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Abstract

Let J be a separable Banach ideal in the space of bounded operators acting in a Hilbert
space H and 7 the set of partial isometries in H. Fix v € Z. In this paper we study metric
properties of the J-Stiefel manifold associated to v, namely

Sty(v) ={vo €Z : v—wvg €7, j(vjve,v v) =0},

where j(, ) is the Fredholm index of a pair of projections. Let Us(H) be the Banach-Lie
group of unitary operators which are perturbations of the identity by elements in J. Then
Sty(v) coincides with the orbit of v under the action of Us(H) x Us(H) on T given by
(u,w) - vg = uvpw™, u, w € Us(H) and vy € Stz(v). We endow St5(v) with a quotient Finsler
metric by means of the Banach quotient norm of the Lie algebra of U; (H) x Us(H) by the Lie
algebra of the isotropy group. We give a characterization of the rectifiable distance induced
by this metric. In fact, we show that the rectifiable distance coincide with the quotient
distance of Us(H) x Uz(H) by the isotropy group. Hence this metric defines the quotient
topology in St5(v).

The other results concern with minimal curves in J-Stiefel manifolds when the ideal 7 is
fixed as the compact operators in H. The initial value problem is solved when the partial
isometry v has finite rank. In addition, we use a length-reducing map into the Grassmannian
to find some special partial isometries that can be join with a curve of minimal length.!

1 Introduction

In this paper we study the rectifiable distance and minimal curves in infinite dimensional Stiefel
manifolds endowed with a quotient metric. Let H be an infinite dimensional separable Hilbert
space and B(H) the space of bounded linear operators acting in H. We will denote by || .||
the spectral norm of operators. By a Banach ideal we mean a two-sided ideal J of B(H)
equipped with a norm ||. ||5 satisfying ||z| < ||z||5 = ||=*||5 and |lazb||5 < ||a||||z||5||b]] whenever
a,b € B(H). In the sequel, J stands for a separable Banach ideal.

Let 7 denote the set of partial isometries. Fix v € Z. The J-Stiefel manifold associated with
v is defined by

Stz(v) ={vo e : v—wvy €T, j(vgvo,v*v) =0},

where j(, ) is the index of a pair of orthogonal projections. The index of a pair of orthogonal
projections (p, q) is the Fredholm index of gp : p(H) — ¢(H), when this operator is Fredholm
(see for instance [5]). In a former article [7] the author has established the geometric facts of
the J-Stiefel manifolds mentioned bellow.

Denote by U(H) the group of unitary operators in H, and Uz(H) the group of unitaries which
are perturbations of the identity by an operator in J, i.e.

Us(H) ={ueld(H) :u—1€T}.
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It is a real Banach-Lie group with the topology defined by the metric (u1,us) — [ju1 — u2||s
(see [6]). We point out that Uz(H) x Us(H) acts transitively on Sty(v). The action is giving by
moving the initial and final subspace of the isometries, (u,w) - vy = uvow*, where u, w € Us(H),
v € St3(v). Also recall that the map

o : Us(H) X Us(H) — St3(v), 7y, ((u, w)) = uvpw™

is a real analytic submersion. Moreover, St;(v) is a real analytic submanifold of v + J and
a homogeneous reductive space of Us(H) x Us(H) (see [13]). Therefore the tangent space
(T'St5(v))y, at vg € Sty(v) can be identified with

(T'St5(v))vy = {zv0 — voy : =,y € Jan },

where J,, is the Lie algebra of U3(H) giving by the skew-adjoint elements of J. The isotropy
group at vy € Sty(v) of the above action can be computed

Gy = { (u,w) € Us(H) x Us(H) : uvg = vow }.
The Lie algebra of G, is
(]UO = {(a,b) € Tan X Tgn + avg = ’U()b}.

By means of the quotient Banach norm of (J,;, X J41)/Gy one can define a Finsler metric on
Sty(v). Indeed, for zvg — voy € (T'St5(v))w,,

lzvo = voylley = inf{ [|(z +a,y + b)|| : (a,b) € Gu, }- (1.1)

Here the norm of a pair is ||(z + a,y + b)|| = ®( ||z + al|5, ||y + b||5), where ® is any symmetric
norming function. A standard computation shows that this metric is invariant under the action.
We can define the rectifiable distance induced by this metric in the usual fashion, i.e.

1
(v, v1) = inf{ / 190l dt = 7 € Sta(w), 7(0) = vo, (1) = v1 }, (1.2)

where the curves v considered are piecewise smooth.

