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Abstract

Let U.(H) = {u : v unitary and u — 1 compact} stand for the unitary
Fredholm group. We prove the following convexity result. Denote by do
the rectifiable distance induced by the Finsler metric given by the operator
norm in Uc(H). If wp,ui,u € U.(H) and the geodesic S joining uy and
uy in U.(H) verify doo(u,3) < /2, then the map f(s) = dwo(u,3(s))
is convex for s € [0, 1]. In particular the convexity radius of the geodesic
balls in U.(H) is w/4. The same convexity property holds in the p-Schatten
unitary groups U,(H) = {u : v unitary and v — 1 in the p-Schatten class},
for p an even integer, p > 4 (in this case, the distance is strictly convex).
The same results hold in the unitary group of a C*-algebra with a faithful
finite trace. We apply this convexity result to establish the existence of
curves of minimal length with given initial conditions, in the unitary orbit
of an operator, under the action of the Fredholm group. We characterize
self-adjoint operators A such that this orbit is a submanifold (of the affine
space A + K(H), where K(H)=compact operators).!

1 Introduction

As in the finite dimensional setting, an infinite dimensional manifold with a
Finsler metric (a continuous distribution of norms in the tangent spaces) becomes
a metric space. The reader can find the main facts concerning Finsler structures
on Banach manifolds in the books by H. Upmeier [27] and D. Beltita [6]. The
distance between two points is given by the infimum of the lengths of the smooth
curves which join these points. The first problem one encounters is the existence
of curves of minimal length, or metric geodesics. In the finite dimensional case,
compactness of closed balls is a key fact in the solution of this problem. For infi-
nite dimensional manifolds, in the absence of compactness, convexity properties
of the distance can prove a useful substitute. In this paper we study manifolds
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which carry a transitive action of the unitary Fredholm group (defined below), i.e.
homogeneous spaces of the Fredholm group. We start by considering the metric
geometry of the group. It is well-known that with the Finsler metric given by the
usual operator norm, geodesics (starting at 1) are one parameter unitary groups
e with x* = x compact, and remain minimal if || < HTWH We prove a convexity
property for the metric in the group: if three elements ug, uq, us of the group lie
close enough, the distance from ug to the points of the geodesic joining u; and us,
is a convex map in the time parameter. In particular, the radius of convexity of
the geodesic balls in the unitary group is w/4. With a slightly different proof, we
obtain the same result for the unitary group U4 of a C*-algebra A with a finite
faithful trace.

These results are used to establish the existence of metric geodesics with given
initial conditions in certain homogeneous spaces of the Fredholm group. More
precisely, in the orbits of operators under the inner action of this group.

It is worth mentioning here that the rectifiable distance in the unitary group
of a C*-algebra A (and in spaces of projections of A) is related to the problem of
factorization of operators on C*-algebras, see the survey [22] by N. C. Phillips.

Let H be a Hilbert space. Denote by B(H), K(#H) and B,(#) respectively, the
Banach spaces of bounded, compact and p-Schatten operators. Let U(H) be the
unitary group of H. This paper is a sequel of [2], where we studied the geometry of
homogeneous spaces of the so called [18] classical Lie-Banach groups of unitaries
in H

UH)={uveUH):u—1€B,(H)}.
The Lie algebra of U,(H) is the space B,(H)a, of anti-hermitian operators in
B,(#H). Thus the natural Finsler metric to consider in U,(H ) is the p-norm, namely

|||, = Tr(]z|?)'/?. We denote by ||z|| the usual supremum norm of z.

In this paper we shall focus on the (unitary) Fredholm group

UH) = {fuc UMH) :u—1¢eK(H)).

Among the facts proved in [2], let us cite the following, which also hold in the
unitary group U4 of a C*-algebra A with a finite faithful trace [3]:

1. With the Finsler metric given by the p-norm, if p > 2, the curves of the
form p(t) = ue'™ (v € U,(H), © € By(H)an, ||| < 7) have minimal length
(and are unique with this property if ||z|| < 7) as long as |t| < 1. Any pair
ug, uy of elements in U,(#H) can be joined by a minimal geodesic, which is
unique if |lug — uq || < 2.



2. If p is an even integer, d,, denotes the distance given by the Finsler metric,
up € U,(H) and ¢ is a geodesic such that d,(ug, d(t)) < w/4 for ¢ in a certain
interval I, then the function f(t) = d,(uo, d(¢))? is strictly convex for ¢ € I.

Our first result establishes that the second cited result can be refined: the
function

g(t) = dy(uo, (1))

is strictly convex in I for p even, p > 4. As a consequence, if u,v € U.(H), and
x=—z* € K(H), with ||z] < 7/4, the function

Joo(t) = doo(u,ve™), t€10,1]

is convex, where d, is the rectifiable distance induced by the Finsler metric given
by the operator norm in U.(H).

In order to obtain this result, we need the analogous to the first cited result
to hold for the group U.(H). This is perhaps well-known, we sketch a proof at
the beginning of the next section. With the same proof, the result holds for C*-
algebras with a finite faithful trace.

We apply the convexity property of the metric to the geometric study of the

unitary orbits of an operator A under the Fredholm group,
Os={vAu" :u e U(H)}.

We deal more extensively with the case A* = A, though we consider an example
of a non self-adjoint operator. This orbit lies inside the affine space A + IC(H),
and therefore its tangent spaces lie inside (7). A natural Finsler metric to
consider here, following the ideas in [15], is the quotient metric induced by the
usual operator norm. We prove first that if A* = A, then O4 is a complemented
submanifold of A + KC(H) and a smooth homogeneous space if and only if the
spectrum of A is finite. Then we proceed on the study of the existence of minimal
curves in O4 with given initial conditions. If z = —2* € K(H) and b € Oy,
xb — bx is a typical tangent vector of O4 at b. In the case when A has finite rank
(or more generally, A has finite spectrum with all but one of the eigenspaces of
finite dimension) we prove that there exists a compact anti-hermitian operator z.
such that

1. b —bx = z.b — bz, and

2. [z < ||2"]] for all 2" € K(H)an such that 2'b — bx’ = xb — bu,



and the curve €(t) = e*be~"*c has minimal length up to |t| < = 7- Such ele-

ments z. are called in [15] minimal liftings of the tangent vector :;lgzi bx because
they achieve the quotient norm, they need not be unique. They are found using
a matrix completion technique developed by C. Davis, W. M. Kahan and H. F.
Weinberger [12], in their solution to M. G. Krein’s extension problem. These min-
imal liftings provide, in a different but related framework [15], curves of minimal

length in homogeneous spaces of the unitary group of a von Neumann algebra.

The contents of the paper are as follows. In Section 2 we prove the convexity
results for the geodesic distance in U,(H) (p even, p > 4) and U.(H). In Section
3 we show that this result holds in C*-algebras with a finite and faithful trace. In
Section 4 we characterize self-adjoint operators A such that Q4 is a submanifold
of A+ KC(H). In Section 5 we introduce a Finsler metric in O4, and show that
if, for instance, A has finite rank, then one can find curves of minimal length (or
metric geodesics) in O4 with given initial conditions (position and velocity). In
Section 6 we further specialize to the case A = P an orthogonal projection, and
show that in Op one can find metric geodesics joining any given pair of points.
In Section 7 we consider the example of a non self-adjoint operator, namely an
order two nilpotent N. We show that for certain special directions, called here
anti-symmetric tangent vectors, metric geodesics with these special vectors as

velocity vectors exist.

