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Abstract

Let A be a von Neumann algebra with a finite trace 7, represented in H = L?(A,7), and let B; C A
be sub-algebras, for t in an interval I (0 € I). Let E; : A — B; be the unique 7-preserving conditional
expectation. We say that the path ¢t — F; is smooth if for every a € A and £ € H, the map

I>t— FEi(a)§ €H

is continuously differentiable. This condition implies the existence of the derivative operator

dE.(a) : H — H, dE:(a)é = %Et(a)g.

If this operator verifies the additional boundedness condition,

/ ldE(a)3dt < Clall2,
J

for any closed bounded sub-interval J C I, and C; > 0 a constant depending only on J, then the
algebras B:; are #-isomorphic. More precisely, there exists a curve G¢ : A — A, t € I of unital,
*-preserving linear isomorphisms which intertwine the expectations,

GtOEozEtOGt.

The curve G is weakly continuously differentiable. Moreover, the intertwining property in particular

implies that G; maps Bo onto B;. We show that this restriction is a multiplicative isomorphism. *

1 Introduction

Let A be a von Neumann algebra with a finite faithful and normal trace 7, and suppose A
acting on its standard Hilbert space H = L?(A,7). We shall assume that for each ¢ € I
(0 € I), there is a von Neumann sub-algebra B; C A, and we shall denote by E; : A — B;
the unique 7-invariant conditional expectation. We regard ¢ — FE; as a curve, and require
smoothness in the following sense: for each a € A and £ € H, I 5t — FEi(a)§ € H is
continuously differentiable. This paper is a sequel to [1], where a similar matter is treated
with more strict hypothesis. In [1] we considered a stronger smoothness condition, namely,
that for each a € A, the map I 3¢ — E,(a) € A is continuously differentiable (in norm).
The current regularity assumption on FE, implies the existence of the bounded derivative
operator, for eacht € I and a € A

dE(a) : H —H, dE((a)§ = %Et(a)f.
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Therefore a curve of possibly unbounded symmetric operators dE; is defined in H, with
common domain A C H. We shall make the following assumption on dE:

/J |dE:(a)|2dt < C a2 (1)

for all a € A, and every closed bounded interval J C I (the constant depends only on J).
With these assumptions, we prove that there exists a curve I 3 t — G, of linear isomorphisms
G; : A — A with the following properties:

1. For each a € A, the curve I 3¢t — Gy(a) € A C H is weakly continuously differentiable,

2. The maps G; are unital and *-preserving.
3. For each t € Jy,

GiEyG;' = F;.
4. The last formula implies that G; maps By onto B;. The restriction
Gtlp, : Bo — B:
is a *-isomorphism.
5. The linear isomorphisms G; : A — A are || ||2-isometric, therefore they extend to

unitary operators U; acting in H, which preserve A (U;(A) = A).

A similar result was obtained in [1] with the already noted stronger assumption. In both
contexts, the maps (G; appear as propagators of the linear differential equation

{ a(t) = dEy(Ei(a(l))) — Ex(dE(a(t)))

a(s) = a,

(2)

for a € A. In the present context, our hypothesis does not guarantee that the linear operators
[dE, E] of this equation are bounded, nor that they vary continuously. Therefore our first
task is to show that with the current assumptions (particularly 1), this equation has existence
and uniqueness of weak solutions. This is done in section 3. In section 2 we state the basic
properties of the operator dE. In section 4 we prove the existence and properties of the maps
G:. In section 5 we consider the example when the expectations E; are given by a curve
of systems of projections pq(t), p2(t), ... in A (i.e. curves of pairwise orthogonal projections
which sum up to 1), and examine when our hypothesis are verified.

2 Curves of expectations

As we stated above, we shall consider A represented in the standard space H = L?(A, 1),
and also regard elements of a as elements in H. We shall denote by || || the norm of A,
and by || ||2 the norm of H.

Lemma 2.1. For each a € A and t € I, the linear operator dFE¢(a) defined in the previous
section is bounded, its adjoint is dE(a*).

Proof. Note that both dE;(a) and dE;(a*) are defined in the whole space H by hypothesis.
If z,y € A, regarded as a dense subspace of H,

<dBy(a)r,y >= — < By(a)z,y >= Z7(y"Er(a)r) = Z7((Ee(a")y)"2)
d
=5 < x, By (a®)y >=< z,dE(a")y > .
By the closed graph theorem, it follows that dE;(a) is bounded, and that dE;(a*) is its
adjoint. O



Next let us show that the derivative of F; defines also a map on A.

Lemma 2.2. Let a € A, then for each t € I, dE(a) € A.

Proof. Let T € B(H) belong to the commutant of A. If £, n € H,

d d d
< dE(a)T¢,n >= T < Ei(a)TE n >= = < TEi(a)¢,n >= pn < E(a)¢,T*n >
=< dEi(a)¢,T"n >=< TdE(a)§,n >,
ie. dEi(a) € A. O

The correspondence dE; : A — A is apparently linear, and *-preserving. Let us verify that
it is bounded as an operator acting in (A, || ||oc)-

Proposition 2.3. For each t € I, the map dE; : (A llo) — (A, ] o), @ — dE¢(a), is
linear, x-preserving and bounded. Moreover, for any closed and bounded sub-interval J C 1,

the norms of the operators dE; : (A, || loo) = (A, || lleo), denoted ||dE]|co,00, are uniformly
bounded fort € J.

