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Abstract

Let M be a finite von Neumann algebra with a faithful trace 7. In this paper we study
metric geometry of homogeneous spaces O of the unitary group Un, of M, endowed with
a Finsler quotient metric induced by the p-norms of 7, ||z|, = 7(|z[P)/?, p > 1. The
main results include the following. The unitary group carries on a rectifiable distance d,,
induced by measuring the length of curves with the p-norm. If we identify O as a quotient
of groups, then there is a natural quotient distance dp that metrizes the quotient topology.
On the other hand, the Finsler quotient metric defined in O provides a way to measure
curves, and therefore, there is an associated rectifiable distance dp ,. We prove that the
distances d, and do,, coincide. Based on this fact, we show that the metric space (O, d,)
is a complete path metric space. The other problem treated in this article is the existence
of metric geodesics, or curves of minimal length, in O. We give two abstract partial results
in this direction. The first concerns the initial values problem and the second the fixed
endpoints problem. We show how these results apply to several examples. In the process,

we improve some results about the metric geometry of U, with the p-norm.!

1 Introduction

In this paper we study metric properties of smooth homogeneous spaces O of the
unitary group Uxq of a finite von Neumann algebra M. If 7 is a finite faithful trace
on M, the p-norms on M (p > 1) induced by the trace, can be used to turn Uy,
into a complete metric space. This is achieved by giving TUx, the Finsler metric

that is given by the p-norm at any point of Uy, recalling that its Lie algebra can
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be identified with Mgy, the skew-hermitian elements of M. The p-norms in M can
be used to turn O into a metric space, in two different ways. First, measuring the
distance dp between classes. Second, with the rectifiable distance d,, induced by the
Finsler metric just mentioned.

In both cases it is necessary to assume that the isotropy groups G, C Upq are
closed in the p-norm (or else one ends with a pseudo-distance where d(z,y) = 0
might not imply z = y in O). Note that when G, is the unitary group of a von
Neumann subalgebra of M, then G, is p-norm closed in /y¢. The first metric is well-
known (as it is the quotient metric on a quotient of a topological metricable group),
and moreover it is known that (O, d,) is a complete metric space [15, p.109]. We
show here that for p > 1, these two metrics coincide with no additional hypothesis
(Theorem 4.11).

Next we study the existence of metric geodesics, or short paths, for the given
metric. We give a first step in that direction in Theorem 5.2, where it is shown
that, under suitable hypothesis (in particular p even), the curves of the form §(¢) =
e'” -z, with minimal symbol z € Mgy, that is ||z|, < ||z —y||, for any y € G, are
minimizing in O up to a critical £, among a certain family of rectifiable curves.

We also show (Theorem 5.5) that there exists a certain set in O containing z
such that any point there can be joined to z with such a curve, which is shorter
than any other smooth curve joining the same endpoints which does not leave the
mentioned set.

In some examples, for instance quotient spaces of Uy with the unitary group
Uy, where N is a von Neumann subalgebra of the center of M, this set is in fact
an open uniform neighborhood of x in O = Upq /U

This paper is organized as follows: in Section 2, we introduce the necessary def-
initions (finite von Neumann algebras, smooth homogeneous structures, rectifiable
distances and uniform convexity in Banach spaces). Section 3 contains known re-
sults on the rectifiable distance in the unitary group Up, of a finite von Neumann
algebra M, in particular minimality of geodesics and local convexity of the geodesic
distance. In Section 4 we introduce the rectifiable distance in the homogeneous space
0, and we prove several facts on the metric and topological properties of this space,
including the coincidence between the quotient topology and the topology induced
by the rectifiable distance in . These imply the completeness of the metric space
O with the rectifiable distance. In Section 5 we treat the problem of minimality of
geodesics in O, and prove two partial results related to the initial values problem
and the fixed endpoints problem. We finish the paper with a collection of examples
where our results apply, among them the homogeneous spaces O = U /Upr, where

N is a von Neumann subalgebra of the center of M.



2 Definitions and background

Let M be a von Neumann algebra with a finite and faithful trace 7. Denote by M*
and Up, the groups of invertible and unitary operators of M. Let 1 < p < oo, and
denote with LP(M) the noncommutative L? space of (M, 1), that is, the completion
of M relative to the norm || - ||,, where ||z, = 7(|z[’). When p = 2, LP(M) is a
Hilbert space with the inner product < a,b >,= 7(b*a). We use the subscript h
(resp. sh) to denote the sets of hermitian (resp. skew-hermitian) operators. The
symbol || || denotes the usual operator norm of M.

If f: X — Y is a smooth map between manifolds, we will use f, : TX — TY
to denote the differential of f and fi, : To X — Ty ,)Y its specialization. Let O be
a topological space on which Uy acts continuously and transitively, such that for
any element x € O, the subgroup G, = {u € Up : u-x = z}, called the isotropy
group of the action at z, is a closed submanifold of Uxs. This implies that O can

be endowed with a differentiable manifold structure, in a way such that the map
T=mg :Um — O, m(u)=u-x
is a smooth submersion. Therefore O is a homogeneous space of the group Upy.

Remark 2.1. For z € O, denote by G, the Banach-Lie algebra of the isotropy
subgroup G,. Since we are assuming that 7 is a smooth submersion, and that O
is given the differentiable structure that induces the final topology on 7,0, there
exists a closed supplement F, C Mgy, such that My, ~ G, ® F,, and a smooth
section sy : T,O — Fypy (Mz)s1 © Sp = idr,0, Sz © (Tz)s1 = Pg,, where the last
expression denotes the unique bounded projection in B(Mg,) with rank F, and

kernel G,. The tangent space T, O can be normed with the (uniform)norm,
Ve = inf{llz -yl : y € Go },
where z € Mgy, is any lift of V, i.e. m(z) = V. Note that
[82(V)Il = sz ((mz)s1 (D = |1P7. (2] = | Pr.(z = )| < [P7 Iz =yl

for any lift z € Mgy, of V € T, 0 and any s € G;. Thus ||sz(V)| < ||P£, ||V ||z- The

norm of Pz, does not depend on the point x € O since
|1PF,.. || = [[Ady o Pr, o Ady-|| = || PF, |,

where Ad, : M — M, Ad,(z) = uzu*. Therefore, there exists a constant Cp

depending only on the differentiable structure such that

|sy(V)|| < Col|V]ly for any y € O and any V € T,0.



