M,,(C)* the set of positive semidefinite matrices, and Gl(n)* =

M,.(C)* N Gl(n).

If W C 'H is a subspace we denote by Py € L(H)" the orthogonal projection onto W, i.e.
R(Py) =W and ker Py, = W+. For vectors on C" we shall use the euclidean norm, but for
matrices T' € M,,(C), we shall use both

1. The spectral norm ||T'|| = ||T'||s, = ”m”aX1 | Tx||.

2. The Frobenius norm ||T||, = (tr T*T)Y? = (Y |T3|? )1/2. This norm is induced by
i,j€ln

the inner product (4, B) =tr B*A, for A, B € M,,(C).

2 Basic framework of reconstruction systems

In what follows we consider (m, k, d)-reconstruction systems, which are more general linear
systems than those considered in [2], [3], [4], [5], [13] and [18], that also have an associated
reconstruction algorithm.

Definition 2.1. Let m,d e Nand k = (ky, ..., k,,) € N™.

1. We denote by K = K,, e @ie L. CFi . Sometimes we shall write each direct
summand by K; = CFi.

2. Given a space H = C% we denote by L(m,k,d) = D, L(H, Ki) = L(H,K). A
typical element of L(m,k,d) is a system V = {V,};cy,, such that each V; € L(H, K;).

3. A family V = {V;}ic1,, € L(m, k,d) is an (m, k, d)-reconstruction system (RS) for H if
Sy, = Z V'V, € GI(H)™",
i€ L

i.e., if Sy is invertible and positive. Sy is called the RS operator of V. In this case,
the m-tuple k = (ky, ..., km) € N satisfies that trk = D icr, ki > d.

We shall denote by RS(m, k, d) the set of all (m,k, d)-RS’s for H = C?.

4. The system V = {V;}ic1,, € RS(m,k,d) is said to be injective if V;* € L(K;, H) is
injective (equivalently, if V; V;* € GI(K;) ) for every i € [,,, .
We shall denote by RSz(m, k, d) the set of all injective elements of RS(m, k, d).

5. The system V is said to be projective if there exists a sequence v = (v;);e1
positive numbers, the weights of V, such that

e RY of

m

ViV =vllc,, forevery icl, .
In this case, the following properties hold:

(a) The weights can be computed directly, since each v; = ||Vil|sp -

(b) Each V; = v;U; for a coisometry U; € L(H , K;). Thus V;*V; = v P+ € L(H)*
for every ¢ € I, .



(c) Observe that in this case Sy = ;. v? Py~ as in fusion frame theory.
We shall denote by P(m,k, d) the set of all projective elements of RS(m, k, d).

6. The analysis operator of the system V is defined by

TV:HHK:@KZ- given by Tyax=MWViz,..., Vpx), for zeH.

i€y,
7. Its adjoint T7; is called the synthesis operator of the system V), and it satisfies that

T K = @IC — H is given by Tv ymeﬂm Zv*yz.

i€l 1€ 1
Using the previous notations and definitions we have that Sy =T} Ty . JAN

Examples 2.2 (Vector and fusion frames as RS’s).

1. As it was mentioned, RS’s arise from usual vector frames by grouping together the
elements of the frame. Therefore, it is natural to expect that in the case k = 1,,, the set
RS(m, k,d) can be identified with the set of m-vector frames for H = C¢.

Indeed, let F = {f:}ic1,, € H™. For i € I, consider V; : H — C given by Vi(z) = (x, f;) for
every © € H. Let V£ = {V, }ic1,, and notice that

=Y VVi=> (- f) fi=5

1€lm 1€lm

Thus F is a frame for H if and only if Vx € RS(m, 1,d). Actually, RS(m,1,d) = P(m,1,d)
because every functional is a multiple of a coisometry. Moreover, Ty, : H — @®;er,,C = C™ is
the usual analysis operator of F. On the other hand, it is clear that elements in RS(m, 1, d)
correspond to vector frames for H.

2. Let Ny, = (w;, Nj)icr,, be a fusion frame for H = C?, with weights w; > 0 and subspaces
N; C H with dim N; = k; for every i € I,,, . Its fusion frame operator is

Snvi, = Y w} Py, € GI(H)*

1€ 1Im

(see [9] for a detailed exposition of fusion frames). Let U; € L(H, C*) be a coisometry such
that U U; = Py, for every i € I,,,. Therefore, the system V = {V;}ic1,, = o {w; Ui }ier,,
satisfies that Sy = Sy, € GI(H)". Hence V € P(m,k,d) is a projective RS associated to
N, . Observe that V has the same weights as NV, and it also satisfies that each N; = R(V}*).