Proof. Let us prove that the graph of dFE; is closed. Let a,,a,b € A such that ||a, —allcc — 0
and ||dF¢(an) — bljoc — 0. First note that if z,y € A, then

T(dE(z)y) = 7(zdEy(y)).
Indeed, by the invariance of E; and T,

T(Ei(2)y) = 7(Ei(Ei(2)y)) = 7(Ev(2) Er(y)) = T(Er(2Ei(y))) = T(zEi(y)).

Then

d d
T(dE(2)y) =< dE(x),y" >= — < Ey(x),y" >= —

dt dtT(Et(l’)y) =

—T(xE(y)),
which by the same argument equals 7(zdFE:(y)). Therefore, for any = € A,

7(bx) = lim 7(dE:(an)x) = lim 7(an,dEi(x)) = 7(a dE(x)) = 7(dE;(a)z).

n—oo n—oo

It follows that dE;(a) = b, and therefore dE; is bounded.

Consider now a closed bounded sub-interval J C I. Fix a € A and £ € H. Since by
hypothesis the map ¢ — Fi(a)¢ is continuously differentiable, it follows that there exists a
constant Cyq ¢ such that

|dE(a)|l2 < Cjae forallt e J.

By the uniform boundedness principle in the Banach space (H, | ||2), it follows that there
exists a constant C';, such that

ldEi(a)|loo < Cyq forallt e J.

Again by the uniform boundedness principle, this time in the Banach space (A, | |loo), it
follows that there exists a constant C'; such that

|dE]|co,00 < Cy  forall t € J.

We emphasize that dE; may be an unbounded operator in H, with domain A.



Remark 2.4. The assumption that I 5 ¢ — E}(a)¢ € H is continuously differentiable implies
that ¢t — Fyi(a) € H is continuously differentiable. Indeed, it suffices to take £ =1 € A.

We shall need the following elementary fact.

Lemma 2.5. For h € [—4,0], let by, b € A such that ||bp, — bll2 — 0 as h — 0. Then
| Eyn(br) — Er(b)|]2 — 0 ash — 0.
Proof. Note that

[ Et4n(br) — Ee(D)ll2 < [|Et4n(bn) — Errn (D)2 + | Eesn(b) — Ei(b)][2-

The second term clearly tends to 0. Since the expectations F; are 7-invariant, they are
contractive for the || ||o-norm. Therefore the first term is bounded by ||by — b]|2. O

We shall use the following formula thoroughly.
Proposition 2.6. For anya € A and anyt € 1,

dEt(Et (a)) + Et (dEt (a)) = dEt (a)

Proof. Note that

1

%{Ewh(a) — Ei(a)} = E{EtJrh(EHh(a)) — Ey(Et(a))}

= Et+h(%{Et+h(a) — Ei(a)}) + %{Ewh(Et(a)) — Ey(Ei(a))}

The second term tends to dE;(E¢(a)) in the 2-norm. The first term tends to Ey(dE:(a)) in
the 2-norm by the above Lemma, which proves the formula. O]

3 The transport equation

Under the current assumptions we shall examine existence and uniqueness of solutions of the
linear differential equation below, which we shall call the transport equation (2)

{ dEt)) i dE(E(a(t))) — Ey(dEy(a(t)))

where a € A. We shall be looking for solutions «(t) with values in A, which are differentiable
as H-valued maps in the weak sense. That is, t —< «(t),£ > is differentiable, and its
derivative verifies

% < at),& >=< dE(Ey(a(t))) — Ev(dE(a(t))), & >,

for all £ € H.

Note that the classical results on linear differential equations in Banach spaces (for instance,
[2, 3]) do not apply. The linear operators [dF, F;] need not be continuous in the parameter
t as operators in the Banach space A, nor they need to be bounded as operators in H (with
common domain A), or even closed operators. This seems to be a mixed terrain, where
both considerations with the non equivalent norms || || and || |2 play a role. We shall
show existence and uniqueness of solutions mimicking carefully Picard’s method of succesive
approximations, under the assumption of the following Hypothesis (1):

/] |dEy(a)|2dt < Cy a3

4



for all a € A, and every closed bounded interval J C I (the constant depends only on J).
Note that this hypothesis trivially holds if dE is bounded in the 2-norm || ||2. Indeed, this
holds by the uniform boundedness principle.

We shall mainly be involved with the properties of the operator H; = [dE;, F¢]. Note that
Hi(A) C A. Also it is clear that H; is anti-symmetric in A: if 2,y € A then

< Hi(z),y >=< dE(E:(x)),y > — < E:(dE:(x)),y >

=< IE,Et(dEt(y) > —< IL',dEt(Et(y)) >= - IL',Ht(y) > .

