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Abstract

In this paper we investigate a categorical equivalence between square
root gMV-algebras (a variety of algebras arising from quantum com-
putation) and a category of preordered semigroups.
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Introduction

Standard quantum computing is based on quantum systems with finite di-
mensional Hilbert spaces, specially C?, the two-dimensional state space of
a gbit. A gbit state (the quantum counterpart of the classical bit) is rep-
resented by a unit vector in C? and, generalizing for a positive integer n,
n-gbits are represented by unit vectors in C2*. They conform the informa-
tion units in quantum computation. Similarly to the classical computing
case, we can introduce and study the behavior of a number of quantum log-
ical gates (hereafter quantum gates for short) operating on gbits. These
gates are mathematically represented by unitary operators on the appropri-
ate Hilbert spaces of gbits. In other words, standard quantum computation
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is mathematically founded on “gbits-unitary operators’ and only takes into
account reversible processes. This framework can be generalized to a pow-
erful mathematical representation of quantum computation in which the
gbit states are replaced by density operators over Hilbert spaces and unitary
operators by linear operators acting over endomorphisms of Hilbert spaces
called quantum operations [13]. The new model “density operators-quantum
operations’ also called “quantum computation with mized states” [1, 16] is
equivalent in computational power to the standard one but gives a place to
irreversible processes as measurements in the middle of the computation.

As is well known, each density operator ¢ in C? has a matrix represen-
tation via the Pauli matrices o = %(I + 71101 + ro09 + r303) where:

(10 /(01 (0 =i (10
“No1 )1 0)27 i 0 )07 Lo <1

and rq, 79,73 are real numbers s.t. 7‘% + r% + T§ < 1. We will denote by
D(C?) the set of all density operators of C2. An interesting feature of density
operators is the fact that any real number 0 < A <1 uniquely determines a
density operator py = 1(I4+(1—2X)o3). For each o = 3 (I+r101+7r202+73073)
in D(C?) we can associate, as dictated by the Born rule, a probability value
p(o) in the following manner: p(o) = Tr(pio) = 1_2&

Recently, increasing attention has been paid to algebraic structures aris-
ing from quantum computation [2, 4, 5, 6, 14]. More precisely these struc-
tures stem from mathematical description of circuits obtained by combi-
nations of quantum gates in the “density operators-quantum operations”
model. In [2] and [4], a quantum gate system called Poincaré irreversible
quantum computational system (for short ZP-system) was developed. This
quantum gates system is the following:

® 0BT = pyo)ep(r) Where p(o) @ p(7) = min{p(c) +p(7),1}
[Lukasiewicz gate]

o —p=0.p0h [NOT gate]
1+i 1-i 1+ 1—i \ T
evi= (i ok )o( 5 k) WAOT e
7 2 7 2
o P, Py, p1 [Constant gates]
2



We can see that quantum gates J/ T are quantum operations. The
Lukasiewicz quantum gate & is not a quantum operation but it can be prob-
abilistically approximated in a uniform form by means of quantum operations
[8]. Thus we may introduce the following algebraic system associated with
the quantum gates known as the Poincaré irreversible quantum computa-
tional algebra:
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The ZP-system is an interesting quantum gates system specially for two
reasons: it is related to continuous ¢t-norms and subsequent generalizations
allow to connect this system with sequential effect algebras [10], introduced
to study the sequential action of quantum effects which are unsharp versions
of quantum events [11, 12]. The first and more basic algebraic structure
associated to the ZP-system (known as quasi MV-algebra) is introduced in
[14] for the reduced system (&, =, Py, P1) while in [7] an equivalence between
the category of quasi MV -algebras and a category of preordered semigroups
is given. In [9] an algebraic structure for the full ZP-system is proposed.
These algebras are known as square root quasi MV-algebra ( /qMV -algebras
for short).

In this paper we extend the result of [7] providing a categorical equiva-
lence between square root quasi MV-algebras and a category of preordered
semigroups with a unary operations. The paper is organized as follows: in
Section 1 we recall some basic definitions and properties about MV -algebras
and [-groups. Section 2 contains generalities on algebraic structures associ-
ated to quantum computation; more precisely, ¢MV-algebras and /qgMV -
algebras. Finally, Section 3 is dedicated to the study of the categorical
equivalence of \/qMV -algebras.

