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Abstract

For a given symmetrically normed ideal Iφ on an infinite dimensional Hilbert space
H, we study the rectifiable distance in the classical Banach-Lie unitary group

Uφ = {u a unitary operator in H, u− 1 ∈ Iφ}.

We prove that one-parameter subgroups of Uφ are short paths, provided the spectrum
of the exponent is bounded by π, and that any two elements of Uφ can be joined with a
short path, thus obtaining a Hopf-Rinow theorem in this infinite dimensional setting,
for a wide and relevant class of (non necessarily smooth) metrics. Then we prove that
the one-parameter groups are the unique short paths joining given endpoints, provided
the symmetric norm considered is strictly convex.1

1 Introduction

The group of unitary operators on Hilbert space carries, as any Banach-Lie group, a canon-
ical connection without torsion ∇XY = 1

2 [X,Y ], whose geodesics are the one-parameter
groups t 7→ uetz (here u is a unitary operator and z an anti-Hermitian operator). In the
finite dimensional setting, the trace is available to introduce a Riemannian metric on the
unitary group in a standard fashion

〈x, y〉g = Tr(u∗x(u∗y)∗) = Tr(xy∗),

for u∗x, u∗y in the Lie algebra of the group, that is, for u∗x, u∗y anti-Hermitian matrices.
It is well-known that the connection just introduced is in fact the Levi-Civita connection
of the metric g induced by the trace, and that geodesics are short provided the spectrum
of z is bounded by π.

Now consider the bi-invariant Finsler metric given by the uniform norm,

‖x‖u = ‖u∗x‖ = ‖x‖

for any x tangent to a unitary operator u. Remarkably, if one keeps the connection but
changes the metric, the geodesics of the connection are still short for the induced rectifiable
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distance (which, as in the Riemannian setting, is computed as the infimum of the length
of piecewise smooth curves joining given endpoints, and L(γ) =

∫ 1
0 ‖γ̇‖dt). The proof of

this well-known fact deserves to be sketched here since is short and elegant: if γ is a path
of unitaries such that γ(0) = u, γ(1) = v = uez, with z any anti-Hermitian logarithm of
u∗v of norm bounded by π, let ρ be a norming state for −z2 ≥ 0 and ξ be a unit norm
vector in the Hilbert space Hρ of the Gelfand-Neimark-Segal representation induced by
ρ, such that −z2 · ξ = ‖z‖2ξ (choose ξ to be the class of the identity operator). Then
the map w 7→ w · ξ, from the unitary group to the unit sphere of Hρ, with its standard
Riemann-Hilbert metric, sends the one-parameter group δ(t) = uetz to a geodesic of the
unit sphere, with equal lengths. Thus uetz · ξ is shorter than γ · ξ, and

L(γ) =
∫
‖γ̇‖ ≥

∫
‖γ̇ · ξ‖Hρ ≥

∫
‖(uetz · ξ)˙‖Hρ = ‖z‖ = L(δ).

This idea can be traced back to a paper by Porta and Recht [16], where it was used to prove
the minimality of certain paths in the Grassmann manifold of a C∗-algebra, see also [2] for
a Hopf-Rinow theorem in the context of (infinite-dimensional) Grassmann manifolds.

In recent years, there has been an increasing interest in the geometric properties of
ideals I of compact operators on Hilbert space (see [5, 6, 8] and the references therein),
and in particular in the Lie and representation theory of the subgroups of the linear group
GI , which consist of invertible operators g onH such that g−1 ∈ I. Of particular relevance
is the group of unitary operators, since it acts isometrically on the ideals that arise from
a symmetric norm, and gives rise to several homogeneous spaces such as the Grassmann
manifold, which can be viewed as the coadjoint orbit of a fixed projection.

In this paper we focus on the metric properties of the unitary groups arising from
a symmetric norm on compact operators. We study short curves, and we prove what
we think is a fundamental result in the interplay between the algebraic and geometric
properties of these groups: one-parameter subgroups are short geodesics for the rectifiable
distance induced by the symmetric norm, thus extending the above mentioned result for
the Finsler metric induced by the uniform norm. We also prove that these geodesics are
unique among short paths joining its endpoints, provided the symmetric norm involved is
strictly convex. Since the paper is intended for those interested in metric geometry and
operator algebras alike, we have tried to keep the prerequisites to a minimum, and we also
included the proof of some perhaps well-known facts in both areas to make the paper more
readable.

This paper is organized as follows. In Section 2 we fix our notation regarding symmetric
norms and the ideals of compact operators induced. In Section 3 we recall the notions of
rectifiable length and rectifiable distance associated to a symmetric norm in U(H). Then
in Section 4 we introduce the notion of geodesic segment, which is a one-parameter group
in Uφ such that its initial speed has spectrum contained in [−iπ, iπ]. We prove a certain
triangle inequality valid for any symmetric norm (Proposition 4.3), the key tool to the
proof of Theorem 4.7. This is one of the two main results of this paper, and states that
geodesics segments are short for any symmetric norm. In Section 5, we recall the notion of
dual norm and prove some useful properties in connection with conditional expectations.
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We use these tools to prove Corollary 5.8, which is the other main result of this paper, and
states that if the symmetric norm is strictly convex, then geodesic segments are the unique
short paths joining given endpoints in Uφ.

2 Symmetric norms

Let H be a complex separable and infinite dimensional Hilbert space. In this paper B(H),
K(H) and J (H) stand for the sets of bounded linear operators, compact operators and
finite rank operators in H respectively. The unitary group of B(H) is indicated by U(H),
and P(H) is the set of self-adjoint projections in B(H). If x ∈ B(H), then ‖x‖ stands for
the usual uniform norm, and we will use | · | to indicate the modulus of an operator, i.e.
|x| =

√
x∗x. We indicate with B(H)h (resp. B(H)ah) the real linear spaces of Hermitian

(resp. anti-Hermitian) elements of B(H).

