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Abstract

For a given symmetrically normed ideal Z, on an infinite dimensional Hilbert space
‘H, we study the rectifiable distance in the classical Banach-Lie unitary group

Uy = {v a unitary operator in H, u — 1 € Z,}.

We prove that one-parameter subgroups of Uy are short paths, provided the spectrum
of the exponent is bounded by 7, and that any two elements of /4 can be joined with a
short path, thus obtaining a Hopf-Rinow theorem in this infinite dimensional setting,
for a wide and relevant class of (non necessarily smooth) metrics. Then we prove that
the one-parameter groups are the unique short paths joining given endpoints, provided
the symmetric norm considered is strictly convex.t

1 Introduction

The group of unitary operators on Hilbert space carries, as any Banach-Lie group, a canon-
ical connection without torsion VxVY = %[X , Y], whose geodesics are the one-parameter
groups t — ue'® (here u is a unitary operator and z an anti-Hermitian operator). In the
finite dimensional setting, the trace is available to introduce a Riemannian metric on the
unitary group in a standard fashion

(x,y)g = Tr(u’z(u"y)*) = Tr(zy"),

for u*z, u*y in the Lie algebra of the group, that is, for uv*z, u*y anti-Hermitian matrices.
It is well-known that the connection just introduced is in fact the Levi-Civita connection
of the metric g induced by the trace, and that geodesics are short provided the spectrum
of z is bounded by .

Now consider the bi-invariant Finsler metric given by the uniform norm,

[2]lu = llu™z]} = [l]

for any x tangent to a unitary operator u. Remarkably, if one keeps the connection but
changes the metric, the geodesics of the connection are still short for the induced rectifiable
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distance (which, as in the Riemannian setting, is computed as the infimum of the length
of piecewise smooth curves joining given endpoints, and L(v) = fol I¥|ldt). The proof of
this well-known fact deserves to be sketched here since is short and elegant: if v is a path
of unitaries such that y(0) = w,v(1) = v = ue®, with z any anti-Hermitian logarithm of
uw*v of norm bounded by 7, let p be a norming state for —22 > 0 and & be a unit norm
vector in the Hilbert space H, of the Gelfand-Neimark-Segal representation induced by
p, such that —z2 - & = ||z[|2¢ (choose & to be the class of the identity operator). Then
the map w +— w - &, from the unitary group to the unit sphere of H,, with its standard
Riemann-Hilbert metric, sends the one-parameter group §(t) = ue'* to a geodesic of the
unit sphere, with equal lengths. Thus ue!” - £ is shorter than v - £, and

L(v) Z/\WH Z/H"V-é\lnp Z/H(uetz'ﬁ)'llnp = [|z[l = L(3)-

This idea can be traced back to a paper by Porta and Recht [16], where it was used to prove
the minimality of certain paths in the Grassmann manifold of a C*-algebra, see also [2] for
a Hopf-Rinow theorem in the context of (infinite-dimensional) Grassmann manifolds.

In recent years, there has been an increasing interest in the geometric properties of
ideals Z of compact operators on Hilbert space (see [5, 6, 8] and the references therein),
and in particular in the Lie and representation theory of the subgroups of the linear group
Gz, which consist of invertible operators g on H such that g—1 € Z. Of particular relevance
is the group of unitary operators, since it acts isometrically on the ideals that arise from
a symmetric norm, and gives rise to several homogeneous spaces such as the Grassmann
manifold, which can be viewed as the coadjoint orbit of a fixed projection.

In this paper we focus on the metric properties of the unitary groups arising from
a symmetric norm on compact operators. We study short curves, and we prove what
we think is a fundamental result in the interplay between the algebraic and geometric
properties of these groups: one-parameter subgroups are short geodesics for the rectifiable
distance induced by the symmetric norm, thus extending the above mentioned result for
the Finsler metric induced by the uniform norm. We also prove that these geodesics are
unique among short paths joining its endpoints, provided the symmetric norm involved is
strictly convex. Since the paper is intended for those interested in metric geometry and
operator algebras alike, we have tried to keep the prerequisites to a minimum, and we also
included the proof of some perhaps well-known facts in both areas to make the paper more
readable.

This paper is organized as follows. In Section 2 we fix our notation regarding symmetric
norms and the ideals of compact operators induced. In Section 3 we recall the notions of
rectifiable length and rectifiable distance associated to a symmetric norm in U(H). Then
in Section 4 we introduce the notion of geodesic segment, which is a one-parameter group
in Uy such that its initial speed has spectrum contained in [—im,in]. We prove a certain
triangle inequality valid for any symmetric norm (Proposition 4.3), the key tool to the
proof of Theorem 4.7. This is one of the two main results of this paper, and states that
geodesics segments are short for any symmetric norm. In Section 5, we recall the notion of
dual norm and prove some useful properties in connection with conditional expectations.



We use these tools to prove Corollary 5.8, which is the other main result of this paper, and
states that if the symmetric norm is strictly convex, then geodesic segments are the unique
short paths joining given endpoints in Uy.