2.1 Quotient metrics

Throughout this article 1 < p < oo unless otherwise stated, and L, denotes the

length functional for piecewise smooth curves in /x4, measured with the p-norm:

Lp«m>=:/{1naxwupda

0

while (unless otherwise stated) smooth means C' and with nonzero derivative, rel-
ative to the uniform topology of M. Let us introduce some notation. The action of

Unq on O induces two kind of maps. If one fixes x € O, one has the submersion
e UM — O, mp(u) =u-x, u € Up.
If one fixes u € Upq one has the diffeomorphism
l,:0—0, ly(x)=u-z, z€0.
Ifx € O and X € T,O, put
1X N = it {ll2ll < 2 € Maps ()1 (=) = X .

We call this Finsler metric the quotient metric of O, because it is the quotient
metric in the metric linear space 7,0 if one identifies it with Mg, /G,. Indeed,
since G, = ker(7y )41, if 2 € Mgy, with (7)1 (2) = X, then

[ Xlzp = nf{l[z = yllp : y € Ga

We shall omit the index p since it is fixed in any discussion. One of the main
features of this metric in O is that it is invariant by the group action (or in other
words, that the group acts isometrically on the tangent spaces): a straightforward
computation shows that if x € O, X € T, 0 and u € Upnq, ||(Cw) sz (X)|lwz = || X ||z
Note that when p = oo, this is the metric that arises naturally if we regard O as an
homogeneous space of Un¢, as a Banach-Lie group for the topology induced in Mgy

by the uniform norm, as discussed in Remark 2.1.

Remark 2.2. Since the action is transitive, we shall drop the index x € O for the
maps involved, when there is no possibility of confusion. The isotropy group will be
denoted by G and the Lie algebra by G, and 7 : Upns — O will denote the smooth

submersion.

Remark 2.3. Recall Clarkson’s inequalities [11] for LP(M) spaces. Let a,b €
LP(M), 1/p+1/q =1, then

1 1 1
(la + 0[5 + lla = blI5) s < 22 ([lal[; + [[ol[)7 if 1 <p <2, and

4



1 1 1
(la + 0[5 + lla = blI5)? < 22 ([lall; + [[ol[)7 if 2 < p < oo

From them it can be easily derived that LP(M) is uniformly convex and uniformly
smooth, and that for any convex closed set S C LP(M)y, there exists a continuous
map Qsp : LP(M)g, — S which sends x € LP(M)g, to its best approximant
Qsp(z) €5, ie.

|z = Qsp(@)llp < llz = slp

for any s € S. The map Qg, is single-valued and continuous since LP(M) is
uniformly convex and uniformly smooth (see for instance [5]). Omitting the index

p for convenience, note that

1@s(@)llp < 1@s(2) = llp + [[z]l, <10 =2, + lzll, = 2]zl

and also that
|z — Qs(z) — sllp = [z — Qs()||p

for any s € S, hence Qg(z — Qs(z)) = 0, namely Qg o (1 — Qg) = 0. Also, for any
A ER, Qs(A\r) = AQg(x). Calling Qs = 1 — Qg, we have

S =Q5'(0)=Im(Qs),  Q5'(0)=Im(Qs),

and also

Qs=Q, Q5=0Qs, QsoQs=Qs0Qs=0,
which shows that Qg has some of the properties of the linear projection (when
p=2).

Let x € O, G be the isotropy group, G the Lie algebra of G and G its closure
in LP(M)g,. Let Q = Qg be the projection to the best approximant in G*. Let

Gt =Q7H0) = {x € LP(M)g : |||, < ||z — y||, for any y € G}.
Then any element z € LP(M)g, can be uniquely decomposed as
z=2-Q(2) +Q(2),
where z — Q(2) = (1 - Q)(z) € G'» and Q(2) € G".
Remark 2.4. In particular, for 1 < p < 0o, the quotient metric of O is given by
[ Xz := llz2 = Q(2)lp,

where z € My, is any element such that 7, (z) = X. Note that there always exists
such z since m,; is surjective. We call zp = z — Q(z) € LP(M)q, a minimal lifting

of X. A word of caution: the map @ depends on the chosen parameter p > 1.



Note that if p = 2, this metric is Riemannian. Indeed, if Q, = 1 — P, is the

orthogonal projection onto [ , then each z € My, can be uniquely decomposed as

z=2z— Qu(2) + Qu(2) = 20 + Qu(2)

and zp = P,(z) is orthogonal to G, hence

Iz =13 = llz0 + Qa(2) = yll3 = ll0ll3 + 1Qa(2) = ylI3 > Il013
for any y € Gy ;, which shows that
[ X1z = inf{llz —ylla - y € Ga} = [[20]2
where 2 is the unique vector in Gi such that (m;).1(20) = X.

We shall denote with T,@" the completion of T,O relative to the p-quotient
metric. Then m,; extends naturally to a surjective linear map #% : L?P (M)sp, —

— .
T,0", since

174 (yn) — T (20)llz = [|yn — 20 — Q(Yn — Zn)”p < lyn — Zn“p

and then one can put 7% (z9) = lim,, .1 (z,) disregarding the particular sequence
(Zn)nzl such that z, — zg € Lp(./\/l)sh.

Lemma 2.5. Let p be an even positive integer. Let x € O and X € T,O". An
element zg € LP(M)g, with t(20) = X is a minimal lifting for X if and only if
T(zg_ly) =0 forally € G. For any X € T,O" there exists a unique minimal lifting
20 € G7 such that ||z, = | Xz

Proof. The proof is straightforward, see for instance [2, Lemma 4.3]. O]

3 Metric structure of U,

In this section we recall and complete certain facts from [8], concerning the mini-
mality of geodesics in Uy, and in addition we prove a local convexity result. The
following elementary lemma will be used in the proof of Theorem 3.5, its proof can
be found in [2, Lemma 3.4].