Also it is apparent that for each fixed x € A, t — H(z) € H is continuous.

The following result will be needed. It is not supposed in the next Lemma that FE, verifies
Hypothesis (1).

Lemma 3.1. Let f : I — A be uniformly || ||oo-bounded on closed bounded sub-intervals of
1, and weakly continuous when regarded as an H-valued map, i.e.

1. For every closed bounded J C I there exists a constant Cy such that || f(¢)|lec < Cy for
allt e J.

2. For every & € H, the map t —< f(t),& > is continuous.

Then the map t — H(f(t)) takes values in A, is weakly continuous as an H-valued map,
and is uniformly || ||oo-bounded on closed bounded intervals as an A-valued map.

Proof. First pick z € A. Then g,(t) =< Hi(f(t)),x >= — < f(t), Hi(x) >. Thus
9a(t +h) = g2(t) = = < f(¢+ D), Hepn(2) > + < f(t), Hi(x) >

=< f(t+h), Hi(x) = Hipn(x) > + < f(E+h) = f(t), Hi(x) > .

The second term tends to 0 as h — 0. By the Cauchy-Scwarz inequality, the first term is
bounded by
1 (& + R)ll2l| Hen(z) — He()|2.

This expression also tends to 0, as b — 0, because f is || ||c bounded (and therefore also || ||2
bounded). Let £ € H and pick = € A such that ||{ —z||2 < e. Then if g¢(¢t) =< Hi(f(t)), & >,

gﬁ(t+ h) - gg(t) =< Ht—i—h(f(t))vg —T> +gz(t+ h) *gm(t)+ < Ht(f(t))vx *5 >

If h — 0, the middle term tends to 0. Again, by the Cauchy-Scwarz inequality, the first term
is bounded by

[Hesn(f(E+R)N2)E = 2ll2 < [Hepn(F(E+ 2)llooll€ = 2ll2 < €l Hipnlloo o0l f (£ + 7)l|co-

For small h (e.g. |h| < ¢ such that J = [t — 0,¢ + ] C I), both factors above are uniformly
bounded. For instance ||H¢|loo,00 < 2||dE¢||c0,00, and then use Proposition 2.3. The third

term is dealt similarly. This proves the weak continuity of ¢ — H;(f(t)) C H.
Local boundedness in || ||o is straightforward: ||Hy(f(t))|loo < 2||dE¢]|c0,00 ||l f ()]l co- O

Fix a € A and s in the interior of I. For each ¢t € I, consider the following sequence of
functions S&*(t) = Sy (¢):

Definition 3.2.

t t
So(t)=a, Si(t)=a —|—weak/ H,(a)du, and Spi1(t)=a —|—weak/ H,(Sn(u))du,
where weak [ stands for the weak integral, i.e. for each & € H, weak fJ fw)du is given by

<weak/f(u)du,£>=/ < f(u),& > du.
J J



First we must show that S, (t) is well defined.

Proposition 3.3. For any fized a € A and s in the interior of I, the maps S,(t), t € I
are well defined. They take values in A. Regarded as A-valued functions, they are uniformly
bounded on closed bounded sub-intervals of I. Regarded as H-valued functions, they are
weakly continuous.

Proof. This is proved by induction. Clearly Sy takes values in A, is || ||o-bounded uniformly
bounded on closed bounded intervals, and is H-weakly continuous. Suppose that S, verifies
these conditions. By the above lemma, the map ¢ — H;(S,(t)) is H-weakly continuous and
| l|co-bounded. Therefore, it only remains to be verified that it takes values in A. The weak
integral f: H,(Sn(u))du is the weak limit of its Riemann sums > Huy, (Sn(uy))(u; — uj—1),
which are linear combinations of elements of A, and thus lie in A. Moreover

[ ZHuj (Snlu))(uj — wj-1)]loo < Z | Houy (S (ug)[loo(ug — wj—1).

Each term |[Hy,(Sn(u;))|/co is uniformly bounded in the interval [s,]. Therefore the Rie-
mann sums are uniformly || ||co-bounded. Therefore the weak limit of these sums lies in

A. O

For the next result we need Hypothesis (1)

Proposition 3.4. Fiz so <ty in I and a € A, and consider S, (t) = S50%(t). Assume that
Hypothesis (1) holds: f:(? [dE,(b)||3ds < C||b||3 (where C' = Cisy 11)- Then for allt € [so, to],

s0,t0

[1Sn41(t) = Su(B)ll2 < CY2VE="50 sup ||Sn(u) = Sp1(u)]2-

uE[so,t]

Proof. Pick b € A. Then

| < Sppi(t) — Su(t),b> | = |/ < Hyo(Sn(w)) — Ho(Sp_1(w)),b > dul

= |/ < Sp(u) = Sp—1(u), Hy,(b) > du| < / | < Sn(u) = Sp—1(u), Hy(b) > |du

t
< sup [Sn(w) — Spor ()2 / | (b) od.
So

u€l[so,t]