2 Symmetric norms

Let ‘H be a complex separable and infinite dimensional Hilbert space. In this paper B(H),
K(H) and J(H) stand for the sets of bounded linear operators, compact operators and
finite rank operators in ‘H respectively. The unitary group of B(H) is indicated by U(H),
and P(H) is the set of self-adjoint projections in B(H). If x € B(H), then ||z| stands for
the usual uniform norm, and we will use | - | to indicate the modulus of an operator, i.e.
lz| = vaz*z. We indicate with B(H); (resp. B(H)n) the real linear spaces of Hermitian
(resp. anti-Hermitian) elements of B(H).

If [| - |l : B(H) — RU{oco} is a norm, let
Ly =A{z € B(H) : [[z[ls < oo}
stand for the set of operators with finite norm. A norm || - ||4 is called symmetric if

lzy=lls < llz(llyllell=]

for any x,y, z € bh. The standard references on the subject are the books by Gohberg and
Krein [10] and Simon [17]. The set Zy is a bilateral ideal in B(H). Let

Z-(;0) _ m”'%

stand for the closure of the finite rank operators in the symmetric norm, which is again
a bilateral ideal of compact operators. Clearly Iéo) C 1y, while if I(;O) = 14 we say that
| - |4 is regular. The ideals I(;O),I(b are the minimal and mazimal ideals related to the
symmetric norm, according to the classical literature [17, Chapter 2]. It will be assumed

(unless otherwise stated) that ||- ||, is inequivalent to the uniform norm of B(H), so I(;O) Ty
are proper ideals of compact operators. Some elementary useful properties include the
following;:

e unitary invariance: for any u,v € U(H), |Juzv|y = ||z ¢

e gauge invariance: if x = u|x| is the polar decomposition of z, then ||z|4 = || |z] ] 4
e invariance for the adjoint: for any x, it holds ||z|/¢ = [|z*||4.
What we are interested in here is in the unitary groups of || - ||, that is

Uy ={ueclU(H):u—1€TIy} Oruq(sO):{UEU(H):u—lEIéo)},



The topology in these groups is given by the metric
d(u,v) = |lu = vllg = [[(u—=1) = (v =1)[s.
Well-known examples of symmetric norms are the p-norms (p > 1) given by
1
]l = Tr(jz[")7,

where T'r is the usual (infinite) trace of B(H), and also the Ky-Fan k-norms. In the case of
the p-norms, the regular ideals induced are called p-Schatten ideals, and the unitary groups
are examples of what Pierre de la Harpe calls classical Banach-Lie groups of operators on
Hilbert space [12]. Note that for p = 0o, Z, = B(H) while Iéo) = K(H).

3 The unitary group and its rectifiable distances

The unitary group U(H) of B(H) is a smooth manifold in the uniform norm of B(H), and it
is in fact a real Banach-Lie subgroup of the full linear group. Its Banach-Lie algebra can be
identified with B(H)qp, and if 7 : [0, 1] — U(H) is a smooth curve, then v*(¢)5(t) € B(H)an

for any t € [0, 1]. Here smooth means C' and with non-vanishing derivative.

It is well-known that if one endows the tangent spaces of U (H) with the Finsler metric
that consists of measuring vectors with the uniform norm of B(H),

13l = ™31l = 1171,

then the curves §(t) = €/#, with Hermitian symbol z, are shorter than any other piecewise
smooth curve joining its endpoints, provided ||z|| < 7 (see the introduction for a proof).
Thus the rectifiable distance related to the uniform norm is also known as exponential
length in the unitary group (of a C*-algebra), and in that setting it is a relevant invariant
of the classification theory, see [15] and the references therein.

However, in B(H) (in fact, in any von Neumann algebra), any pair of elements u,v €
U(H) are conjugated by an Hermitian z with ||z|| < 7 (i.e. there exists z € B(H)y, such
that ||z|| < 7 and ue’* = v). This element is unique if ||u — v|| < 2, and in that case
||z|| < 7. Thus if one defines the rectifiable distance as the infimum of the lengths of curves
joining its endpoints,

1
doo(u,v) = inf {/ II7]] = v is piecewise smooth and joins u to v in U(H)} ,
0

then doo(u,v) = ||z]|.

Remark 3.1. Recall that there exists a constant cg such that ||z|| < cyl|z|| for any
symmetric norm | -||4 and any = € Zy, see for instance [10, page 65 and the footnote
at page 58]. The number ¢y is the value of || - |4 on any one-dimensional projection. So
we might as well assume from now on that ¢y = 1, i.e. ||| < |lzf|4 for any o € Zy. In
particular, convergence in Zy implies convergence in the uniform norm, and a continuous
curve in Zy is continuous for the uniform norm.
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We will consider piecewise smooth curves 7 : [0, 1] — Uyg. Note that ~,% are continuous
also in the uniform norm. Since 7 € Zy, it is legitimate to define

171y = [1¥llo-

Definition 3.2. The rectifiable length of v is

1
Lo(r) = /0 s,

and the rectifiable distance among u,v € Uy is
dgy(u,v) =1inf {Lg(y) : v:[0,1] — Uy is piecewise smooth and joins u to v in Uy} .