Lemma 3.1. Let C,e > 0, let f(—e,1+¢) — R be a non constant real analytic
function such that f'(s)? < Cf"(s) for any s € [0,1]. Then f is strictly conver in
(0,1).

Remark 3.2. 1. The map exp(x) = e, exp : Mg, — Upq is surjective.
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2. The exponential map is a diffeomorphism between the sets
Man D {z € Mg : Izl <7} = {u € Ung : |1 —ul <2}
3. Moreover, exp : {z € Mgy, : ||z|| < 7} — U, is surjective.

For a,b € M, let Ry, L, : M — M stand respectively for the right and left
multiplication, and let ada = R, — L, : M — M stand for the adjoint operator.
Then in [2, Lemma 3.3] it is proved the following lemma. Its proof can be adapted

to our context without any modification.

Lemma 3.3. Let a,b € M. Then

1
exPia (b /e (I=Hapeta gt — €@ F(ada)b = F(ada)(e® D),
0

n

where F(z) = €Z;1 =D >0 m The differential is invertible at a if and only if

o(ad(a))N{2kmi} =0 (k #0), and then exp.l(w) = e *F(ada) tw. In particular

if ||a]] < 7 then exp.q is invertible. If a € Mgy, the differential is a contraction,

that is lexpsa(®)l, < |bll, for any p € [1,00].

Remark 3.4. Let a,b,c € Mgy, let H, : Mg, — R stand for the symmetric bilinear

form given by
p—2
Hgy(b,c) gpz (a2 FpaFe).
k=0
If @ is the quadratic form associated to H, then ([3, Lemma 4.1] and equation (3.1)
n [13]):
L Qa([b; a]) < 4]lal*Qa(b).
p_
2. Qa(b) =plibaz~ 3 + § 3214 mns lla’(ab + ba)a™ 3.
In particular H, is positive definite for any a € Mgy,.
The following theorem collects several results concerning the rectifiable p-distance
in the unitary group of M, such as: minimality of geodesics, uniqueness of such

geodesics, comparison with the usual p-distance, and finally a fundamental convexity

result which improves the one stated in [3].

Theorem 3.5. Let 2 < p < oco. The following facts hold.

1. Letu € Upng and x € Mgy, with ||z|| < m. Then the curve u(t) = ue™, t € [0, 1]
is shorter than any other smooth curve in Upq joining the same endpoints,
when we measure them with the length functional L,. Moreover, if ||z| < m,

the curve p is unique with this property among all the C? curves in Up.



2. Let ug,u1 € Upq. Then there exists a minimal geodesic curve joining them. If

luo — u1|| < 2, this geodesic is unique among all the C? curves there.
3. The diameter of Upnq is m for all the p-norms.
4. If u,v € Upnq then

2
V1= T3 dolw0) < Jlu—vlly < dy(u,v).

In particular the metric space (Unm, dp) is complete.

5. Let p be an even positive number, u,v,w, € Upnq, with
lu=oll < V2, w—o] < V2= [u—v|.

Let B be a short geodesic joining v to w in Upq. Then the rectifiable p-distance
between uw and (3 is a strictly convex function, provided u does not belong to

any prolongation of (.

Proof. The minimality was proved in [4, Theorem 5.4]. Let us prove that if ||z| < m,
then p is unique with the minimality property among all the smooth curves. To do
this, we shall follow a standard procedure, using the first variation formula, in this

case, for the functional Fj, which is given by

1
@mzﬁuwm@

if v(t) € Upm, t € [0,1]. Let vs(t), t € [0,1], s € (=r,7) be a C? variation of the
curve v, i.e. vs(t) € Uy, for all s,t, the map (s,t) — vs(t) is C? and yo(t) = y(t).
We shall use a formula for %Fp(%ﬂ s=0, obtained in [3] in the context of a C*-
algebra with trace. As in classical differential geometry, we shall call the expression

obtained the first variation formula. Let

d d
Vts = %’75 and WS = %75-

With lower case types we denote the left translations vy = iV, and ws = v Ws.
Note that Vi, Wy € (TUpy)~, whereas v, ws € Mgp. Then

(_1)p/2£
p ds

1
_ - d .,
Fylo) = 0y w25 = [ (G )t

Suppose that v(t) € Upq is a C? minimal curve, and let v(¢) be a variation, with
fixed endpoints v(0) and (1), i.e. 75(0) = 7(0) and ~5(1) = (1) for all s. Then
%Fp(%ﬂs:g =0, and thus

1
_ _ d _
O:T(Ug 1w0)\§;(1)—/ T(wga(vg 1))dt.
0
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The fixed endpoints hypothesis implies that the first term vanishes. Then
1
d, ,1
— d=0
| )

for any variation 7, with fixed endpoints. Let us denote by Z(t) = %(vg_l) and by
A(t) = wo(t). Both A and Z are continuous fields in Mgp,. The variation formula

implies that
1
/ (AW Z(8))dt = 0
0

for any continuous field A in Mgy, such that A(0) = A(1) = 0. We claim that this
condition implies that Z(¢) = 0 for all ¢.

First note that the requirement that the field A vanishes at 0 and 1 can be
removed: let f,(t) be a real function which is constant and equal to 1 in the interval
[r,1—7] and such that f(0) = f(1) =0, with 0 < f,(¢) <1 for all t. Let B(¢) be any
continuous field in My, and consider A, (t) = f(¢t)B(t). Then fol A (t)Z(t)dt = 0,
and if r — 0, fol B(t)Z(t)dt = 0. Also it is clear that the integral will vanish if
A is non skew-hermitian. Indeed, it is clear if A is hermitian, and for general A,
decompose A as the sum of its hermitian and skew-hermitian parts.

Consider A(t) = —Z(t), then fol 1Z(@t)||3dt = 0, which implies Z(t) 0.

