COMPLETION AND AMALGAMATION OF BOUNDED
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ABSTRACT. In this note we present a completion for the variety of
bounded distributive quasi lattices, and, inspired by a well-known idea of
L.L. Maksimova [14], we apply this result in proving the amalgamation
property for such a class of algebras.

1. INTRODUCTION

One of the basic motivations for studying the completion of a certain
structure is dued to the need of filling the gaps of the original one; a leading
example could be turning a partial algebra into a total one. In the case
of lattice ordered structures, the most relevant examples are represented
by canonical extensions and Dedekind-MacNeille completions, see [9] for a
wide exposition. Nevertheless, once we move from lattice ordered structures
to quasi ordered ones, i.e. structures in which the ordering relation < is
reflexive and transitive, but it fails, in general, to be antisymmetric, the
classical Dedekind-MacNeille approach does not work. This observation
motivated us in investigating a generalization of the classical filter-based
approach to the case of bounded distributive quasi lattices (bdg-lattices),
introduced by I. Chajda in [3]. The main problem in the completion of bdqg-
lattices lies in the fact that it may happen for elements z,y in a bdg-lattice
L that z < y, y < z but z # y. In this case, the (homset reformulation
of the) usual notion of lattice filter is no longer useful to distinguish z and
y. More precisely, it is hopeless to try to find a homomorphism f from the
dbg-lattice L to the two-element distributive lattice 2 such that f(x) =1
and f(y) = 0. Upon noticing that quasi-lattices lack point-regularity, and
therefore filter (ideal) determinacy [10], in this paper we use a particular
system of congruences which allows to obtain, out of any bdqg-lattice L,
a quasi ordered space of functions (F(L), 7, <), where 7 is a topology on
E(L) admitting as a quotient the Priestley topology [16]. In virtue of this
construction, by considering a particular subset of 7-clopen sets, we can
emebed the original bdg-lattice L into a (functionally) complete one. Finally,
as an application of the previous results, we close the paper by proving,
along the style of [14], the amalgamation property for the variety of bounded
distributive quasi lattices.
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2. PRELIMINARIES

In this section we recall some basic facts about bounded distributive quasi
lattices and Priestley’s duality for bounded distributive lattices. We start
with the definition of bounded distributive quasi lattice.

Definition 2.1. [3]
A bounded distributive quasi lattice (bdg-lattice) is an algebra A =
(A, V,A,0,1) of type (2,2,0,0) satisfying the following conditions:

V(zAy)=zVa; rAN(zVy)=xAx;
V(yVy)=zVy; TA(YNyY) =T AY;

VyAz) = (@Vy)A@Az);
A0 =0; zV1=1.

Let us remark that the variety of g-lattices, introduced by I. Chajda in [3],
has been deeply investigated in [4, 7], and it plays a relevant role in the
context of “normally presented varieties”[5]. Moreover, a general duality
theory for the class of normally presented varieties has been studied in [6],
by using methods introduced in [8].

We denote by BDQL the variety of bdg-lattices. Let A be a bdg-lattice. We
say that an element a € A is regular iff a V @ = a (and by axiom (4), also
a A a = a). The set of all idempotents of A is called the skeleton of A, we
will denote this set by R(A). It can be seen that R(A) is closed under the
bdg-lattice operations. We shall indicate the algebra whose universe is the
set R(A) by R(A). Let X C A. We will denote the set of regular elements
of X by R(X).

It can be noticed that, in general, the equations t A1 =z and £ V0 = x are
not satisfied in BDQL. However, it holds that tAl=2V0=axAx =z Vx.
One may readily realize that, in every bdg-lattice A, the bdg-lattice meet
and join induce a preorder relation <, i.e. a reflexive and transitive binary
relation on A. Furthermore, the binary relation = defined, for z,y € A, as:

r=yife<yandy <z (2.1)

is a congruence on A.

It can be verified that the quotient structure A /= is a bounded distributive
lattice. Furthermore, it can be seen that A /= is isomorphic to the sublattice
R(A) via the map f(z/=) =z V0.

Accordingly with the usual definition for lattices, we shall say that a quasi
lattice A = (A, A, V,0,1) is complete if and only if the meet and the join of
any X C A exist.