Conversely, given V = {V;}ie1,, € P(m,k,d), the sequence N,, = (||VZ-H,R(VZ»*))Z.€M is a
fusion frame such that Sy, = Sy, . Nevertheless the correspondence is not one to one, since
any system of coisometries {U;}icr, with (ker U;)t = N produces the same fusion frame
Ny = (w; , N;)ier,,. This phenomenon is similar to the correspondence of vector frames with
one dimensional fusion frames. A

Remark 2.3. In what follows we list some properties and notations about RS’s:



1. Given V = {Vi}ic1,, € RS(m, k,d) with Sy = >,.; V;*V;, then
DSy TV Vi=1Iy, and Y VIV Syl =1 (1)
i€l i€l

Therefore, we obtain the reconstruction formulas

x—ZS VvV (Vix) ZV* Sytx)  forevery x€H.

i€ly, i€y,
2. For every V = {V;}ic1,, € RS(m,k,d), we define the system
V¥ & VS, e, € RS(m,k.d)
called the canonical dual RS associated to V. By Eq. (1), we see that

Tpe Ty =Y Sy ' ViVi=Iy and Sye =Y S ViVisy' =5y

7
i€l 1€ Im

Next we generalize the notion of dual RS’s: JAN
Definition 2.4. Let V = {V; }ier,, and W = {W, }icr,, € RS(m, k, d).
1. We say that W is a dual RS for V if Ty,, Ty, = I3, or equivalently if

=Y WrV,x forevery z€H.

i€ I

2. We denote by D(V) = {W € RS(m,k,d) : T}, Ty = I, }, the set of all dual RS’s for
a fixed V € RS(m, k,d). Observe that D(V) # @ since V¥ € D(V).

A

Remark 2.5. Let V € RS(m,k,d). Then W € D(V) if and only if its synthesis operator
Ty, is a pseudo-inverse of Ty, . Indeed, W € D(V) <= Ty,, Ty = I, . Observe that the map
RS(m,k,d) > W — T}, is one to one. Thus, in the context of RS’s each (m,k,d)-RS has
many duals that are (m, k, d)-RS’s. This is one of the advantages of the RS’s setting.

Moreover, the synthesis operator T7;, of the canonical dual V# corresponds to the Moore-
Penrose pseudo-inverse of Ty, . Indeed, notice that Ty, T}, = Ty S), Ty € L(K)*, so that it
is an orthogonal projection. Under this point of view, V# has some optimal properties that
come from the theory of pseudo-inverses. A

3 Erasures and errors

Let us fix the parameters (m,k,d) with tr k > d. Hence we have the spaces H = C¢,
Ki = CF and K = @,; K. Given a subset J C L, of size |J| = r, we consider

My e L(K)  given by My ((yi)ier,.) = (15 (0) - yz‘)ieﬂm ;



where 1y : I, — {0,1} denotes the characteristic function of the set J C I,,. Similarly,
we consider the packet-lost operator Ly = My, g = Ix — My. If J = {j}, we abbreviate
Myjy = Mjand Ly = L.

Given V = {V;}icr,, € RS(m,k,d), we shall consider a “blind reconstruction” strategy in
case some packets of coefficients are lost. That is, assuming that the encoded information
Ty x € K (for some x € H) is altered according to the packet-lost operator Ly, our recon-
structed vector will be Ty;, Ly T (z), where W € D(V) is some dual RS for V. Therefore, if
we fix 7 € I, and W € D(V) we get the (7)-tuple

g™ |

6(7”; W) - (HI - Tv*v Ly TV||2>J€PT(Hm)

where P,(L,,) = {J C I, : |J| = r}. This vector corresponds to the reconstruction er-
rors (with respect to the Frobenius norm) for the erasure of r packets of coefficients, for
all such possible choices. In what follows we shall consider two different measures of the
reconstruction error based on the finite sequence e(r, W) namely the mean square error and
the (normalized) worst-case error.

Finally, let us mention that there are several papers that study the structure of optimal
frames and fusion frames (with some further structure) for the erasures of coefficients, for
example [3], [4], [5], [8], [13], [17], [23]. In contrast, we consider optimal dual RS’s for a fixed
RS in a similar way as considered by J. Lopez and D. Han in [16].

3.1 Minimizing the mean square error

Let V = {Vi}ic1,, € RS(m,k,d). In this section we consider as a measure of performance of
a dual (m,k, d) reconstruction system W the mean square error (m.s.e.)

1/2
DV W) = lelr, W= (D =Ty LTl

J€ Pr(Im)

Let us denote by

1/2
(2) _ (2) * 2
e/ (V)= inf TVW) = if (Z IW; VH) : (2)

1€l

We are interested in those dual RS’s W for V such that (> (V, W) = e1 '(V). In other words,
we define the set of I-loss optimal dual RS’s for V with respect to €' (V, ) as

DPW) € (weDW): v, W) =e(V)} .