If ‖ · ‖φ : B(H)→ R ∪ {∞} is a norm, let

Iφ = {x ∈ B(H) : ‖x‖φ <∞}

stand for the set of operators with finite norm. A norm ‖ · ‖φ is called symmetric if

‖xyz‖φ ≤ ‖x‖‖y‖φ‖z‖

for any x, y, z ∈ bh. The standard references on the subject are the books by Gohberg and
Krein [10] and Simon [17]. The set Iφ is a bilateral ideal in B(H). Let

I(0)
φ = J (H)

‖·‖φ

stand for the closure of the finite rank operators in the symmetric norm, which is again
a bilateral ideal of compact operators. Clearly I(0)

φ ⊂ Iφ, while if I(0)
φ = Iφ we say that

‖ · ‖φ is regular. The ideals I(0)
φ , Iφ are the minimal and maximal ideals related to the

symmetric norm, according to the classical literature [17, Chapter 2]. It will be assumed
(unless otherwise stated) that ‖·‖φ is inequivalent to the uniform norm of B(H), so I(0)

φ , Iφ
are proper ideals of compact operators. Some elementary useful properties include the
following:

• unitary invariance: for any u, v ∈ U(H), ‖uxv‖φ = ‖x‖φ.

• gauge invariance: if x = u|x| is the polar decomposition of x, then ‖x‖φ = ‖ |x| ‖φ.

• invariance for the adjoint: for any x, it holds ‖x‖φ = ‖x∗‖φ.

What we are interested in here is in the unitary groups of ‖ · ‖φ, that is

Uφ = {u ∈ U(H) : u− 1 ∈ Iφ} or U (0)
φ = {u ∈ U(H) : u− 1 ∈ I(0)

φ }.
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The topology in these groups is given by the metric

d(u, v) = ‖u− v‖φ = ‖(u− 1)− (v − 1)‖φ.

Well-known examples of symmetric norms are the p-norms (p ≥ 1) given by

‖x‖p = Tr(|x|p)
1
p ,

where Tr is the usual (infinite) trace of B(H), and also the Ky-Fan k-norms. In the case of
the p-norms, the regular ideals induced are called p-Schatten ideals, and the unitary groups
are examples of what Pierre de la Harpe calls classical Banach-Lie groups of operators on
Hilbert space [12]. Note that for p =∞, Iφ = B(H) while I(0)

φ = K(H).

3 The unitary group and its rectifiable distances

The unitary group U(H) of B(H) is a smooth manifold in the uniform norm of B(H), and it
is in fact a real Banach-Lie subgroup of the full linear group. Its Banach-Lie algebra can be
identified with B(H)ah, and if γ : [0, 1]→ U(H) is a smooth curve, then γ∗(t)γ̇(t) ∈ B(H)ah
for any t ∈ [0, 1]. Here smooth means C1 and with non-vanishing derivative.

It is well-known that if one endows the tangent spaces of U(H) with the Finsler metric
that consists of measuring vectors with the uniform norm of B(H),

‖γ̇‖γ = ‖γ∗γ̇‖ = ‖γ̇‖,

then the curves δ(t) = eitz, with Hermitian symbol z, are shorter than any other piecewise
smooth curve joining its endpoints, provided ‖z‖ ≤ π (see the introduction for a proof).
Thus the rectifiable distance related to the uniform norm is also known as exponential
length in the unitary group (of a C∗-algebra), and in that setting it is a relevant invariant
of the classification theory, see [15] and the references therein.

However, in B(H) (in fact, in any von Neumann algebra), any pair of elements u, v ∈
U(H) are conjugated by an Hermitian z with ‖z‖ ≤ π (i.e. there exists z ∈ B(H)h such
that ‖z‖ ≤ π and ueiz = v). This element is unique if ‖u − v‖ < 2, and in that case
‖z‖ < π. Thus if one defines the rectifiable distance as the infimum of the lengths of curves
joining its endpoints,

d∞(u, v) = inf
{∫ 1

0
‖γ̇‖ : γ is piecewise smooth and joins u to v in U(H)

}
,

then d∞(u, v) = ‖z‖.

Remark 3.1. Recall that there exists a constant cφ such that ‖x‖ ≤ cφ‖x‖φ for any
symmetric norm ‖ · ‖φ and any x ∈ Iφ, see for instance [10, page 65 and the footnote
at page 58]. The number cφ is the value of ‖ · ‖φ on any one-dimensional projection. So
we might as well assume from now on that cφ = 1, i.e. ‖x‖ ≤ ‖x‖φ for any x ∈ Iφ. In
particular, convergence in Iφ implies convergence in the uniform norm, and a continuous
curve in Iφ is continuous for the uniform norm.
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We will consider piecewise smooth curves γ : [0, 1]→ Uφ. Note that γ, γ̇ are continuous
also in the uniform norm. Since γ̇ ∈ Iφ, it is legitimate to define

‖γ̇‖γ = ‖γ̇‖φ.

Definition 3.2. The rectifiable length of γ is

Lφ(γ) =
∫ 1

0
‖γ̇‖φ,

and the rectifiable distance among u, v ∈ Uφ is

dφ(u, v) = inf {Lφ(γ) : γ : [0, 1]→ Uφ is piecewise smooth and joins u to v in Uφ} .

The function dφ is in fact a distance, since ‖u − v‖φ ≤ dφ(u, v) for any u, v ∈ Uφ, see
the related Proposition 4.8 below.

One of the main features of this metric is that is invariant for the action of the unitary
group U(H), in fact it is a bi-invariant metric

dφ(uv1w, uv2w) = dφ(v1, v2)

for u,w ∈ U(H) and v1, v2 ∈ Uφ.

Remark 3.3. Observe that, for given u ∈ Uφ, u − 1 is a normal compact operator and
thus admits a spectral decomposition relative to a family of disjoint projections {pk}k∈N,
namely u− 1 =

∑
αkpk for some bounded sequence αk. In fact limk αk = 0 since u− 1 is

compact. Now let p0 = 1−
∑
pk thus

u = p0 +
∑
k

(1 + αk)pk.