Metric geometry in homogeneous spaces in the setting of operator theory is an area of current
research. The metric (1.1) was introduced in the remarkable work [9] of C. Duran, L. Mata
Lorenzo and L. Recht, where they studied minimal curves with the quotient metric induced by
the operator norm homogeneous spaces of the unitary group of C*-algebras. When the quotient
metric is induced by the p-norms, several interesting metric properties of abstract homogeneous
spaces of the p-Schatten unitary groups were proved in [3]. On the other hand, we can cite the
articles [4], [11], [14] and the references therein concerning geometrical and topological properties
of partial isometries. In addition, we mention that background information on Finsler structures
on Banach manifolds can be found in the book [18].

The contents of the paper are the following. In Section 2 we show that the rectifiable distance
metricates the quotient topology of groups in (Us(H) xUz(H))/Gy = St3(v). This fact is proved
by giving an alternative description of the rectifiable distance in terms of the metric distance
of the quotient of groups. In Section 3 we fix the ideal IC(H) of the compact operators. We
focus on the study of minimal curves in the K(H)-Stiefel manifold which we denote by St.(v).
The initial value problem is solved when v is a partial isometry of finite rank. This means that
for vy € St.(v) and a tangent vector zvg — voy given, there exists a curve ¢ in St.(v) satisfying
5(0) = vo, 6(0) = zvp — voy and being of minimal length up to a critical value of t. Then we
prove that St.(v) can be mapped into a product of Grassmannians with a length-reducing map.
As a corollary of this simple fact some specials isometries in St.(v) can be joined by curves of
minimal length.



2 The rectifiable distance in St;(v)

In this section we give a characterization of the rectifiable distance in St3(v) as a quotient
distance of groups. First we need to set some definitions and notations about Uz(H) x Us(H).
We endow Uz(H) with the ambient Finsler metric which is defined by ||(z, y)|| = @(||z||5 ||lyll5)
for (z,y) € u13an X u2Jan = (T (Us(H) X U5(H))) (uy,uz)- The function @ is a symmetric norming
function in R?. This means that it is invariant under permutations, only depends on the absolutes
values of the coordinates and satisfies ®(1,0) = 1. We measure the length of a piecewise C*
curve I'(t) = (I'1(¢),T2(t)), t € [0,1], as follows

1
Lo0) = [ E1 ) dr
0
Therefore Us(H) x Us(H) has a rectifiable distance defined by
d5((ug, wo), (u1,wy)) =inf{ L3z(T") : T' C Us(H) x Us(H), T'(0) = (ug,wp), I'(1) = (ug,w1) }.

On the other hand, the length of a C' curve v(t), t € [0, 1], in St3(v) with the metric (1.1) is
denoted by

1
Liy) = /0 1) o .

The rectifiable distance d is defined accordingly as equation (1.2) shows. Actually this provides
a pseudo distance in general. However it is easy to show that this is in fact a distance in St3(v)
(see [7]). Also dy is a distance in Uz(H) x Uz(H) by the estimates of Lemma 2.4.

The following result proved that the rectifiable metric in St3(v) can be approximated by
lifting curves to the product group Us(H) x Uz(H). It is adapted from [2] with the difference
that we use any Banach norm and the assumption that the quotient metric is attained is dropped
here.

Lemma 2.1. Let vy, v1 € Sty(v). Then
d(vg,v1) = inf{ L3(T") : I' C Us(H) X Us(H), Ty, (I'(0)) = vo, 7y (L'(1)) = v1 },
where the curves I' considered are continuous and piecewise C.

Proof. Consider any piecewise C! curve I' in Us(H) x Us(H) satisfying m,, (I'(0)) = vy and
7o (I'(1)) = v1. Let us point out that since the map

T * Us(H) X Uz(H) — St3(v), 7y ((u, w)) = uvpw™

is a real analytic submersion there exists such kind of curves. Then, note that the above map
reduces length of curves with the previously defined metrics on each spaces. Since the action is
isometric, it suffices to check that the differential map at the identity

Ovg  Jah X Tap — (TSt3(0))wy,  duo((x,y)) = 209 — VoY.

is contractive. But this follows trivially by the definition of the quotient metric in St3(v). Hence
we have d(vo,v1) < L(my, (I")) < Ly(T).