Proceeding inductively, we set ei”) (V) = inf{e!?(V, W) : W € D, (V)} and define D (V)
as the subset of D£2_)1(V) where this infimum is attained, called the r-loss optimal dual RS’s

for V with respect to 652)(1), -), in case these sets are non-empty.

Theorem 3.1. Let V = {V;}ie1,, € P(m,k,d) with weights v = (v;)ier,,. Then D§2)(V) =
{Wi} i.e., there is a unique 1-loss optimal dual RS Wy for the m.s.e. Moreover, if

1. D € L(K) is the block diagonal matriz D = @ v;? Iy, , and

1€ 1Im



2. SV,D :T;DTV = E PR(VZ*) € Gl(H)+ (SZ”C@ SV D > (mln U ) SV > O),

i€ Lm 1€y
then the optimal system is Wy = {v; 2V, Sﬁl[)}ie 1, - In particular, Ty, = DT S;lD )

Proof. First we check that Wy € D(V). Indeed, Ty, Ty = S;}D T35 DTy = S\j}D Sy.p =1
Denote by B; = v; 2V, S;}D , the i-th entry of W, , for every ¢ € [, . Consider a dual system
W = {W;}ie1,, € D(V). Since each V;V;* = v?I), , then

WVl = te(VyWiW; Vi) = te(WW Vi) = of te(Wilby) = of [ W77 . (3)
In particular, we can compute the m.s.e. for W :
W) = S IBVIE 2N B = Y w85 VI
1€ I 1€ Im 1€ lm
On the other hand, for every ¢ € I,,, we have
WL = B+ (W = B,
= WSyl VIR + W = B2+ 2Re (of tr (W7 - BB ) . (4)

Let t; = tr [(W; — B)B;| =v; > tr [(W; — Bf)V; S,'p]. Then we have that

Sovtt=tr (O = BOViSyly ) =t [Ty~ Ty Ty S5%p] =0

1€ Iim 1€ Im

since both W and V# are dual RS’s for V. Therefore, summing over I,,, , the third summand
of (4) vanishes and

2 % (3) X
v, w) = S AW = 2 o W
z€ m ’ieﬂm
&) — — * * *
= ZH Uy 2||SV,1D VA2 +of [|[Wr = BYII2 (5)
1€ m

<2 3) (2
> Y 2B]2 2 P (v, W)

i€l
Therefore W, € DI (V). Moreover, if we take another W = {W;}ic1. € D§2) (V), then Eq.
(5) implies that |W;* — B7||, = 0 for every i € I,,,, so that W =W . O

Remark 3.2. As an immediate consequence of Theorem 3.1 we conclude that, for every
r € I, then D (V) = {W,}. That is, following the hierarchies for the definition of D{* (V)
as above, the r-loss optimal dual RS for V with respect to eq(?)(V, -) is unique and given by

W), which is described in Theorem 3.1. AN

We say that a system V = {V; }ic1,, € P(m,k,d) is an uniform projective RS if the weights
v = (v;)ier,, of V satisfy that v =v1 for some v > 0.



Remark 3.3. The unique 1-loss optimal dual RS Wy € D (V) of Theorem 3.1, can be
described in the following way: If v = (v;);e1,, are the weights of the system V € P(m, k, d),
consider U = {U,};er1,, = {%}ieﬂm , which is a uniform projective RS. Then

Sy, p = Z Prosy=5u , V=v-U = {0 U}licr, and Wo=v'-u*, (6)

i€ 1m
o | 1 1
because Wy = {v; “V; Sy, p bier,, = {vi " Ui Sy }ier,, - A

Corollary 3.4. Let V = {V; }ie1,, € P(m,k,d). Assume thatV is uniform. Then the unique
1-loss optimal dual RS for the m.s.e. (and hence the r-loss optimal dual RS for the m.s.e.)
is the canonical dual V.

Proof. 1f the weights of V are v = v 1 then, with the notations of Remark 3.3, we have that
V =vlU, Sy = v2Sy and V# = v~ U#. Then we apply Eq. (6). O

Remark 3.5. Let V = {V;}ier,, € P(m, k., d) with weights v = (v;);er,,. We give another
interpretation of the system W, , the unique 1-loss optimal dual RS for V of Theorem 3.1:

Let D € L(K) be the block diagonal matrix D = @ v; 2 Ix, . Consider on K the (perturbed)
i€ly,

inner product given by (z,y)p = (Dz,y), for z,y € K. Then Kp = (K, (-,-)p) becomes

an inner product space (which is equivalent to K with its usual inner product). Given

TeL(H, K)let T*» € L(K, H) be the adjoint operator with respect to (-,-)p (on the side

KC). Thus, TP is a linear transformation such that
(Tx,y)p = (x, T*Py)y forevery zxze€H, yek.