2 Convexity in the classical unitary groups

In this paper, we consider piecewise smooth curves v : [a,b] — X taking values in
either a unitary group, or an homogeneous space of a unitary group. By smooth

we mean C!' and with non vanishing derivative. The rectifiable length of v is

o) = [ Wilhs

where ||v]|, denotes the norm of a tangent vector v at x € X. The rectifiable

defined in the usual way,

distance is defined as the infimum of the lengths of smooth curves joining its
given endpoints, that is

d(z,y) = inf{L(7) : ~ is smooth, y(a) = z,v(b) = y}.

For p > 1, we use d, to indicate the rectifiable distance in the group U,(#), and
d to indicate the rectifiable distance in either the Fredholm group or a given C*-

algebra (i.e. the distance obtained by measuring curves with the uniform norm).



Lemma 2.1. Let x € K(H)ap such that ||z|| < 7, and u € U.(H). Then the curve
e(t) = ue'™ has minimal length for t € [0,1]. Any pair u,v € U.(H) can be joined
by such a curve.

Proof. Clearly we can suppose u = 1. Note that 22 < 0, and since it is compact,
there exists a unit vector ¢ € H, which is a norming eigenvector for z?2, i.e.
z?¢ = —||z||?¢. Consider the map

p:U(H) = Su={neH:[nl =1} plu)=us.
Note that e(t) = p(e(t)) is a geodesic of the sphere Sy. Indeed, if k = ||z|
E(t) = e a6 = —k%e™¢ = —K%e(t).

Moreover, since k < 7, it is a minimal geodesic of the sphere for t € [0, 1]. Let
v(t), t € [0,1] be a curve in U.(H) joining the same endpoints as €. Then p(7y)
joins the same endpoints as e. Thus L(e) < L(p(7)). On the other hand

L(ﬂ(V))Z/O ||7(t)€||dt§/0 15 (®)]ldt = L(7).
Moreover,

l€]* = lzg]* = (28, 28) = —(27¢,&) = [|l2°[| = [l=I*,

and thus L(e) = L(e). This completes the first part of the proof.
Given w € U.(H), there exists © € K(H)qn such that w = e® [18]. Moreover,
x can be chosen with ||z| < 7. O

Remark 2.2. The Hessian of the p-norms was studied by L. E. Mata-Lorenzo
and L. Recht in [4, 20]. We recall a few facts we will use in the proof of the next

theorem. Let a,b,c € B,(H)an, let Hy : By(H)an X By(H)an — R stand for the
symmetric bilinear form given by

p—2

H,(b,c) = (—1)gpz Tr(a?~> *ba*c).

k=0

Denote by @, the quadratic form induced by H,. Then (cf. Lemma 4.1 in [4] and
equation (3.1) in [20]):

L. Qa([ba]) < 4||a||2Qa<b)'

2. Qa(b) = pllbaZ "3 + § X0 ' (ab+ ba)a™ |13



In particular H, is positive definite for any a € B,(H)an. These facts were proved
in the context of a C*-algebra with a finite trace. They hold in our context here,
because they rely on the abstract properties of the trace, and on the following
facts, which are elementary:

lzylly < 2yl l2lyllo = llzyll,, 2 € BH),y € By(H).

Our convexity results follow. If u € U,(#H), denote by
B,(u,r) ={w € Uy(H) : dp(u,w) < r}

the ball of radius r around w in B,(#). First we prove a refinement of a result from
[2, Theorem 3.6]. Let g(r) = sinc(r) = r~!sin(r), which is a strictly decreasing
function in [0, 7], with g(0) =1 and g(7w) = 0.

Theorem 2.3. Let p be an even integer, p > 4. Let u € Uy(H) and let (3 :

[0,1] = U,(H) be a non constant geodesic contained in the geodesic ball of radius
T, = %gil(ﬁ), namely 5 C By(u,ry). Assume further that w does not belong to

any prolongation of 5. Then f,(s) = dy(u, B(s))? verifies

(= 1)f(s) Spfp<s>fé’<s>m

for any s € [0,1], and equality holds in the last term if and only if f]/(s) = 0.

< plp — 1) fp(s)f; (5),

Proof. We may assume that u = 1 since the action of unitary elements is isomet-
ric. Let v, z € B,(H)an such that §(s) = e’e®*. Since

18(s) = U < [15(s) = 1lp < dp(B(5), 1) < < 1,

the curve /5 has analytic logarithm given by the smooth curve of (anti-hermitian)
operators ws = log(3(s)) € By(H)an- Let v5(t) = €. Since ||ws| < |Jwsll, <
r, < /4 (p > 4), then ~, is a short geodesic joining 1 and [(s), of length

p

lwsll, = dy(1, B(s)). Then fy(s) = [hwsllp = Tr((~w?)?) = (=1)5Tr(w?), hence

£i(s) = (“1)spTr(u? ") = ﬁﬂws(ws,ws).

For z,y € B,(H)an, we have the well-known formula

1
d exp,(y) = / eIy et gt
0

(cf. [2, Lemma 3.3]). Since e"s = e’e**, then e™"* d exp,, (ws) = z, namely

1
2 :/ e e et dt. (1)
0
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Thus Tr(wP~ w,) = fol Tr(wP=te i ets) dt = Tr(zwP™t). Hence

fols) = (=1)2p y_ Tr(wi™* Miawiz) = Hy, (s, 2),
and again by equation (1) above,

F(s) = / H,,,(6,(0), 6,(t))dt

where 0,(t) = e ™=w.e™=. Suppose that for this value of s € [0,1], R? :=
Qu, (Ws) # 0, where Q,, is the quadratic form associated to H,,. Then, if
K, C B,(H)an is the null space of H,,, consider the quotient space B,(H)an/Ks
equipped with the inner product H,, (-, ). An elementary computation shows that
0 lives in a sphere of radius R, of this pre-Hilbert space, hence

H,(54(0),04(t)) = R? cos as(t),

where a,(t) is the angle subtended by 65(0) and d(¢).

Note that
d

dt
and that ), is Ad,-+w.-invariant:

0s(t) = e [wy, ) e,

Qs(e ™ae™™*) = Q4(a).

Then, reasoning in the sphere,
bt
Rea(t) < Li(6,)= / Q2. (e [wy, vyt ) dt
0
t 1 ‘
= / Q2. ([ws, ws]) dt =t Qs ([ws, wWs)).
0
By property 1. of Remark 2.2,
Rga(t) < t2||wg||Rs < t2]|ws]|,Rs.
for any t € [0, 1]. Hence, since |jw;l|, < 7, then
cos(as(t)) = cos(2t||wsllp),

and we obtain

n(2[ws|lp)

si
fy(s) > R? >0
2[|ws|

p



integrating the expression for f)'(s) above. Note that the Cauchy-Schwarz in-
equality for H,, implies that

(p - 1)2f;/7(3)2 = Hfus(w& ws) S Qws (ws)Qws (ws) = p(p - 1)fp(3)Rza

and therefore

1
(0= 1)f(s) < php(s) ) (8)— o
g T g2 wllp)
For the chosen value of r, = %g_l(]ﬁ), one has that
1
—r iy <p—1,
9(2llwsllp)

and therefore the right hand inequality of this theorem follows. Note also that
since we are supposing R, # 0, clearly f/(s) # 0, and thus for such s the second
inequality is strict.