It is then clear that |1 +αk| = 1 for any k ∈ N. Let {tk}k∈N be a sequence of real numbers
such that |tk| ≤ π and eitk = 1+αk. In particular, tk →k 0. From the elementary inequality

|eit − 1| =
√

2(1− cos t) ≥ |t|
√

1− t2

12
, (1)

valid for any t ∈ [−π, π], and the fact that

|t|
√

1− t2

12
≥ 1

2
|t|

for sufficiently small t, we derive that |tk| ≤ 2|αk| for sufficiently large k. Thus the operator
z ∈ B(H) defined by z =

∑
k tkpk is clearly compact and moreover z ∈ Iφ, since |αk| are

the singular values of u− 1 (see [10, page 69]).
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Remark 3.4. The previous remark shows that for any u ∈ Uφ there exists an Hermitian
z ∈ Iφ with ‖z‖ ≤ π such that eiz = u. Moreover, if ‖u− 1‖ < 2 (or equivalently ‖z‖ < π),
this z is unique by the uniqueness of the principal branch of the analytic logarithm of u in
B(H). Then any pair of unitaries u, v ∈ Uφ can be conjugated with an Hermitian z ∈ Iφ,
ueiz = v, with ‖z‖ ≤ π, and one can consider the elementary smooth curve

δ(t) = ueitz

which joins them in Uφ. Its rectifiable length is ‖z‖φ. It is known, for the p-norms of B(H),
with p ≥ 2, that these curves are shorter that any other piecewise smooth curve joining u
to v, and hence

dp(u, v) = ‖z‖p, p ≥ 2.

Moreover the curve is unique, among C2 curves joining u, v, if ‖z‖ < π and p < ∞. The
proof of these facts can be found in [4, Theorem 3.2]. See also [1] for related results on the
unitary group of a finite von Neumann algebras and their homogeneous spaces.

4 Minimality of geodesic segments

Let us establish some facts concerning the curves t 7→ ueitz for Hermitian z ∈ Iφ joining u
and v = ueiz in Uφ. We will call such paths geodesic segments. In this section we prove that
the geodesic segments are short among piecewise smooth paths in Uφ, when we measure
them with the rectifiable distance. We begin with a technical lemma.

Lemma 4.1. Let x, y ∈ K(H)h and assume that eix = eiy, ‖x‖ < π. Then x commutes
with y, and |x| ≤ |y|. Moreover, if ‖y‖ ≤ π, then x = y.

Proof. Let t ∈ R. Then eityeixe−ity = eityeiye−ity = eiy. This is equivalent to

exp(eityixe−ity) = eiy.

Differentiating at t = 0 we obtain exp∗ix([y, x]) = 0. Since ‖ix‖ < π, the map exp∗ix is
invertible (see for instance [4, Lemma 3.3]), and the first claim [y, x] = 0 follows. Now
let {pk}k∈Z ⊂ P(H) be a family of disjoint projections (i.e pipj = 0 if i 6= j) such that
x =

∑
αkpk, y =

∑
βkpk, with αk, βk real numbers. Thus eix−iy = 1 implies that there

exist integers {nj}j=1...m, and disjoint projections {qj}j=1...m such that∑
k

(αk − βk)pk = 2π
∑
j

njqj .

If ‖y‖ ≤ π, then multiplying by a fixed qj and taking norms gives

2π|nj | ≤ ‖x− y‖ < 2π,

which in turn implies nj = 0 for any j = 1 . . .m, or equivalently x = y.
In the general case, we have

y − x = 2πi
∑

njqj .
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Let A ⊂ K(H) stand for the abelian C∗-algebra generated by the projections {pk}k∈N.
Then y − x ∈ A, thus qj ∈ A for any j because qj can be obtained via a uniform limit of
polynomials in x− y. In particular, qj commutes with pk for any j, k.

From ypk = xpk + 2π
∑

j njqjpk, squaring both sides and rearranging terms we obtain

β2
kpk = α2

kpk + 4π
∑
j

nj(πnj + αk)qjpk.

Note that qjpk is positive and also that nj(πnj +αk) ≥ 0 for any j, k, since |αk| < π. This
implies

β2
kpk ≥ α2

kpk,

thus |βk|pk ≥ |αk|pk, and summing over k yields |y| ≥ |x|.

Remark 4.2. Note that if 0 ≤ s ≤ t ∈ Iφ, there exists a ∈ B(H) such that ‖a‖ ≤ 1 and
s = at; in particular s ∈ Iφ and ‖s‖φ ≤ ‖a‖‖t‖φ ≤ ‖t‖φ for any symmetric norm ‖ · ‖φ.

The following proposition is our fundamental tool to prove that geodesic segments are
short. Following an idea introduced by Li, Qiu and Zhang in [19, 20] to study angular
metrics in the finite dimensional Grassmannian, we prove a triangle inequality by using a
remarkable result by Thompson [18], a result that until not so lang ago had an incomplete
proof since it depends on the validity of Horn’s conjecture on the spectrum of the sum of
two Hermitian matrices (see [9] and the references therein).

Proposition 4.3. Let x, y ∈ K(H)h. If z is a Hermitian operator such that eixeiy = eiz,
and ‖z‖ < π, then there exist unitary operators uk and vk ∈ B(H), for k ∈ N, such that

ei z = lim
k→∞

ei ukxu
∗
k+i vkyv

∗
k

in the uniform topology. Moreover, if x, y ∈ Iφ for some symmetric norm ‖ · ‖φ, then
z ∈ Iφ and

‖z‖φ ≤ ‖x‖φ + ‖y‖φ.

Proof. If a and b are Hermitian matrices in Mn(C) the problem was studied by Thompson
[18]. In this case he proved that there exist unitary matrices un, vn ∈Mn(C) such that

ei aei b = ei unau
∗
n+i vnbv∗n . (2)

Let us approximate in the uniform norm the compact Hermitian operators x and y with
finite range Hermitian operators xk, yk ∈ J (H) for k ∈ N. That implies that limk→∞ e

i xk =
ei x, limk→∞ e

i yk = ei y and

lim
k→∞

ei xkei yk = ei xei y = ei z (3)

uniformly. Explicitly, since x is compact, so is |x|, and let αj ≥ 0 be a rearrangement
in decreasing order of the eigenvalues of |x| counted with multiplicity. Let ej stand for
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the corresponding unit norm eigenvector. Then {ej}j∈N is an orthonormal set, in fact an
orthonormal basis of ran|x|, that can be extended to an orthonormal basis {ej} ∪ {e′j} of

H = ran|x| ⊕ ker(x).