To finish, we must prove that given 7 in St3(v) one can approximate L(vy) with lengths of
curves in Us(H) xUz(H) joining the fibres of vg and v1. Fixe > 0. Let 0 =tg < t; < ... < t, =1
be a uniform partition of [0, 1] (At; = ¢; —t;—1 = 1/n) such that the following hold:

L |7 (s) = 4(s)|l5 < €/4 if s, &' lie in the same interval [t;_1,1;].



2. | L(7) = 0 13(t) e Ati | < €/2.
On the other hand, for each i = 0,...,n — 1, there exist x;, y; € Jp such that &, ((zi,yi)) =

Y(t:) and [|(zi, ya)ll < 19l + €/2
Consider the following curve ' in Uz(H) x Uz(H):

(e'™0, etvo) te0,t1)
F(t) = (e(t—t1)$1€t1x07 e(t_tl)yletlyo) te [tl,tg)

(6(t—tn71)ﬂcn71 o e(tQ_tl)xletle, elt—tn-1)yn—1  lt2—t1)y1 etlyo) te [tn—l, 1]

Then I' is continuous and piecewise smooth, I'(0) = (1,1) and

n—1 n—1

Ly(T) =) @o y) 188 < 1)) Ati + /2 < L(y) + €.
i—=0 i=0

We claim that m,,(I'(1)) lies close to vy. Note that if we denote by a(t) = m,, (€0, e¥0) — (1),
then a(0) = 0, and using the mean value theorem in Banach spaces,

1709 (€170, €"190) — (t1) I3 = [|e(t1) = @(0) |5 < [lék(s1)[]5 Aty
for some s; € [0,t1]. Explicitly,
1700y (€270, €290) —(t1)[|5 < [|€7080 (w0, y0))e ™% — F(s1) |5 At

Note that d,,((z0,y0)) = ¥(0), and that

S$1T0 2

Y(0)e 0 =5 (s1)ll3 < €704 (0)e™ " = 4(0)[l3 + [[7(0) = (s1)ll5

The second summand is bounded by €/4. The first summand can be bounded as follows

le

S120 A

Y(0)e™¥ = 4(0)[l5 = [[(e”** = 1)7(0) = 4(0) (™1 = 1)[l5
< [3O) Iz [[(e7*0 =1, e = 1)|| < M ALy

e

where M := max;c(g 1) [|7(¢)5. Thus,
Iy (€0, €110) = 3 (t1)l3 < (Mt +¢/4) A1
Next we estimate ||y, ( (e2t)71ehiz0 e(t2=t)y1ehivo) ) — (ty) |5 which is less or equal than
He(tQ—tl)m etlxovoe—t1y0€—(t2—t1)y1 _ €(t2_t1)x1”y(tl)e_(tQ_tl)yl I3+
lel2 =1y (#)e~ (27101 — 5(ty) 5.
The first summand can be bounded by
||e(t2—t1)a:1(etlmovoe—hyo _ 'y(tl))e_(tQ_tl)yl |5 = ||et1a:ovoe—t1yo —(t1)||5 < (MAt; + €/4)Aty.
The second difference can be treated analogously as the first difference above,
et (#)e=B=t0m 5 (ty)3 < (MAts + €/4) Atz = (M/n + ¢/4)/n.

Hence we obtain

[0 (T (t2) ) = v(t2)ll5 < 2(M/n + e/4)/n.
Then by induction we have that

170 (T (tn-1)) — vills < M/n +€/4 < €/2,

choosing n big enough. The proof follows since the map m,, has local continuous cross sections,
then one can connect I'(¢,—1) with the fibre of v; by a curve of arbitrary small length. O



We shall need the following result about metric groups from Takesaki’s book [17, p.109].

Lemma 2.2. Let H be a metrizable topological group, and G be a closed subgroup. If d is a
complete distance function on H inducing the topology of H, and if d is invariant under right
translation by G, i.e. d(xg,yg) = d(x,y) for any z,y € H and g € G, then the left coset space
H/G={xzG : x € H} is a complete metric space under the metric d given by

d(zG,yG) = inf{d(xg1,yg92) : 91,92 € G }.

Actually, the distance d metricates the quotient topology of groups. Let us observe how Lemma
2.2 applies to our situation. We shall take G = G, H = U.(H) x U.(H), and d5 the rectifiable
distance in U.(H) x U(H).

Remark 2.3. Te exponential map exp : Jop — Uz(H), exp(z) = e* is surjective. Moreover,
we have that
exp({z € Jan ¢ |2l < 7}) =Us(H).