Example 2.1. The bdg-lattice 3 is the algebra ({0,k,1},A,V,0,1) where
the subalgebra whose universe is {0,1} is the 2-element distributive lattice
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and OV k=1.
(2.2)
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Let A be a bdg-lattice. We recall that a nonempty subset F' of A is a
filter if (i) z,y € F implies Ay € F and (ii) x € F and x <y imply y € F.
The notion of ideal is defined dually. An ideal I is said to be prime if and
only if for any z,y € A, if z Ay € I, then x € [ or y € I. Dually, a filter F
is said to be prime if and only if for any z,y € A, if z Vy € F, then x € F
ory € F. Let X C A. We shall denote by (X] ([X)) the ideal generated
(filter generated) by X in A. The notions above lead to the following

Lemma 2.1. Let A = (A, A, V,0,1) be a bdg-lattice and X C A. Then:
(1) if X is an ideal (filter) then R(X) is an ideal (filter) in R(A);
(2) if X is a prime ideal (prime filter)then R(X) is a prime ideal (prime
filter) in R(A);
(3) if X is an ideal (filter) in A, then (R(X)] =X (I[R(X)) = X);
(4) if X is an ideal (filter) in R(A), then R((X]) = X (R([X)) = X).

Proof. We prove the statement (3) for ideals. Let X an ideal and z € X.
Then V0 € X and z < 2V 0 € R(X). Therefore, x € (R(X)]. Let
x € (R(X)]. Then, x < x1 V...V &y, with z1,...,2, € R(X) C X. Thus,
r e X. g

Let us now state a generalized version of the prime filter Theorem for BDQL:

Theorem 2.1. Let A = (A, A, V,0,1) be a bdg-lattice and I, F an ideal and
a filter, respectively, such that I N F = (. Then, there exist a prime ideal J
and a prime filter G such that I C J, F C G and JNG = (.

Proof. From Lemma 2.1 it follows that R(I) and R(F') are a filter and
an ideal, respectively, in the distributive lattice R(A). Therefore, by the
prime filter Theorem for distributive lattices, there is a prime ideal J’ and
a prime filter G’ in R(A) such that R(I) C J', R(F) C G’ and J' NG’ = 0.
Exploiting Lemma 2.1, item (3), we obtain that I = (R(I)] C (J'] and
F =[R(F)) C [G). Suppose that (J'|N[G") # 0. If z € (J]N[G), then
zV0==xzA1le€ (J]N[G). Therefore, by Lemma 2.1-(4), J' NG’ # 0.
Whence, (J']|N[G") = 0. O
Example 2.2. The algebra 3 is the 3-element bounded distributive q-lattice

whose operations are given by the following tables:

A0 a V][0 a

0
0
0
0

o O O
— O O
el )

0/0 O
al0 O
111 1

= O
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1 (2.3)

0 a

Let us notice that 3, Example 2.2, has no nontrivial filters, whilst the non-
trivial elements of its congruence lattice are the congruences whose cosets
are desplayed below:

(1) ¢ = {{1}7 {0,@}};

(2) ¥ = {{1,0},{a}}.
Basically, this is dued to the fact that, in general, g-lattices lack filter-
determinacy, in the sense of [10]; there exists no “reasonable” notion of
filter which corresponds to the notion of congruence.
We conclude this section with a brief overview of Priestley’s duality for
bounded distributive lattices.

For a partially ordered set (poset) (X, <) and Y C X, let 1Y = {z €
X:JdaeYwitha<zland |Y={re€ X:Ja€Y withzx <a}. fY
is the singleton {y}, then we write T y and | y instead of T {y} and | {y},
respectively. A subset Y C X is called increasing or upset (respectively,
decreasing or downset) if Y =1Y (respectively, Y =| Y).

We recall that a Priestley space is an ordered topological space X = (X, 7, <)
which is compact and satisfies the Priestley separation axiom: if x £ y then
there is a clopen (closed and open) upset U such that € U and y ¢ U.

3. REPRESENTATION OF BDQL

In this section we apply the homeset approach in Priestley duality to give
a completion for bounded distributive quasi lattices. Let us first recall some
notations. For more details see [17].