Then if |x| =
∑

j αjej ⊗ ej is the singular value decomposition of |x|, where ej ⊗ ej stands
for the one-dimensional projection 〈ej , ·〉ej , one obtains x =

∑
j αjej ⊗ (uej). We let

xk =
k∑
j=1

αjej ⊗ (uej),

and with a similar argument we let

yk =
k∑
j=1

βjfj ⊗ (vfj),

where y = v|y|, {fj} is an orthonormal basis of ran|y|, and βj ≥ 0 are the singular values
of |y| in decreasing order.

Then, if we denote with R(xk) the finite dimensional range of xk, since R(xk) =
Ker(xk)⊥, we can identify xk as an operator from R(xk) to R(xk). The same can be done
with yk and R(yk). If we define Sk = R(xk) + R(yk), then xk(Sk) ⊂ Sk and yk(Sk) ⊂ Sk,
and therefore xk, yk ∈ B(Sk) 'Mn(C) (where n = dim(Sk)).

From the finite dimensional result (2), there exist uk, vk unitary linear transformations
in Sk (that means that uku∗k = pSk and vkv∗k = pSk , with pSk the orthogonal projection on
Sk) such that

ei xkei yk = ei ukxku
∗
k+i vkykv

∗
k . (4)

We can extend uk, vk ∈ B(Sk) to the unitaries ũk = uk+pS⊥k and ṽk = vk+pS⊥k ∈ B(H).
Then from the equality (4) valid in Sk we get the following in B(H)

ei xkei yk = ei ũkxkũ
∗
k+i ṽkyk ṽ

∗
k . (5)

By hypothesis ‖z‖ < π, then ‖ei z − 1‖ < 2, and therefore ‖ei xei y − 1‖ < 2. Then,
taking k0 large enough

‖ei xkei yk − 1‖ < 2, for k ≥ k0.

Let wk be the unique Hermitian operator such that i wk = log
(
ei xkei yk

)
and ‖wk‖ < π.

Therefore using this and the expression (5)

ei wk = ei xkei yk = ei ũkxkũ
∗
k+i ṽkyk ṽ

∗
k . (6)

Then using (3) and the fact that ‖z‖ < π and ‖wk‖ < π we get that

lim
k→∞

wk = z, (7)
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in the uniform norm (in particular z is compact). Since (ũkxũ∗k + ṽkyṽ
∗
k) − (ũkxkũ∗k +

ṽkykṽ
∗
k)→ 0, then using (6) and (7) we get

ei (ũkxũ
∗
k+ṽkyṽ

∗
k) − ei z → 0

uniformly.
Now, for each k ∈ N, from (6) and Lemma 4.1 we get

|wk| ≤ |ũkxkũ∗k + ṽkykṽ
∗
k|.

Since xk, yk are finite range operators, then wk is also a finite range operator. From Remark
4.2 above follows that

‖wk‖φ ≤ ‖xk‖φ + ‖yk‖φ. (8)

If x, y ∈ Iφ, since xk = Pkx for some orthogonal projection Pk ∈ P(H), one obtains

‖xk‖φ = ‖Pkx‖φ ≤ ‖Pk‖‖x‖φ = ‖x‖φ.

Similarly ‖yk‖φ ≤ ‖y‖φ. Thus from (8) follows that

‖wk‖φ ≤ ‖x‖φ + ‖y‖φ,

in particular
sup
k
‖wk‖φ <∞.

Since wk → z uniformly, the noncommutative Fatou lemma [17, Theorem 2.7(d)] gives us
z ∈ Iφ and moreover

‖z‖φ ≤ ‖x‖φ + ‖y‖φ.

Corollary 4.4. Let x, y, z ∈ Iφ be Hermitian, eixeiy = eiz. Then if ‖y‖ < π and ‖z‖ ≤ π,

‖z‖φ ≤ ‖x‖φ + ‖y‖φ.

Proof. Consider the triangle spanned by 1, eix, eiz in U(H). Note that there exists ε > 0
such that

‖e−ixeisz − 1‖ < 2

if 1 − ε < s ≤ 1, due to the fact that ‖eiy − 1‖ < 2. Thus ys ∈ K(H)h defined as iys =
log(e−ixeisz) is well defined in the same interval, and depends smoothly on s; moreover it
is easy to check that ys ∈ Iφ, and then ‖ys − y‖φ → 0 when s → 1−. By the previous
proposition, since ‖sz‖ = s‖z‖ < π for s < 1, we obtain

‖sz‖φ ≤ ‖x‖φ + ‖ys‖φ

for s close to 1. Letting s→ 1− gives the claim.
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4.1 Geodesic segments are short

Recall that we use the term segment for the curves ueitz in Uφ, with z ∈ Iφ Hermitian. A
polygonal path is a continuous curve that consists piecewise of segments.

Proposition 4.5. If z ∈ Iφ is Hermitian, ‖z‖ < π, and P : [0, 1]→ Uφ is a polygonal path
joining 1 to eiz, then Lφ(P ) ≥ ‖z‖φ.

Proof. Iterating the argument, it suffices to prove the assertion for a path that consists
of two segments, that is, assume eiz = eixeiy and P consists of µ1(t) = eitx followed by
µ2(t) = eixeity, with ‖y‖ < π. Now Lφ(P ) ≥ ‖z‖φ is the claim of Corollary 4.4.

Now we approximate a smooth path with a polygonal path.

Lemma 4.6. Let γ : [0, 1] → Uφ be piecewise smooth. Then for any ε > 0 there is a
polygonal path Pε : [0, 1]→ Uφ such that for any t ∈ [0, 1],

‖P ∗ε (t)Ṗε(t)− γ∗(t)γ̇(t)‖φ < ε.