1 Basic Notions

We recall from [3] some basic notions about I-groups and M V-algebras, re-
spectively. A lattice ordered abelian group or l-group for short, is an algebra
(G,+,—,V,A\,0), of type (2,1,2,2,0), which satisfies the following condi-
tions:

1. (G,4+,—,0) is an abelian group,
2. (G, A, V) is a lattice,

B w+(xVy) =(w+z)V(w+y),



4. w+ (zAy) = (w+2x)A(w+y).

If x is an element of a I-group G we define the absolute value of = as
| 2 |= (xVO0)+ (—zV0)==xV —z. Moreover an element v > 0 in G is a
strong unit of G iff for each & € G there exists a natural number n such that
| x |< nu. We denote by LG, the category of [-groups whose objects are
l-groups with strong unit and whose arrows are l-groups homomorphisms
preserving strong units.

An MYV -algebra [3] is an algebra (A, @, —,0) of type (2,1,0) satisfying
the following axioms:

1. (A,®,0) is an abelian monoid,
2. -~z ==,

3. ¢ ® 0= -0,

4 ~(zoy)dy=-(ydz) P

By means of the primitive MV -algebraic functions, we can define:

1 = -0, rVy=-(-zdy) Dy,
Oy =-(-rdy), Ay ==(-zVy).

An important example of an MV -algebra is given by the algebra Ly} =
([0,1],®,7,0,1), where z & y = min{zx + y,1} and -z = 1 — z. It is well
known that if G is an I-group and u € G is a strong unit then the interval
algebra ([0, u],®, —,0,u) where t ®y = (r + y) Au and ~x = u — x is an
MYV -algebra. In this way, L 1) can be obtained from the I-group R of the
real numbers with strong unit 1.

On the other hand, it is possible to construct out of an M V-algebra
an l-group as we will see in what follows. Let A be an MV-algebra. A
good sequence in A is a sequence a = (ay, ag, ...) of elements of A such that
a; ® aj+1 = a; for each ¢ = 1,2... and there exists an integer n such that
a; = 0 if i > n. We denote by (a) the sequence (a,0...). The set of good
sequences of A is noted by M 4.

Let a = (ay,a2,...) and b = (b1, be, ...) be arbitrary good sequences. If
we consider the following operations in M 4:



M1 a+b = (61,02, ) where ¢; = aiEB(ai_l@bl)@(ai_g@bg)@, ...,@(CLQ@
bi_g) D (al O) bi—l) @ b; foreach i =1,2,...,

M2 avb= (CL1 Vbi,asV bg...),

M3 aAb= (a1 Abi,as N bg...),

then (M4, +,V, A, (0)) is an abelian cancellative lattice monoid whose order
is given as a < b iff a; < b; for each ¢ = 1,2.... This order is translation
invariant, in the sense that a < b implies that a4+ d < b + d for each good
sequence d.

From the abelian lattice monoid M4 we can obtain an I-group as follows:
we consider the equivalence relation "= " in M4 x M4 given by (a,b) =
(a/,b’) iff a4+ b’ = a’ + b. Denoting by [a,b] the equivalence class of
(a,b), and by G 4 the set of equivalence classes we can consider the following
operations in G 4:

[a,b] + [c,d] = [a+c,b +d],

[a,b] V [c,d] = [(a+d) V (c+b),b+d],
[a,b] Afc,d] = [(a+d) A (c+b),b+d],
—[a;b] = [b,a],

0 = [(0), (0)]-

In this case (G 4,4+, V, A, —,0) is an [-group called Chang’s l-group of the
MV-algebra A and the order in G4 is given by [a,b] < [c,d] iff a+d <
b +c.

2  Quantum computational structures

The first and more basic algebraic structure associated to the Poincaré sys-
tem was introduced in [14] for the reduced system (@, =, Py, P1). This is the
quasi MV -algebra or gMV-algebra for short. A ¢MV-algebra is an algebra
(A, ®,—,0,1) of type (2,1,0,0) satisfying the following equations:

Ql. 2® (y®2)=(z®2) Dy,
Q2. -—x ==,



Q3. zl=1,

QL ~(wdy)dy=-(ydr) S,
Q5. =2(xd0) =260,

Q6. (z@y)d0=xdy,

Q7. -0 =1.