Let A, B be algebras in the type of bounded distributive lattices. In what
follows, we shall denote by B# the set of all homomorphisms from A to B.
Let 2 be the two-element distributive lattice and x,y € A. We define

F,={fe2": f(z) =1}, (3.1)
Fy={ge2:g(y) =0} (3:2)
Then for every bounded distributive lattice A with dual space (X, T, <),
where X = {f : f € 24}, we have
(1) the clopen subsets of X are the sets F, N Fy, for z,y € A;
(2) the clopen increasing (decreasing) sets of X are exactly of the sets
F, (Fy), for z € A.
We continue this section by proposing a generalization of the notion of
Priestley space to preorded sets. Notice that in Priestley duality the two-

element lattice 2 assumes, as generator of the variety of bounded distributive
lattices, a crucial role. In the framework of bounded distributive quasi
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lattices, the same role will be played by 3, Example 2.1, which generates (as
well as 3, Example 2.2) BDQL as a variety. Let us introduce some definitions
and notions.

Let (X, <) be a preordered set. If we define, for any z,y € X:

r=yiff xt <y and y Xz,
then one can easily see that (X /=, <) is a partially ordered set.

Let (X, =) be a preordered set. We will say that a subset Y is almost
increasing (almost decreasing) if and only if Y/= is increasing (decreasing).
It can be seen that if YV is increasing (decreasing), then it is also almost
increasing (almost decreasing). Nonetheless, the converse does not hold
in general. As a concrete example, consider the bdqg-lattice 3 introduced
in Example 2.1. It can be seen that {k} is an almost increasing but not
increasing set.

Let A be a bounded distributive quasi lattice. Consider

E(A)={f:fe3%}, (3.3)

where 3 is the three-element bdg-lattice of Example 2.1, and define for any
x e A

F, = {f € B(A): f(z) = 1}, 3.4)
Fe={f€EA): f(z) =0}, 5)
Fe={f € EA): f(x) =k} 6)

Let the collection

S:={F,:ac A}U{F;:bc A} U{F;:cc A}, (3.7)

be a subbase for a topology 7 on E(A), and let us define, for any f,g € F(A)
and for any a € A:

f=2giff fla) Agla) = f(a) VO. (3.8)
Let A a bdqg-lattice and let z € R(A). We remark that, for any f € 34,
f(xz) # k, since f(z) = f(xV0)= f(x)Vv0e{0,1}.

It can be seen that:

Proposition 3.1. Let A be a bounded distributive quasi lattice with S,
defined in Condition 3.7, a subbase for E(A) and let 7/= be the topology
induced by S/= on E(A)/=. Then, for any x € A,

(1) Fy, F; are almost increasing T-clopen sets in E(A);

(2) Fy is a decreasing T-clopen set in E(A);

(3) the projection function p is a continuous preorder preserving clopen

map;
(4) /= is the quotient topology;
(5) p~ip(F.) and p~'p(F%) are increasing T-clopen sets in E(A);
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(6) If v € R(A), then p~1p(F,) = F,.

Proof. (1) Let x € A. Then, p(F,) = p(Fz) = {f : f(x) € k/= = 1/=}.
Therefore, both p(F}), p(Fz) are increasing sets in E(A)/=. Moreover, F; =
{f:f(x) £k} ={f:f(x) =1or f(x) = 0} = F, U Fy. The case F, is
similar.

(2) Let f € Fyand g < f. Then f(x)Ag(x) = g(x) V0 = 0. Furthermore,
Fo={f: }(2) 20} = {f: f(x) = Lot f(z) = k} = F, U Fs.

(3) It is straightforward to verify that p is continuous. Moreover, it follows
from the definition of = that p preserves the preorder. Further, if F, isin S,
then p(Fy) = p(Fz) = {f : f(x) € {k,1}} € §/=. Therefore, p is a clopen
map.

(4) Follows from the previous item.

(5) Follows from item (3).