Proof. We may as well assume that γ is smooth in [0, 1]. Recall that γ, γ̇ are continuous
in the uniform norm. Let ε > 0, and choose a partition 0 = t0 < t1 < · · · < tn = 1 of the
interval [0, 1] such that, for any k = 0, 1, · · · , n,

‖γ(t)− γ(s)‖φ < 2 and ‖γ∗(t)γ̇(t)− γ∗(s)γ̇(s)‖φ <
ε

2

if s, t ∈ [tk, tk+1]. Then, by Remark 3.1 ‖γ(t)− γ(s)‖ < 2 if s, t ∈ [tk, tk+1]. Let log denote
the principal branch of the analytic logarithm in B(H). According to Remark 3.4, the
unique anti-Hermitian logarithm of γ∗(tk)γ(tk+1) in B(H) such that ‖z‖ < π is in fact an
element of Iφ, due to the fact that

‖γ∗(tk)γ(tk+1)− 1‖ < 2.

Then put

zk =
log(γ∗(tk)γ(tk+1))

tk+1 − tk
∈ Iφ.

Now note that, for any fixed t ∈ [0, 1], the map g : h 7→ 1
h log(γ∗(t)γ(t+h)), is well-defined

and analytic, for sufficiently small h. Moreover, if h→ 0, then

g(h)→ d log1 γ
∗(t)γ̇(t) = γ∗(t)γ̇(t).

Then, taking a refinement of the partition if necessary, we can also assume that

‖zk − γ∗(tk)γ̇(tk)‖φ <
ε

2

for any k = 0, 1, 2 · · · , n. Consider the map Pε : [0, 1]→ U(H) which is defined as

Pε(t) = γ(tk)e(t−tk)zk for t ∈ [tk, tk+1].

Then Pε is certainly a polygonal path, and it is straightforward to see that verifies the
claim of the lemma.

10



Theorem 4.7. Let u, v ∈ Uφ and v = ueiz, with ‖z‖ ≤ π, z ∈ Iφ and Hermitian. Then,
the curve δ(t) = ueitz is shorter than any other piecewise smooth curve γ in Uφ joining u
to v, when we measure them with the norm ‖ · ‖φ. In particular, dφ(u, v) = ‖z‖φ.

Proof. It suffices to prove the theorem for u = 1. Assume first that ‖z‖ < π. For given
ε > 0, let Pε be a polygonal path in Uφ as in the previous lemma, joining 1 to eiz, such
that

‖γ∗γ̇ − P ∗ε Ṗε‖φ < ε.

Let δ(t) = eitz. Then by Proposition 4.5,

‖z‖φ = Lφ(δ) ≤ Lφ(Pε) =
∫ 1

0
‖P ∗ε Ṗε‖φ ≤

∫ 1

0
‖γ∗γ̇ − P ∗ε Ṗε‖φ + Lφ(γ) < ε+ Lφ(γ),

and thus Lφ(γ) ≥ ‖z‖φ.
If ‖z‖ = π, consider for s ∈ (0, 1) the path δs which is the geodesic segment joining

γ(s) to eisz. Then∫ 1

0
‖γ̇‖φ =

∫ s

0
‖γ̇‖φ +

∫ 1

s
‖γ̇‖φ =

∫ s

0
‖γ̇‖φ + Lφ(δs) +

∫ 1

s
‖γ̇‖φ − Lφ(δs).

Note that for s < 1, the path γ|[0,s] followed by δs is a piecewise smooth curve joining 1 to
eisz. Since ‖sz‖ = s‖z‖ < π, by what we have just proved,∫ s

0
‖γ̇‖φ + Lφ(δs) ≥ s‖z‖φ.

Also note that, for s close to 1, δs(t) = γ(s)eitzs , with izs = log(γ∗(s)eisz). Since ‖γ(s) −
eiz‖φ → 0 as s approaches 1 from the left, then ‖zs‖φ → 0 as s→ 1−. Then

Lφ(δs) =
∫ 1

0
‖δ̇s‖φ =

∫ 1

0
‖zs‖φ

shows that Lφ(δs)→ 0 as s→ 1−. Now from

Lφ(γ) =
∫ 1

0
‖γ̇‖φ ≥ s‖z‖φ +

∫ 1

s
‖γ̇‖φ − Lφ(δs)

we obtain Lφ(γ) ≥ ‖z‖φ letting s→ 1−.

4.2 Relation with the linear metric

Here we establish that the rectifiable distance is in fact uniformly equivalent to the linear
metric in the unitary group Uφ.

Proposition 4.8. Let u, v ∈ Uφ. Then√
1− π2

12
dφ(u, v) ≤ ‖u− v‖φ ≤ dφ(u, v).

In particular, the function dφ is a distance in Uφ, equivalent to the linear distance, and if
the ideal Iφ is complete, then the metric space (Uφ, dφ) is complete.
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Proof. By the invariance of the metric, it suffices to check the inequalities of the assertion
for v = 1. From equation (1) in Remark 3.3, it clearly follows that if u = eiz, with ‖z‖ ≤ π
and z ∈ Iφ Hermitian, then the inequality on the left holds. The other inequality is trivial.

As for the completeness, it suffices to check that Uφ is complete with the linear metric
induced by the norm ‖ · ‖φ. This follows from the fact that if {un} ⊂ Uφ is a Cauchy
sequence, then the sequence {un − 1} is a Cauchy sequence in Iφ, and by assumption it
converges to an element z ∈ Iφ. Let u = z + 1, we claim that u ∈ U(H). Note that
‖un − u‖ = ‖(un − 1)− z‖ ≤ ‖(un − 1)− z‖φ → 0, hence

‖uu∗ − 1‖ = lim
n
‖unu∗n − 1‖ = 0,

thus uu∗ = 1. Likewise, u∗u = 1.

5 Uniqueness of short geodesics

In this section we prove uniqueness of short paths, assuming the symmetric norm is strictly
convex.