By Holder’s inequality

/ | Ho(b ||2du<{/ | H(0)|2du} 2T 50,

Recall that H,(b) = dE,(E,(b)) — E,(dE,(b)). Using the formula in Proposition 2.6,
dE,(b) = dE,(E,(b)) + Ey(dE,(b)), one obtains that

Note that E, is (or rather, extends to) a self adjoint projection in H. Therefore 1 — 2FE,, is
a symmetry, i.e. a selfadjoint unitary operator. In particular, it is || ||2-isometric. Therefore

[Hu(0)]l2 = (1 = 2E,)(dEu(b))[l2 = |dEw(b)]2-



Then (using Hypothesis (1))

| < Snga(t) = Su(t),b>| < sup |[Sn(u) - 5n71(U)||2{/1 4B (b)[[3du}?vE =50

u€[so,t]

< sup [[Sa(u) = Su1(w)[|2CY2|bll2vE = 0.

u€lso,t]

Taking supremum over b € A with ||b]|2 = 1 proves the inequality. O

Corollary 3.5. Fiz sg € I and a € A. If Hypothesis (1) holds, then there exists to € I,
so < to, such that the sequence S;*%(t) = S, (t) converges uniformly in the norm | |2, in
the interval [so,to], to a function S(t). This function S(t) takes values in A, is uniformly

I [|oo-bounded, and weakly continuously differentiable as an H-valued map. Moreover, for
te [So,to] and § S H,

< S(t),€ >=<a,& > +/t < Hs(S(s)),& > ds.

S0

Proof. Pick to such that kg = CV2\/ty — so < 1, where C is the constant in the above
Proposition. Then, if t € [sg, to],

1Sn+1(t) = Su(®)ll2 < CV2VE =50 sup || (u) = Sp—1(u)]2

wE[sg,t]
<CYEg =50 sup [|Sn(u) = Spa(W)lla = ko sup [[Sn(u) = Sp_1(w)|la-
w€[so,to] u€E[so,to]
Then

sup ||Sn+1(u) - Sn(t)”Q < ko sup ||Sn(t) - Snfl(t)H?
t€[so,to] t€[s0,t0]

It follows, by a well-known argument, that S,,(t) converges in H to a function S(t), uniformly
in [sg,to]. The maps S, (t) are A-valued and uniformly || ||c-bounded in [sg, o], therefore
S(t) is also A-valued, and uniformly | ||o-bounded. Note that it is weakly continuous as an
H-valued map: if £ € H, then < S(t+ h) — S(¢),£ > equals

<S{E+h)=Sp(t+h),E>+ < Su(t+h)—S,(1),E >+ < Sp(t) — S(),>.

and the proof follows by a typical €¢/3 argument. Finally, by construction, for any = € A

t t
< Spt1(t),x >=<a,z > +/ < H,(Sh(w)),z > du=<a,z > —/ < Sp(u), Hy(x) > du.

50 S0

Note that < S, (u), Hy(x) > tends uniformly to < S(u), Hy(xz) > in the interval [so, o).
Indeed,

| < Sn(u), Hu(x) > = < S(u), Hy(x) > | < [|Sn(u) = S(u)l2l| Hu(2)]2

< [1Sn(w) = S 2] Hu(2)] oo

where, as seen before, ||H, ()| oo is uniformly bounded in [sg, tg]. Therefore, in the expression
above, taking limit n — oo, one obtains

t
<S(t),x >=<a,z > +/ < H,(S(w)),x >

S0



for all z € A. By density, it follows that

t
< S(t),6 >=< a,€ > +/ < Hy(S(u)),€ >

S0

for all £ € H. In particular, this implies that S(¢) is weakly continuously differentiable as an
‘H-valued map. O

The next step is to extend this weak solution. Fix a closed bounded interval Jy C I, and
let C = C}j, be the constant in the inequality of Hypothesis (1) for this sub-interval. If
S0 € Jo, then the length of the interval [sg, tg] on which a solution is defined depends only on
this constant C. It does not depend on the initial condition a. It follows that one can glue
solutions in a standard fashion, to obtain a solution S(¢) defined in the whole sub-interval

Jo. Uniqueness of solutions follows. Indeed, suppose that S;,Ss are two solutions with
Sl(s) = SQ(S) Then

¢
Si(t) =a+ Weak/ H,(Si(u))du i=1,2.

Thus, as in Proposition 3.4,

151(£) = S2(t) |2 < C3*VE—s sup [|S1(t) — Sa(t)]]2.

u€ls,t]

Then S; and Sy coincide up to time ¢ such that |t — s| < 1/C;,. Note that this constant
does not depend on s. It follows that S; and S coincide in Jy. Clearly this holds on any
closed bounded sub-interval Jy C I.

Let us summarize these results.

Theorem 3.6. Suppose that Hypothesis (1) holds. Let a € A, Then there exists a map a(t),
which is A-valued, uniformly || ||oo-bounded on closed bounded subintervals of I, and weakly
continuously differentiable as an H-valued function, which is the unique (weak) solution of

the transport equation (2)
{ dEt)) i [dEy, Ey](a(t))

Remark 3.7. For s,t € I, denote by G ; the propagator of the transport equation, i.e.
Gt,s A=A , Gt,s(a) = as(f'),

where «; is the solution of (2) with a,(s) = a. The propagator has the following properties:
1. Gy s is isometric for the || ||2 norm: ||G¢ s(a)|2 = ||al|2-

2. For each a € A, Gy s(a), as an H-valued map, is weakly continuously differentiable in
the parameter ¢, and continuous in the parameter s.