Simple computations show that 7*> = T*D. Hence, if we consider the space Kp just as
an inner product space in which the analysis of the signals coming from H is performed in
terms of T, then T}, = T}, D becomes the (oblique) synthesis operator of V.

Therefore, the (oblique) RS operator of V is T},? T\, = Ty; DT\, = Sy, p (as in Theorem 3.1).
Finally, let us denote by V#P the (oblique) D-canonical dual RS of V, again with respect to
Kp and notice that V#p = {V; S;}D}ieﬂm . Then the synthesis operator of the optimal dual
W, of V coincides with the oblique synthesis operator of the D-canonical dual V#?. Hence,
both systems W, and V#P produce the same (optimal) left inverse for 73, . Indeed, V#? has
D-synthesis operator given by

T52, Wiietn = Tyup D (Widien, = > Splp Vo 2y =D (072 Vi) wi

1€lm 1€lm

for every (yi)ier,, € K. Therefore T)2 = =T, , since Wy = {v;?V; Sy b tiet - A

3.2 Minimizing the worst-case reconstruction error

Let V = {Vi}ier,, € P(m,k,d). For each W = {W,}ic1,, € D(V), we introduce the worst-

case reconstruction error when r packets are lost with respect to the Frobenius norm:

e (V, W) = lle(r, W)||. = max ||[I =Ty, LiTy|], .

JePr(Im)

||OO



As in the beginning of Section 3.1, we denote by

= inf = inf Ty, M; Ty, = inf “Vill, -
V)= By O = R I Ml =, ) oW el - D)

We define the set of 1-loss optimal dual RS’s for V' as
Di(V) = WeDW) :es(V, W) =e(V)}.

Proceeding inductively, we set e, (V) = inf{e,(V, W) : W € D,_1(V)} and define D, (V) as
the subset of D,_1(V) where this infimum is attained, called the r-loss optimal dual RS’s for
V with respect to e,.(V,-), in case these sets are non-empty.

The following results can be viewed as a natural extension to the RS setting of the results
in [16]. Their proofs use techiques similar to those of Han and Lopez.

3.6. Recall that RS(m,k,d) C L(m,k,d) = @, L(H, K;) = L(H,K). If we fix an
injective V = {V; }ic1,, € RSz(m,k,d), then the map || - ||y : L(m, k,d) — R, given by

Wiy = er(V, W) = max [W Vill, for W = {Wi}icx, € L(m,k,d)

is a norm in L(m,k,d). Indeed, the only non trivial condition is the faithfulness. But the
fact that V € RSz(m, k, d) (i.e. V; is surjective for every i € I,,,) assures that |[W|y, =0 =
|WxVi|l, =0 for every i € I,, = W =0.

Since D(V) is closed in L(m,k,d) with the usual norm and all norms are equivalent on
L(m,k,d), then D(V) is ||-||y -closed in L(m, k,d). Therefore there exist elements W € D(V)

such that [|[W|y = Nm[i)r(lv) IMly = e1(V). Indeed, the intersection of D(V) with a fixed
S

closed ball is a compact set. On the other hand, D(V) is convex (actually it is an affine
manifold). Since every norm is a convex map, we have proved the following result: A

Proposition 3.7. Let V € RSz(m,k,d) be an injective system. Then the set Di(V) of
1-loss optimal dual RS’s for V is non-empty, compact and convez. O

Remark 3.8. The study of D;(V) has been considered by Han and Lépez [16] in the par-
ticular case of (m,1,d)-RS’s for H, i.e. usual vector frames. Indeed, let F = {f;}icr,, be a
frame for H and let V£ = {V;}icn,, be its associated (m,1,d)-RS as in Example 2.2.

In this context the following optimization problem is considered in [16]: to find the (m, 1, d)-
RS’s W” € D(Vy) such that

T MTy, || = mi Ty My, oo -
max ([T, MiTplloo = | min - max | Ty MiTyy[|oo (8)

Notice that if W = {W,}ier1,, € D(Vg) then
%gﬂax HT;VMZ'TVJFHOO - {IelﬂaX |’T;VMiTVf||2 = 61(V]:, W) )

since, for ¢ € L,,, T}, M; Ty, is a rank one operator and hence its spectral norm and Frobenius
norm coincide. A

Theorem 3.9. Let V = {V,}ic1,, € P(m,k,d) with weights v = (v;)ier,. If
155 ViVill, = 07119y Preve)

,=c forevery i€l,,

then V#, the canonical dual RS of V, is the unique 1-loss optimal dual RS for V (and hence
the r-loss optimal dual RS for every r). In other words, Di(V) = {V#}.