The function dy is in fact a distance, since ||u — v|l < dg(u,v) for any u,v € Uy, see
the related Proposition 4.8 below.

One of the main features of this metric is that is invariant for the action of the unitary
group U(H), in fact it is a bi-invariant metric

do(uv1w, uvaw) = dg(vi, v2)
for u,w € U(H) and v, v2 € Uy.

Remark 3.3. Observe that, for given u € Uy, u — 1 is a normal compact operator and
thus admits a spectral decomposition relative to a family of disjoint projections {pk }ren,
namely v — 1 = ) agpy for some bounded sequence ay. In fact limy o = 0 since u — 1 is
compact. Now let pg =1 — > py thus

w=po+ Y (14 a)pk
k

It is then clear that |1+ | = 1 for any k € N. Let {t;}ren be a sequence of real numbers
such that |t| < 7 and e* = 1+ay. In particular, t;, —, 0. From the elementary inequality

) 2
le — 1| = \/2(1 — cost) > \th/l—ﬁ, (1)

valid for any ¢ € [—m, 7], and the fact that

12 1
th/l——>—|t
15 = o
for sufficiently small ¢, we derive that |t;| < 2|ay| for sufficiently large k. Thus the operator
z € B(H) defined by z = )", typy is clearly compact and moreover z € Ty, since |ay| are
the singular values of u — 1 (see [10, page 69]).



Remark 3.4. The previous remark shows that for any u € Uy there exists an Hermitian
z € I with ||z]| < 7 such that e”® = u. Moreover, if |Ju — 1|| < 2 (or equivalently ||z|| < ),
this z is unique by the uniqueness of the principal branch of the analytic logarithm of u in
B(H). Then any pair of unitaries u,v € Uy can be conjugated with an Hermitian z € Zy,
ue”” = v, with ||z|| < 7, and one can consider the elementary smooth curve

5(t) = ue'®?

which joins them in Uy. Its rectifiable length is | z||. It is known, for the p-norms of B(H),
with p > 2, that these curves are shorter that any other piecewise smooth curve joining u
to v, and hence

dp(u,v) = [2]p, p=2.

Moreover the curve is unique, among C? curves joining u, v, if ||z|| < 7 and p < co. The
proof of these facts can be found in [4, Theorem 3.2]. See also [1] for related results on the
unitary group of a finite von Neumann algebras and their homogeneous spaces.

4 Minimality of geodesic segments

Let us establish some facts concerning the curves t — ue'* for Hermitian 2 € Z, joining u

and v = ue'® in Uy. We will call such paths geodesic segments. In this section we prove that
the geodesic segments are short among piecewise smooth paths in Uy, when we measure
them with the rectifiable distance. We begin with a technical lemma.

Lemma 4.1. Let z,y € K(H); and assume that e* = €%, ||z|| < m. Then x commutes
with y, and |x| < |y|. Moreover, if |ly|| < m, then x = y.

Proof. Let t € R. Then e®We@e™ = ¢eWe™Y = ¢, This is equivalent to
ity . —ity\ _ iy
exp(e™ize ") = e'.

Differentiating at ¢ = 0 we obtain exp,;,([y,x]) = 0. Since |jiz|| < m, the map exp,;, is
invertible (see for instance [4, Lemma 3.3]), and the first claim [y, z] = 0 follows. Now
let {pr}rez C P(H) be a family of disjoint projections (i.e p;p; = 0 if i # j) such that
T = arpr, ¥ = 5. Brpr, With ay, B real numbers. Thus ¢®*~% = 1 implies that there
exist integers {n;};j—1..m, and disjoint projections {g;}j=1..m such that

> ok — Br)pr =27 Y njg;.

k j
If ||y|| < 7, then multiplying by a fixed ¢; and taking norms gives
2rjny] < |1z — ]| < 2,

which in turn implies n; = 0 for any j = 1...m, or equivalently z = y.
In the general case, we have

Yy—x= ZWianqj.
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Let A C K(H) stand for the abelian C*-algebra generated by the projections {py}ren.
Then y — x € A, thus g; € A for any j because g; can be obtained via a uniform limit of
polynomials in x — y. In particular, ¢; commutes with p;, for any j, k.

From ypy = xpg + 27> 5 545Dk squaring both sides and rearranging terms we obtain

Bipk = afpr + 47 Y nj(Tn; + ai)q;pi-
J

Note that g;py, is positive and also that n;(mn; + o) > 0 for any j, k, since |ay| < 7. This
implies
/Blgpk 2 Oézplm

thus |Bk|pk > |ak|pk, and summing over k yields |y| > |z|. O

Remark 4.2. Note that if 0 < s <t € Z,, there exists a € B(H) such that |la|| <1 and
s = at; in particular s € Z, and ||s]l5 < lal|[¢fls < [l for any symmetric norm | - 5

The following proposition is our fundamental tool to prove that geodesic segments are
short. Following an idea introduced by Li, Qiu and Zhang in [19, 20] to study angular
metrics in the finite dimensional Grassmannian, we prove a triangle inequality by using a
remarkable result by Thompson [18], a result that until not so lang ago had an incomplete
proof since it depends on the validity of Horn’s conjecture on the spectrum of the sum of
two Hermitian matrices (see [9] and the references therein).