5.1 Dual norms and dual ideals

Definition 5.1. Let Tr stand for the infinite trace of B(H). Let ‖ · ‖φ′ be the dual norm
of ‖ · ‖φ, which is computed for x ∈ K(H) as

‖x‖φ′ = sup{|Tr(xy)| : ‖y‖φ ≤ 1}.

This formula defines a norm ‖ · ‖φ′ : K(H) → R ∪ {∞}, all the properties of a norm are
trivially verified with the exception that ‖x‖φ′ = 0 implies x = 0. But this follows from the
singular values expansion

x = u|x| =
∑
j

αjej ⊗ (uej).

By picking y = (en ⊗ en)u∗ (see Remark 3.1) one obtains αn = 0 from ‖x‖φ′ = 0, thus
x = 0.

Remark 5.2. Directly from the definition it follows that

|Tr(xy)| ≤ ‖x‖φ‖y‖φ′ .

Let ‖ · ‖φ′′ = ‖ · ‖(φ′)′ , and Iφ′′ the corresponding ideal. Then it also follows directly from
the definitions that

‖x‖φ′′ ≤ ‖x‖φ.

In particular, if x ∈ Iφ then x ∈ Iφ′′ . Note that, by definition, Iφ′ , Iφ′′ ⊂ K(H).

Remark 5.3. Let x ∈ K(H), x ≥ 0. Let E : K(H) → C∗(x) stand for the unique
conditional expectation compatible with the trace of B(H), which is obtained as follows:

12



let {ek} be a basis of ran(x), completed to a basis of H. Let pk = ek ⊗ ek be the induced
family of projections. Then for any y ∈ K(H),

Tr(pky) =
∑
n

〈pkyen, en〉 = 〈yek, ek〉

thus Tr(pky)→ 0 and
E(y) =

∑
k

Tr(pky)pk =
∑
k

pkypk,

which is known as a pinching operator. It is well-known that pinchings in finite dimensions
are contractive for the symmetric norms, the result extends easily to our context, a property
that turns out to be quite useful to estimate the norm of an element.

The following lemma collects a series of useful facts regarding symmetric norms and
their duals.

Lemma 5.4. Let ‖ · ‖φ by a symmetric norm in B(H), let ‖ · ‖φ′ stand for its dual norm.
Then

1. ‖ · ‖φ′ is a symmetric norm in K(H).

2. Let x ∈ K(H) be positive, let E stand for the induced conditional expectation. Then
for any symmetric norm ‖ · ‖φ, we have that E(y) ∈ Iφ whenever y ∈ Iφ, and
moreover

‖E(y)‖φ ≤ ‖y‖φ.

3. Let x, y ∈ B(H), then
|Tr(xy)| ≤ ‖xy‖1 ≤ ‖x‖φ‖y‖φ′ .

If x, y ∈ B(H)h (or x, y ∈ B(H)ah), then Tr(xy∗) ∈ R. Thus,

−‖x‖φ‖y‖φ′ ≤ Tr(xy∗) ≤ ‖x‖φ‖y‖φ′ .

4. If x ≥ 0, then ‖x‖φ′ = sup{Tr(xy) : y ≥ 0, yx = xy, ‖y‖φ ≤ 1}.

5. Iφ = Iφ′′ and ‖ · ‖φ′′ = ‖ · ‖φ.

6. If x ∈ Iφ, then ‖x‖φ = ‖ |x| ‖φ = sup{Tr(|x|y) : y ≥ 0, y|x| = |x|y, ‖y‖φ′ ≤ 1}.

Proof. 1. Let x ∈ K(H), u ∈ U(H). Then, since y 7→ yu is an isometric isomorphism
for the norm ‖ · ‖φ, naming z = yu we obtain

‖ux‖φ′ = sup{|Tr(uxy)| : ‖y‖φ ≤ 1} = sup{|Tr(xz)| : ‖z‖φ ≤ 1} = ‖x‖φ′ ,

that is ‖ux‖φ′ = ‖x‖φ′ , likewise, ‖xv‖φ′ = ‖x‖φ′ for any v ∈ U(H). Thus ‖ · ‖φ′ is an
unitarily invariant norm. Now assume that ‖x‖ < 1, then [11] there exists uk ∈ U(H),
k = 1 . . . n such that x = 1

k

∑n
k=1 uk. Thus

‖xy‖φ′ ≤
1
k

n∑
k=1

‖uky‖φ = ‖y‖φ′ ,
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hence ‖ tz‖z‖y‖φ′ ≤ ‖y‖φ′ for any t ∈ (0, 1), namely t‖zy‖φ′ ≤ ‖z‖‖y‖φ′ . Letting t→ 1+

gives ‖zy‖φ′ ≤ ‖z‖‖y‖φ′ , and with a similar argument one obtains the corresponding
property for the right multiplication.

2. Let xn =
∑n

j=1 αjej ⊗ ej be the finite rank operators associated to the singular
value decomposition of x, ‖xn − x‖ → 0 as n → ∞. Let pj = ej ⊗ ej ∈ P(H) and
p =

∑n
j=1 pj ∈ P(H). Note thatMp = pB(H)p which is a finite dimensional algebra.

Let En :Mp →Mp stand for the pinching

En(pyp) =
n∑
j=1

pjyp.

Then, since any pinching is majorized by the identity (see for instance [7, page 97]),
by considering the restriction of ‖ · ‖φ to Mp, we obtain

‖En(pyp)‖φ ≤ ‖pyp‖φ ≤ ‖y‖φ.

Note that, for any y ∈ B(H), En(pyp) = En(y), thus if y ∈ Iφ,

sup
n
‖En(y)‖φ ≤ ‖y‖φ.

Since En(y) → E(y) strongly, by the noncommutative Fatou Lemma [17, Theorem
2.7(d)], we obtain that E(y) ∈ Iφ and ‖E(y)‖φ ≤ ‖y‖φ.

3. If x, y ∈ B(H), it is well-known that |Tr(xy)| ≤ Tr|xy| = ‖xy‖1, and then

‖xy‖1 = sup{|Tr(uxy)| : u ∈ U(H)} ≤ ‖ux‖φ‖y‖φ′ = ‖x‖φ‖y‖φ′ .