(6) Let * € R(A). Then, p~'p(F,) = {g:g(x) <1
since, by regularity, there is no f € 34 such that f(z)

v

and g(z) > 1} = F,
=k. O
Let us recall that a homeomorphism is a continuous one-to-one map f from
a topological space X onto a topological space Y such that f~! is also
continuous. Let A be a distributive bounded quasi lattice. We shall denote
by B(A) the quotient F(A)/=. Let us notice that f = ¢g in F(A) if and
only if, for any a € A, f(a) < g(a) and f(a) > g(a), if and only if f(a) V0 =
g(a) V0. If we define E(R(A)) = {f: f € 2R(A} and we equip it with the
topology 7’ induced by the restriction of the subbase S, Condition 3.7, to
R(A) and <’ is the restriction of < to E(R(A)), we obtain the following:

Lemma 3.1. Let A be a bounded distributive quasi lattice. Then, the map
b (B(A), 7/, =) — (E(R(A)), ', <"} defined, for any [f]= € B(A) and
a€ A, by:

W([f1=(a)) = f(a Vv 0),

s a preorder preserving homeomorphism.

Proof. Tt [f]= < [g]=, then, for any a € A, [fl=(a) A [g)=(a) = [fl=(a), 50
fla)Ag(a) = f(a)VO0. Surjectivity of h is immediate. Let [f]= # [g]=. Then,
without loss of generality, there exists an 2z € A and an f’ € [f]= such that
f(x) £ g(x). Whence, f(z)V0 = f'(z)V0 £ g(x)V0. Let F, ={f: f(x) =
1} an element of the subbase of E(R(A)). Then h=1(F,) = {f : f(x) <
land f(z) > 1} = {[f]= : f(x) € 1/=}, which is clopen in B(A). Dually,
if F,/=={[flz: f(x) € 1/=}, then h(F,/=) ={f : f(x V0) =1} = Fyo.

The case of Fz/= follows from the same argument. O

Let A be a bdg-lattice. In virtue of Lemma 3.1, in what follows, when no
danger of confusion is impending, we will swap sometimes from B(A) to
E(R(A)).

Finally, we obtain the following
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Theorem 3.1. If A be a bounded distributive quasi lattice, then
(E(A),T,=)

is a topological space with a subbase S of clopen almost increasing or de-
creasing sets such that:
(1) (E(A), X) is a preordered set;
(2) (B(A),7/=,==) is a Priestley space;
(3) (E(A),T) is a compact space;
(4) if, for f,g € E(A), f # g, then there exists an almost increasing
clopen set U in 7 such that either f € U and g € U, or g € U and

feU.

Proof. Let A be a dbg-lattice. (1) Apparently, (E(A), <) is a preordered
set, since the g-lattice operations induce a preorder on A. Moreover, every
element of S is an almost increasing or decreasing 7-clopen set by Proposi-
tion 3.1. (2) Follows from Proposition 3.1 and Lemma 3.1. (3) Compactness
follows from the fact that the subbase S induces the product topology on
E(A). (4) If f A g, then, by item (2), there exists an increasing clopen
set U in 7/= such that [f]= € U and [g]l= € U. Whence, f € p~}(U) and
g €p t(U). Let f,g € E(A) such that f < g, g < f and f # g. Then,
by Condition 3.8, there exists an a € A\ R(A) such that f(a) < g(a),
g(a) < f(a), but f(a) # g(a). Consequently, either f(a) =1 and g(a) = k,
or, vice-versa, g(a) = 1 and f(a) = k. Therefore, there exist a clopen set Fj
such that either f or g belongs to F; and p(Fz) = {h: h(a) € 1/= = k/=}
is increasing and clopen in F(A)/=. O

Corollary 3.1. Let A be a bdg-lattice, then (E(A),T,=) is a Hausdorff
space.

Remark 3.1. Apparently, one may regard the space E(A) as the stalk space
of the bundle (E(A),p, B(A)), where the Priestley space E(A) is the base
space and the fibres are given, as usual, by {p~'(z) : x € B(A)} [11].

Let A be a bounded distributive quasi lattice. We will denote by A(E(A))
the collection of almost increasing clopen sets of E(A).