Suppose now that Ry = @y, (ws) = 0 Then, again by the Cauchy-Schwarz
inequality for the form H,,,,

0 < f)(s) = Hy,(Ws,2) < Qs(1)2Q4(2)V? = 0,

and similarly

1 1
o) = g o (s )l < = Qa0 2Qs () 2 = 0,
which concludes the proof. O
The following elementary lemma will simplify the proof of the next corollaries.

Lemma 2.4. Let C,e >0, let f : (—e,1+¢) — R be a non constant real analytic
function such that f'(s)*> < Cf"(s) for any s € [0,1]. Then f is strictly conver in
(0,1) and moreover there is at most one point a € (0, 1) where f,'(a) = 0.

Proof. By the mean value theorem, the condition on f implies that for each pair of
roots of f’, there is another root in between. Since f is analytic and non constant,
Co(f’) is an empty set or has one point o € (—¢,1 4 ¢). If Cy(f’) does not meet
(0,1), then f” > 0 there and we are done. We assume then that there exists « in
(0,1) such that f’(a) = 0. Note that — f'(z) = f'(a)— f'(z) = [ f"(s)ds > 0 for
any x € (—e,a] and f'(y) = f'(y) — fi(e) = [ f"(s)ds > 0 for any y € [a,1+¢),
hence f’ is strictly negative in (—e,«) and strictly positive in («, 1 + ), so f is
strictly convex in each interval. If f(a) < [f(1) — f(0)]a + f(0), we are done. If
not, by the mean value theorem there exists = € (0, «), y € («, 1) such that



and

a contradiction. O
Corollary 2.5. Ifu, 3 are as in Theorem 2.3, then f, is strictly convexz.

Proof. Since f, is analytic and f}(s)* < Cf"(s), if f, is non constant, then f,
is strictly convex by Lemma 2.4. Assume then that f, is constant with f,(s) =
f»(0) = |[jv], fgrlany s € [0,1]. Note that R, = 0, and then by property 2. of
Remark 2.2, wZ ~z = 0 and an elementary computation involving the functional
calculus of anti-hermitian operators shows that wyz = 0. In particular vz = 0
which implies ws = v + sz by the Baker-Campbell-Hausdorff formula. But since
the norm of B,(H) is strictly convex, w, cannot have constant norm unless v is a

multiple of z, and in that case, u and § are aligned contradicting the assumption

O

of the theorem.

=

Corollary 2.6. Let u, 8 be as in Theorem 2.3. Then g,(s) = d,(u, B(s)) = fu(s)

18 strictly convex.

Proof. Computing g, (s), we obtain

gi(s) = pi 2 (1, (5)2(5) — (p — D) f1(5)?]

which is positive by the previous theorem. Moreover it is strictly positive if and
only if f}'(s) # 0. By Lemma 2.4, there is at most one point o € (0,1) where
f;(s) = 0, and arguing as in the proof of that lemma, it follows that g, is strictly

CONvex. ]

Remark 2.7. Note that for p = 2 the above statements are incomplete: fs is
certainly strictly convex if § and u are as above, but it is not clear whether g5 is

convex. This last assertion is equivalent to
T .
| Tr(ws2)| < [Tr(wsz)|? ||wsll2 = psl|ws]la]|ws]]2

where p;, = fol cos as(t)dt < 1 is a positive constant, so it is easy to check that g,

is convex if v and z commute.

Our main result on the convexity of the rectifiable distance in the Fredholm

group follows.

Theorem 2.8. Letu € U.(H), B:[0,1] = U(H) a geodesic such that ds(u, 5) <
Z. Then for s € [0, 1], the function g(s) = ds(u, 5(s)) is convex.



Proof. We assume that u = 1, 8(s) = e”e** as before; here v and z are compact.
Since d(u, 8(s)) < 5, then wy = log(B3(s)) is a compact anti-hermitian operator,
with |Jws|| = d(1,8(s)) = g(s). Let ¢, be an increasing sequence of finite rank
projections which converge strongly to 1, and consider v,, = ¢,vq, and z,, = ¢,2¢,.
Note that since v, z are compact, v,, — v and 2, — 2z in norm, and therefore
ene®* — e¥e’* in norm for all s € [0, 1]. Therefore there exists ny such that for
all n > ny, ||e" e’ —1|| < w/4 for all s € [0, 1]. Let w,, s = log(e’e**"). It follows
that the map
gnp(8) = dy(1, €€’ ) = [[wn,s]|p,

is convex in [0, 1]. Note that w,, s is a finite rank operator, thus
i Jwns[lp = [lwnsl| = gn,oo(s)-
Pp—+00
Thus gy~ is convex. Finally, by continuity of the functional calculus,
9() = ]l = i [funo]| = limm g nc(s)
is convex for s € [0, 1]. O

Corollary 2.9. The radius of convezity of the geodesic balls in U.(H) is .

Remark 2.10. There is another relevant result concerning convexity of distance
maps in the context of operator algebras [10, 11]. Namely, the manifold P of
positive invertible elements in H, with a natural Finsler metric, is a space of
non-positive curvature in the sense of Busemann. This in turn implies that a
global convexity result like the one stated in Theorem 2.8 above holds in P; the
non-positive curvature plays a significant role there. In finite dimensions, in the
Riemannian case, the unitary group has non-negative curvature. See also Theorem

5.1 in [2] for a result regarding the distance among geodesics in unitary groups.

3 Convexity in the unitary group of a C* -algebra
with a finite trace

Several results in the previous section remain valid when properly rephrased in the
context of a finite C*-algebra A with a faithful and finite trace 7. To begin with,
Remark 2.2 was originally stated in this context [20]. Denote by Uy4 the unitary
group of A. Then the one parameter groups with skew-adjoint exponent x, with
|z|| < 7 are the short curves in Uy, when we measure them with the p-norms
induced by the trace (see [3, Theorem 5.4] for a proof). That the same assertion
holds if we measure curves with the uniform norm of A is perhaps well-known,
we include a proof of it.
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Lemma 3.1. Let x € A be skew-adjoint, with ||z|| < m, and w € Ua. Then the
curve €(t) = ue™ has minimal length for t € [0,1]. Any pair u,v € Uy such that
|lu —v|| <2 can be joined by such a curve.

Proof. Let ¢ be a state of A such that p(x) = —|z||*. Let H, be the Hilbert
space associated to the Gelfand-Neimark-Segal representation of A induced by .
Consider the unit sphere of the Hilbert space H,, and represent elements u € Uy
as elements in the sphere by means of a cyclic and separating vector &, € H,,

To(u)&yp.

The argument carries on as in Lemma 2.1, because €' is mapped to e(t) =

try(x

e )fw which is a minimal geodesic in the sphere since

é(t) = ey ()€, = —e™ D 2|*€, = —||z]%e(t).

See [23] for a similar argument. If ||u — v|| < 2 then there exists a skew-adjoint
element = € A with ||z|| < 7 such that v = ue®, and one can consider the curve
e(t) = ue™. O

Let us state now the analogous of Theorem 2.3.

Theorem 3.2. Let p be a positive even integer, p > 4. Let u € Uy and let

B :[0,1] — Ux be a non constant geodesic contained in the geodesic (uniform)

ball of radius r, = %g_l(zﬁ), namely B C By (u,ry). Assume further that u does

not belong to any prolongation of 5. Then f,(s) = d,(u, 5(s))P verifies

(p—Df(s)° < pfp(S)f;’(S)g <p(p =1 fp(s)f; (s),

_ b
(2|ws]l)
for any s € [0,1], and equality holds in the last term if and only if f](s) = 0.