4. If x ≥ 0, consider the conditional expectation E as in the second item. Then Tr(xy) =
Tr(E(xy)) = Tr(xE(y)) since E is a bi-module map compatible with the trace. Since
E is contractive,

{E(y) : ‖y‖φ′ ≤ 1} ⊂ {z ∈ C∗(x) : ‖z‖φ′ ≤ 1},

hence

‖x‖φ′ = sup
‖y‖φ≤1

|Tr(xy)| = sup
‖y‖φ≤1

|Tr(xE(y))| ≤ sup
z∈C∗(x)
‖z‖φ≤1

|Tr(xz)|

≤ sup
z∈C∗(x)
‖z‖φ≤1

‖zx‖1 = sup
z∈C∗(x)
‖z‖φ≤1

Tr(x|z|),

where we have used that x and |z| commute and thus x|z| = |xz| ≥ 0. Hence

‖x‖φ′ ≤ sup{Tr(xy) : y ≥ 0, yx = xy, ‖y‖φ ≤ 1},

and the other inequality is obvious.
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5. Let x ∈ Iφ, then as we mentioned x ∈ Iφ′′ and ‖x‖φ′′ ≤ ‖x‖φ follow from the
definition of dual norms. Now assume that x ∈ Iφ′′ , let xn, p,Mp be as in the proof
of the second item. Let Ipφ = (Mp, ‖ · ‖φ) which is a finite dimensional algebra. By
the Hahn-Banach theorem, there exists ϕ ∈ (Ipφ)∗ (the dual space) such that ‖ϕ‖ = 1
and ϕ(xn) = ‖xn‖φ. Being a finite dimensional algebra, there exists z ∈ Mp such
that ϕ(·) = Tr(z·). It is easy to check (using the definition of dual norms) that

‖z‖φ′ = ‖ϕ‖ = 1.

Thus
‖xn‖φ = ϕ(xn) = Tr(xnz) ≤ ‖xn‖φ′′ = ‖pxp‖φ′′

by definition of the second dual norm. Hence

‖xn‖φ ≤ ‖pxp‖φ′′ ≤ ‖x‖φ′′ <∞.

By the noncommutative Fatou lemma, since xn → x in the strong operator topology,
x ∈ Iφ and

‖x‖φ ≤ sup
n
‖xn‖ϕ ≤ ‖x‖φ′′ .

6. This assertion follows directly from the two previous items.

Let I∗φ stand for the dual space of the normed ideal Iφ.

Corollary 5.5. Let x∗ = x ∈ Iφ. Then there exist a net {ξi} ⊂ Iφ′ such that ‖ξi‖φ′ ≤ 1,
ξ∗i = ξi, ξix = xξi, and a functional ηx ∈ I∗φ such that ηi = Tr(ξi·)→ ηx in the ω∗-topology,
and ηx(x) = ‖x‖φ.

Proof. For each y ∈ Iφ′ , let ηy(z) = Tr(yz), then ηy ∈ I∗φ and ‖ηy‖ ≤ ‖y‖φ′ . Consider the
family

Fx = {ηy : y ∈ Iφ′ , y ≥ 0, y|x| = |x|y, ‖y‖φ′ ≤ 1}.
By the last item of the previous lemma, there exists a sequence {yj} ⊂ Fx such that

‖x‖φ = lim
j
Tr(|x|yj)

Now if x∗ = x, write down x = |x|u = u|x| (polar decomposition) and put

ξj =
1
2

(uyj + yju) ∈ Iφ′ .

Note that ‖ξj‖φ′ ≤ 1, ξ∗j = ξj since u∗ = u and also that ξj commutes with x. Moreover

Tr(xξj) =
1
2

[Tr(uyj |z|u) + Tr(yjuu|z|)] = Tr(|x|yj),

thus ‖x‖φ = limj Tr(xξj). Since ηj ∈ I∗φ and ‖ηj‖ ≤ 1, by the Banach-Alaouglu-Bourbaki
theorem, the family {ηj} has a ω∗-convergent subnet ηi to a functional ηx ∈ I∗φ,

ηx(z) = lim
i
ηi(z) = lim

i
Tr(ξiz)

for any z ∈ Iφ. In particular ηx(x) = ‖x‖φ.
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5.2 Uniqueness of short paths for strictly convex norms

Definition 5.6. Let X be a Banach space. A norm ‖ · ‖ in X is

1. strictly convex (or rotund) if ‖x+ y‖ = ‖x‖+ ‖y‖ implies x = λy.

2. smooth if it is Gateaux differentiable (at each x 6= 0 ∈ X) as a map from X to R.
Equivalently, for any x ∈ X there exists a unique ϕx ∈ X∗ such that ‖ϕx‖ = 1 and
ϕx(x) = ‖x‖.

It is well-known that if the norm on the dual space X∗ is rotund, the norm in X is
smooth, and that if the norm in the dual space X∗ is smooth, then the norm in X is
rotund. The reciprocal of these affirmations are false, see for instance [14, 2.36] and the
references therein.

Theorem 5.7. Assume that the norm ‖ · ‖φ is rotund. Let u, v, w ∈ Uφ such that

dφ(u, v) = dφ(u,w) + dφ(w, v),

and assume that d∞(u, v) < π (equivalently, ‖u− v‖ < 2). Then u, v, w are aligned in Uφ.
That is, there exists z∗ = z ∈ Iφ with ‖z‖ < π such that

v = ueiz, while w = ueit0z

for some t0 ∈ [0, 1].

Proof. We assume that u = 1. Write v = eiz with ‖z‖ < π. Let w = eix = eize−iy, with
‖y‖ ≤ π, ‖x‖ ≤ π and x, y Hermitian operators in Iφ. That is v = eiz = eixeiy. Then our
assumption is

‖z‖φ = ‖x‖φ + ‖y‖φ.