Proposition 4.3. Let x,y € K(H)y. If z is a Hermitian operator such that e = e'?,
and ||z|| < 7, then there exist unitary operators uy and vy € B(H), for k € N, such that
e = lim e
k—o0

1 Uk Uy 1 VYU,

in the uniform topology. Moreover, if x,y € Iy for some symmetric norm | - |4, then
z2 €1y and

1lle < llzllo + [lyllo-

Proof. 1f a and b are Hermitian matrices in M,,(C) the problem was studied by Thompson
[18]. In this case he proved that there exist unitary matrices uy,, v, € My,(C) such that

iaeib iunauz—&-ivnbv;‘ (2)

(& =€

Let us approximate in the uniform norm the compact Hermitian operators x and y with
finite range Hermitian operators xy, yx, € J(H) for k£ € N. That implies that limy_.oc €'+ =
€' limy o0 €% = €'Y and

lim e'Tkel¥r = iTelY — i (3)
k—o0

uniformly. Explicitly, since x is compact, so is |z|, and let a; > 0 be a rearrangement
in decreasing order of the eigenvalues of |z| counted with multiplicity. Let e; stand for



the corresponding unit norm eigenvector. Then {e;};cy is an orthonormal set, in fact an

orthonormal basis of ran|z|, that can be extended to an orthonormal basis {e;} U {€}} of
H = ran|z| @ ker(x).

Then if 2| = 3, aje; ® e; is the singular value decomposition of |z[, where e; ® e; stands
for the one-dimensional projection (ej, -)e;, one obtains x = 3 aje; ® (uej). We let

k
T = Z aje; @ (uej),
j=1
and with a similar argument we let
k
ve =Y _ Bif; ® (vfy),
j=1

where y = v|y|, {f;} is an orthonormal basis of ran|y|, and 3; > 0 are the singular values
of |y| in decreasing order.

Then, if we denote with R(zy) the finite dimensional range of zy, since R(zy) =
Ker(xp)*, we can identify x, as an operator from R(zy) to R(x;). The same can be done
with yx and R(yg). If we define S, = R(zx) + R(yk), then zx(Sk) C Sk and yx(Sk) C Sk,
and therefore xy, yi, € B(Sk) ~ M, (C) (where n = dim(Sk)).

From the finite dimensional result (2), there exist uy,v; unitary linear transformations
in S, (that means that uyuj, = ps, and viv; = ps,, with ps, the orthogonal projection on
Sk) such that

. . . * s *
ell'kelyk — ezuk:pkuk—i-zvkykvk. (4)

We can extend ug, vx € B(Sk) to the unitaries @ = uy +pst and v, = v, +pst € B(H).
Then from the equality (4) valid in Sy we get the following in B(H)

. . . JU .
ezmkezyk — ezukzkuk—i-zvkykvk. (5)

By hypothesis ||z]| < , then |[e?* — 1|| < 2, and therefore ||e?®e’¥ — 1|| < 2. Then,
taking ko large enough o
lle*“ket¥ — 1| <2, for k > ko.

Let wy, be the unique Hermitian operator such that iwy = log (e'®*e"¥) and [wy|| < .
Therefore using this and the expression (5)

e’i’wk _ eixkeiyk — eiakwkﬂz‘i’iﬁkykﬁz. (6)
Then using (3) and the fact that ||z|| < 7 and ||wg| < 7 we get that

klim wg = 2, (7)



in the uniform norm (in particular z is compact). Since (Ugpxa; + Uxy0;) — (Upxrly +
Upyrvy) — 0, then using (6) and (7) we get

ei (ﬁkxﬁz—l—ﬁkyﬁ;;) _ eiz =0

uniformly.
Now, for each k € N, from (6) and Lemma 4.1 we get

\wg| < Uity + Opyrvr-

Since z, y, are finite range operators, then wy, is also a finite range operator. From Remark
4.2 above follows that

lwelle < llzkllg + lywlls- (8)
If 2,y € T, since x}, = Pyx for some orthogonal projection Py, € P(H), one obtains
lzklle = 1Pzl < [IBkllllzlle = llzllo-

Similarly |lyk|l¢ < ||lylle. Thus from (8) follows that

lwklls < llzlle + 1ylls,

in particular
Sup [[wgllg < oo.