Briefly we include an argument to prove our affirmation. Let u € Us(H), then it is a well
known fact that using the Borel functional calculus is possible to find z = x* such that ||z|| <7
and e = u. Any two-sided ideal is contained in the ideal K(H) of compact operators, then
e® =1+a,a €T C K(H). Note that z € K(H) because iz = log(1 + a) = P ‘1]—7, so x is
the norm limit of compact operators. Therefore the spectrum of z consists of countable many
nonzero eigenvalues of finite multiplicity and zero.

On the other hand, we have the elementary estimate,
72 ~
(1= )2t < e’ = 1], (2.1)
12
for t € [—m, m]. Since the functional calculus is positive, we have

m° 1/2 iz
(1= )] < e — 1],

Therefore, if s;(.) denotes the singular values of an operator, we obtain the corresponding
inequality for the singular values (1 — 7{—;)1/28]-(:6) < sj(e* — 1), for j € N. By the dominance
property (see [10, p.82]), and the fact that ¢®* — 1 € J, we can conclude z € J.

Lemma 2.4. Let ug, u1,wo, w1 € Us(H), then

2
(1- %)I/de((uoaul), (wo,w1)) < @([luo — wollg, [[ur — will5) < dy((uo,u1), (wo, w1)).

In particular, (Us(H) x U3(H), d5) is a complete metric space and G, is a dy-closed subgroup.

Proof. We can suppose that ug = u; = 1 since multiplication is isometric for each metric. Given
€ > 0, there exists I' = (I'g,I'1) C Us(H) x Us(H) such that T'(0) = (1,1) and I'(1) = (wp, w1)
and

Lj(F) < dj((l, 1), (w(], wl)) + €.

Then, since straight are shortest curves in any vectorial space, we have

1
O([|1 = woll5, |1 — will5) < / ®(||Toll5, [[Toll5) dt = Ly(I') < d5((1,1), (wo, w1)) + €.
0



The inequality follows since € is arbitrary. In order to prove the reversed inequality, consider
z0, 21 € Jgn with |lz;]| < 7 satisfying e™ = wy and e”* = w;. Note that this is possible by
Remark 2.3. The curve I'(t) = (e, e1), ¢t € [0, 1], joins (1,1) and (wg,w1). Then,

d3((1,1), (wo, w1)) < L3(T) = @((|lzoll5, lz1]5)-

Now applying the estimate in (2.1), and passing to the corresponding inequality of the singular
values we have

2
™ _
d3((1,1), (wo, w1)) < @(||lwoll3, [[21]]5) < (1 - ﬁ) Y20 (||1 — wol)3, |11 — wi]l5),

which gives the desired inequality.

The completeness of (Us(H) xUs(H), d5) follows easy from the estimates. In fact, if (wy, wp )y
is a Cauchy sequence with the distance d3, it is also a Cauchy sequence with ®(|| . |5, || . ||3). Since
Us(H) is complete with the norm || . ||3, then there exist up, wo € Us(H) such that ||u, —ugl|l5 — 0
and ||wy,—wol||37 — 0. It is apparent from the estimates above that (ug, wp) is the limit of (up, wp)n
with the distance d5.

Finally, the fact that the isotropy group G, is d3-closed follows from the estimates and from
being G, a closed subgroup in the ideal norm. ]

We give the main result of this section. Recall that the completeness of the metric space
(Sty(v),d) was proved in [7] by different methods. Also it is worthwhile noting that a similar
statement was proved in [1] for homogeneous spaces in finite von Neumann algebras with the
p-norm induced by the trace.

Theorem 2.5. Let v a partial isometry, ug, wo, ui, w1 € Us(H), and let
dy(upvwy , uyvw?}) = inf{ dy( (ug, wo) , (uru, wiw)) : (u,w) € Gy }.

Then ds = d, where d is the rectifiable distance in St3(v). In particular, (St3(v),d) is a complete
metric space and d metricates the quotient topology.

Proof. The quotient distance dy is a well defined because G, is dy-closed in Us(H) x Us(H).
Moreover, since multiplying by unitaries is isometric, it can be computed as

dy(uovwy , uyvw?}) = inf{ dy( (ug, wo) , (uru, wiw)) : (u,w) € Gy }.