3. Gy4(a) =a, for all a € A.

4. Gt,sGs,T = Gt 7.

s

To prove the first assertion, put as(t) = Gt s(a), (as(s) = a), then

% < Gis(a),Ges(a) >=< Hi(as(t)), as(t) > + < as(t), H(as(t)) >=0.

Here we use the fact that the product rule holds for weak solutions because they are uniformly
| [lco-bounded, and also that H; = [dE:, F;] is anti-symmetric. Therefore

1G5 (@)ll3 = 1Gs,s(a) 13 = llall3.



The third and fourth assertions are apparent. To prove the second, use the fourth:
Gt,s+h(a) - Gt,S(a) = Gt,S(GS,S-l-h(a) —a).
And then, for b € A,

< Gy spnla) = Gis(a),b >=< G, synla) — a, Gy (b) >

s+h
- / < Hy(Grsin(a) — a), Gio(b) > du.

For |h| < § such that [s — d,s + 6] C I there exists a constant D such that ||dE, 0,00 < D.
Then

[Hu(Gustnl(a) = a)lls = [|dEw(Gu stn(a) = a)llz < [|dEw(Gu,sin(a) = a)lleo

< DHGu,S-i-h(a) — a0,

which is uniformly bounded for such h, by a constant D’. Therefore

s+h
| < Grspn(a) = Gis(a),b>| < \/ | < Hu(Gu,s4n(a) —a),Gi (0) > | dul

s+h
< |/ [Hu(Gu,sn(a) — a)l2][bll2du] < D|A|[[b])2.
Taking supremum over b € A with [|b]|]2 = 1, one has
1G5+ (a) = Grs(a)|l2 < D'|A.

Note that one obtains more than continuity in the parameter s.
In particular, these facts imply that the map

GtZ.A—>.A, Gt I:Gt70 (3)

.. . o . -1
is invertible, its inverse is Gy * = Go¢.

4 The propagators as intertwiners

In this section we show that the linear isomorphisms G, intertwine the expectations:
GtOEQOG;l :Et.

To this effect, the following result is needed.

Proposition 4.1. Let a(t), t € I be a (weak) solution of the transport equation (2). Then
the map Ey(a(t)) is also a solution. In particular, if at any given instant to € I one has that
a(ty) € By, then a(t) € By for allt € I.

Proof. First we must show that § = FE(a) is A-valued, || ||co-bounded and weakly con-
tinuously differentiable as an H-valued function. The first fact is apparent. The second:
|1 Bt (a(t)) oo < ||e(t)|loo- The third: if & € H

M)@ >+ < (W)(a(t))’g 7

The second term tends to < dE;(a(t)),& > as h — 0, by definition. For the first term we
can aply Lemma 2.5, and it follows that it tends to < E¢(&(t)),£ >. Then E(«a) is weakly

% < Bt +h) = B(£),€ >=< Epyn



differentiable, and its derivative is dE(a) + E(c&), which is weakly continuous. Let us verify
that E(«) is a solution:

%E(a) =dE(a) + E(&) =dE(a) + E(dE(E())) — E(E(dE(a))).
Recall from Lemma 2.6 that dE = dE(FE) + E(dE), which in particular implies that
E(dE)E =0.
Then the expression above equals
dE(a) — E(dE(a)) = dE(E()).
On the other hand
[dE, E|(E(a)) = dE(E(Ea)) — E(dE(E(a))) = dE(E(a)).
The last assertion follows by uniqueness of solutions. O

Our main result follows:

Theorem 4.2. Let B, : A — By C A, t € I be a curve of trace invariant conditional
expectations, such that for each x € A and & € H, the H-valued curve Ey(x) is continuously
differentiable. Suppose also that Ey wverifies Hypothesis (1), i.e. for each closed bounded
subinterval J C I,

/J |dEy(a)|2dt < Cy a2

Then the curve of propagators Gy : A — A, t € I, verifies:

1. Foreacha € A, the curve I 3t — Gi(a) € A C H is weakly continuously differentiable,
with GQ = Id.

2. The maps Gy are unital and x-preserving.

3. For eacht €1,
GE\G;' = F,.

Proof. The first assertion is apparent: G¢(a) is a weak solution of the transport equation.