From an intuitive point of view, a ¢ MV -algebra can be seen as an MV-
algebra which fails to satisfy the equation & 0 = x. We denote by g MV
the variety of ¢ MV -algebras. We define the binary operations &, ®, V, A in
the same way as we did for MV -algebras.

Let A be a gMV-algebra. Then we define a binary relation < on A as
follows:

a<biff 1l=-a®b

Clearly (A, <) is a preorder. One can also easily prove that a < biff aAb =
a®0ifavb=0b80. Moreover a < a® 0 and a ® 0 < a. If we define
A@0={z®0:z € A} it is not very hard to see that (A ® 0,®,—,0,1) is
an MV-algebra. An element a € A is regular iff a ®0 = a. Clearly, A® 0 is
the set of regular elements. The following lemma can be easily proved:

Lemma 2.1 Let A be a gMV -algebra. Then we have:
IL.avy=aV(y®0)=(xVy) @0.
2.2 Ny=acA(y®0)=(xAy) ®0.
3. 20y=20(y®0)=(r0y) 0.
4. a € AP0 iff ae ADO.

O

A square root quasi MV -algebras or \/qMV-algebra [15] is an algebra
(A, ®,, V7 0 %, 1) of type (2,1,1,0,0,0) such that:

SQL. (A,®,-,0, %, 1) is a gMV-algebra,
SQ2. /-x = —|\/5,



SQ3. vz =,
SQ4. VIDID0 =/ =1
We denote by 1/qMYV the variety of \/qMV-algebras. Given the MV-

algebra Lo 1), the standard /¢ MV -algebra is built from [0, 1] x [0, 1] equipped
with the following operations:

(a,b) ® (c,d) = (a @ ¢, 3), 0:=(0,1)
=(a,b) := (—a, —b), % _ <%’%)
m = (b, ma), 1:=(1, %)

A quasi l-group (shortly, gl-group) [7] is an algebra (G,+,V, A, —,0) of
type (2,2,2,1,0) such that, upon defining G+ 0 = {x +0 : x € G}, the
following conditions are satisfied:

QL1 (G +0,+,V,A,—,0) is an I-group,
QL2 z + (—z) =0,

QL3 —(—z) ==,

QL4 —(z+0)=—z+0,

QL5 z+y=(x+0)+ (y+0),

QL6 zVy=(x+0)V(y+0),

QL7 v+ (yVz)=(z+y)V (z+2).

We denote by ¢L£G the variety of gl-groups. For sake of notational clarity
in what follows we will write x —y instead of 4 (—y). We inductively define
nz as follows 1z = z and (n + 1)z = nx + x. It can be easily seen that a
ql-group is an [-group iff it satisfies the equation £4+0 = z. For each element
a of a gl-group G the absolute value of a is defined as | a |= a V —a and it
is not very hard to see that | a |=| a+0 |.

Proposition 2.2 [7, Proposition 2.7] Let G be a ql-group and let a,b,c € G
then we have:

1. —(xVy)=—z N -y,
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—(xAy)=—aV -y,

zAhy=(z+0)A(y+0),

(G,4+), (G,V) and (G, \) are abelian semigroups,
(r4+y)+0=2+(y+0)=2+y,
—(z+y)=—-z—y,

rVex=xANrz=zx+0,
zV(@Ay)=zA(zVy =x+0,
r+yAz)=(x+y) A+ 2),
zVy=zV(y+0)=(zVy)+0,

zANy=zA@y+0)=(xAy)+0.

Let G be a gl-group. Then we define the binary relation < on G as

a<b iff a+0=aAbd

Proposition 2.3 [7, Proposition 2.9] Let G be a ql-group a,b,c € G. Then
we have:

1.

S N T C R

(G, <) is a preorder,

a<b iff b+0=aVb,

a<a+0 anda—+0<a,

If a < b then, foranyc e G, a+c<b+c¢, arNc<bAc, aVc<bVe,
aNnb<a<aVb,

if a < b then —b < —a,

if0<a<bthen0<b—a<b, a+0=aA(a+b).

Let G be a gl-group. A function v : G — G is a quasi unit (g-unit for
short) iff it satisfies:

1.

0 < u(0),



2. u(x+0) =u(0) — =z,
3. If 0 < x <wu(0) then u(0) — u(x) =0+ =z,
4. uu(x) = .

It is not hard to verify that every gl-group admits a g-unit. For instance,
it suffices to consider

u(:c):{_x’ ifx#0

0 otherwise.