In order to prove the equality between the distances fix € > 0. By Lemma 2.1 there exists a
curve I' in U (H) x U.(H) satisfying

1. T'(0) = (ug, wo), I'(1) = (w1u, wrw), with (u,w) € G,.
2. Ly(T) < d(upvwgy, upvwy) + €.
Therefore,
ds(uovwyy , wyvw?}) < dy( (ug, wo) , (wru, wiw)) < Ly(T) < d(ugvwy, ujvw;) + .

Since € > 0 is arbitrary, we have one inequality.

To prove the reversed inequality note that for any e > 0, there exists (u,w) € G, satisfying
d5( (uo, wo) , (wiu,ww) ) < dy(ugvw , uyvwi)+e€. Then thereis a curve I' C Us(H) xUs(H) such
that I'(0) = (uo,wo), I'(1) = (viu, wiw) and L3(I') < d5( (uo,wo), (uiu, wiw) ) + €. Therefore
we have

d(upvwg, upvwy) < Lz(T) < d5( (uo, wo) , (viu, wiw)) + € < doo(uovwg , upvwy) + 2€.

Hence the equality dy = d holds. The completeness of (St5(v),d) and the fact that d metricates
the quotient topology are consequences of Lemma 2.2. ]



3 Minimal curves in the K(H)-Stiefel manifold

The problem of finding minimal curves in the J-Stiefel manifold clearly depends on the norm of
the ideal J. The initial value problem was solved in [3] in the general setting of homogeneous
spaces of the p-Schatten (p even integer) unitary groups. Since the Stiefel manifolds associated
to the p-Schatten unitary groups fit in the context of those homogeneous spaces, we have that
the initial value problem is already understood. Among of all the possible problems concerning
minimal curves with the different available norms that remain unsolved, in this section we are
interested in minimal curves in the IC(H)-Stiefel manifold, where K(H) is the ideal of compact
operators. We denote the IC(H)-Stiefel manifold associated to a partial isometry v by St.(v).
Recall from the Introduction that

Ste(v) ={vo €T : v—1vy € K(H), j(vjve,v*v) =0}.

The isotropy group at vy € St.(v) and its Lie algebra G,, are computed in the Introduction for
any Banach ideal, in particular for the ideal of compact operators. The quotient Finsler metric
of a tangent vector xvy — voy € (T'St.(v))y, is giving by

|zvo — voyllv, = inf{ |[(z + a,y +b)|| : avo = vob, a,b € K(H)an }-

Here we take as product norm ||(z,y)|| = max{||z|, ||y|l }, where ||.|| is the operator norm.
Recall that St.(v) is a real analytic submanifold of v + K(H) and a homogeneous space of the
product of the unitary Fredholm group, which is denoted by

UH)={uelU(H) :u—1€ K(H)}.

We refer the reader to [2] for the metric properties of this group. The length of a curve I'(¢),
t € [0,1], in U.(H) is measured with the Finsler metric given by the operator norm as follows

1
Loo(T) = / 1) .

The curves I'(t) = ue'®, where u € U.(H) and z € K(H)qn such that ||z|| < 7 are geodesics of
minimal length along their paths. We put in U.(H) x U.(H) the product metric induced by the
product operator norm: |[|(zg,x1)|| = max{ ||zol|, ||z1] }, for (zo,2z1) € woK(H)an X w1 (H)an-
The length functional in U.(H) x U.(H) of a curve I' = (I'1,T'9) is also denoted by L. (I") since
by the context no confusion will arise with the length functional defined in U.(H). Then we
note that if I'y, T'y are minimal geodesics in U (H), it is apparent that I' = (I'y, T'3) is a geodesic
of minimal length in U.(H) x U.(H), when one measures lengths with the product metric. The
corresponding rectifiable distances in U.(H) and U.(H) x U.(H) are both denoted by duo.

3.1 The initial value problem

In [9] the initial value problem for homogeneous spaces of the unitary group with the quotient
metric is solved in the category of unital von Neumann algebras. In our case, we can not apply
the same techniques since G, does not consist in general of skew-adjoint operators of a unital
von Neumann algebra. The set of compact pairs (a,b) such that av = vb is neither self-adjoint
nor closed in the weak operator topology. However, we can adapt the convexity argument given
in [2] to find minimal curves when the partial isometry v has finite rank.

Let v a partial isometry and vy € St.(v). Any pair (z1,y1) € K(H)an X K(H)an, such that
(1, y1)|| = ||zvo — voy||v, is called a minimal lifting for the tangent vector xvy — voy. We will
show that minimal liftings are relevant because they give minimal curves. The next result proves
the existence of minimal liftings when v has finite rank.