Since Ey(1) =1 for all ¢, dE(1) = 0, and therefore H;(1) = 0. Therefore a(t) = 1 for all ¢
is a solution, i.e. G¢(1) = 1. The maps E}; are also #-preserving: F;(a*) = F;(a)*, therefore
also dE;(a*) = dEi(a)* and Hy(a*) = Hi(a)*. Therefore if a(t) is a solution, then also
a*(t) is a solution, and thus G¢(a*) = Gt(a)*. For the last assertion, note that by the above
Proposition, E:(Gt(a)) is a solution. Clearly also G:(Ep(a)) is a solution. At ¢t = 0, they take
the values Eo(Go(a)) = Ep(a) and Go(Ep(a)) = Ep(a), therefore E;(Gi(a)) = Gi(Ep(a)) for
allt e I. O

Remark 4.3. Under the hypothesis of the above theorem, the first assertion in Remark 3.7
implies that the propagators G; : A — A can be extended to unitary operators U; acting
in H. Clearly they preserve A C H: U;(A) C A. Moreover, if e; denotes the extension of
FE; to an operator in H, in fact a selfadjoint projection, the last assertion implies that these
projections are unitarily equivalent, more precisely

Ute()Ut* =e, t€E 1.

The identity Gy EoG, ! = E, of the above theorem, in particular implies that G; maps By
onto B;. Our next result shows that this restriction is a multiplicative *-isomorphism.
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Theorem 4.4. Assume Hypothesis (1). Then for each t € I, the map 0; := Gi|p, : Bo — Bt
is a multiplicative x-isomorphism.

Proof. The above indentity clearly implies that 6,(By) = B;. Also it is clear that 6; is
linear, x-preserving and bijective. Thus it only remains to prove that it is multiplicative. Let
a,b € By, and denote by « and § the solutions of the transport equation with a(0) = a and
B(0) = b. Note that Proposition 4.1 implies that both «(t), 8(t) € By, i.e. Ei(a(t)) = a(t),
E (B(t)) = B(t). Let « € A. Differentiating the identity

< Ei(at)),z >=< a(t),z >

one obtains
< dEi(a(t)),x >+ < Ey(a(t)),z >=< a(t),z > .

This last term equals < [dEy, Et](a(t)), x >. Note that
Ei(dE(a(t))) = E(dE(Ei(a(t)))) = 0.

Therefore
< [dEy, E](a(t)), x >=< dE:(a(t)),z > .

Then < Ei(a(t)),x >= 0, i.e. Fy(&(t)) = 0. Conversely, if a map ~(t) takes values in B; and
verifies Fy(¥(t)) = 0, then it is a solution of the transport equation.

The curve «(t)5(t) takes values in B;. Also it is clear that the product rule applies for the
derivative of a(t)B3(t) (as they are || ||oo uniformly bounded on closed bounded intervals).
Then

Ei(— (a(t)B(t)) = E(al(t)B(1)) + Ee(a(t)B(t)) = Ee((1))B(t) + a(t) E(B(t)) = 0,
ie. a(t)B(t) is a solution of the transport equation, with initial condition ab. It follows that
0:(ab) = Gi(ab) = a(t)B(t) = 0:(a)b:(b).
O

It was shown above that a solution that starts in R(Ey) = By, remains in R(E;) = B, at
time ¢. The intertwining identity implies that the same is true for the kernels: if Ey(a) = 0,
then E;(a(t)) = 0. In other words, if a € A is decomposed as

a=b+z beByand Ey(z) =0,
putting 3(t) = G¢(b) and z(t) = G¢(z) the solutions with initial conditions b and z, then
a(t) = B(t) +2(t) B(t) € By and Ey(2(t)) =0,

which is an orthogonal decomposition. The next result shows that their derivatives are also
orthogonal for all ¢, though the role of the subspaces is reversed.

Proposition 4.5. With the above notations, E;(3(t)) = 0 and %(t) € B,

Proof. As it was shown in the proof of the previous theorem, the solution () verifies 8 (t) =
dEL(B(1)), as well as Ey(dE(6(t))) = 0. Putting these two together gives E(5(t)) = 0.
On the other hand, since F(z(t)) =0,

2(t) = [dEy, By](2(t)) = Ey(dE(2(t))),

11



5 Systems of projections

Let p = (p1,p2,.-.) be a (finite or infinite) system of projections in A, i.e. a sequence
of pairwise orthogonal projections which strongly sum 1. Such a system gives rise to a
conditional expectation:

E,: A-BCA, E,(z) :Zp,-xpi.

i>1

The range of this conditional expectation is the sub-algebra B of elements of A which com-
mute with all p;, ¢ > 1. Suppose that a curve p(t) = (p1(t),p2(t),...), t € I of systems of
projections is given, and that it satisfies that

Ist—pt)§eH

is C! for all £ € H and every ¢ > 1. We shall examine the meaning of the smoothness
condition on the curve E; = E ;). We show that if ¢ — F;(a)§ is continuously differentiable
(for any a € A and £ € H), then Hypothesis (1) holds.

Our first elementary observation is that if the system is finite, then these conditions are
fulfilled.

Proposition 5.1. Suppose that the system p(t) is finite, i.e. p(t) = (p1(t),...,pn(t)), and
that for each j = 1,...,n, the curve p;(t)§ is C' in H. Then curve E; verifies that E¢(a)é
is C' in 'H for each a € A and & € H, and dE, is bounded in H.