Proof. One only needs to review the proof of Theorem 2.3, and note that the
result follows using the inequalities with the operator norm || ||. Notice that by
Remark 3.7 in [2], the condition ||ws|| < 7/2 guarantees that f, is convex. O

Analogously the other results follow:
Corollary 3.3. Let u, 8 be as in the above theorem. Then
1
gp(s) = dp(u, B(s)) = fp(s)

18 strictly convex.

Corollary 3.4. Let u € Uy, B:[0,1] = Ux a geodesic such that du(u,3) < 5.
Then g(s) = doo(u, B(s)), s € [0,1] is a convex function.

Corollary 3.5. The radius of convexity of the geodesic balls in Uy is 7.

11



4 Smooth structure of unitary orbits of the Fred-
holm group

In this section we shall investigate the geometric structure of the unitary orbit
of a fixed operator. To simplify our exposition, we shall consider the case of a
bounded self-adjoint operator A € B(H), and its orbit

Os={vAu" :u e U(H)}.

Note that O4 C A + K(H), (and clearly O4 C K(H);, if A is compact). First
we characterize the operators A such that O4 is a submanifold of the affine
Banach space A + IC(H). The argument is analogous to the one developed in [2]
for the orbit of the group Us(#H). We shall use the following lemma, which is an
elementary consequence of the Inverse Function Theorem. Its proof can be found
in the Appendix of [25].

Lemma 4.1. Let G be a Banach-Lie group acting smoothly on a Banach space
X. For a fized x € X, denote by m, : G — X the smooth map 7,(g9) = g - .
Suppose that

1. w, 1s an open mapping, when regarded as a map from G onto the orbit
{g-7z:9¢€ G} of x (with the relative topology of X ).

2. The differential d(m,)1 : (T'G); — X splits: its kernel and range are closed

complemented subspaces.

Then the orbit {g -z : g € G} is a smooth submanifold of X, and the map
. G — {g-x:9g€ G} is a smooth submersion.

In our case, we must consider the map
ma:U(H) = O CA+KH), ma(u) =uAu",
whose differential at 1 is the inner derivation
0a: K(H)ar = K(H)p, da(z) =2A— Ax.

There are many results on the spectral properties of elementary operators, in
particular of inner derivations. One can find an extensive survey on this subject
in the book [5] by C. Apostol, L. Fialkow, D.A. Herrero and D.V. Voiculescu.
Specifically related to our context, where the inner derivation is restricted to the
compact operators is the paper [16] by L. Fialkow. We transcribe a result from
this paper: denote by T4p the operator Tap(x) = Az —xB. Let J be any Schatten
ideal.

12



Theorem 4.2. (Fialkow [16]) The following are equivalent:
1. Tap : B(H) = B(H) is bounded below.
2. Tag : J — J is bounded below for some J.
3. Tap : J — J is bounded below for any J .
4. o(A)No.(B)=10.

Here 0;(A) (resp. 0,.(B)) denote the left (resp. right) spectrum of A (resp. B).
In our particular case, we deal with 744 = d4 and J = K(H). In view of the
Lemma above, we must show that 4 splits: i.e. that its range and kernel are
closed and complemented.

Theorem 4.3. The map 64 : Kop(H) — K(H)n has closed range if and only if
the spectrum of A is finite. In this case, the map 64 splits.

Proof. Denote by 6§ the map 65 : K(H) — K(H) defined accordingly. Clearly
KH) =K(H), & K(H)an,

TZ(K(H)n) € K(H)an and 55(K(H)an) C K(H)p-

Therefore it is apparent that 64 has closed range (resp. splits) if and only if 6§
does. Let us denote this latter map also by d4 to lighten the notation.

Suppose first that d 4 has closed range. The Hilbert space H can be decomposed
in two orthogonal subspaces H = H. ® H,, which reduce A, such that A. =
Aly. € B(H.) has continuous spectrum, and the spectrum of A,, = Aly,, has a
dense subset of eigenvectors. We claim that 64, and ¢4,, have both closed range.
Suppose x,, € B(H..) is such that 04 (z,) — y, then y, = x, 0 € B(H) satisfies

§a(yn) =64, (2,) @0 =y DO

in B(H), and thus y & 0 = d4(z). If one writes this equality in matrix form (in
terms of the decomposition H = H. & H,,), one has

( y 0 > _ ( r11Ae — Acznn I12App — Acxio )

00 (L’QlAC - Appl’gl ZEQQApp — AppIQQ

and therefore y = d4.(211). Analogously one proves that the range of § 4, is closed.
In order to prove our claim (that the spectrum of A is finite), we must show first
that H. is trivial. First note that d4, : K(H.) — K(H.) has trivial kernel. Indeed,
if x # 0 is a compact operator commuting with A., since also x + x* commutes
with A., by the spectral decomposition of compact self-adjoint operators, one can
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find a non trivial (finite rank) spectral projection of x +z*, which commutes with
A., and thus A, would have an eigenvalue, leading to a contradiction. It follows
that d4, : K(H.) — K(H.) is bounded from below. Thus, by Fialkow’s theorem
above, one would have that o;(A.) No.(A.) = (. Since for self-adjoint operators,
right and left spectra coincide, this implies that the spectrum of A. is empty, and
therefore H, is trivial.

It follows that the spectrum of A has a dense subset of eigenvalues. Suppose
that there are infinitely many eigenvalues. By adding a multiple of the identity
to A (a change that does not affect 04), we may suppose that 0 is a accumulation
point of the set of eigenvalues of A. From this infinite set one can select a sequence
of (different) eigenvalues {)\, : n > 1} which are square summable. For each
n > 1 pick a unit eigenvector e,, consider H, the closed linear span of these
eigenvectors, and denote Ay = Aly, € B(Ho). Note that Ay is a Hilbert-Schmidt
operator. It is apparent that since 04 : K(H) — K(H) has closed range, then
da, : K(Ho) — K(Ho) also has closed range. Let us show that the kernel is
complemented. Note that Ay, written in the orthogonal basis {e, : n > 1}, is a
diagonal infinite matrix, with different entries in the diagonal. Thus the kernel of
d4,, which is formed by the compact operators in H, which commute with Ay,
consists also of diagonal matrices. Therefore kerd,, is complemented, and one
can choose the projection P onto kerd,, given by

Tr11 T12 13 ... T11 0 0
. To1 X292 T23 ... 0 T922 0
P >
T31 T32 T33 ... 0 0 T33

Then IC(Ho) = ker 04, ® L, with L = ker P, and
5A0|L L — R(éAO)

is an isomorphism between Banach spaces. It follows that there exists a constant
C > 0 such that

lxtAg — Apz|| > Cl||lx — P(z)]|, for all z € K(H,).

For each k > 1, consider the k x k matrix by with % in all entries, and let z be the
operator in Hy whose matrix has by in the first k£ x k corner and zero elsewhere.
Note that xj is a rank one orthogonal projection and thus ||xx|| = 1. Also note
that || P(xy)|| = . It follows that

e — Pl =1
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as k — oo. On the other hand, x, Ay — Aoz is a Hilbert-Schmidt operator whose

2-norm squared is

k k

k
1 2
lzx Ao — Aozillz = e > NN 20 = otk Y A - N

ij=1 =1 =1

k
I
i=1

Thus ||z Ao — Aok || < ||zxAo— Aozk||2 — 0, leading to a contradiction. It follows

< | 4o]]3-

ESl )
el

that the spectrum of A is finite.