Since wy — z uniformly, the noncommutative Fatou lemma [17, Theorem 2.7(d)] gives us
z € T4 and moreover

12116 < llzlls + llylle-
O

Corollary 4.4. Let x,y, 2 € Iy be Hermitian, e®e™ = e**. Then if ||y| < 7 and |z|| < =,

12116 < llzlls + llylle-

Proof. Consider the triangle spanned by 1,¢%, e?* in U(H). Note that there exists € > 0
such that o
Heflxe’LSZ o 1” < 2

if 1 —e < s <1, due to the fact that || — 1| < 2. Thus ys € K(H);, defined as iy, =
log(e~*¢e%?) is well defined in the same interval, and depends smoothly on s; moreover it
is easy to check that ys € Z,, and then [|ys — y|lp — 0 when s — 17. By the previous
proposition, since ||sz|| = s||z|| < 7 for s < 1, we obtain

Iszlle < llzllo + [lyslls

for s close to 1. Letting s — 1~ gives the claim. O



4.1 Geodesic segments are short

Recall that we use the term segment for the curves ue'? in Uy, with z € T, Hermitian. A
polygonal path is a continuous curve that consists piecewise of segments.

Proposition 4.5. If z € Iy is Hermitian, ||z|| < m, and P : [0,1] — Uy is a polygonal path
joining 1 to €, then Ly(P) > |2]/4-

Proof. Iterating the argument, it suffices to prove the assertion for a path that consists

of two segments, that is, assume e* = e@e® and P consists of ui(t) = €'® followed by
pa(t) = e®e™, with ||y|| < m. Now Lg(P) > ||z||s is the claim of Corollary 4.4. O

Now we approximate a smooth path with a polygonal path.

Lemma 4.6. Let v : [0,1] — Uy be piecewise smooth. Then for any € > 0 there is a
polygonal path P, : [0,1] — Uy such that for any t € [0, 1],

|PX(8)P.(t) — v ()5(t)||g < €.

Proof. We may as well assume that v is smooth in [0, 1]. Recall that 7, are continuous
in the uniform norm. Let € > 0, and choose a partition 0 = tg < t; < --- < t, = 1 of the
interval [0, 1] such that, for any k =0,1,---,n,

€

2

if s,t € [tg,tx+1]. Then, by Remark 3.1 ||v(t) —v(s)|| < 2 if s, € [tg, tx+1]- Let log denote
the principal branch of the analytic logarithm in B(H). According to Remark 3.4, the
unique anti-Hermitian logarithm of ~*(tx)v(tgs1) in B(H) such that ||z|| < 7 is in fact an
element of Zy, due to the fact that

1Y (te)y(trs1) — 1 < 2.

() =v(s)llg <2 and [y (@)F(E) =" (s)¥(s)llg <

Then put

I *(t t
= 8 )
te+1 — Tk

Now note that, for any fixed ¢ € [0,1], the map g : h — 3 log(v*(t)y(t +h)), is well-defined
and analytic, for sufficiently small h. Moreover, if h — 0, then

g(h) — dlog; v"(£)¥(t) = 7" (t)3(2).
Then, taking a refinement of the partition if necessary, we can also assume that
€
2
for any K =0,1,2---,n. Consider the map P, : [0, 1] — U(H) which is defined as

2k — " (tr) 3 (te) lg <

P.(t) = y(tr)e )% for t € [tg, tpsy].

Then P, is certainly a polygonal path, and it is straightforward to see that verifies the
claim of the lemma. O
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Theorem 4.7. Let u,v € Uy and v = ue, with ||z|| <, 2 € I, and Hermitian. Then,
the curve 0(t) = ue'® is shorter than any other piecewise smooth curve «y in Uy joining u
to v, when we measure them with the norm || - ||¢. In particular, dg(u,v) = ||z||¢.

Proof. Tt suffices to prove the theorem for u = 1. Assume first that ||z|| < w. For given
€ > 0, let P, be a polygonal path in Uy as in the previous lemma, joining 1 to e'*, such
that .

vy — PEPellg <e.
Let §(t) = €. Then by Proposition 4.5,

l#lls = Lo(6) < Lo (P, /|va¢</|w7 B2 Plls + Lo(y) < e+ Lo(2),

and thus Ly(y) > ||2]¢-
If ||z|| = =, consider for s € (0,1) the path d5 which is the geodesic segment joining
v(s) to €. Then

/uvw—/nﬂu+/nﬂu—/uww+m> /nﬂw—% ).

Note that for s < 1, the path 7\[078] followed by ds is a piecewise smooth curve joining 1 to
#%_ Since ||sz|| = s||z|| < w, by what we have just proved,

Amu+La@>zﬂaw

Also note that, for s close to 1, ds(t) = v(s)e®®, with izs = log(7*(s)e’*?). Since ||y(s) —
€|y — 0 as s approaches 1 from the left, then ||zs]|, — 0 as s — 17. Then

1 1
=/Wmm=/umw
0 0

shows that Ly(ds) — 0 as s — 17. Now from

1 1
=A|mmzsmw+/me—LA&>
S

we obtain Lg(7y) > ||2|/4 letting s — 17. O

4.2 Relation with the linear metric

Here we establish that the rectifiable distance is in fact uniformly equivalent to the linear
metric in the unitary group Uy.

Proposition 4.8. Let u,v € Uy. Then

V1 o) < Ju— vy < dyfu.v).

In particular, the function dg is a distance in Uy, equivalent to the linear distance, and if
the ideal Iy is complete, then the metric space (Uy,dy) is complete.
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Proof. By the invariance of the metric, it suffices to check the inequalities of the assertion
for v = 1. From equation (1) in Remark 3.3, it clearly follows that if u = %, with ||z|| < 7
and z € Zs Hermitian, then the inequality on the left holds. The other inequality is trivial.