Proof. Pick a € A and £ € H. Then E;(a)¢ is C*. Indeed, a straightforward computation
shows that the product rule holds and that

S =3 han(0 + pi(Dap (1€

i=1

This map is clearly continuous. Next note that for each j, the map £ — p;(¢)¢ is linear and
everywhere defined in H. Moreover, it is symmetric:

) d d )
<pi§n>= 4 < p;i(t)E,n >= o < & pi(t)yn >=< & pi(t)n > .

Therefore, by the closed graph theorem, it is a bounded operator. Since it is defined as a
strong limit, it takes values in A, i.e. p; € A. The operator dE; coincides in A with

n

D Ly Rty + Lpuy R 1)
i=1

which is clearly bounded (Here L,, R, denote left and right multiplication by a € A). More-
over, by the uniform boundedness principle, for ¢t € J C I, a closed a bounded sub-interval,
the norms ||p;(t)||c are uniformly bounded by C' (which can be chosen independent of j as
well). Therefore it is apparent that dE; is bounded in H:

[dE(a)ll2 < nCllall2, t € J.
O

We restrict now to infinite systems. First we discuss a condition which implies the regularity
of the curve E;. Namely the following, which was studied in [1] for expectations in the
algebra of compact operators.

12



Definition 5.2. We shall say that the curve of systems of projections p(t) has square
summable derivatives if for every closed bounded subinterval J C I, there exists a constant
D such that

> IBi)Ells < Dall€ls (4)

i>1
for every £ € H and t € J.

Proposition 5.3. The curve p(t) has square summable derivatives (4) if and only if there
exists a strongly C curve uy, t € I, of unitary operators in A such that p;(t) = up;(0)u}
foralli>1.

Proof. Suppose first that inequality (4) holds. Then we claim that for any £ € H the series
> pit)pi(t)€
i>1
is convergent in H. Indeed, note that since the vectors p;(t)p; ()¢ are pairwise orthogonal,
1Y p@mi@Ells = D lp®pi€lz < Y 513,
i>N+1 i>N+1 i>N+1

which tends to 0 as N goes to co. Then this series produces an everywhere defined linear
operator

A=Y pi(O)pi(t)E.

i>1

This operator has an everywhere defined adjoint, given by the series

A=Y pit)pi(b)E,

i>1

which is weakly convergent in H:

<A >=) " <pipi)En >= Y <& pi)pitin > .

i>1 i>1

Therefore, by the closed graph theorem, A, is bounded, and since it is defined as a strong limit
of elements of A, A; € A. Note that the identity p;(¢) = p;(t)p:(t) + p;(¢)pi(¢t) implies that,
since ) .~ pi(t)€ = £ and this series converges uniformly in closed bounded sub-intervals,

0= %Z <piW&n>=> <pi()&n >= < pi()pi(t) + pi(t)pi(H)€,n >
i>1 i>1 i>1

=< A?£+At£an>,

ie. A; is anti-hermitic. Furthermore, the hypothesis that the curve p(t) has square
summable derivatives (4), implies that on closed bounded sub-intervals, the series that defines
A; is uniformly convergent. Therefore the map

Ist— A eH

is continuous, that is t — A; € A is strongly continuous. For any &, € H, consider the linear
differential equation in ‘H
{ (t) = —Dyp(t) (5)

w(0) = &o.
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It was shown in [1] in a different context, that the unitary propagator u; of this equation,
(defined by ui&o = w(t)), verifies

wps (0)uy = pi(t), > 1.

The computation is formally identical in this context, and thus these relations hold. More-
over, apparently u; € A, and the map t — u;&y is O for every & € H.

Conversely, suppose the existence of a strongly C' curve u; of unitaries in A such that
utp;(0)u;y = p;(t) for ¢ > 1. Then the product rule holds and

Pi(t)€ = Upi(0)uy€ + wpi (0)UE.

Then [|p;(t)€]l2 < |[tpi(0)uiéll2 + ||lp:(0)i;||2. Note that for any closed bounded subin-
terval J C I, the family of vectors {u.£ : t € J} is uniformly bounded. Therefore, by the
uniform boundedness principle, ||| < K for all ¢ € J. Then, using that p;(0) are pairwise
orthogonal and sum 1,

D lapi(0)uzélls < K3 llpi(0)us€lly = K3|luiéll3 = K3IIE]I5,

i>1 i>1
and
> llpi(0)iélls = llaréll3 < K3)€)13.
i>1
Then
> pi)éll3 < 4K31€l13,
i>1
for t € J. O

Remark 5.4. Note that (under the assumption (4) that the system of projections has square
summable derivatives), the unitaries u; provide anoter way to intertwine Ey and F;. Indeed,
put Q; = Ad(u) (Q(z) = wpzuy), then

QtEOQ;l(x) = Uy Zutpi(O)quutpi(O)uf = Zpi(t)xpi(t) = Ey().

i>1 i>1
We shall consider the relation between §2; and G; below. Our purpose now is to use this

inner automorphisms to prove the regularity of the curve E;. To this effect, note that for
each a € A and £ € H, the map I 3t +— Q;(a)€ is C'. Indeed,