The other implication is straightforward. We outline its proof. Suppose that
the spectrum of A is finite, then A = ", \;p;, for pairwise orthogonal self-
adjoint projections p; which sum 1. One can write operators in K(H) as n x
n matrices in terms of the decomposition H = > | R(p;). A straightforward
computation shows that if = € C(H) with matrix (x;;), then d4(z) is

0 ()\2 — )\1)%1’2 ()\3 — )\1)1’1’3 . ()\n — )\1)5(717n
S K
()\1 — An)xn,l ()\2 — An)xn,Q ()\2 — )\1)!13172 ... 0

Since \; # A; if @ # j, it follows that the set {xA — Az : © € K(H)} consists of
operators in K(#H) whose n x n matrices have zeros on the diagonal, i.e.

{rtA-Az: 2 e KH)} ={z e K(H) : pizp; =0, i =1,...,n},

which is clearly closed in IC(#H). The kernel of d4 consists of elements z € C(H)
which are diagonal matrices, with an arbitrary compact operator of the range of
p; in the 7, 7-entry. This space is clearly complemented, for instance, by the closed
linear space of compact operators whose matrices have zeros in the diagonal. [

We may combine the above results to obtain the following:

Theorem 4.4. The orbit Oy C A+ K(H), is a differentiable complemented
submanifold and the map wa : U.(H) — O4 is a submersion if and only if the
spectrum of A is finite.

Proof. Suppose first that the orbit is a complemented submanifold and the map
74 a submersion. Then the differential

(dﬂA)l = 5A : (TUC(H))l = ’C(H)ah — (T@a)A C K(H)h

splits. In particular this implies that (T'O,)a = d4(C(H)an) and therefore by the
above theorem, A has finite spectrum.
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Suppose that A has finite spectrum, A = >""" | \;p;, with p; pairwise orthogo-
nal projections with > " | p; = 1. In order to apply Lemma 4.1, we need to show
that 74 is open (regarded as a map from U.(H) onto O4). Let us show that it
has continuous local cross section. The construction proceeds analogously as in
2]. Denote by P4 the map Pa(z) = Y, pixp;. Pa projects onto the commutant
of A, and it has the following expectation property: if y, 2 commute with A, then
Ps(yxz) = yPa(x)z. Moreover, by the argument above, there exists a constant
C' > 0 such that

Clle — Pa(@)] < oA — Aa],
for all x € KL(H). Consider the open ball B ={b e Oy4 : ||b— A| < C}. We define
the following map on B:
0:B— U(H), 0(b) =uQPa(u)), ifb=uAu",
where (2 is the unitary part in the polar decomposition of an (invertible) operator,
g = Qg)|g|. Note that Q(g) = glg|~' = g(g*g)~""/? is a smooth map of g, and
takes values in U.(H) if g is an invertible element in the C*-algebra C1 + IC(H).
In order to verify that 6 is well defined, let us check first that P4 (u*) is invertible
and lies in C1 4+ IC(H). Since b = vAu*, with u =1+ k, k € K(H),
Cllu = Pa(u)l| = Cllk — Pa(k)|| < [[FA — Ak[| = [[ud — Aul| = [ludu® — Al < C.
Then ||1 — Pa(u)u*|| = |Jlu — Pa(u)|| < 1, and thus P4(u) and Ps(u)* = Pa(u*)
are invertible. Also Py(u) — 1 = Ps(u — 1) = Pa(k) € K(H). Next note that
0(b) depends on b and not on the choice of the unitary u. If also b = wAw*, then
v = uw*w commutes with A. By uniqueness properties of the polar decomposition,
Q(v*Pa(u*)) = v*Q(Pa(u*)), and thus
wQ(Pa(w")) = uwvQ(v* Py(w*)) = uQ(Pa(u”)).
Let us prove that 6 is continuous. It suffices to show that it is continuous at A.
Suppose that u,Au’ — A. Then as above, |u,A — Au,| — 0, and therefore
|un, — Pa(uy,)|| — 0, or equivalently,
11— un Pa(up) || = 11 = Pa(un)ug || = llun — Pa(un)|| — 0.
Therefore (since €2 is continuous),
O(upAus) = u, Q2(Pa(u))) = Qu, Pa(w))) — 1.
Finally, 0 is a cross section: if b = uAu*,
G(b)AO(D)" = uQ(Pa(u”))AQ(Pa(u™))*u* = uAu* = b,

because the fact that P4(u*) commutes with A, implies that also Q(P4(u*)) com-
mutes with A. O
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Remark 4.5. A construction of local cross sections under the hypothesis that A

is a finite-rank operator has been carried out in a more general setting (symmet-

rically normed ideals in B(#)) by D. Beltita and T. S. Ratiu [7].

5 Finsler metric in the unitary orbit

Our next step will be to introduce a Finsler metric in O4. To do this, we shall
follow ideas in [15], and consider a quotient metric in the tangent spaces of O4
as follows. For any b € O4, the map m, : U(H) — Oa, mp(u) = ubu* is clearly a
submersion (note that if b = wAw*, then m,(u) = 74 o ad(w)). Therefore

(dmp)1 = 0y : K(H)an — (TO4)p = R(d)
is surjective (here 6,(y) = yb — by). Thus if x € R(6),
lello = it {1yl ¥ € KC(H)an such that 6,(y) = z}. )
Let us recall two relevant facts from [15]:

1. The metric is invariant under the action of the group: if + € R(d,) and
u e U(H),

]l = fluww™|ugu-

This is a straightforward verification.

2. There exists z € B(H)qn such that d,(z) = y which realizes the infimum:
Iz|l = |l=|lp- Such element z is called a minimal lifting for x. We remark
that it may not be unique, and more relevant to our particular situation,
it may not be compact. Indeed, it is obtained as a weak limit point of
a minimizing sequence, as follows. Let y! = —y, with 0(y,) = x such
that ||yn|| — [|z]ls- The sequence {y,} is bounded, therefore there exists
a subsequence, still denoted ,, which is convergent in the weak operator
topology, (y.&,n) — (2&,n) for all £,n € H. Note that

T = 0p(Yn) = Ynb — byn Y b — by = o(2),

and thus 6,(z) = x. Also it is clear that z* = —z. For € > 0, fix a unit vector
¢ such that |(z€,&)| > ||z|| — €. Then

[ynll = [yn&, )1 = 126, = [I2] — e,

and therefore taking limits ||z|| > ||z||, > ||z|| — €. It is not clear however if

there is a compact minimal lifting.
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The interest in minimal liftings, is that they provide curves of minimal length
for the Finsler metric just defined in the homogeneous space O 4. We shall prove
here the existence of compact minimal liftings in a special situation, when the
operator A has finite rank.

Proposition 5.1. Suppose that A has finite rank. Then for any b € O4 and
any tangent vector x € R(0y) there ezists a minimal lifting z € IC(H)an, i.e. an

element that verifies
Ww(z) =z and ||z|| = ||z|l, = inf{||y|| : y € K(H)an such that &(y) = z}.