—1 . . . . "
Therefore v~ is constant, and since p is even and vy is skew-hermitian, vy(t) =

v(t)*%*y(t) is constant, i.e. y(t) = e!* for some x € Myy,.

Fact 2. Tt is straightforward from the first item and Remark 3.2.

Fact 3. Any pair of unitaries ug, u; can be joined by a minimal curve of length less
or equal than 7. Indeed, let z € Mgy, ||z|| < 7 and €* = ujui. Then u(t) = uge'®
have minimal length equals to |z|[, < ||z|] < m. Then the diameter is exactly =
since the unitaries 1 and —1 are joined by the minimal curve u(t) = €™, which
has length 7.

Fact 4. Both metrics are invariant by left translation with elements of Up,.
Therefore it suffices to compare dp(u, 1) and ||u—1||,, for u € Upnq. Let z = 2* € M
with ||z|| < 7 and u = %, Then by item 1, dy(u, 1) = ||z||,. We follow Petz [14] for
the definition and properties of the spectral scale A\;(z) of . It is defined by

M(z) =inf{s € R : 7(e(s o0)(¥)) <t 1,

where ¢t € (0,1) and ej(x) denotes the spectral projection of x corresponding to an
interval [ in R. If f is a real Borel function on R, then by Proposition 1 in [14] we
have 7(f(z)) = fol f(Ae(z)) dt. On the other hand, for |s| < 7 it is easily seen that
2

sl - 35



Since ||z|| < 7, we have |A\(z)| <7, t € [0,1]. Then we obtain the inequality

1 1
lu—1]5 = (e —17) = / e — 1jPdt < / [Ae(2)[Pdt = [l
0 0

The other inequality follows in the same fashion,

! ixe(z) L /2 ! L /2
Ju—1]r = / M@ 1 > (1- / Ne(@)Pdt = |22 = (1— P22
0 12 12

and our claim holds.

It is straightforward that (Uag,d,) is a complete metric space: let (up)n>1 be
a Cauchy sequence for d,, then it is Cauchy in LP(M). Hence, it converges to an
element ug € LP(M). Since (uyp)n>1 is uniformly bounded in the operator norm, it
follows that ug € M, and then clearly ug € Upg.

Fact 5. It was proved in [3, Theorem 4.1] a similar result. With a slight modifi-
cation of the proof, one obtains the better convexity radius estimate stated here. We
include the proof for the convenience of the reader. We may assume that u© = 1 since
the action of unitary elements is isometric. Note that |[v*w—1|| = |[[v—w| < V2 < 2,
so we can compute z = log(v*w) € My, where log indicates the principal branch
of the logarithm. Let ((s) = ve®®, which is a short geodesic joining v to w in Uy

since ||z|| < m. Then
11— ve | <L = vl + (|11 = e[| < |1 = o] + 11 =€ = |1 =] + v —w] < V2,

which implies that § has an analytic logarithm, ws = log(3(s)) = log(ve®?), with
|ws|| < 5. Let vs(t) = €™+, then v, is a short geodesic joining 1 and 3(s), of length
lwsllp = dp(1, 5(s)). Then fy(s) = Jwsllp = 7((—w2)?) = (=1)>7(w}), hence

S

1

f;,/)(S) = (—1)§pTr(w§_1u}s) = EHH)S (ws, ws),

where H is the bilinear form introduced in Remark 3.4. Since e%s = ve®?, then

e exPa, (Ws) = z by Lemma 3.3, namely

1
z:/ e W et dt. (1)
0
Thus 7(wh™ ) = 01 r(wh ™ te s etvs) dt = (2wl ). Hence
p—2
f(s) = (=1)%p Y Tl wawz) = Hy, (s, 2),

and again by equation (1) above, if we put d(t) = e "“swjze!™s, then

1
b () = /0 H,,(55(0),64(t)) dt.
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Suppose that for this value of s € [0,1], R? := Q. (Ws) # 0, where Q,, is the
quadratic form associated to Hy,,. If Ks C My, is the null space of Hy,,, consider the
quotient space Mgy, /K equipped with the inner product H,, (-, ). An elementary
computation shows that ds(¢) lives in a sphere of radius Ry of this pre-Hilbert space,
hence H,,(65(0),65(t)) = R2cos(as(t)), where a(t) is the angle subtended by &,(0)
and d5(t). Then, reasoning in the sphere

t o1
Rsag(t) < Lg(ds):/ Q&s(e*t%[ws,ws]em)dt
0

B /0 Qé}s([w57 ws]) dt = tQés([wS’ws])'

By property 1. of Remark 3.4, Rsas(t) < t2||ws||Rs < Rsm. So cos(as(t)) >

cos(2t||ws||) and then integrating with respect to the ¢-variable,

n(2[wsl])

"(s >RZSi >0

p

provided Rs # 0. On the other hand, the Cauchy-Schwarz inequality for H,,, shows
that if Rs = 0, then

(p— 1)FL(5) = Hu, (ws,155) < Qi (102) Qi (w3) = 0.

Assume that R is identically zero, s € [0,1]. Then f, is constant with fy(s) =
fp(0) = ||v||p for any s € [0,1]. Moreover, by property 2. of the remark above,
21
R, =0 implies w?Z “z = 0 and an elementary computation involving the functional
calculus of skew-hermitian operators shows that wsz = 0. Put y = log(v); in
particular we have yz = 0 which implies, since ws; = log(e¥e*), that ws = y + sz
by the Baker-Campbell-Hausdorff formula. But since the p-norm of Mgy, is strictly
convex, ws = Y + sz cannot have constant norm unless y is a multiple of z, and in
that case, u and 3 are aligned contradicting the assumption of the theorem. So there
is at least one point sg € [0, 1] where Ry, # 0, so f, is non constant. There exists a
positive constant C' such that M > C, hence f;(s) > R2C = Qu(w)C. On

2Jws ||

the other hand Q. (w) = p(p — 1)||ws|b < p(p — 1)||ws|| < p(p — 1)5, so

(b= D2£(5)? = H2,(14.14) € Qu (1) Qu, () < P T g1

and by Lemma 3.1, f, is strictly convex. O

The following remark justifies in part the election of the uniform topology to dif-
ferentiate curves in Uprs. We show that in order to produce minimal curves, the

velocity vectors of the exponential should have uniform length less or equal than 7.
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Remark 3.6. Let z € LP(M);, such that m < ||z|| < oo . By the Stone theorem the
curve 6(t) = e'** is C! if we differentiate it in the strong topology of the standard
representation of M. We claim that § is not of minimal length joining its endpoints
in Ups when we measure with the p-norm.