Moreover, it can also be seen that if G is an [-group, then, for any a > 0,
the function u,(x) = a — x is a quasi unit in G. It can be noticed that
if a € G is a strong unit for an [-group G, then the function u,(x) is the
unique function which allows us to define the negation of the MV-algebra
associated to the interval [0, a] of G.

Proposition 2.4 [7, Proposition 2.11] Let G be a ql-group and u be a q-unit.
Then we have:

1 u(0) e G+0,

2 if v is a q-unit such that v(0) = u(0), then for each x € G u(x +0) =
o(z +0),

3 if v <y then u(y +0) < u(x +0).
Moreover if 0 < z,y < u(0) then:

4 if x <y then u(y) < u(z),

5 0 <u(z) <wu(0),

6 u(0) —z =u(x)+0.

For simplicity we use ug as abbreviation of «(0). Let G be a gl-group. A
g-unit u on G is said to be strong iff for each z € G there is an integer n > 0
such that | z |< nuo.



3 Categorical equivalence for /gMYV

In order to establish a categorical equivalence for \/qM V-algebras we first
introduce the concept of square root gl-group.

Definition 3.1 A square root quasi I-group (shortly y/gl-group) is an alge-
bra (G, +,V,A, =, /; u,3,0) of type (2,2,2,1,1,1,0,0) satisfying the fol-
lowing:

SQL1 (G,u) = (G, +,V, A, —,u, %,O> is a gl-group with strong unit u,
SQL2 1v0 =3,

SQL3 % V ug = U,

SQL4 § + § = uo,

SQL5 o+\/m:\/g:%,

SQL6 ViV =z,

SQL7 for each x &€ Reg(G), —up < x <0or 0 <z < u,
SQL8 if 0 < z < ug then u(x) = \/ﬁ,

SQLY if = & [0, up] then z = /.

We denote by 1/qLG, the category whose objects are /gl-groups and
whose arrows are f : (G1,u;) — (G2, u2) such that fisa (+,V,A, —, v 1,0)-
homomorphism and f(u1(0)) = u2(0). If we consider the following subsets
of G,

Gi={reG:2¢G+0 and —uy <z <0}

Go={re€G:2¢G+0 and 0 <z <wug}

then we have that:
G:(G+O)UG1UG2

Example 3.2 Let R be the set of real number. Consider the set

Sr=(Rx {31)U(1-1,1]x [0,1)

equipped with the following operations:
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L (x1,y1) + (22,92) = ($1+902,2)

)

2. (z1,y1) V (z2,y2) = (331\/35272

3. (z1,91) A (22, y2) = (371/\35272
y) =

4. ( ( x, 1-— y)7

5. 0= (O’ %)7

6. 1= (hd),

- s s

U(.’L’ )_ (1-.’1],1—y), lf(x,y)ESR—i—O(x,y)orOg:rgl
v= (z,9), otherwise

then (Sg,+,V, A, —, /5 4, 3,0) is a v/gl-group. In fact:
SQL1) It is not very hard to see that (Sg,+,V,A, —, 2,0} is a gl-group
and note that Sg +0 = R x {3}. We will see that u is a strong g-unit:

L0=(0,3)<(1,3)=(1-0,1—3)=u(0,3) = u(0).

2. u(z +0) = u((z1,22) + (0,3)) = ular,3) = (1 —21,3) = (L,3) -
(z1,22) = u(0, 5) — (z1,22) = u(0) — .

3. (0,3) <a = (21,22) < (1, 5) then, u(0) —u(z) = u(0, §) — u(z1,x2) =
(1’%)_ 1—mz,1—a9) = (:Ela%) (331,1‘2)+(0,%)=:U+0.

4. uu(z) = u(u(zy,z2)) = u(l — 21,1 — x9) = (v1,22) = x, if x =

(x1,22) € S+ 0 or 0 <z < 1. The other case is direct.

Since u(0) = (1,1) and the preorder is induced by the order of the first
component, for each z € Sk there is an integer n such that | z [< nu(O)
SQL2 ... SQLY) Straightforward calculation. Hence (Sg,+, V, A, — VU 2, 0)

is a \/ql-group.
Lemma 3.3 Let (G,u) € /qLG,. If x € [0,up] then /z € [0, ug].