As for the completeness, it suffices to check that U, is complete with the linear metric
induced by the norm || -||4. This follows from the fact that if {u,} C Uy is a Cauchy
sequence, then the sequence {u, — 1} is a Cauchy sequence in Zy, and by assumption it
converges to an element z € Zy. Let u = z 4 1, we claim that v € U(H). Note that

[un — ull = [[(un = 1) = 2|| < [[(un —1) = z[lg — 0, hence
|luw® — 1| = lim |Ju,u;, — 1|| = 0,
n
thus wu* = 1. Likewise, u*u = 1. O

5 Uniqueness of short geodesics

In this section we prove uniqueness of short paths, assuming the symmetric norm is strictly
convex.

5.1 Dual norms and dual ideals

Definition 5.1. Let Tr stand for the infinite trace of B(H). Let || - |4 be the dual norm
of || - ll¢, which is computed for x € K(H) as

[zllgr = sup{|Tr(zy)| : ylly <1}

This formula defines a norm || - ||y : KK(H) — R U {oo}, all the properties of a norm are
trivially verified with the exception that ||z||; = 0 implies x = 0. But this follows from the
singular values expansion

T =ulz|= Zajej ® (uej).
J
By picking y = (en ® en)u* (see Remark 3.1) one obtains a, = 0 from ||z||g = 0, thus
x=0.

Remark 5.2. Directly from the definition it follows that

Tr(zy)| < llzllollylle-

Let || - lgm = || - ll¢gy» and Zgn the corresponding ideal. Then it also follows directly from
the definitions that
g < llzlle-

In particular, if x € Zy then x € Zyr. Note that, by definition, Zy,Zy C K(H).

Remark 5.3. Let z € K(H), x > 0. Let E : K(H) — C*(x) stand for the unique
conditional expectation compatible with the trace of B(H), which is obtained as follows:
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let {ex} be a basis of ran(z), completed to a basis of H. Let py = e ® ej be the induced
family of projections. Then for any y € K(H),

Tr(pry) = Y _(Pryen, en) = (yex, ex)

n

= ZTr(pky)pk = Zpkyplm
k k

which is known as a pinching operator. It is well-known that pinchings in finite dimensions
are contractive for the symmetric norms, the result extends easily to our context, a property
that turns out to be quite useful to estimate the norm of an element.

thus Tr(pry) — 0 and

The following lemma collects a series of useful facts regarding symmetric norms and
their duals.

Lemma 5.4. Let || - || by a symmetric norm in B(H), let || - ||g stand for its dual norm.
Then
1. |- |l¢r is a symmetric norm in K(H).

2. Let x € K(H) be positive, let E stand for the induced conditional expectation. Then
for any symmetric norm || - |4, we have that E(y) € I, whenever y € Iy, and
moreover

EWs < llyllo-

3. Let z,y € B(H), then
Tr(zy)| < llzylly < llzllgllylle-
If v,y € B(H)p (or x,y € B(H)an), then Tr(xzy*) € R. Thus,

—lzllsllylle < Tr(xy™) < llzllslylle-
4- If © 2 0, then ||z]|y = sup{Tr(zy) : y 2 0, yz = zy, |ylly < 1}.
. I¢ :I¢// and ” : H¢// = || . H¢
6. If x € Iy, then |[zflg = [ |z| [l = sup{Tr(|z[y) : y =0, ylz| = |zly, [lylle <1}
Proof. 1. Let x € K(H), u € U(H). Then, since y — yu is an isometric isomorphism
for the norm || - ||4, naming z = yu we obtain
[uzllg = sup{|Tr(uzy)| : [lylly <1} = sup{[Tr(z2)[ : ||z]lp <1} = [lz]l4,

that is |Jux||y = ||z||4, likewise, ||zv|ly = ||z|l¢ for any v € U(H). Thus || - || is an
unitarily invariant norm. Now assume that ||z|| < 1, then [11] there exists u € U(H),
k=1...nsuch that = + >}, uz. Thus

1 n
sl < £ 3 sl = Il
k
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hence [[{Zylly < lylly for any t € (0,1), namely tzylly < 2lllylly- Tetting ¢ — 1+
gives || zyll¢s < ||2]/ly]l¢, and with a similar argument one obtains the corresponding
property for the right multiplication.