Proposition 3.1. Let vy € St.(v) with v a partial isometry of finite rank. Let x,y € K(H)an,
then there exists (a,b) € Gy, satisfying ||zvo — voyllv, = ||(x + a,y + b)]|.

Proof. Since the action of U.(H) x U.(H) is isometric we can assume that v = vg. We can argue
as in Theorem 6.1 in [9] to find a sequence ((ay,by)), in G, such that (a,,b,) — (a,b) in the
weak operator topology and ||(z+a,y+b)|| = ||xv—vy||,. Note that a,b € B(H)q, and av = vb,
but a,b may fail to be compact operators.

We denote the final projection of v by p = vv* and ¢ = v*v the initial projection of v. In
order to obtain compact operators attaining the quotient norm, note that av = vb if and only if
ap = pa, bg = gb and gbq = v*av. Therefore the pair (a,b) can be written as follows

a_(au 0 > b_<v*a11v 0 )
0 a9 p’ 0 b22 q'

Here the subscripts p = vv* and ¢ = v*v indicate that the matrices are regarded with respect
to these projections and will be omitted from now on.

Recall Krein’s solution to the extension problem for a self-adjoint operator (see [12]): Given
an incomplete 2 x 2 self-adjoint block operator matrix of the form

(+7)

find a self-adjoint operator Z in order that the complete matrix has minimal norm. Krein proved
that there is always a solution, and that it may not be unique. More recently, Davis, Kahan and
Weinberger [8] gave explicit formulas for Z. In particular, they showed that if the incomplete
matrix has compact blocks, then there exists a compact solution Z.

Since v has finite rank, the operator aq1 also has finite rank. Therefore, according to the
extension problem , we can add a compact antihermitic operator aby : p(H)* — p(H)* such

T11 +ai 12 < r11 +ai T12
! — .
—T7y T22 + Qgq —Z79 T2 + a2

We repeat this argument to find a compact antihermitic operator b, : ¢(H)t — q(H)* satis-

fying
< Y11 + v anv Y12 ) < ( y11 + v anv Y12 >
—Yi9 Yoo + by, - —Yi2 Y22 + b2

0 v*aiv 0
a/:<a11 )7 b/:< 11 )
0 ah 0 5

[(+d,y+V)| < l(z+ay+d)|=zv—vyl..

Let us set

Then it follows that

Hence, we finally obtain ||(z + a’,y + ¥')|| = ||lzv — vy||,, with (a/, ) € G,. O

Our solution to the initial value problem relies in the following result about the convexity of the
rectificable distance in U.(H).

Lemma 3.2. (Theorem 2.7 in [2]) Let v € U.(H), B : [0,1] — U.(H) a geodesic such that
doo(u, ) < w/2. Then g(s) = doo(u, 5(s)), s € [0,1] is a convex function.

We shall use it with a minor change. We need to state a version for U.(H) x U.(H).



Lemma 3.3. Let u,w € U.(H), B:[0,1] — U(H)xU.(H) a geodesic with deo ((u, w), B) < 7/2.
Then g(s) = doo((u,w), 5(s)), s € [0,1] is a convex function.

Proof. We know the minimal curves of U.(H), then we can construct 5 = (1, 32) a geodesic
of minimal length in U.(H) x U.(H). It also has minimal length in U.(H & H), namely the
unitary Fredholm group of B(H @ H). Therefore given (u;,w;) € U.(H) x U.(H), i = 1,2, we
have that the rectifiable distance doo((u1,w1), (ug, w2)) in U.(H) x U.(H) equals the rectifiable
distance duoo ((u1,w1), (ug, w2)) in U.(H @& H). Hence our lemma follows applying Lemma 3.2 to
U(H & H). O

Now we state the main result of this section.

Theorem 3.4. Let v a partial isometry with finite rank, vo € St.(v) and zvg—voy € (T'St(v))w,
such that ||xve — voylle, < /2. If (21,22) is a minimal lifting of xvy — voy, then the curve

5(t) = e*1we™t2 has minimal length up to |t| < 1.

Proof. Clearly we may assume vg = v. By Lemma 2.1 it suffices to compare the lengths of
A(t) = (e'*1,e"*2) and T, where I is a piecewise smooth curve in U,(H) x U.(H) joining (1,1)
and a unitary in the fibre §(1). Observe that A lifts § and satisfies

Loo(I') = L(8) = [[(21, 22) | < 7/2.