Proof: By Axioms SQL6 and SQL9, if \/x & [0,ug] then we have that:

=1/ \/VVE = V& £10,u0]. =

11



Definition 3.4 Let (G,u) € /qLG,,. Consider the set
VI0,u) ={xr € G:0<x<ug}

equipped with the following operations:

LLz®y=uoA(z+vy)

2. -z = u(x)

3. Vr =z fm
The structure (\/m, ®, /s 0, %,u()) is denoted by vT(G, u).
Proposition 3.5 VT(G,u) is a \/qgMV -algebra.

Proof: By Proposition 2.4-5 and Lemma 3.3 the operations are closed in

V[0, u0]. SQ1) By [7, Proposition 2.12] the reduct (/[0, uo], ®, =, 0, %, uo)
is a gMV-algebra. We only need to prove that the basic properties of square
root are satisfied. SQ2)y/—z = \/u(z) = \/\/vz = u(\/z) = =y/z. SQ3)
By definition it is clear that \/ﬁ = -z and \/g = % SQ4) Taking into ac-
count that ug = v/v/0, we have that 087 @y = upA(0++y/ug A (z +y)) =

up A (0 + /—ug V (ug A (z +9))) =uo A3 = 5. Hence VT(G) is a \/gMV-
algebra.

O
If we consider the \/ql-group Sg, then \/f(S r) is a the standard quasi
VvQMYV-algebra. The following proposition can be easily proved.

Proposition 3.6 If we define VT : \/qLG, — /qMV such that: for each
(G,u) € \qLG,, (G,u) — VT(G,u) and for each \/qLG,,-homomorphism
f o (Gruy) — (Goyug), f — VI(f) = f l0,u0]s then VT is a functor
between the category of square root ql-groups and the category of square root
quasi MV -algebras. a

We are now ready to introduce the notion of quasi good sequence, that
will play an analogous role as the one played by the notion of good sequence
with respect to MV-algebras.

Definition 3.7 Let A be a /¢MV- algebra. A sequence a = (aq, as, ...) of
elements on A is said to be quasi good iff

12



1. ay®as =a; $0,

2. (ag,as,....) is a good sequence in A & 0.

We denote by M the set of quasi good sequences in A. Note that
(a1, .oy an, ...) € MY iff (a1 @0, ..., ap, ...) is good sequence in the MV -algebra
A®0. In view of this, if a = (aq,...,an,...) is a quasi good sequence, we

denote by a® 0 = (ay, ..., an...) ® 0 the good sequence (a1 © 0, ..., ap, ...) in
the MV-algebra A @ 0. Note that Mago ={a®0:a€ M%} C M%.

Let A be a \/qMV-algebra and consider the structure (M4, +,V, A) de-
fined as M1, M2, M3 in the monoid of good sequences. Then for each
a,b,c € M} we have that:

at+b=(a+b)o0=a+ (b®0),
avVvb=(avb)®d0=aV (b&0),
aAb=(aAb)d0=aA(b&0).
ifa+b=a+cthenb®0=c®0,
ifa+b=(0)thena®0=bo0=/(0).

Taking into account the preorder < in A, we define the binary relation <
on M as follows:

b<a iff b; <a; for each i =1,...,n

One can easily see that (Mg, <) is a preorder. Moreover for each a, b in
M4, b < aiff there exists a good sequence ¢ € A®0 such that b+c¢ = ad0.
The element c is unique and c¢ is noted by a —b. We consider the following
sets:

My, ={((2),0): x & A® 0}
Ma, ={(0,(y)) :y ¢ A0}
M(A) = (]\414690)2 U MA1 U MA2

M(A) C M%xM?$ and by Lemma 2.1-4, if ((a), 0) € My, then ((—a),0) €
My, and the same obtains for My,. Also we consider the binary relation
"="in M(A) defined as follows:

13



IV a+b =a +b, ifab,a’ b € Mag
(a,b) = (a,b) if f { (a,b) = (a’,b’), otherwise.

Clearly = is reflexive and symmetric. Transitivity follows either from the
fact that (Mago)? is the monoid of good sequences, or by the transitivity of
the equality. Thus = is an equivalence relation.

We denote by [a, b] the equivalence class determined by the pair (a, b)
and by GY the set of equivalence classes. Let us define the following opera-
tions on G%:

[a,b] + [c,d] =[a+c,b+d],

[a,b] V[c,d] =[(a+d)V(c+b),b+d],

[a,b] Alc,d] = [(a+d) A (c+b),b+d],

—[a,b] = [b,a],

0 =10,0].