In order to prove this consider the function f: R — [—m, 7] given by

t+2(k+ Dr 2k +3)T <t<—(2k+ 17
ft) = t —r<t<m
t—2k+1)m 2k + ) <t < (2k + 3)m.

Clearly it is a Borel measurable function. Then we use the Borel functional calculus
of 2z = fa(z) Ade()) to obtain

< eif(z)f,n >= /

( )eif()‘) degn(A) = / e degy(N) =< €€, >

o(z)

Therefore, we have ¢/(*) = €. Moreover, note that f(z) € My, with ||f(z)|| < .
Now we assert that the curve 01 (t) = ¢?/(*) is shorter than the curve 6. Recall that

for a 7-measurable operator z the t-th generalized s-number p(2) is defined by
ue(z) = inf{ ||ze|| : e is a projection in M, 7(1 —¢) <t}

We shall use the following facts (see [9]):

e Since the map ¢ — puu(2) is non-increasing, continuous from the right and

satisfies ltilrél ut(z) = ||z||, there exists € > 0 such that p(z) > 7 for all t € (0, ¢).

e It is apparent that pu(f(z)) <, t > 0, since || f(2)|| < 7.

e Note that |f(¢)] < [¢|, for all t € R. Then, we have |f(z)| < |z|, which implies
1 (f(2)) < pa(2).
Therefore,

€

1 1
%@WZW@%ZAmﬁ@wﬁéémﬁwyﬁf/m@Wt

€ 1
< [mtapaer [ ey de= |21 = Lytop.
0 €

and our claim follows.

Remark 3.7. The previous remark in fact shows that, for a one-parameter group
e'* to be minimizing, the symbol z has to be bounded (and ||z|| < 7). This is due
to the fact that the Borel functional calculus can be computed also for elements
z € LP(M)}, and one obtains a shorter path by trimming the unessential parts of

z, obtaining a shorter curve joining 1 and e**.
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4 Rectifiable distance in O

Let x € O, let G, G indicate the isotropy group and algebra of x respectively. Let
~v C O such that y(0) = . Let ', A be smooth lifts of v € O. Then a = T'*A € G,
thus & € aG, namely ['*A +T*A = I'*Az for some z € G. Then, since I'* = —T*I'T*,
multiplying by A*T" to the the right yields

—I*T + T*AA'T = Adr-pz = 2 € G. (2)

Since |I*T' — Q(I*T)||, < ||IT*T' +s||,, for any s € G, if we put s = —T*T +T*AA*T —
AdF*AQ(A*A) we obtain

IT*T = QI < [AA" — AQA™A)A™, = [[A*A — Q(A™A) .

Since the reversed inequality also holds in the above remark, we have a natural

definition of quotient metric for smooth curves v € O:

Definition 4.1. Lety € O be a piecewise smooth curve. The p-length of v is defined

as follows:

1
Lop(y) = / Wllapdt, where 4], = [T — Q)

for any smooth lift T' € Upq such that T'(0) = 1. The rectifiable distance in O is
defined accordingly,

dop(u-z,v-x)=inf{Lo,(y): vC O, y(0) =u-z, y(1) =v-x},
where the curves v considered are piecewise smooth.

Remark 4.2. All but one of the properties of a distance function are satisfied by
do,p trivially. The point is to establish if dp ,(u-z,v-x) = 0 implies that u-z = v-z.
This can not be solved as in Riemannian or Finsler geometry where the existence

of normal neighborhoods is guaranteed. See Corollary 4.8 below for the proof.

Remark 4.3. The previous definition can be adapted for any norm quotient norm.
For instance, for the uniform norm, let v : [0, 1] — Upq be piecewise smooth, and

I':[0,1] — Up is a piecewise smooth lift of v with I'(0) = 1, then put
IOl 0).00 = inf IT* () () + 2]
The computation in (2) shows that if A is any other smooth lift of v, then
Jinf IT* @) + 2]l < [|A*(OA@) + sl

for any s € G,. Thus, the quotient speed is well defined in this case also. The
rectifiable length Lo o and distance dp o are defined accordingly.

13



4.1 Almost isometric liftings

We begin this section with an elementary observation, which will be used to obtain

liftings of curves in @. We assume that p > 1.

Lemma 4.4. Let x € O and Q = (g, be the best approrimant projection in
LP(M)gsp. Let T' C Upn be a piecewise smooth curve parametrized in the interval
[0,1], and let € > 0. Then there exists a polygonal curve we : [0,1] — G, such that
we(t) + QT*T)(t)|, < € for any t € [0,1].

Proof. Let aft) = —Q(I*(¢)I'(t)). Then, since T is smooth for the uniform topology
in M, both I and T' are continuous for the p-norm, hence a : [0,1] — L,(M) is
continuous (since @ is continuous). The curve « has its image contained in G, .
Then one can find a polygonal curve w. C G, as claimed since G, is dense in G.7,

as follows: split the interval [0,1] in n pieces {Ix}x=1. ., in order to obtain
la®) — a(s)lly < /3 = &

if |[s —t| € I, the partition given by 0 = t; < t; < --- < t, = 1, and put ay = a(tg).
Let {wg }r=1..n C Gz such that ||o —wgl|, < 9, and let w¢(t) stand for the polygonal

in G, joining the points wy in their given order. Now, if ¢ € I, then

1
lwr = we@llp < 5llwe = wesallp

1
< 5 lllwe = ally + llaw = akrallp + llahrr — wpa ]
1 3
< =[0+6+6]==0
S+5+0 =53,
and hence
[a(t) —we®)llp, < Na) = arllp + o — wrllp + lwk — w(B)lp

1 3
5(54—54-55—35—6.