10



Proof. By Proposition 3.7, there exists some W = {W, }ic1,, € D1(V). Then

Wiy = max [[W; Vill, < max [[S5" Vi Vill, = [VF v = ¢
’Leﬂm ’Leﬂm

If we denote each V;S;,' = C;, then |[W;V;||? < ¢ = ||C;Vj||? for every i € L,. Recall
that, by Eq. (3), [[W;Vi||2 = v|W} |3, since V;V;* = v7 Ix, . Similarly, we get that each
1C V|12 = w2 ||CF||2. Therefore ||W]|2 < ||CF[|3 for every i € I, . Note that

WL =G+ (W = CI;
= 12+ W7 = CEIE + 2 Re (4 [(W7 = ¢1)C] )
and hence ||[W; — C#|> 4+ 2 Re ( tr [(W; —Cp)Cy] ) <0, for every i € I, . Finally,

>t (W7 = €G] =t | (T = T TvS5] =0,

1€ Im

since both W and V# are dual RS’s for V. Then

0 S IWr =G =YWy = G2+ Y 2 Re (0 (W =€) ) <0,

1€y, 1€ L, i€ 1m

which implies that W = {W,}ic1,, = {Ci}ier, = V. O

A system V € RS(m,k, d) is called a protocol for H if Sy, = I;;. This notion appears in
3], [17] (see also [4], where protocols are related to C*-encodings with noiseless subsystems).

Corollary 3.10. Let V = {V; }ier,, € P(m,k,d) be a projective protocol for H (i.e. Sy =1)
such that ||[V*Vi|, = v2 ki'* = ¢ for every i € I,,. Then Dy (V) = {V#} = {V}.

Proof. By hypothesis Sy = I;, and hence ||S;,'Vi*Vi|l, = |[Vi*Vill, = ¢ for every i € L,,.
Thus, the previous theorem can be applied in this case. O

Remark 3.11. Examples of pojective protocols as in Corollary 3.10 are the equi-dimensional
uniform projective protocols i.e., {V;};er,, € P(m,k1,d) that are uniform. These are the
analogues of the so-called uniform fusion frames.

As a consequence Theorem 3.9 and Remark 3.8 we recover [16, Thm 2.6]. Moreover, we can
conclude from the examples [16, Section 3] that the optimal dual system W € D;(V) may
not be the canonical dual RS and may not be unique for a general V € RS(m, k, d). A

4 Approximation by projective RS’s

As we have shown in Theorems 3.1, and 3.9 , there are optimal duals RS for a fixed V €
P(m,k,d), but in general these are not projective. Although there could be some projective
elements in D(V) (we shall focus this problem in the following section), we are interested
in those (m, k, d)-projective RS’s that are closest, with respect to some distance, to a fixed

11



S = {Si}ier, € D(V) which has some desired properties. Given W € RS(m,k,d), we
consider

d(S, W) = ||ITs = Twl, = |T5 — Tyll. .

the distance between their synthesis (or analysis) operators. Hence, we seck for W, €
P(m,k,d) that minimize d(S, W) among the projective RS’s. In what follows we will
describe the structure of such (unique) minimizer in case S is an injective RS. As one would
expect, its “directions” are the coisometries of the polar decompositions of the coordinate
operators S; of S, while its weights are the “averages” of their singular values. We need first
some preliminary results:

Given k,n € N such that £ < n, we denote by

Z(k,n)={U € L(C*, C") :U'U = I},

the set of isometries from C* into C". The following result is known in the literature [1]. We
include a short proof of it to keep the text self-contained.

Lemma 4.1. Let k,n € N such that k < n, and let A € M,,x(C) be a full rank matriz with
polar decomposition A = U |A| with U € Z(k, n). Then

[A=Ull, = min [[A-V],

VEZ(k,n)
Proof. Let V € Z(k, n). Then V*V = I.. Therefore

JA= V|2 = tr(A"A) + tr(Ly) — 2 Retr(A"V)
tr(A*A) + k — 2| tr(AV))|

>
> tr(A"A) + k — 2 tr(|A4])

since |tr(A*V)| < [|[V|sp tr(JA]) and [|[V||2, = [[V*V|ls = [I|lsp = 1. On the other hand, if
we consider U as the polar factor above then
|A = U|? = tr(A* A) + tr(I,) — 2 Retr(A*U) = tr(A*A) + tr(L) — 2 te(JA]) . O
Recall that for every A € M,, x(C) its polar decomposition satisfies
A=UlA|=|A"U = U"A=1|4| and A"=U"A", 9)
where U € M,, ;(C) has ker U = ker A.
Proposition 4.2. Let S = {S;}ic1,, € RSz(m.,k,d). Then there exists a unique

Wy € P(m,k,d)  such that d(S, Wp) = " g%ink 2 aw,s), (10)
cP(m,k,

and it is given by Wy = {«a; U, }ticr,, where, for each i € L, , S; = U;|S;| is the polar
tr|.S;
decomposition, so that each Uf € I(k;, d) and o; = % :