It is not very hard to see that:

1. [a,b] +[c,d] =[a®0,b] + [c,d] = [a,b & 0] + [c,d],
2. [a,b]V[c,d]=[a®0,b]V][c,d] =[a,b&0]V][c,d],
3. [a,b]Ac,d] =[a® 0,b] A[c,d] =[a,b® 0] A [c,d],
4. The binary operations have the form G% x G% — G ago,
5. (G%,+,V,A,—,0) is a gl-group.

We will refer to (G%,+,V,A,—,0) as Chang’s gl-group. We can see G
as the Chang’s [-group G aqo with new non regular elements given by the
equivalence classes [(a),0] = {((a),0)} and [0, (b)] = {(0, (b))} with a,b &
A®0. Thus G% has a structure

GZ:GA@OUMAl U Ma,

Proposition 3.8 [7, Proposition 3.17] Let A be a \/qMV -algebra and [a,b] €
GY%. Then the following assertions are equivalent:

14



1 0<[a,b],
2 b+ (0) <a+(0),

3 There exists a unique good sequence e = (e, ...,e,,0,0,..) in A® O
such that [a,b] + [(0), (0)] = [e, (0)].

Moreover in the case [a,b] < [(1),(0)] there exists unique e; € A& 0 such
that

4 Ifa,b € Gato then [a,b] = [(e1),0],
5 otherwise, [a,b] =[(a),0] and a ®0 = e;.
]

Proposition 3.9 Let A be a \/qMV -algebra. Consider the gl-group GY
equipped with the following operation:

(1), (0)] =[x, 5], if %,y € Mago,
u([x,y]) = § [(=a),0], if (x,y) = ((a),0) € Ma,,
[0, (=b)]; if (x,5) = (0, (b)) € Ma,

(x,y] = { [(v/a), 0], [0,0] < [x,y] = [(a),0] < [1,0]

[x,y], otherwise

Then u is a strong q-unit in G% and (G%, /; u, [(3),0]) is an object in
VaqLg,,.

Proof: ~ We first prove that u is a strong g-unit in G%. 1) [(0),(0)]
(1), (0)] = w([(0),(0)).  2) u(lx,y] +[(0),(0)]) = ([X ® 0,y @ 0]
(0),(0)]) = u((x & 0,y & 0]) = [(1),(0)] - [x &0,y & 0] = u([(0),(0)]) -
yl. 3) Suppose that 0 < [x,y] < [(1),(0)]. Using Proposition 3.
y] = [(a),0]. In this case, u([(0), (0)]) —u([(a), 0]) = [(1), (0)]=[(a), O]
); (0] +[0, (=a)] = [(1), (0)] + [0, (-a © 0)] = [(1), (ma & 0)] = [(1), (~(a

]=1(1),(1) — (a® 0)], in view of [3, Proposition 2.3.4] and the fact th

®0 € A®0. On the other hand [(0), (0)]+[(a), 0] = [(0), (0)]+[(a®0),0] =
[(a ®0),0]. We need to see that [(1),(1) — (a® 0)] = [(a & 0), 0], but this
follows from the fact that (1) = (1) + 0 and (1) = ((1) — (e ® 0)) + (a © 0),
vesulting u(((0), (0)]) — u([(a),0)) = [(0), (0)] + [(a),0].  4) By defnition
of u, it follows that wu([x,y]) = [x,y]. 5) Since u([(0), (0)]) = [(1), (0)] is
a strong unit of the Chang’s l-group Gagyo, for each [x,y| € G% | [x,y] |<

<
+

8,
)
at
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nu([(0), (0)]) for some integer n > 0. Thus u is a strong g-unit in GY%.
Taking into account that G% = Gago U Ma, U Mya,, by Proposition 3.8,
we can see that for each z ¢ Reg(GZ), —upg <z <0or0<z < ug.
To prove that (GY%, o [(%), 0]) is an object in \/¢LG,, it suffices to show

that if 0 < x < wug then u(z) = /2. In fact: let [x y] e Gq be such

that [0,0] < [x,y] = [(a),O] < [1,0]. Then {/+/[(a),0] = /[(

Since [07 0] < [(\/6)70] < [170} then [(\/6)70] = [(\/ﬁ%O] = [(—\a),O].