O

We collect in the following theorem some facts; some of them are elementary

while others are adaptations and improvements of results in [2].

(adw)?

4k272

Theorem 4.5. 1. Letk > 1, w € M with |w|| < 5. Then T =1+
invertible in B(M) and | T~ < (1 — %)*1.

18

2. Consider g(r) = rsin(r)™ with g(0) = 1. Then g : [0,7) — R is positive and

increasing, and from the Weierstrass expansion of sin(z) we obtain
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for any z such that |z| < m. Let F(z) = (e* — 1)z7!, w € M with ||w|| < %.
Then || F(adw) ™| < g([Jwl]).

3. Letx € O, w C G, a piecewise smooth curve parametrized in the interval [0, 1].
If G(2) = 2711 — e7?), then there exists a piecewise smooth curve z : [0,1] —
Gz with z(0) = 0 such that G(adz)z = w. If u = €%, then u : [0,1] — G5 C Upnm

obeys the differential equation wu* = w.

Proof. 1. Since |[adw| < 2||w|| < 7, the map T is invertible and its inverse can

be computed with the Neumann series.

2. The Weierstrass expansion of F is given by F'(z) = [[;~,(1+ ﬁ) where the
product converges uniformly on compact sets to F'. Then F(ad w) is invertible

since ||ad(w)|| < 7 and
ad (w))2\ '
F(adw)*1 = I | <1—i—( 4k(2 )2) ) .

Hence

w2\
IFadu) < T (1 435) = sl

k>1

by the previous item.
3. Assume first that w is smooth in the whole [0, 1]. Let Ry = max ||w(t)]|, where
teJ

€

J is an open set containing [0, 1] where w is differentiable. Let 0 < R < 7.
Then if z € G, N B(0, R), the operator G(ad x) is invertible, and its inverse is
analytic and can be written as a power series in ad x, hence G(adz)™! : G, —

G, because G, is a Banach-Lie algebra. Moreover, since g is increasing,
G (ad )~ < g(ll=]l) < g(R).

Let f:J x B(0,R) NG, — G, be given by f(t,x) = G(adz) *w(t). Then f is

continuous since w and G~ are continuous, moreover
1£(t,2)| < |Gadz) ™| w]| < g(R)Ro = L

by the previous item. Now since H(adz) = G(adz)~! is analytic in the ball

|z|| < 5, we have
|H(adz) — H(ady)|| < C(R)[ladz —ady| < 2C(R)|z —y|
where C(R) is a bound for H' in |z| < R. Then
1f(t,2) = f(t, )| < 4C(R)Rollx —yl| = K|z — .

15



Then f satisfies a Lipschitz condition, uniformly respect to ¢t € J, hence by the
standard theorem of existence for ordinary differential equations [12, Proposi-
tion 1.1 Ch. IV], there exists a continuous solution zg : (—b,b) x B(0, R/4) —
G- N B(0, R) of the integral equation

t
2(t) = /0 £(s,2(s)) ds

sin(R)
32C(R)R%"
Note that zg is in fact smooth. Differentiating both sides and multiplying by

with 29(0) = 0. Here b is any real number such that 0 < b < ;1 =

F(ad z(t)) gives the equation stated. We have proved so far that the equation
Gladz)z =w

has a local solution defined around zero. By a standard argument, it follows
that one can find a piecewise smooth solution defined on the whole interval
[0,1]: let N € N such that & < b and let t;, = £. Then [t, 1] (k =
0,1,---N) is a partition of [0, 1] such that the integral equation

2(t) = / " f(s,2(s)) ds

tk

with the initial conditions zo(0) = 0, zx(tx) = zk—1(tx) for k£ > 1, has a solution
2k ¢ [tk tk+1] — G. Then the curve z1fzo8 - - - 2z is a piecewise smooth solution
of the equation stated in the whole [0, 1]. If w is piecewise smooth instead of
smooth, one might replace the argument above for a similar argument in each
of the intervals where w is smooth, and use the continuity of w to state the

boundary conditions for z. If u(t) = e*®), then
W(t) = expapy ((1)) = eV F (ad 2(1))£(t)
by Lemma 3.3. Then
wu* = e*F(adz)ze * = G(ad 2)2 = w.
O

Note that the general theory ensures the existence of piecewise smooth liftings

in Upq of smooth curves in O, due to the fact that for any fixed x € O, the map
e Up — O, me(u) =u-x,

is a submersion.
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Theorem 4.6. Let v C O be a smooth curve defined in an interval containing [0, 1]
such that v(0) = x. Then, for any € > 0, v admits a smooth lift B C Upq (that is
Be - x =) such that L,(Bc) < Lo p(y) + €. We shall call such . an e-isometric

lift of .

Proof. Let I' € Upq be any piecewise smooth lift of v, defined in an interval con-
taining [0, 1], and let w, : [0,1] — G, be as in Lemma 4.4. Note that w,, being
a polygonal, is continuous for the uniform topology of M. By item 3 of Theorem
4.5, there exists a piecewise smooth curve u : [0,1] — G, with «(0) = 1 such that

uwu® = we. Now consider 8. = I'u. Then (, is clearly a lift of v with
Be =Tu+ i =TT + we)u.
Hence L,(f8c) < Lo p(7y) + € because
1Bely = IT°T + welly < 0T = QU + [QT) + welly < i + e
O

With the last theorem at hand, we can prove the fundamental result that the
rectifiable distance in O can be computed as the infima of lengths of rectifiable

curves in Uy, joining the corresponding fibers.

Corollary 4.7. Let u,v € Upq, x € O. Then
dop(u-z,v-x)=inf{L,(T") : T CUm, T'(0)-2=u-2 and T'(1) -z =v -2},
where the curves I' considered are piecewise smooth.