. Let x,, = Z?Zl aje; ® e; be the finite rank operators associated to the singular
value decomposition of z, ||z, — x| — 0 as n — oco. Let p; = ¢; ® ¢; € P(H) and
p=>_"_1pj € P(H). Note that M,, = pB(H)p which is a finite dimensional algebra.
Let E,, : M, — M, stand for the pinching

En(pyp) =Y pjyp-
j=1

Then, since any pinching is majorized by the identity (see for instance [7, page 97]),
by considering the restriction of || - ||4 to M, we obtain

1En(pyp)lls < llpyplls < llyllo-
Note that, for any y € B(H), E,(pyp) = En(y), thus if y € Z,,

sup [ En(y)llo < llylls-
n

Since E,(y) — E(y) strongly, by the noncommutative Fatou Lemma [17, Theorem
2.7(d)], we obtain that E(y) € Zy and [[E(y)[|s < ||yll4-

. Ifx,y € B(H), it is well-known that |Tr(zy)| < Tr|zy| = ||zy|1, and then
eyl = sup{|Tr(uzy)| - u € U(H)} < [luzllsllylle = llzllollylle-

. Ifx > 0, consider the conditional expectation E as in the second item. Then T'r(zy) =
Tr(E(xy)) = Tr(zE(y)) since E is a bi-module map compatible with the trace. Since
FE is contractive,

{E@) :llyle <1} c{z € C7(x) : [l2lly <1},

hence
lzlle = sup [Tr(zy)| = sup |Tr(zE(y))| < sup |Tr(zz)]
lyllo<1 llylls<1 2€C* (x)
zllp<1
< sup |lzzfi = sup Tr(zfz]),
zeC*(x) z€C*(x)
ll=llo<1 ll=llo<1
where we have used that x and |z| commute and thus x|z| = |zz| > 0. Hence

lzllgr < sup{Tr(zy): y >0, yz ==zy, ||ylls < 1},

and the other inequality is obvious.
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5. Let € Ty, then as we mentioned x € Zy and |z||4» < ||z||¢ follow from the
definition of dual norms. Now assume that z € Zy, let z,, p, M, be as in the proof
of the second item. Let IZ = (M, || - ||4) which is a finite dimensional algebra. By
the Hahn-Banach theorem, there exists ¢ € (Ig)* (the dual space) such that [|¢|| =1
and ¢(z,) = ||zn|ls. Being a finite dimensional algebra, there exists z € M, such
that ¢(-) = Tr(z-). It is easy to check (using the definition of dual norms) that

Izllg = llll = 1.
Thus
l@nlls = $lan) = Tr(zaz) < lanllor = Ipoplor

by definition of the second dual norm. Hence
[znlle < llpzpllgr < llzllgr < oo

By the noncommutative Fatou lemma, since x,, — x in the strong operator topology,
x € I¢ and

[2llo < sup [|znllp < fl2flg~.
n

6. This assertion follows directly from the two previous items.

Let I; stand for the dual space of the normed ideal 7.

Corollary 5.5. Let 2* = x € Z,. Then there exist a net {§;} C Iy such that ||&|g < 1,
& =&, &G = &, and a functional ny € L7 such that n; = Tr(&:) — ng in the w*-topology,
and 1z (x) = [|z/lg-
Proof. For each y € Zy, let ny(z) = Tr(yz), then n, € I3 and ||ny|| < |ly|l¢- Consider the
family

Fo={ny:y €Ty, y>0,ylz| = |zly, [lylly <1}

By the last item of the previous lemma, there exists a sequence {y;} C F, such that
Izl = lim Tr(lzly;)
Now if z* = x, write down z = |z|u = u|x| (polar decomposition) and put
1
& = 5(uy; +yju) € Ly

Note that [|§;]l¢r <1, £ = §; since u* = u and also that §; commutes with z. Moreover

Tr(agy) = 5Tr(uys =lu) + Tr(ysunlzl)] = Tr(laly,),

thus ||z[| = lim; T'r(z;). Since n; € Z7 and [[n;|| < 1, by the Banach-Alaouglu-Bourbaki
theorem, the family {n;} has a w*-convergent subnet 7; to a functional n, € 7},

nz(2) = limn;(z) = lim T'r(§;2)

for any z € Z4. In particular n,(z) = ||z[4. O
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5.2 Uniqueness of short paths for strictly convex norms

Definition 5.6. Let X be a Banach space. A norm || - || in X is
1. strictly convex (or rotund) if ||z + y|| = ||z|| + ||y|| implies x = \y.

2. smooth if it is Gateaux differentiable (at each v # 0 € X) as a map from X to R.
Equivalently, for any x € X there exists a unique ¢, € X* such that ||pz]| = 1 and

pa (@) = |||

It is well-known that if the norm on the dual space X™* is rotund, the norm in X is
smooth, and that if the norm in the dual space X* is smooth, then the norm in X is
rotund. The reciprocal of these affirmations are false, see for instance [14, 2.36] and the
references therein.

Theorem 5.7. Assume that the norm || - |4 is rotund. Let u,v,w € Uy such that
dg(u,v) = dg(u, w) + dg(w, v),

and assume that doo(u,v) < 7 (equivalently, ||u —v|| < 2). Then u,v,w are aligned in Uy.

That is, there exists z* = z € Ty with ||z|| < m such that

v = ue*, while w = ue'o?

for some to € [0,1].