Proof. We may suppose b = A. Since A has finite rank, there exist pairwise
orthogonal projections po, p1, .. .p, such that A = Y7 A\;p;, with py,...,p, of
finite rank and py = 1 — > | p;, the projection onto the kernel of A. Let z €
K(H)an be an arbitrary lifting of z, © = 24 — Az. As remarked above, there
exists 2o € B(H)an such that x = 29A — Az and ||zg]| = ||z||a. Consider the anti-
hermitian element z; = zg — pozopo. It is clearly also a lifting of x, and moreover,
it is of finite rank. Indeed,

1 1
21 = Pg %o + PozoDPy »

with pg- = 31" | p; of finite rank.
Recall Krein’s solution [19] to the extension problem for a self-adjoint operator.
Given an incomplete 2 x 2 hermitian block operator matrix of the form

(")

find a completion (i.e. a self-adjoint operator Z completing the 2, 2 entry) in order
that the complete matrix has minimal norm. Krein proved that there is always
a solution, and that it may not be unique. More recently, Davis, Kahane and
Weinberger [12] gave explicit formulas for Z, and in particular, in [12, Corollary
1.3] proved that if the initial operator matrix is compact, then one can always
find a compact solution Z.

In our case the operators are anti-hermitian, but clearly the result can be
translated. The compact operator z;, when regarded as a 2 X 2 matrix in terms
of the decomposition H = R(py ) ® R(po), has a zero in the 2,2 entry. Thus it can
be completed to a compact operator with minimal norm. That is, there exists a

compact operator ¢ = pycpg such that z. := 2y + ¢ verifies

[zell < |21 + podpol|

for any d € B(H)an. In particular, ||z.| < ||z0]]. Clearly da(z.) = da(z1) =
da(z0) = x, therefore in fact ||z.|| = ||z0]|. Also it is apparent that z. is compact.
[l

18



JFrom minimal liftings one obtains curves with minimal length. First recall

that if v(t), t € [0, 1], is a smooth curve in O 4, one measures its length as usual

Mﬂz%”%%ww-

Ifb e Oy and x € R(dy), then for any lifting z € K(H )apn, the curve v(t) = e'*be =
verifies 7(0) = b and 4(0) = z. If additionally z = 2, is a minimal lifting, the
curve v has minimal length up to a critical value of t. This could be proved using
the techniques developed by Durdn, Mata-Lorenzo and Recht in [15]. We give
here a different proof based on the convexity of the distance function proved in
the first section. First we need the following result:

Proposition 5.2. Let ag, a; in Oy, with A of finite rank, and let d be the recti-
fiable distance in O4. Then

d(ag,ar) = inf{L(I") : ['(t) € U.(H), 74, (T) joins ag and a;}.
The curves I' considered are continuous and piecewise smooth.

Proof. Let v(t) € O4 be a C' curve joining v(0) = ag and y(1) = a;. Since 7, :
U.(H) = O4 are submersions for all a € O4, there exists a continuous piecewise
smooth curve I' in U.(H) such that 7, (I'(¢)) = ~(¢), t € [0, 1]. Differentiating

this equality, one obtains 4 = (dma,)r(I'). Elementary calculations show that
(7o) u = Ouaur © Ty, Where 1y« (x) = zu*. It follows that

o = 0,(I'T™).
Note that I'T* belongs to Kap(H), and therefore
11l < ITT*) = |17

Thus L(v) < L(T"), and d(ag,a;) < L(T"). To finish, we must prove that one can
arbitrarily approximate L(y) with lengths of curves in U.(#) joining the fibers of
ag and a;. Fix e > 0. Let 0 =tg < t; < ...t, = 1 be a uniform partition of [0, 1]
(At; = t; — t;_1 = 1/n) such that the following hold:

L ||A(s) = A(s')|| < €/4 if s, lie in the same interval [t;_1, t;].
2 |L(7) = i 14t heoAti| < /2
For eachi=0,...,n—1, let z; € K,,(H) be a minimal lifting for 4(¢,), i.e.
Oyt (2i) = V() and  [[9(t:) e = [zl
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Consider the following curve Q in U.(H):

etZO t G [07 tl)
e(t—t1)21et120 t e [tla tQ)
Q(t) _ e(t—tg)zze(t2_t1)zlet020 te [t27 t3)

lt—tnt)nr || eltmt)aghon ¢ e [, 1]

Clearly €2 is continuous and piecewise smooth, 2(0) = 1 and

ZHZl“At —ZIW M A

Let us show that 7, (€2(1)) lies close to ay. Indeed, first note that if we denote
by a(t) = ma,(e0) — 4(t), then «(0) = 0 and, using the mean value theorem in

Banach spaces [13],

170 (e7%°) = y(t) ]| = lle(tr) = ()] < fla(s1) || A,
for some s; € [0,¢;]. Explicitly,

170 (€720) = y(t) | < [l€” %00, (20)e™% = F(s1)[| Aty
Note that d,,(z0) = %(0), and that

le®#07(0)e™% = A(s1)|| < fle**4(0)e™** = () + 17(0) = A(s1)I
The second summand is bounded by €/4. The first summand can be bounded as
follows
Jer50)e % =GO = fzo(L = € )ap — a1 = ¢~z

2] zol[llaolllIT = ™= || < DAL,

N

where D is a constant which depends on ~. For instance,
23l = 11850 (5 (E) ey < IT(E] < max IT@) = D.
It follows that
1700 (€"70) = y(t1)|| < (DAt + €/4) Aty

Next estimate ||7,, (e(271)%1¢120) —~(t,)||, which by the triangle inequality is less

or equal than

”e(tz—h)zletlzoaoe—tlzoe—(t2—t1)21 _ 6(t2_t1)zl,.)/<t1)6_(t2_t1)21 ”
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el mRy (1 )em T — ()],
The first summand is

He(tg—tl)zl etlzoaoe—t1zoe—(t2—t1)Z1 _ e(tQ_tl)Zl’}/(tl)e_(tQ_tl)Zl H —

— ||e(t2—t1)21(et120a06—t120 _ ,y(tl))e_(tQ_tl)Zl H —

= [[(e"*age " — y(t)))]| < (DAt + €/4)At;.

The second can be treated analogously as the first difference above,
o=y )e=B% — y(t)]| < (DAL + ¢/4) At
Thus (using that At; = 1/n)
70 (127151 e120) — (L) || < (D/n + €/4)2/n.
Inductively, one obtains that
|2(1)ae2(1)* —~v(1)|| < D/n+€/4 < €/2,

choosing n appropriately. The proof follows. ]

Theorem 5.3. Let A = A* be of finite rank, b € O and x € R(d) a tangent
vector with ||z||y < 7/2. If z. is a (compact) minimal lifting of x, then the curve
d(t) = e'*be " has minimal length up to |t| < 1.