If [(a),0] is regular in G% then u([(a),0]) = [1,0] — [(a),0] = [1,(a)] =

[(—a),0] = [(a),0]. If [(a), 0] is not regular it follows by definition of w.
O

Theorem 3.10 Let A be a \/qMV -algebra and consider the \/qLG,,-group
(GY,u) = <Gq,\ﬁ u,[(3),0]). Then ¢ : A — VT(G%,u) such that a —

o(a) = [(a),0], is a \/gMV-isomorphism.

Proof: By Proposition 3.8, ¢ is a bijection. It is not very hard to see that
the restriction ¢ [4g0 is the well known MV-isomorphism from the MV-
algebra A @ 0 onto the MV-algebra I'(Gago,[(1), (0)]) see [3, Proposition
2.4.5]. Clearly p(v/x) = [(v/x),0] = /[(x),0]. Let z,y € A. Then p(z ®
y) = ¢((z80)B(y®0)) = ¢ Tago (zB0)B(yP0)) = ¢ [aso (zB0) & ¢ as0
(y©0) =[(z®0),0]&[(y©0),0] = [(1), (0)] A ([(z ®0),0] + [(y & 0),0]) =
[(1), (O] A ([(2), 0]+ [(9), 0]) = [(1), (O] A (p(x) + ¢ (y)) = (z) Bp(y). With
the same argument we can see that o(zVy) = p(z)Ve(y). If x € ABO then,
e(mz) = ¢ lago (—z) = [(1), (0)] = [(2), (0)] = u([(z), (0)]) = —[(z), (0)] =
—¢ [ago (2) = ~p(x). Ifz & AD0, p(-z) = [(-2), 0] = u([(2),0]) = ~p(z).
Hence ¢ is a /gMV-isomorphism.

O

Lemma 3.11 Let A, B be a \/qMV -algebras and ¢ : A — B be a /gMV-
homomorphism. If a = (a1,a2...ap,...) is a quasi good sequence in Mg‘,
then ¢*(a) = (p(a1), p(az),...,p(an),...) is a quasi good sequence in M.
Moreover:

1. ¢* define a (+,V, A, 0)-homomorphism ¢* : M4 — M},

2. if we consider the \/qLG,,-groups (G, ua) and (G%,up) then the ap-
plication ¢ : (G4, us) — (G%, up) such that o™ ([a,b]) = [¢*(a), p*(b)]
is a /qLG,-homomorphism.
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Proof:  Since ¢ is v/gMV-homomorphism, we have that p(a1) ® ¢(az) =
vlar ® a2) = (a1 & 0) = @(a1) ® ¢(0) = p(a1) & 0. Since (az...an,...) is
a good sequence in A ® 0, (p(az), ..., o(ay),...) is a good sequence in B & 0
(see [3, §7.1]). Thus ¢*(a) € M}. From this, it is clear that ¢*(0) = 0.

1) We first note that p*(a®0) = ¢*(a)@0. Let A be a binary operation
in M%. Taking into account [3, §7.1], ¢*(alAb) = ¢*((a® 0)A(b ® 0)) =
e (a® 0)Ap" (b 0) = (¢"(a) & 0)A(p*(b) & 0) = (¢*(a)Ap*(b)) &0 =
©*(a)Ap*(b). Finally ¢* is a (+,V, A, 0)-homomorphism.  2) Straightfor-
ward calculation. O

Proposition 3.12 VZ : /GMV — /qLG,, such that for each A € \/qMV,
Z(A) = (G%,ua) and for each \/qgMV-homomorphism ¢ : A — B,
VE(p) = o* is a functor. O

Theorem 3.13 The composite functor VTVZE : \/gMY — /qgMYV is nat-
urally equivalent to the identity functor 1 sz

Proof:  Let v : A — B be a y/gMV-homomorphism and consider ¢4 :
A— ﬁ\@(A), op:B— ﬁ\@(B) be the \/gMV-isomorphisms given in

Theorem 3.10. We will prove that the following diagram is commutative:

(0
A — B
PA i l ¥B
VEVEW) — VEVE®D)
VIVE(Y)

If a € A then ppy(a) = [(¢(a)),0]. On the other hand, by Lemma
311 (VEVE@)pa)a) = VEVEW)(((a),0]) = [($(a),0] € VEVE(B).
Since VT (VE(®)) is the restriction of vE(¢) to VIVE(B), we can write
VI(VE(W))(pa(a)) = [(¥(a)),0] = ¢pt(a). So the diagram is commuta-
tive.