If Loo(I") > m/2 there is nothing to prove. Otherwise, we have I'(1) = (e®, e??), with ay, as €
K(H)qan and |[(a1,a2)|| < w/2. Note that I" and A may have different endpoints, however they
satisfy

ai —Z2

e"tpe " = e*lye

Therefore, we obtain e% = e e, i = 1,2, where (b, bs) € G,,. Since we suppose ||(a1,az)|| < 7/2

and ||(21, 20)|| < 7/2, it is apparent that ||(b1,b2)|| < . Hence the curve 3(t) = (e* e, e*2¢t2)
is a geodesic of minimal length joining (e**, e*2) and (e™,e??). Consider the following function

F(t) = do((1,1), (1)) = || (log(e™ ™), log(e*2e™2) ) ||, t € [-1,1].

Claim: f has a minimum at ¢ = 0.

Since we now that f is convex by Lemma 3.3, it suffices to analize the lateral derivatives at this
point. We may suppose ||(z1, z2)|| = ||z1]|. By continuity we have || log(e*1ef1)| > || log(e?2et*?)]|
for t small. Therefore to compute the right derivative % f(0) of f at t = 0 it sufficies to consider

Jim L {[[log(c" )| ~ 1] }.
By the Baker-Campbell-Hausdorff formula we have the following linear approximation
log(e*1e®) = 21 + tby + R(z1,th),
where lim;_q M = 0. Then,
125 + tbill = || Ri(zi, ths) | < [|Tog(e*e™)|| < ||z + thil| + || Ri(zi thi)||-

For t > 0, we have

1 1 1 i
Az +tball = flz1} = SR, th)l] < —{ [[log(e e[| — [lz1] }

IN

1 1
Ul + ol = flzall } 4 S 1Rz, bl



If we take limit ¢ — 0", we obtain
+ .1
07 f(0) = lm —{|lz1 +tha|| — [lz1] }.
t—0+

Note that that above right derivative exists due to the convexity of the norm (see [15] for
instance). Since (21, 22) is a minimal lifting, it follows ||z1 + tb1]| > ||21]|, for ¢ small enough,
then 7 f(0) > 0. Analogously one proves the corresponding statement for the left derivative,
ie. 07 f(0) <0. Hence our claim follows.

Thus f(0) < f(t), for all ¢ € [0,1]. In particular,
L(A) = [I(z1, 22)[| = f(0) < f(1) = [[(a1, a2)|| < Loo(T).
0

Remark 3.5. The proof only use the assumption on the range of v to guarantee the existence
of minimal liftings. We do not know if there exist minimal liftings when the partial isometry
have no restrictions on its range. A positive answer to this problem would lead to a general
solution of the initial value problem.

Remark 3.6. Let v be an isometry. The orbit given by left multiplication by unitaries of B(H),
ie. {uwv : uw € U(H)} is a homogeneous space of U(H). In [4] the initial value problem was
solved without restrictions on the range of v using different techniques. Recall that in the paper
[7] the structure of homogeneous space of { uv : u € U.(H) } was studied. The tangent space at
wv is {zv : € K(H)an }- The quotient metric takes the form

|zv]l, = inf{ ||z +a| : av =0, a € K(H)an }

Note that zv = 0 if and only if zvv* = 0. As we mention in the proof of Proposition 3.1 Davis
et al. in [8] proved that the operator = : vv*(H) — H has a compact extension z satisfying
|lzv]| = ||z||. Hence the existence of minimal liftings is guaranteed in this case. Then the initial
value problem of {uv : uw € U.(H) } can be solved with the same techniques that we use for
Stc(v) and without restrictions on the range of v.

3.2 Some special tangent directions

Throughout this section no assumption on the rank of v is required. We shall give particular
curves in St.(v) that remain of minimal length along their paths. We need some facts about
the orbit O, of a projection p by the natural action of U.(H) on the set of projections, i.e.

Op ={upu* : vel.(H)}.
The tangent space at pg € O), is given by
(TOp)py ={ 2P0 —pox : © € K(H)an }-

It is a real analytic submanifold of p+/C(H) and a homogeneous space of U,(H). The Lie algebra
of the isotropy group at pg € O, is

Gpo = {2 € K(H)an : xpo = pox }.
One can define a quotient metric ||.||,, using the Banach quotient norm of K(H)qn/Gp,,

pro _pOpro = inf{ Hx + GH ac gpo }

10



In this homogeneous space, the quotient metric can be computed. Given a projection p a 2 x 2
operator matrix z is co-diagonal if prp = (1 — p)z(1 — p) = 0. It is a well know fact that a
co-diagonal matrix with respect to a projection has minimal operator norm. Thus the quotient
norm equals the operator norm of each tangent vector, i.e. ||zpy — poz||p, = ||zpo — pox|. Then
one measures the length of a piecewise smooth curve « in O, by

1
wa:A|w@mw.