E{ut+haut+h§ —wau €} = E{ut-&-ha(ut—i-hf —u&)}+ E{ut+haut§ — ugaup &}

The second term tends to uau;é as h — 0, because u; is strongly C'. The first term tends
to ueati; €. Indeed, || f{urrna(uy,, & —uié)} — wai;€l|z is bounded by

1 . . .
|‘ut+haﬁ{u:+h§ —ui &} — uppnaty €l + lugynat; § — uratip €|l

1 * * . %
< HCLE{Uth —u;&} — atgéllz + luernn — w2,
where 1 = atdj€. Clearly both terms tend to 0. Finally, the derivative of Q;(a)¢ equals
Q)¢ = wau; € + waiyt,

which is clearly continuous.
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Next we show that condition (4) guarantees that equation (2) has existence and uniqueness
of solutions.

Proposition 5.5. If the system of projections p(t) has square summable derivatives (4),
then the map I >t — Ey(a)é € H is C'. Moreover, the derivative dE; extends to a bounded
operator in H.

Proof. As seen above, Ey(z) = Qi (Eo(Q; (x))). Note that for each z € A, both Q;(x) and
Q; Y(x) = ufzu; are strongly C'. Then for each 2 € A and £ € H,

B (2)€ — Bi@)€) = Dsn o {Ouin(@) — Q@ DEF 1 {(Quen(o)n — ula)n),
where 1 = Eo(Q; ' (2))€. The first term tends to Q,Eo€ (z)€: put
b = Eo(7{0en(x) = 0u(a)}),

which tends strongly to by = Eo(€(z)) (because Ey is strongly continuous), then

19211, (br)E — Qe (bo)€ll2 < (1211 (br)E — Qe (br)E |2 + 1|2 (br)E — Qi(bo)E |2

The second term clearly tends to 0. The first term is bounded by

([t nbn (wip, — ug)€lla + [luebn (uiyn, = ui)Elle < 2[|bnlloolluing — uiélle-

This term tends to zero because the involution * is strongly continuous (A is finite) and
Ib1]|o is bounded for |h| small:

balleo < ||%{Qt+h($) = Q4(2) oo

with +{Qyn(z) — Q(x)} strongly convergent, and therefore locally || [|oo-bounded.
Note that, in the above notations, £ — £ is an everywhere defined operator. Clearly w1,
is anti-hermitian:

d
0= T <w&,un >=< uji€,n >+ < Euiin > .

Then, by the closed graph theorem, u;; is bounded, and therefore 4, is bounded. Also it is
clear that, being a strong limit of operators in A, it belongs to .A. Then

Q = Lg, Rur + Ry, Lus
is bounded. Also it is clear that Q; ' = Ad(u}) has the same properties. Then
dE; = YW EoQy ' + By,
is bounded in H. O

Remark 5.6. In [1], similar results were obtained for the algebra IC(H) of compact operators.
For instance it was shown that if the systems p(¢) consist of more than two projectors,
then Q; and G, differ. It was also shown that they coincide if the system consists of two
projections, and that €2; and G coincide in By. In other words, always under the assumption
that inequality (4) holds, the unitaries u; of A which solve equation (5), implement the
automorphism 6;:

Ht = Ad(ut)|50 : BO — Bt.

We refer the reader to [1] for the proofs of these facts, which though perfomed in K(H), are
formally identical in our situation.
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We now show that for this class of conditional expectations, given by a system of projections,
smoothness of the curve E; implies Hypothesis (1).

Proposition 5.7. Let p(t), t € I, be a system of projectors and E; as above, verifying that
I3t~ Ey(a)§ € H is C', for everya € A and £ € H, and that for each j > 1, t — p;(t)€ is
C'. Then Hypothesis (1) holds: for each closed and bounded sub-interval J C I, there exists
Cy such that

/ |dE:(a)[2dt < Cyllal3
for each a € A.

Proof. Note that the map ¢t — p;(t) € A is a solution of equation (2). Since p;(t) € By, this
equation becomes simpler, as seen in the previous section. Namely, one has to show that

pj(t) = dE(p;(1)).

Indeed:

dE;(p;(1) = D pi()p; ()pi(t) + pi(0)ps (D)ps(t) = B (O)ps (1) + p; (0)B; (1) = b5 (D),
i>1

where the last identity follows from differentiating p;(¢)p,(¢t) = p;(¢). Then we can bound
the operator norm of p;(t) € A:

125 ()llo = |4E:(p; (1) lloo < [dEt]loc,00 < Dy

for a constant D; independent of t € J. Then

1D Biapi(t)13 =Y 7(pi(t)a” (Bi(t)) api(t)) < D3 Y 7 (pi(t)a aps(t))

i>1 i>1 i>1
= D3> 7(pi(t)a*a) = Dir(a*a) = D3| al3.
Analogously, || Y25, pi(t)ap:(t )II2 < D7|lall3. Then

[dB(a)[13 = Y pi(tapi(t) + > pi(t)api(t)]|3 < 4D7all3.
i>1 i>1

Therefore
| aE@Bar < 417103l
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