O

Let (G,u) € v/qLG,. By [3, Lemma 7.1.3], for each 0 < a € G+ 0
there exists a unique good sequence g(a) = (ai,...,an,0,...) such that
a = a1 + ...+ an. The elements of this good sequence are inductively
defined as follows a; = a A up and ag41 = (a — a1 — ...ag) A ug. Thus if
a < ug then g(a) = (a). By Lemma [3, Corollary 7.1.6] the map

Yo:G+0— (G 0,0))

q
VT(G,u) + [
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defined by ¥g(a) = [g(aV0),g(—aV0)] is a (+, V, A, —, 0)-isomorphism such
that 1o(x) = [(z), 0] whenever 0 < x < up. Using the map )y we have the
following;:

Proposition 3.14 Let (G,u) = (G+0)UG1 UG € \/qLG,,. Then the map
G — Gf(G ) defined as follows:

vo(x), ifreG+0
{ [ ,0], Zfl' S G1 ,
[0, ((13)], ’LffL' S GQ.

a \/qLG,,-isomorphism.

Proof:  Taking into account that Gf(G ) (G‘\If( )—i—[O,O])UM\/f(G’u)lU
Mﬁ(G,u)Q’ the restriction ¢ [g, is a bijection from G; to Mﬁ(G,u)i for
i =1,2. Thus 1 is a bijection. We first prove that ¢ (z + 0) = ¥ (x) + ¢(0).
If x € G40 it follows from the fact that ¥ = 9. Suppose that x € G;. Then
Y(z+0) = Yo(z+0) = [(z+0),0] = [(x),0]+[0,0] = ¢(x)+(0). If z € G2
then, —z € Gy and —(x+0) = Y(—(240)) = Y(—2x+0) = P(—x)+¢(0) =
() +4(0) = —(¥(z) +¥(0)). Hence ¢ (z + 0) = p(z) + ¥(0).

If * is a binary operation then 1 (x) * ¥ (y) = (¢ (z) +0) * (¢(y) + 0)
(¥(x) +¥(0)) = (Y(y) + ¥(0)) = Yoz + 0) * tho(y + 0) = Yo((z +0)
(y +0)) = oz xy) = ( xy).

If 2 € G+ 0 then ¢¥(—x) = o(—2x)
then —x € Gg, thus ¢¥(—z) = [0, (z)]
we use the same argument.

*

—tpo(z) =
—[(x),0] = —¢(z). If z € G

Let z € G. If x ¢ [0,up] then z = /x and ¥(z) & [[0,0],[(uo), 0]].
Therefore /9 (x) = ¥ (x) = ¥ (y/x). Suppose that = € [0,ug]. Clearly
o) = 0] e shen V) = T0] = [ 0]. By T
3.3, V& € [0, ug] and then ¢(\/5) = [(v),0]. Thus ¢(y/z) = \/1(x).

Finally ¢ is a /¢LG,,-isomorphism.

O

Theorem 3.15 The composite functor VEVT : \/qL v — VLG is natu-
rally equivalent to the identity functor 1 ,rz.
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Proof:  Let (G,u),(H,v) € V/4L£G,, f : G — Hbea/qLG, homomorphism
and Y G — Gl = VEVI(G), v s H = Y = VEVI(H) b
the isomorphisms deﬁned in Proposition 3.14. We will see that the followmg
diagram is commutative:

f
G — H
va | | Yn
EVI(G) — VEVI(H)
VEVT(f)

If x € G+0then f(z) € H+0, thus ((EL,(f))ve)(z) = (Yu f)(z) in view
of [3, Theorem 7.1.7]. If z € Gy then ¢g(x) = [(x),0] and ((ET(f))va)(z) =

[(f(2)), (f(0)] = [(f(x)),0]. On the other hand, since 0 < f(x) < f(u(0)) =
v(0), Yn(f(z)) = [(f(x)),0]. If z € G2 then —x € Gy, since — —z = z.
Finally the diagram is commutative. a

In view of the Theorems 3.10, 3.13, 3.14 and 3.15 we can establish the
following result:

Theorem 3.16 +/qMYV is categorically equivalent to /qLG,,. a
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