It was proved in the article [16] that the curves §(t) = e®pye™"*, ||z| < n/2 and z co-diagonal
with respect to pg are geodesics of minimal length joining its endpoints in the unitary orbit of a
projection in an arbitrary C*-algebra. Since O), is contained in the unitary orbit of pg in B(H),
the curves §(t) = e'*poe~ ', ||z|| < m/2, x compact and = co-diagonal with respect to py have
minimal length in Op,.

Given fixed projections p, g, we can consider the product manifold O, x O,. It is a homogeneous
space of the group U.(H) x U.(H) and a real analytic submanifold of (p, q) + K(H) x K(H). We
endow it with the product metric (or quotient metric) given by

[ (xpo — po, oy — yqo)|| = max{ [|zpo — pox| , lyqo — qoyll },

where pg € Op, qo € Oy and z,y € K(H)qp. Since it will be clear by the context we shall use the
same notation L(v) for the length of a curve v in Op, x O,. The following result is now apparent.

Lemma 3.7. Let x,y € K(H)qn such that ||(z,y)|| < /2. Suppose that x is co-diagonal with
respect to py € O, and y is co-diagonal with respect to qo € O4. Then §(t) = (e"poet, e¥qoe )
has minimal length among all piecewise smooth curves in Oy x Oy joining the same endpoints.

If we denote by p = vv* and ¢ = v*v as in section 3.1. Consider the following map
0 :Ste(v) — Op x Oy, p(uvw®) = (upu*, wquw*)

It is easy to check that ¢ is well defined and smooth. The differential of ¢ at vy € St.(v) is
given by

(dp)og : (TSte(v))ug — (TO)py X (TO)ges  (dip)ug (w00 — voy) = (2P0 — Po; Yg0 — Goy)-

In the next lemma we prove that this map reduces lengths when one endows Sty(v) with the
quotient metric and O, x O, with product metric given by the spectral norm.

Lemma 3.8. Let vy € St.(v) and z,y € K(H)an. Then

[1(dep) g (200 — voy) || < [|zv0 — voyllu -
In particular, if v is a curve in St.(v), then L(py) < L(7).

Proof. Note that ¢ is equivariant for the corresponding actions of U.(H) x U.(H) over Sty(v)
and O, x Q4. Moreover, both actions are isometric with respect to the metrics. Therefore it
suffices to prove our statement for vy = v, pg = p and qg = q.

Recall that av = vb if and only if ap = pa, bqg = gb and gbq = v*av. Then, we have

[(d)wo (zv0 = voy)l| = [l (zp = Pz, 9y — ya)|
=inf{|[(z + a,y +b)| : ap = pa, gb =bg and a,b € K(H)apn }
<inf{ (2t ay + )| : av = vb, a,b € K(H)r } = 2w — vy,

so our result is proved. The assertion about the curves now follows easily. O
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Remark 3.9. The above inequality is sharp. If z,y € IC(H)4p such that x is co-diagonal with
respect to p and y is co-diagonal with respect to ¢, then it is plain that both quotient metrics
attain the infimum at (a,b) = (0,0). Then,

[(xp = px,qy — yg)ll = llzv — vyllo .

In particular, this implies that the curve §(t) = e'®ve™%, satisfies L(5) = L(¢9).

Proposition 3.10. Let vy € St.(v) and x,y € K(H)an such that ||(z,y)| < 7/2. Suppose that
x 15 co-diagonal with respect to pg = vovy and y is co-diagonal with respect to qo = vgvg. Then
the curve §(t) = e®vpe™%, t € [0, 1], has minimal length among all piecewise smooth curves in
St.(v) joining the same endpoints.

Proof. Let v be a curve in St.(v) joining vy and evpe™Y. Observe that the curves ¢y and ¢
join the same points in O, x O,. Hence by Lemma 3.7 we have L(¢vy) < L(7). Then, by Lemma
3.8 and Remark 3.9 we obtain

L(6) = L(¢d) < L(¢y) < L(v),

and our statement holds. O
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