Proof. 1t suffices to check the assertion for v = 1. Let d = dpp(x,v - ) and
D=inf{L,(I') : I' CUpm, I'(0)-z =wu-2 and I'(1)-x =v-z}. Let I' C Upq such
that I'(0) -2 = «, I'(1) -2 = v-x. Then, if y =T -2z C O, we have v(0) = z and

~v(1) =v -z and also
151l = IT*T = QL) [l < [T*T Yl = [Tl

thus d < Lo () < Lp(I'). It follows that d < D. On the other hand, let v C Upq
joining z to v -« such that Ly ,(v) < d + €. By the previous theorem, there exists
an e-isometric lift Fc of v; note that 3.(0) -z =1-2 =z and (1) -z =y(1) = v-z.
Thus

D < Ly(Bc) < Lop(y) + € < d+ 2e.
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Corollary 4.8. Letx € O. Then the quantity do , defines a distance in O whenever
G, is a closed subgroup of Upaq in the p-norm.

Proof. As mentioned earlier, it remained to check that dp p(z,y) = 0 implies z =
y. Let y = v - for some v € Upq, assume that dp,(x,y) = 0. Then by the
previous corollary for any € > 0 there exists a curve I' € Uy such that I'(0) = 1,
I'(1) - 2 = v - = and the assumption implies L,(I') < e. Since I'(1) € vG,, then
dy(1,vG,) < Ly(T') < e. Since € is arbitrary, then 1 € vG,, or equivalently v* € G,
and then v € G, showing that y = x. O

Remark 4.9. We point out that when G is the unitary group of a von Neumann

subalgebra of M, then G is p-norm closed in Up,.

4.2 Two metrics in the space O

For homogeneous spaces G/H of metrizable topological groups G, there is one dis-
tinguished metric that can be introduced. It is the quotient metric induced by the
distance among classes gH in the original group. We recall the following result (see
for instance [15, p.109]):

Lemma 4.10. Let G be a metrizable topological group, and H be a closed subgroup.
If d is a complete distance function on G inducing the topology of G, and if d is
invariant under right translation by H, i.e. d(xh,yh) = d(x,y) for any x,y € G
and h € H, then the left coset space G/H = {xH : x € G} is a complete metric

space under the metric d given by

d(zH,yH) = inf{ d(zh,yk) : h,k € H }.

Moreover, the distance d metrizes the quotient topology of groups. Let us observe
how Lemma 4.10 applies to our situation. We take G = Uy, and for fixed = € O,
we take H = G,.

Theorem 4.11. Let x € O, u,v € Upnq, and let

dp(u-z,v- ) =inf{ dp(vwi, vws) : w; € Gy }.

Then if p > 1, dp = doyp. In particular, if G5 is a closed subgroup of Uaq in the
p-norm, then (O,do ) is complete, and the induced topology matches the quotient
topology of O ~ (Unm,dp)/Gy.

18



Proof. First we show that dp < dop. By Corollary 4.7, for each € > 0, there
exists a curve I' C Up satisfying I'(0) = wwp, ['(1) = vwy, w; € G and Ly(T') <
dop(u-z,v-x)+ e Therefore,

dp(u - z,v - x) < dy(uwo, vwy) < Ly(T) < dop(u-2,v-2) + €
Since € is arbitrary, our claim follows. Conversely, given € > 0, there exist w; € Gy,
i = 1,2 such that dp(uwi,vws) < dp(u ~x,v-x) + €, and there exists I' C Upq such
that I'(0) = uwn, I'(1) = wwe, and L,(T") < dp(uvwr, uwsz) + €. Then

dop(u-z,v-2) < Lop(T-2) < Ly(T) < dp(uwy, vws) + € < dp(u - 2,v - ) + 2,

showing that the reversed inequality also holds. Finally, since (U, dp) is complete,

the last claim follows from the previous lemma. O

4.3 The path metric space O

The space O is a path metric space for any p > 1, or in the terminology introduced
in [10] by M. Gromov, O is a space de longeur. That is, the distance do, (= dp if
p > 1) among pairs of points in the space O matches the infimum of the length of
the rectifiable paths joining the points. The rectifiable lenght of paths « : [0,1] — O

is defined as

where {¢;} is any finite partition of the interval [0,1] € R. The rectifiable distance
dyp among x,u-x € O is the infimum of the length of the rectifiable paths 7 joining

them, when the length is measured as above. It is straightforward to see that
devp 2 do7p'

Indeed, for given v joining fixed endpoints z,y € O, consider the trivial partition
to = 0,21 = 1. Thus ¢,(y) > dop(z,y), and taking the infimum over rectifiable
paths ~ gives the result. It is well-known, at least in the finite dimensional setting,
that both metrics do agree. Since the proof is elementary and we could not find a

suitable reference, we include it.

Proposition 4.12. If v is a piecewise C! curve in O, then Lo ,(y) > £p(v). If
z,u-x €O, then dgp(x,u-x) =dop(z,u-x).

Proof. Let {t;}i=0..n—1 be a partition of [0, 1]. Then

n—1 n—1
Lop() =Y Loptitinn)) =D dop(y(t:), ¥(tis1)).
=0 1=0
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n—1
If we pick a partition such that £,(y) < > dop(v(ti),v(ti+1)) + €, the first claim
i=0

follows. Now let € > 0, and let " : [0,1] — Upq be piecewise smooth such joining
x,u - such that L,(I') < dop(x,u - x) 4+ €. Then by the previous assertion

doep(z,u-z) < (T 2) < Lop(T-z) < Lp((T) < dop(z,u-z)+e.

Thus dgp(x,u- ) < doy(x,u - ) and since the other inequality always holds, we

have the second claim. O

5 Minimality of geodesics in O

Recall that the induced norm in the tangent spaces is not complete. Therefore in
the case of p = 2 the classical theory of Riemann-Hilbert manifolds is not available,
so it makes sense to ask about the local minimality of the geodesics of the Levi-
Civita connection. In [6] was given an abstract sufficient condition in order that
these geodesics are locally minimal. In this section we shall prove a partial result
toward the minimality of geodesics for p even, under the hypothesis specified below.