12



Proof. Let W € P(m,k,d) be a system such that the minimum in (10) is attained at W.
Denote by w = (w;)er,, € R’ the weights of W. Notice that

ITs = Tyl2 =D IS = W72 and each  WiW; =wi I, ,
i=1

Thus, each isometry w; ' W; € Z(k;, d) attains the minimum in the optimization problem
g g
-1 * .
[l Wi =], = min X =5
W; X€eZ(k;,d) w; 2
where, by hypothesis, each w; ' S} is a full rank linear transformation. By Lemma 4.1 we
get that w; ' W = U}, the isometry of the polar decomposition

wilSE = U Jwit Sy = wit (U7 1S7]) <2 S =U; (S| and  kerlU; =kerS;
and hence W; = w; U; . Next we show that each w; = trllfi‘ . Fix7 € 1,. Then
18 = w: Uill, = min [|S; —a Ui, -

Therefore w; - ||U;]|, is the norm of the orthogonal projection of S; to the line RU;, using
the R-inner product (A, B) = Re [tr(B*A)]. It can be computed explicitly:

0< = —r = | (S = [Pru, (Sl = wi - Uil ,
1Uill, 1Uill, 1Uill,
. . o —92 tr|Si|
for every i € I, . Then we obtain the equalities w; = ||Us||; = tr |S;| = o O

Remark 4.3. Let V = {V;}ic1,, € P(m,k,d) and let W = {W;}ic1,, € P(m,k,d) be the
nearest projective RS to V¥, as described in Proposition 4.2. Then W is optimal in a
point-wise sense, i.e. it minimizes the Frobenius distance between each S;,'V;* and W;.
Nevertheless, we could give different criteria for finding the best dual projective RS for V.
Indeed, we pose the following optimization problems, that we consider of interest:

1. Find Wy € P(m, k, d) such that
|7y Tw, — I, < |75 Tw — I||, for afixed W € P(m,k,d).

2. Find W, € P(m, k,d) such that
| T, Ty — Ty S, Tyl < || Tw Ty — T S5, ' Tys||,  for a fixed W € P(m,k,d) . A

5 Examples

In this section we present a variety of examples related with the previous sections. First,
we exhibit a family of (projective) RS’s which satisfies the hypotheses of Corollary 3.4 and
Theorem 3.9, the so-called group RS. In particular, the canonical dual of a group RS (which
is also a group RS) is the unique r-loss optimal dual RS for the MSE as well as for the
WCRE. The remaining subsections are devoted to the study of particular cases of RS where
D(V)NP(m,k,d) # @ . The first examples show that for certain projective systems we can
explicitly construct projective duals, which in general will not coincide with the canonical
duals. The last example describes a Riesz RS whose unique dual RS (i.e. the canonical dual)
is not projective. This leads to a characterization for Riesz RS‘s with projective canonical
dual.
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5.1 Group reconstruction systems

We begin by describing the behaviour of the group RS’s: Let K = C* and V € L(H, K).

Given a unitary representation G 3 ¢g — U, € U(H) of a finite group G in U(H) we say that
VG, V) = {VUslgeo

is a G- reconstruction system (shortly, G-RS) if V(G , V') € RS(m, k1, d), where m = |G|.
If S = V*(K), this is equivalent to the fact that

span{ U Uy(S) } =H,

geG

where V € L(H, K) is the base operator for V(G, V). This definition of G-RS reduces

to that of G-frame in the vector frames setting (see [12]).

Observe that the system V(G , V) is:
1. Projective (and uniform) if in addition VV* = v2[x for some v > 0 ;

2. Injective if in addition V* is injective, in which case also R(V U,) = K for every g € G.
Notice that the RS-operator of V(G , V') has the following structure:

Sev = Sva,v) = ZU; VvV U, = ZUgfl V*Vu, .

geG geqG
Fix h € G. By the group structure of the representation {U,},ec , it follows that

Un- Sa.v =Un»_ UpmtV*VU,

geG

= ZUhg—IV*VUg (11>

geG

= Ugh-1)-V* VU Uy = Sv - Up -

geG

Then, S¢ v (and therefore Sé?v) commutes with the unitary representation of GG. In par-
ticular, the canonical dual of a G-RS is another G-RS:

V(G, V)# = {V Ug S(;?V}geG = {V‘SE%V Ug }966‘ = V(G, VS&%V) :

If the base operator V € L(H, K) satisfies VV* = v? I then V(G , V) is an equi-dimensional
uniform projective RS. Therefore, Corollary 3.4 implies that the 1-loss optimal dual RS for
V(G , V) for the m.s.e. is its canonical dual V(G , V)7.