Proof. We may suppose b = A. By the previous proposition, in order to establish
our result, it suffices to compare the lengths of A(t) = e* and T', where T is
a piecewise smooth curve in U.(H) joining 1 and a unitary in the fiber of §(1).
Indeed, note that A(t), which lifts §, clearly has the same length as 6. If L(I") >
7/2, then it is longer than A (whose length is strictly less than ||z < 7/2).
Otherwise, I'(1) = e¥, with y € K(H )., and ||y|| < 7/2. Note that I' and A may
have different endpoints, however both T'(1) = e¥ and A(1) = e* verify

eYAe Y = e* Ae %

and therefore ¢¥ = e*e? with d € K(H)., commuting with A. Moreover, the
assumption on the lengths of A and T implies that ||d|| < 7. Thus B(t) = e*e'd,
t € [0, 1] is the minimal geodesic joining e* and e¥. Consider the map

() = doo(1, B(t)) = [[og(e*e )|, t € [-1,1]

of the previous section. We claim that it has a minimum on ¢ = 0. Since we know
that f is convex, it suffices to analyze the lateral derivatives at this point. By
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the Baker-Campbell-Hausdorff formula, the linear approximation of log(e*e'd) is
given by
log(e*e') = z, + td + Ry(z., td),

where lim;_, w = 0. Consider first £ > 0, then
Iz + td|| — || Ra(ze, td)|| < [[log(e*e')|| < ||z + td]| + || Ra(zc, td) ||,
and therefore
1 1 1 o td
Tllze tdl = llzell} = S Raze, ta)]] < S {[[log(e™ )| — |zl }
1 1
< lllze +tdl = lzell} + Sl Ba (e, td).

If we take limit ¢ — 0T, we obtain that the right derivative lim;_o+ ${| 2. +
td|| — ||z¢||} of the norm at z., d (which exists due to the convexity of the norm,
see for instance [21]), coincides with the right derivative 0 f(0) of f at ¢t = 0.
Indeed, note in the middle term of the above inequalities, that ||z.| = f(0).
Since 2. is a minimal lifting, and d € K(H),, commutes with A, it follows that
|z +td|| > ||ze]|, i-e. T f(0) > 0. Analogously one proves that 9~ f(0) < 0. Thus
f(0) < f(¢t) for all t € [—1,1]. In particular,

L(T) = [lyll = f(1) = f(0) = [[z] = L(A).
0

Remark 5.4. In fact, with the same argument as above, it can be proved that
if A has finite spectrum, A = >"" | \;p;, and only one of the p; has infinite rank,
then there exist compact minimal liftings for any vector tangent to the orbit of
A.

This condition is not necessary, as is shown in the example of the following

section.

6 The orbit of an infinite projection

In the special case when A = P is a projection more is known on the geometry of
the unitary orbit. For instance, for arbitrary C*-algebras [8, 23], two projections
at norm distance strictly less than 1 can be joined by a minimal geodesic. What is
not known in the general case is whether two projections py, po which are unitarily
equivalent and verify ||p; — ps|| = 1, can be joined by a minimal geodesic.

The case in study in this paper corresponds to consider the C*-algebra C1 +
IC(H), the unitization of the algebra of compact operators. Indeed, the unitary
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group Uci4k(n) of this algebra consists of unitary operators of the form u = Al +c
with ¢ compact and A € C with |[A| = 1. Clearly U.(H) C Uciyk ). However,
clearly the orbits coincide,

Op ={uPu" :u € U(H)} = {uPu" 1 u € Uciykm)}-

Let us prove that in Op, any pair of elements can be joined by a minimal geodesic.
Given a self-adjoint projection p, an operator x is p co-diagonal if its 2 x 2 matrix
in terms of p is co-diagonal, i.e. prp = (1 — p)z(1 — p) = 0. That p co-diagonal
elements provide minimal geodesics, was proved in [23]: namely if z € K(H) is
p co-diagonal, with ||z|| < m/2 then the curve v(t) = epe™ is minimal for
te0,1].

Before we establish our result, we must recall certain facts on the orbit of an
infinite projection by the action of the Fredholm unitary group. In [26] (see also
9, 1]), it was proved that this orbit fills the connected component of p in the
so called Sato Grassmannian of the decomposition H = R(p) @ ker p (also called
restricted Grassmannian of the decomposition [24]). It consists of all projections
g such that

q|r@p) : R(p) = R(q) 1is a Fredholm operator and

qlkerp - kerp — R(q) is compact.

Theorem 6.1. Let po,p1 € O,. Then there exists a minimal curve joining them.
In other words, there exists z € K(H)an , ||2|| < 7/2, and z is py co-diagonal,
such that

p1 = €“poe” ",

Proof. Tf ||po — p1]] < 1, in [23] it was proved that there exists a unique z, pg
co-diagonal, which implements the geodesic. It is explicitly computed in terms
of pg and p;: namely consider the symmetries (self-adjoint unitary operators)

€ =2p; — 1, 1= 0,1, which verify ||eg — €;1]| < 2. Thus ||1 — €16]| < 2, and z is
1
=5 log(er€0) € B(H)an-

Since p; € O,, it follows that €6y € 1 + IC(H), and thus z € K(H ).
Clearly it suffices to consider the case ||py — p1]| = 1.
Consider the following subspaces:

Hoo = kerpg Nkerpy , Hop = kerpo N R(py) ,
Hio = R(po) Nkerpy , Hii = R(po) N R(p1) ,
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and
Ho = (Hoo @ Hor © Hio @ Hll)L.

These are the usual subspaces to regard when considering the unitary equivalence
of two projections [14]. The space H, is usually called the generic part of p, and
p1. It is invariant both for py and p;. Also it is clear that Hgg and H1; are invariant
for pp and p;, and that py and p; coincide here. Thus in order to find a unitary
operator e® conjugating pg and p;, with z € K(H),n, which is pg co-diagonal, and
such that ||z|| < /2, one needs to focus on the subspaces Hy and Ho; © Hio.

Let us treat first H, denote by pf, and p} the projections py and p; reduced to
Ho. These projections are in generic position [14, 17]. In [17] Halmos showed that
two projections in generic position are unitarily equivalent, more specifically, he
showed that there exists a unitary operator w : Hy — J x J such that

1 2
wpéw*:pé’:((] 8) and wp’lw*:p’{=<c Cg),

cs s
where ¢, s are positive commuting contractions acting in 7 and satisfying ¢®+s? =
1. We claim that there exists an anti-hermitian operator y acting on J x J, which
is a co-diagonal matrix, and such that eYpgje™ = p{. In that case, the element
2o = w*yw is an anti-hermitian operator in Hy, which verifies e®*pje=* = pi,
and is co-diagonal with respect to pjy. Moreover, we claim that y is a compact
operator in J x J with ||y|| < 7/2, so that z is also a compact operator in Hg
with ||zg|| < 7/2. Let us prove these claims. By a functional calculus argument,
there exists a positive element  in the C*-algebra generated by ¢, with ||z| < 7/2,
such that ¢ = cos(x) and s = sin(z). Since p] lies in the restricted Grassmannian
of pg, in particular one has that p} ’ker(pg) is a compact operator. That is, the
operator cos(z) sin(z) + sin?(z) is compact in J. By a straightforward functional
calculus argument, it follows that x is a compact operator. Consider the operator

(0 —x
Y=z o
Clearly y* = —y, ||yl < 7/2. A straightforward computation shows that
e'ppe”" = pi,

and our claims follow.
Let us consider now the space Ho; @ Hio. Recall [24] that with an equivalent
definition, if p; lies in the connected component of py (in the restricted Grass-

mannian) then

p0p1|R(p1) : R(p1) — R(po)
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is a Fredholm operator of index 0. Note that Hop1 = ker(popi|r(p,)). Thus in
particular dim Hyp; < oo. On the other hand, it is also apparent that iy C
R(pop1)* N R(py), and therefore also dim M1y < oco. Therefore, the fact that
PoP1|R(py) has zero index implies that

dim HOl S dim Hl().