Proof. We assume that u = 1. Write v = €/ with ||z|| < 7. Let w = € = e?e~%, with
llyl| <, ||z|| <7 and x,y Hermitian operators in Z,. That is v = €'* = e"e'¥. Then our
assumption is

1lle = llzlle + [lyllo-

Note that ||y|ls < [|z]|¢, likewise, [z|ls < ||2]|¢- To prove the claim of the theorem, it
suffices to show that y = Az, since in that case,

W= T — e~ — ez(l—)\)z,

and we can pick to = 1 — A. In fact, if y = Az, then since ||yl < ||2]|4, we obtain |A| <1,
thus tg =1 — A > 0, and on the other hand, since

(1 =Nzl = llzlly < llzllo

we also have tp =1 — A < 1.
We will use a standard variation technique to show that y = Az. Consider the geodesic
triangle in Uy spanned by 1, e and e = e®e¥. Let

ﬁ(s) _ eiazei(l—s)y — FemisY.
Since ||z|| < 7, if s > 0 is small enough then

18(s) = 1| < lle** =1 + [l = 1] < 2.
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Thus for small s > 0, the element z; = (—i)log(8(s)) is an analytic function of s, is
Hermitian in Z4 and ||z,|| < 7. In particular, zo = z, and moreover from e'* = e*?e™"¥ we

obtain
d

ds
If we recall the formula for the differential of the exponential map in the unitary group

1Zs 12

e 1y.
s=0 Y

1
dexpx(y):/ e(lft)zyetxdt
0

for x,y € B(H)an (see for instance [4, Lemma 3.3]), we obtain

1
—y:/ e " 2petdt. 9)
0

Now by Theorem 4.7, ||zs||¢ = dg(1,8(s)), and by the triangle inequality for the distance
dg, we have

[zllg + (1 = s)llylle = Izl — sllylls < llzslls < llzlle + (1 = s)lylls-
Thus, for any s > 0 sufficiently small,

“lzsllg + I12]
T =yl

Since z5 = z + 208 + 0(s?), then ||zs]ly > ||z + Z08]| — o(s?) for small s > 0, and it follows
that

Z|le — ||z + 208

Let {&} C Zy be a net as in Corollary 5.5 such that ||z||4 = lim; Tr(2§;) = 12(2). Then
Iz + Zosl| = 7(&i(2 + 20s)) = 7(&i2) + s7(208:)-

Then

w — 7(&%0) + ofs).

lylle <

Since the & and z commute, by equation (9) we have 7(&y) = —7(&%0) for any i. Taking
limit on ¢ we obtain

lylle < n=(y) +o(s) < lylls + ols)
since ||n,|| < 1. Letting s — 0" we obtain ||y||s = n.(y). To finish, note that
12+ yllo = n=(2 +y) = 1=(2) +1:(y) = [|2ll6 + lyllo,

which shows that y = Az, since we are assuming that the norm || - ||4 is rotund. O

Corollary 5.8. If the norm || - ||4 is rotund, and z is a Hermitian element of Ty such that
|z]| < =, then 8(t) = ue™ is the unique piecewise C curve in Uy joining u to v = ue'
with length equal to dg(u,v) = ||z||¢-
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Proof. Assume that v is any short, piecewise smooth curve joining 1 to ¢%*. Let tg € (0, 1)
and let y(tp) = e = e*e™, with ||y|| <, ||z|| < . By Proposition 4.5 and Theorem 4.7
applied to each segment,

to 1
lello < llzlls + lylls < /0 ¥l + / o = Lo(1) = 2llo:
0

hence ||z|4 + |lyll¢ = [|z]l¢- Now the claim of the corollary follows form the previous
theorem. O

Remark 5.9. This result generalizes [4, Theorem 3.2] for the p-norms (p > 2), where it
was proved using a particular variational calculus for the p-norms, see also [13].

Remark 5.10. If ||u — v|| = 2 (equivalently, if v = ue’* with ||z|| = 7), then the segment
§(t) = ue™® is not unique as a short path joining w,v. In fact, it suffices to consider
the case v = 1. Since the condition |[u — 1| = 2 is equivalent to —2 € o(u — 1), if
r=u—1¢€Z, C K(H), this is equivalent to —1 € o(x). Then, as in Remark 3.3,

k>1 k>1

where {py } ;>0 are disjoint projections (finite dimensional for £ > 1, and |t;| < 7, t, — 0).
Let p; be the finite rank projection to the eigenspace of A = —1, then we can assume that
t1 = m, and |tg| < w for k > 2. If the rank of pg is one, there are exactly two logarithms of
v in Zy (with uniform norm equal to ), corresponding to

z = Fimpr + ¢ Ztkpk.
k>2

However, if rank(pg) = n > 2, then there are an infinite number of decompositions p; = g+
¢’ into proper disjoint projections, which allows to choose an infinite number of logarithms
AS I¢,
2z =inq —ing +1i Z trDk
E>1

of norm equal to .

Remark 5.11. Clearly, these results of existence and uniqueness of short geodesics joining
given endpoints (Theorem 4.7 and Corollary 5.8) hold verbatim if we replace Uy by U (0),
the group associated to the minimal ideal which is the closure in the symmetric norm of
finite rank operators. The same can be said for symmetric norms in matrix algebras, that
is, if the dimension of the Hilbert space H is finite, a result which has interest on its own
right.
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