On the other hand, if the base operator V € L(H, K) satisfies VV* = v? [ then V(G , V)
satisfies the hypothesis of Theorem 3.9. Indeed, if V(G , V) is a G-projective RS, then

1(Sarv Uy VIV Upll, = U5 (Saty VIV Ugll, = [1Sa 1y VIVIL =c

since each S;V U, =U; S;V for every g € G by (11). Thus, the canonical dual of such
G-RS’s is the unique 1- loss optimal dual for the worst-case error.
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If the base operator V' € L(H, K) is surjective, so that V(G , V) is an injective RS then, using
Proposition 4.2, the projective RS nearest to V(G , V)# can be computed in the following
way: For every g € GG, we have that

’VSEV Ug‘2 = U; Sé?v v V‘SE?V Uy = Ug* ‘VS;VP Uy -
Taking roots, we get that [V U, Sg'y | = Us|VSg!, U, for every g € G. Therefore, if we
consider the polar decomposition VSC_;,lv =W|V S(_;}V] of V SC_;}V, then also

14 S&}V Uy = (W Ug) (U; |VSC_;?V|U9> = (W Ug) |V Uy S&}V|
is the polar decomposition of each entry V' .S, ,lv U, of V(G , V)#. In conclusion, if we denote
tr |V Sg!y |

w= ’ ,
is the best projective approximation of V(G , V)# provided by Proposition 4.2. It is clear
from the previous computations that it is again a G-RS.

then V(G,wW)={wWU,}sea

5.2 Dual projective systems
Now we give an example of a system V = {V; }ic1,, € P(m, k, d) with projective dual systems
but such that V# ¢ P(m,k,d):
Example 5.1. Let d =3, m = 2 and k = (2,2). Let V; and V5 € L(C?, C?) be given by
Vi(z,y,2) = (y,2) and Va(x,y,2) = (x,2) forevery (w,y,2)€C*.
Then V = (Vi, Va) € P(m, k,d) with weights 1,. If S; = {e;}* and S, = {ex}*, then
100
Sy=ViVi+VSVo=Ps, +Ps,=| 0 1 0
0 0 2
Therefore V# ¢ P(m,k, d), for example because Sy,' Vi*(u,v) = (0,u, %) for (u,v) € C%. So
that the entry V; S), L of V# is not a multiple of a coisometry.
Let W = (W;, W,) € P(m,k, d) and assume that 1}, Ty, = W7 Vi + W5 Vi = I3 . Denote by
{v1, vy} the canonical basis of C? and by {e;, €5, e3} that of C?. Then, easy computations
using the definitions of V show that
es=Wiv+Wivy | ea=WViea=W/v; and e =WVoe;=W5v. (12)

The two last equalities show that both W7 and W3 should be isometries with weight 1. But
in this case |[W; va]| = ||[W; va| = 1 and their sum also has norm one. Let w = § + z‘/Tg
Then |w| = 1 but w +© = 1. Then we can define W}, W € L(C?*, C?) by

Wi(z,y) = (0,z,wy) and Wj(z,y)=(2,0,my) forevery (z,y)€C”.
They are isometries and satisfy the three conditions of (12). Therefore, the system W =
(W1, Wy) lies in P(m, k,d) and it is a dual-RS for V.

Nevertheless, if we consider V; and V5 as operators in L(R?, R?), then such a W can not
exists. Indeed, looking at Eq. (12), we can deduce that Wi vy € {es}+ and Wi vy € {e1}t.
These facts, together with the equality e = Wi vy + W5 ve imply that both Wi vy and
W3 vy € span{es}, which is impossible in the real case. A
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Example 5.2. We can generalize Example 5.1 in the following way: Assume that the
projective system V = {Vi}ic1, € P(m,k,d) satisfies that all the projections P; = Pg)
are pairwise commuting. We shall see that, in this case,

DV)NP(m,k,d) # @ .

Suppose first that all the weights of V are 1. Then S, = Zieﬂm P; . The commutation
hypothesis assures that, by taking all the possible intersections among the ranges of the
projections P;, we get a family of projections (Q););er, in L(H) such that

L QiQ;=0ifi#jand ) . Q= 1Iy.
2. Sy =73 i, 1 Q; withr; €L, for every j €1,
3. For every ¢ € 1,,, there exists J; C I, such that P, = Zjeji Qj .
We construct the system W = {W;}icr,, € D(V) NP(m,k,d) as follows: let W; = V; U;,
where U; = Zjeji €ij Q; with
1 V3

gje{l, -1, w, w} ,  where w:§+i7.

Note that each r; = |S; |, where S; = {1 € I, : j € J;}. If r; = 2s; + 1 (the odd case) we
select s; times ¢;; = —1 and (s; + 1) times ¢;; = 1 for the r; pairs (¢, j) such that j € J;.