Lemma 3.2. Let A be a bdg-lattice. Then the structure

L(E(A)) = (A(E(A)), AV, 0, ),
is a complete bounded distributive quasi lattice, where, for X, Y € A(E(A)):
e XAY =p ' (p(X)Np(Y));
e X VY =p '(p(X)Up(Y));

Proof. (1) We check some of the dbg-lattice axioms. Let X,Y,Z € A(E(A)
Then X A (X VY) = p~'(p(X) N p(p~" (p(X) Up(Y))) = p~(p(X))
P (pX)NpX)) = XAX. X V(Y AZ) =p ' (p(X)U (p‘l( (Y)
p(2))) = p~ (X)) U E(XY)Np(Z)) = p~H((p(X) Up(Y)) N (p(X) Up(Z)))

DI =



8 A. LEDDA, M. ALIZADEH, AND H. FREYTES

p~H(pp~H (p(X)Up(Y)) Npp~ ! (p(X) Up(2))) = (X VY) A (X AZ). Moreover,
XAD=0and XV & =p p(®) = ®. Further, completeness follows from
the fact that the elements of A(Z) are clopen almost increasing sets. O

Theorem 3.2. Let A be bounded distributive quasi lattice. Then, A is
embeddable into L(E(A)) via the mapping A : A — L(E(A)), defined, for

any x € A, as follows:

| Fy, ifx e R(A),
A(z) = {F;g, otherwise.

Proof. Let xz,y € A. If x £ y, then, by Theorem 2.1, there are a prime ideal
[zV0) and a prime filter (y V0] such that [zV0)N(yV0] =0 and z € [z V0),
y € (y Vv 0]. Therefore, A(z) # A(y). Let v,y ¢ R(A) and x <y and x >y
but = # y. Consider the generated prime filter [zV0) and set o = [xV0)\{y}.
It can be seen that the partition ¢ = {a, A\[xV0), {y}} is a congruence on A.
Therefore, under the natural morphism f: A — A/y4, f(z) = f(xV0) =1
and f(y) = k. Therefore, F; # F. The case x <y and z > y and z € R(A)
is a slight adaptation of the previous one. If z,y ¢ R(A), then A(z Ay) =
P p(Fony) = pH(p(Fa) N p(Fy)) = p ' (p(Fz) N p(Fy)) = Alz) A Ay),
by the definition of A and Lemma 3.1. The remaining cases are proved
analogously. O

4. AMALGAMATION PROPERTY

Inspired by [14], we prove in this section the amalgamation property for the
variety of bounded distributive quasi lattices, as an application of the ideas
proposed in the previous part of the paper.

First, an useful notion:

Definition 4.1. Let A be a bdg-lattice. And x,y € A. We set

x1y iff v,y € R(A) or x =y. (4.1)
It can be verified that 7 is a congruence. Further, it can be readily checked
that, for any bdqg-lattice A and z,y € A/, x Ay=zAyAl=xAyAN0=

0 =1 =2 Vy. Mimicking a result in [13], we can state without proof the
following:

Lemma 4.1. Let A be a bdg-lattice. Then A can be embedded into (A/=,A/;)
via the mapping
flz) = (/= 2/r).

A class D of algebras has the congruence extension property if and only if
for any A C B € D and any congruence 6 in A there is a congruence ¢’ in
B such that 6 is the restriction of #’ to A x A. In virtue of the previous
lemma, by adapting an argument in [15] we obtain that

Theorem 4.1. The variety BDQL has the congruence extension property.
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Let us recall that a class of algebras D is called amalgamable, if for any
algebras By, B1, B2 € D and embeddings f; : Bg — B1 and f : By — Bo,
there exists an algebra B € D and embeddings g1 : B; — B and ¢» :
B, — B such that g1 o fi = g2 o fo. If D is amalgamable we say that
D has the amalgamation property. The class D is said to have the super-
amalgamation property, if it has the amalgamation property and satisfies the
following additional condition: for any b € B; and ¢ € B; ({i,j} = {1,2}),
if g;(b) < gj(c) in B, then there exists d € By such that b < f;(d) in B; and
f](d) <cin Bj hold.

Let Ay, Ay be a bdg-lattices and Ay a subalgebra of them. Consider

W ={(g1,92) : g: € 3%,i € {1,2} and g1 [4y= 92 [, }, (4.2)
if we define (g1,92) = (91,95 iff g1 < ¢} and g2 < g5, then (W, =) is a
preordered set.