The fact that p; lies in the connected component of py in the restricted Grass-
mannian corresponding to the polarization given by pg, implies that, reciprocally,
po lies in the component of p;, in the Grassmannian corresponding to the polar-

ization given by p;. Thus, by symmetry,
dim Ho; = dim Hyp.
Let v : Hip — Ho1 be a surjective isometry, and consider
w: Hot & Hio = Hor @ Hio ,w(& +&") = 0" +0v€".
In matrix form (in terms of the decomposition Hy; @& Hio),
w:(OU).
v* 0

Apparently, wpo|ug, et W = P1lHe @Hi,- Let

0 w
22—71'/2(_/0* O>

Note that z5 is an anti-hermitian operator in Ho; @ Hig, with norm equal to /2.
A straightforward matrix computation shows that e*> = w. Consider now

Z:ZO+21+ZQ,

where z; = 0 in Hog & Hi1, and 2y is the anti-hermitian operator in the generic

part Hy of H found above. Then it is clear that 2 is anti-hermitian, z is compact

= P1-

z

(dim(Hoy ® Hio) < 00), 2 is po co-diagonal, ||z|| = 7/2, and e*poe~
0

7 The unitary orbit of a non self-adjoint opera-
tor

In this section we consider the orbit of the nilpotent operator N € B(H), H =

HO X Ho,
[0 Iy,
N_<00 )
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The isotropy group of the action of U.(H) consists of unitary operators of this

o ?)00
(0.

Note that vy — I3, is compact in Hy. Let

group which are of the form

n :U(H) = Oy ={uNu" :ueU(H)}, nn(u)=uNu",
and 0y its differential at I,
N K(H)ar = K(H) , on(x) =2N — Nzx.

It is apparent that the kernel of 5, which consists of matrices of the form

=) ®)

with yo € K(Ho)an, is complemented in K(H),,. The range of dy is given by
b

Roy) {( ‘ ) 0 € K(Ho),b € K(Ho)an}.

This space is clearly complemented in IC(#). For instance, a supplement is
a v
S = {< Jod ) : a’,c’ € IC(H()),b/ S K(Ho)h}

We want to use again Lemma 4.1, to prove that Oy is a differentiable submanifold
of K(H). To do this, it only remains to prove that 7y is open.

Proposition 7.1. 7y : U.(H) — On has continuous local cross sections.

Proof. If b € Ox consider s(b) = bb*NN* + b*N. Note that s : Oxy — B(H) is
continuous and that s(N) = NN* + N*N = 1, therefore the set Uy = {b € Oy :
s(b) is invertible} is open in Op. Note that since b* = 0 and bb*b = b, one has
that
bs(b) = bb*N = s(b)N,
and
s(b)*s(b)N = NN*bb*N = Ns(b)*s(b).

The second identity implies that the absolute value |s(b)| = (s(b)*s(b))"/? com-
mutes with N. If b € Uy, the first identity implies that if x(b) equals the unitary
part in the polar decomposition s(b) = p(b)|s(b)|, then p(b) N u(b)* = b. Thus one
obtains a local cross section for 7w on the open neighborhood Uy of N in Oy.

26



Moreover, it takes values in U.(H). Indeed, if b = uNu* for some u € U.(H) with
u— 1=k, then

s(b) = uNN*u*"NN*+uN*"u*N
= ENN*(K*NN*+ 1)+ NN*K*NN* + (kN* + N*)k*N +
+kN*N + NN*+ N*N € 1+ K(H),

because NN* 4+ N*N = 1. Therefore 1(b) is a unitary element in the C*-algebra
C1 4 K(H). Note that s(b) € 1+ K(H), which implies that |s(b)| € 1+ K(H),
and thus in fact u(b) € U.(H).

Cross sections on neighborhoods around other points of Oy are obtained by
translation with the group action. ]

Corollary 7.2. The unitary orbit Oy C N+IK(H) is a real analytic submanifold,

and the map 7y : U.(H) — On is a real analytic submersion.

Consider the following Finsler metric, which is analogous to the metric in the
orbit of a self-adjoint operator: if z = T'(Oy), = On(K(H)), then

llz|ly = inf{||z]| : 2 € K(H)an with §y(2) = x},

where dy(a) = ab— ba as usual. Let us show now that, for certain tangent vectors,
which we shall call anti-symmetric, one can find minimal geodesics of this Finsler
metric, having these symmetric vectors as initial velocity. A general tangent vector

at IV is an operator of the form = = dy(z) with z* = —z. In matrix form, it is
_ To T1
v < 0 o ) ’
with zg, 21 € K(Hy), 7 = —z1. We shall say that z is anti-symmetric if z is

also anti-hermitian. Equivalently, this conditions means that x has liftings z of

o 211 212
Z = 9
—Z12 <22

with all entries anti-hermitian. A vector = tangent at b = u/Nu* is called anti-

the form

symmetric, if u*zu (which is tangent at V) is anti-symmetric in the above sense.

Note that this does not depend on the choice of w.

Let us show that anti-symmetric tangent vectors have compact minimal lift-
ings, and that they can be explicitly computed. It suffices to show this fact at
N.
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Lemma 7.3. Let x = dn(2) anti-hermitian, z € K(H)an with 25y = —z12, then

there exists zg € K(H)an a minimal lifting of x. Namely, if

. 211 212
Zz = 9
—Z12 R22

then a minimal (compact) lifting is given by

20 = %_(211—222) im B .
212 2(222 211)

Proof. The operators y, z here are anti-hermitian, thus they are of the form y =
1)/, z =12, with ¢/, 2’ hermitian. In order to lighten the notation we shall reason
with hermitian operators, and denote them by ¥, z. Denote by A = %(211 — Z99).
In order to prove that zy is a minimal lifting, one has to show that

Iz0 + yll = Iz,
for all y = y* € kerdn. Let £ = (&,&2) € Ho x Ho with ||£]| = 1. Then

(20, &) = (A&, &) — (Ao, &) + 2Re(21262, 1)

Note that if n = (=&, &), then ||n]] = 1, and

(zom, ) = — (206, )

The key fact here is that 2z, = z12. It follows that both —||zo|| and +||z|| belong
to the spectrum of zp. Let &" = (£7,&%) € Ho x Ho with [[£"|| = 1, such that
(20€™, &™) — ||20]|- Taking n™ = (=&5,&}) as above, one has that (zyn",n") —
—||z0]]. If y € ker dn, by equation (3) above,

(20 +9)€",€") = (208", €") + (Yo&i', §1) + (W0é2, €2)-

Also note that (yn™, n") = (y&", ") = r,, which is a bounded sequence in R.
Consider a convergent subsequence of these numbers, and denote it again by r,,
with r,, — r¢. Then

Iz0 +yll = ({20 +9)&",€") = [0l + 7o,

and
—llzo +yll < {(z0+y)n",n") = —ll20ll + 7o,

Therefore if either ro > 0 or o < 0, one has that ||zo + y|| > ||20]|. It is apparent
that 2y is compact. O
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Theorem 7.4. Let b € Oy and x € (TOy)p an anti-symmetric tangent vector
with ||z||y < 7/2. Then there exists a curve of the form ~(t) = e*be "0 in Oy,
with zo a minimal lifting of x, which verifies

and such that vy is minimal for |t| < 1.

Proof. The proof proceeds as in the self-adjoint case. One reduces to b = N, and
uses the analogous of Proposition 5.2, which is proved similarly. The result thus

rests on the local convexity property of the geodesic distance of U.(H). m
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