If r; = 2s; + 2 (the even case), we select s; times ¢;; = —1 , other s; times ¢;; = 1, plus one
€;j = w and one ¢;; = w for the r; pairs (4, j) such that j € J;. Observe that all the pairs of
indexes involved are those which belong to the set

Ky ={(,5)el,xL,:jeli} ={@Gj) €l,xL,:ie€8S;}.
As |g;;| = 1 for every (i,75) € Ky, each factor U; = ) ¢;; Q; acts isometrically on R(F;).
JEI;
Then all the entries W; = V; U; of W are coisometries, so that W € P(m, k,d). Finally,
observe that V.* V; = P, and that U; P, = U; for every i € I. Then

SWV =N G ViVi= N U=y Y He=y (S a)e=1,

i€ly, i€l i€ln, i€l jel; j€ln N i€S;
since Y ¢;; =1 for every j € I,, by construction of the numbers ¢;; .

i€S;
The general case follows from the previous case. Indeed, if V has weights v = (v;);er,, , We
replace the previous W by W, = {v; 2 W, }ic1, - A

Remark 5.3 (Projective dual pairs). The previous example gives a method to construct
pairs of projective RS’s (V, W) such that W € D(V). Moreover, this method shows that for
every choice of parameters (m,k, d) such that ), ., k; > d there exist V, W € P(m,k, d)
such that W € D(V). Indeed, to find such a projective dual pair (V, ) we construct
V € P(m,k,d) in such a way that the projections P, = V;*V; for i € I, are pairwise
commuting (i.e. that are simultaneously diagonalizable by an orthonormal basis of H).
Then, we can apply the construction in the example above to obtain explicitly the projective
dual W.

These facts show that projective dual pairs are indeed more frequent than projective proto-
cols i.e. RS’s V such that (V,V) is a projective dual pair, since it is known that there are
choices of parameters (m,k, d) for which no projective (m,k, d)- protocols exists (see [19,
Example 3.1.2.]). A
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5.3 Riesz reconstruction systems

The elements of RS(m, k,d) are called Riesz RS’s if dim/K = trk = d = dimH . In this
case, every V = {V;},er,. € RS(m,k,d) satisfies that both the synthesis operator T), and
the analysis operator T7; are invertible. Also T}5, = S, ‘e =T v 1 and

H = R(V")®---® R(V)) (direct sum, but not necessarily orthogonal) , (13)

because the sum gives always H but in this case the sum must be direct by dimensional
reasons. On the other hand, if V = {V;}ic1,, € RS(m, k, d) is a Riesz RS for H then

DY) = {(V#} (14)

since the only left inverse of Ty is T}, 1 T} Recall that T3, Ty = Iy for every W € D(V),
and that the map RS(m, k,d) 3 W — T}, is one to one.

Example 5.4. Let d = 4, m = 2 and k = (2,2). We now construct a (necessarily) Riesz
V € P(m,k,d) such that D(V)NP(m,k,d) = &. Let V;, Vo € L(C*, C?) be given by

Vi(wy, @2, w3, 14) = (21, 22) and  Vo(zr, 22, 23, 1) = (23, #7*) (15)

for (xy, vy, 3, 14) € CL Tt is easy to see that V = (V;, V5) € P(m,k,d) with weights
(1,1). Let us denote by S = ker Vo = span{e; , ea+e4} C CL Given W € D(V), the equality

Wi Vi + Wi Ve = Iy

implies that Wy Vi x = z for every z € S. Then W} € L(C?, C?*) is completely determined

as the inverse of Vlls : S — C2. But we have that

llea + e4]|

V2

Viedl = lleafl =1 while [[Vi(ez + es)]| = llea]| =

Then V|

We can enlarge the previous example in order to get a RS with redundancy and without
projective duals. Indeed, consider Vy = (Vi , Vo, V3) € P(3, (2,2,2), 4) obtained from V by
adding any coisometry V3 € L(C*, C?) such that also ker V3 = §. Then, arguing as before,
we conclude that there is no W = (W, Wy, W3) € D(V,) such that W, is a multiple of a
coisometry. A

Remark 5.5. Assume that V = {V;}ic1,, € RS(m,k, d) is a Riesz RS. Then, arguing as in
the previous example, it is easy to see that the following conditions are equivalent:

1. DV)NP(m,k,d) # .
2. V# € P(m,k,d).

is not a multiple of an isometry and neither is W7 .

3. If we denote by S; = N ker V; = (@ R(V*))™, then V,
JF# J#
an isometry, for every i € I,,, .

s, € L(S;, Ki) is a multiple of

These conditions are fulfilled if the sum of Eq. (13) is orthogonal. Also if every k; = 1. But
there exist other cases. For example, if we take the operator V) of Eq. (15), and consider

%(Jfl,I’2,$3,$4):($1—x3,$2—x4> for <$17x27x37x4)ec47

then the condition 3 is satisfied by V' = (V1 , V3) € P(2,(2,2),4). A
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