Lemma 4.2. W has the following properties:
(1) for every g1 € 381 (g € 3A2) there is a go € 342 (g1 € 321) such
that (g1, g2) € W;
(2) if (g1, 92) €W and g1 = ¢} (92 = gb), then there exists a g € 372
(g1 € 3%1) such that (g, gy) €W and g2 X g} (1 = g1);
(3) if (91,92) € W and [g1]= = [g]= but g1 # g7 (lg2)= = [g5]= but g2 #
gb), then there exists a gh € 382 (g} € 3A1) such that [ga)= = [gh)=
and (g1, 95) € W (lg1]= = [91]= and (g1, 95) € W).
Proof. (1) Follows from Theorem 4.1. (2) Follows from [1] Lemma 2.3. (3)
If [g1]= = [¢}]= but g1 # ¢}, then there exists an a € A; \ R(A;) such that
g1(a) =1 and gj(a) = k. If a € Ay then define

gi(x) ifzeA
ga(x) =
g2(x), otherwise.
In case a € A; \ Ao, then set g5 = g2. It can be verified that ¢} is a
homomorphism such that [g2]= = [g5]= and (g}, g5) € W. O

Let (K, <) a preordered set. We have already noticed that Ax = (A(K), A, V, 0, K),
where A(K) is the set of almost increasing subsets of K and the operations

are defined as in Lemma 3.2, is a bounded distributive quasi lattice.

Let Ay the bdg-lattice associated to the preordered set W, we obtain the
following:

Theorem 4.2. Let Ay, As be a bdg-lattices and Ay a subalgebra of them.
Fori € {1,2}, the map f; : A; — Aw defined, for any x € A;, as:

{(91.92) € W:gi(x) =1}, if w € R(A)
fi(z) = (4.3)
{{g1,92) € W : gi(x) = k}, otherwise
is an embedding.
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Proof. Tt can be seen that, for any x € A4;, fi(x) is in A(W'). Moreover, one
can verify that for every x € Ay, fi(x) = fo(x). If 2,y € A; and z £ y there
is a prime filter F’ such that x € F and y € F and, consequently, a morphism
gi € 3% such that g;(x) € {k,1} and g;(y) = 0, whence, by Lemma 4.2,
there is a a morphism g; € 344, j € {1,2} and i # j, such that (g;, g;) € W.
So, (gi,g5) € fi(x) and (gi,95) € fi(y). Let z,y € A; and x = y but = # .
We can assume, without loss of generality, that =,y € A; \ R(A;). Then, by
using an argument similiar to the one used in the proof of Theorem 3.2, there
exists a morphism g; € 3% such that g;(z) = 1 and g;(y) = k. Whence,
by Lemma 4.2-(3), there exists a g} € 343, j € {1,2} and i # j, such that
(95, 95) € W and (g;, 97) € fi(y) but (g;, ;) & fi(x). Whence fi(z) # fi(y),
and, therefore, f; is one to one. That f; preserves the operations is along
the lines of the proof of Theorem 3.2. ([

As a consequence of the previous result:
Theorem 4.3. The variety BDQIL has the amalgamation property.

Let us remark that an alternative proof of the amalgamation property for
bdg-lattices can be obtained by adapting an argument in [2], where the
amalgamation property for the variety of quasi-MV algebras and for some
relevant subclasses of the variety of v/ quasi-MV algebras is proved.

It is well-known that the variety of bounded distributive lattices does not
have the super amalgamation property. So, there are bounded distributive
lattices A;, 0 < ¢ < 2 and embeddings f; from Ag to A;, 1 <4 < 2 such
that it is impossible, in the variety of bounded distributive lattices, to find
a triple (A, g1, g2), which is super amalgamated with the three algebras.
Now, suppose that there exists such a triple in the variety of bounded dis-
tributive quasi lattices. Obviously, g;(4;) C R(A), since A;, 1 <i <2 is a
bounded distributive lattice. On the other hand, clearly, R(A) is a bounded
distributive lattice. So, the triple (R(A), g1, g2) is super amalgamated with
the three original algebras in the variety of bounded distributive lattices. A
contradiction. Therefore, we can state the following:

Theorem 4.4. The variety BDQIL does not have the super amalgamation
property.
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