Note that ‖y‖φ ≤ ‖z‖φ, likewise, ‖x‖φ ≤ ‖z‖φ. To prove the claim of the theorem, it
suffices to show that y = λz, since in that case,

w = eix = eize−iy = ei(1−λ)z,

and we can pick t0 = 1− λ. In fact, if y = λz, then since ‖y‖φ ≤ ‖z‖φ, we obtain |λ| ≤ 1,
thus t0 = 1− λ ≥ 0, and on the other hand, since

(1− λ)‖z‖φ = ‖x‖φ ≤ ‖z‖φ

we also have t0 = 1− λ ≤ 1.
We will use a standard variation technique to show that y = λz. Consider the geodesic

triangle in Uφ spanned by 1, eix and eiz = eixeiy. Let

β(s) = eixei(1−s)y = eize−isy.

Since ‖z‖ < π, if s ≥ 0 is small enough then

‖β(s)− 1‖ ≤ ‖eiz − 1‖+ ‖eisy − 1‖ < 2.

16



Thus for small s ≥ 0, the element zs = (−i) log(β(s)) is an analytic function of s, is
Hermitian in Iφ and ‖zs‖ < π. In particular, z0 = z, and moreover from eizs = eize−isy we
obtain

d

ds s=0
eizs = −eiziy.

If we recall the formula for the differential of the exponential map in the unitary group

d expx(y) =
∫ 1

0
e(1−t)xyetxdt

for x, y ∈ B(H)ah (see for instance [4, Lemma 3.3]), we obtain

−y =
∫ 1

0
e−tz ż0e

tzdt. (9)

Now by Theorem 4.7, ‖zs‖φ = dφ(1, β(s)), and by the triangle inequality for the distance
dφ, we have

‖x‖φ + (1− s)‖y‖φ = ‖z‖φ − s‖y‖φ ≤ ‖zs‖φ ≤ ‖x‖φ + (1− s)‖y‖φ.

Thus, for any s ≥ 0 sufficiently small,

−‖zs‖φ + ‖z‖φ
s

= ‖y‖φ.

Since zs = z + ż0s + o(s2), then ‖zs‖φ ≥ ‖z + ż0s‖ − o(s2) for small s ≥ 0, and it follows
that

‖y‖φ ≤
‖z‖φ − ‖z + ż0s‖

s
+ o(s).

Let {ξi} ⊂ Iφ′ be a net as in Corollary 5.5 such that ‖z‖φ = limi Tr(zξi) = ηz(z). Then

‖z + ż0s‖ ≥ τ(ξi(z + ż0s)) = τ(ξiz) + sτ(ż0ξi).

Then

‖y‖φ ≤
‖z‖φ − τ(ξiz)

s
− τ(ξiż0) + o(s).

Since the ξi and z commute, by equation (9) we have τ(ξiy) = −τ(ξiż0) for any i. Taking
limit on i we obtain

‖y‖φ ≤ ηz(y) + o(s) ≤ ‖y‖φ + o(s)

since ‖ηz‖ ≤ 1. Letting s→ 0+ we obtain ‖y‖φ = ηz(y). To finish, note that

‖z + y‖φ ≥ ηz(z + y) = ηz(z) + ηz(y) = ‖z‖φ + ‖y‖φ,

which shows that y = λz, since we are assuming that the norm ‖ · ‖φ is rotund.

Corollary 5.8. If the norm ‖ · ‖φ is rotund, and z is a Hermitian element of Iφ such that
‖z‖ < π, then δ(t) = ueitz is the unique piecewise C1 curve in Uφ joining u to v = ueiz

with length equal to dφ(u, v) = ‖z‖φ.

17



Proof. Assume that γ is any short, piecewise smooth curve joining 1 to eiz. Let t0 ∈ (0, 1)
and let γ(t0) = eix = eize−iy, with ‖y‖ ≤ π, ‖x‖ ≤ π. By Proposition 4.5 and Theorem 4.7
applied to each segment,

‖z‖φ ≤ ‖x‖φ + ‖y‖φ ≤
∫ t0

0
‖γ̇‖φ +

∫ 1

t0

‖γ̇‖φ = Lφ(γ) = ‖z‖φ,

hence ‖x‖φ + ‖y‖φ = ‖z‖φ. Now the claim of the corollary follows form the previous
theorem.

Remark 5.9. This result generalizes [4, Theorem 3.2] for the p-norms (p ≥ 2), where it
was proved using a particular variational calculus for the p-norms, see also [13].

Remark 5.10. If ‖u− v‖ = 2 (equivalently, if v = ueiz with ‖z‖ = π), then the segment
δ(t) = ueitz is not unique as a short path joining u, v. In fact, it suffices to consider
the case v = 1. Since the condition ‖u − 1‖ = 2 is equivalent to −2 ∈ σ(u − 1), if
x = u− 1 ∈ Iφ ⊂ K(H), this is equivalent to −1 ∈ σ(x). Then, as in Remark 3.3,

u = 1 + x = p0 +
∑
k≥1

eitkpk = 1 +
∑
k≥1

(eitk − 1)pk

where {pk}k≥0 are disjoint projections (finite dimensional for k ≥ 1, and |tk| ≤ π, tk → 0).
Let p1 be the finite rank projection to the eigenspace of λ = −1, then we can assume that
t1 = π, and |tk| < π for k ≥ 2. If the rank of p0 is one, there are exactly two logarithms of
u in Iφ (with uniform norm equal to π), corresponding to

z = ∓iπp1 + i
∑
k≥2

tkpk.

However, if rank(p0) = n ≥ 2, then there are an infinite number of decompositions p1 = q+
q′ into proper disjoint projections, which allows to choose an infinite number of logarithms
z ∈ Iφ,

z = iπq − iπq′ + i
∑
k≥1

tkpk

of norm equal to π.

Remark 5.11. Clearly, these results of existence and uniqueness of short geodesics joining
given endpoints (Theorem 4.7 and Corollary 5.8) hold verbatim if we replace Uφ by U (0)

φ ,
the group associated to the minimal ideal which is the closure in the symmetric norm of
finite rank operators. The same can be said for symmetric norms in matrix algebras, that
is, if the dimension of the Hilbert space H is finite, a result which has interest on its own
right.
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