Our argument on minimality will consist in comparing the lengths of the liftings
of curves in O to the unitary group Up,. For the case p = 2 this technique is based
on the following result. Let s, : (TO), — F, C Ba(H)sp stand for the isometric
orthogonal projection to F,, the orthogonal supplement of G, in Ba(H)sp,. Let (1),
t € [0,1] be a smooth curve in O, with v(0) = =z, and let I" be its horizontal lifting,

i.e. the unique solution of the differential equation

['=s,(%)l
r'o)=1.

Then Ly(T') = La(7). Indeed, ||4]ly = [|sy($)]l2 = [[T*T|la = ||Tl2, and the claim
follows. This result shall not be needed, we include it here to mark the breach

between the case p = 2 and the case p > 2. Let us state the following definition.

Definition 5.1. Let O = Up - x (x € O) be an homogeneous space, let G, C Upng
stand for the isotropy subgroup. We say that G is locally exponential in Un,, if there
exist €, 00 > 0 such that ||lu —1|| < ep and u € G, implies that there exists z € G,
with ||z|| < do and e = u. This is equivalent to ask for G, to be a (topological)
submanifold of Upq in the uniform norm.

If uw € Gy implies that there exists z € G, with e = u, we say that Gy is an
exponential subgroup of Up.

Throughout this section we assume that the isotropy group G, is an exponential

subgroup. Apparently, if this holds for a given x € O, then it holds for any u-z € O
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(since the groups G,., and G, are conjugate by an inner automorphism). This
property implies in particular, that G, is geodesically convex: given any pair of
elements vy, v € G, with ||lv] —v2|| < €o, then there exists a geodesic of Un, which
lies inside G, and joins v; and we. The results in this section can be extended
to locally exponential groups in the obvious fashion, but we prefer to state them
assuming that GG, is exponential since the arguments become more clear this way.

Assume that z and y are connected by the geodesic v(t) = €* - z in O, with
z € Mgy, a minimal lifting, i.e. Q(z) = 0. It is unclear if this curve is short for the
p-metric in O. We state next a partial result in that direction.

One requirement of the proof is that () maps bounded operators into bounded
operators, and moreover, that it is uniformly bounded. There are a collection of
examples in the following section with these properties. We have shown in Theorem
4.6 that for p > 2 we can obtain almost isometric lifts of curves in O. In case Q is
uniformly bounded, one can sharpen this result to obtain isometric lifts.

Now we state our result on minimality of curves. It is assumed that G, is an
exponential subgroup of U, and that () maps bounded elements of M into bounded

elements of M.

Theorem 5.2. Let p be a positive even number, x € O, and assume that there
exists a constant Ko, such that [|Q(z)|| < Kopl|z|| for any x € Mgy,. If 2 € Mg,
|z]| < 5 and Q(z) =0, then the curve

5(t) = €'* -z,

which verifies §(0) = z and §(0) = X = m.(2) € T, O, and has length Lo, = |||,
is shorter for the p-metric than any other smooth curve v C O joining x to e* -z,

provided Lo () < €, where

V21

e=¢(0,p) = m

and Co is a constant given by the smooth structure as in Remark 2.1.
Moreover, the curve & is unique in the sense that if v C O is another curve

joining x to €% - x of length ||z, such that Lo (7) < €, then y(t) = €'* - z.

Proof. Let v be a smooth curve in O with 4(0) = x and (1) = €* - x, and assume
that Lo oo (7) < €. Since ||z|| < %, we have [le* — 1|| < 1 < v/2. On the other hand,
if I' is a smooth lift of v with I'(0) = 1, by the assumption on @) we can consider

the differential equation in M given by

Gladz)i = —Q(I™T)
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as in Theorem 4.5. It has a unique solution z(t) € G, such that x(0) = 0, and if
u = e®, then u : [0,1] — G, C Upq obeys the differential equation u* = —Q(I'*T").
Thus in this case, ||i|| < Ko||I'||. Hence, if § = 'u, then § is an isometric lift of ~y

and moreover
T 1 T
|wa»—w§nwn—1wumur4ngﬁ|WWW+Amn§a+3b[£nwny

Thus, if Cp is a constant such that ||s, (V)| < Co||V||, for any y € O as in Remark
2.1, then

1
18(1) =1} < 00(1+K0)/0 17y = Co(1+Ko)Lowe(v) < V2=1 < V2—[le* ~1].

Let w € Mgy, such that ||w|| < 7 and ¥ = §(1). Then Theorem 3.5 applies. Note
that the curve p(t) = e'* is an isometric lift for §. Let v(t) = e*e®¥ be the minimal
geodesic of Upy, lying inside e*G, (i.e. y € G,), connecting e® to e, which exists
due to the fact that G is an exponential subgroup. Then by item 5 of Theorem 3.5,
the map f(s) = db(1,v(s)) is convex. Note that f'(0) = (=1)P/2Tr(2P~'y), which

vanishes by Lemma 2.5, because z is a minimal lift. Then
Ly(p)? = dj(1,v(0)) = £(0) < f(1) = dj(1,v(1)) = |lwl; < Lp(B)".

Hence
[2llp = Lop(d) < Lp(B) = Lop(7)-

If Lop(y) = ||2|lp (i-e. if 7 is also short), then

FO) = llzllp < (1) = l[wllp < Lp(B) = Lop() = lI2llp = £(0),

so f(1) = f(0), which forces z = w because f is strictly convex. In particular
B(1) = e* and Ly(8) = Lp(p) = ||2||p- Since ||z|| < 7/2 < 7, the curve p is the
unique short geodesic joining 1 to e® in Upq, and then B = p, or in other words,

Remark 5.3. The restriction on the quotient uniform length of the curves v can
be removed for p = 2 due to the existence of the supplement F given by the smooth
structure of O satisfying Mg, ~ G @& F. The key is that the exponential map
is a local diffeomorphism between F and O. In the general case p > 2 we do
not know if the exponential map is local bijection between G-» and O (or even if
Gty N M # {0}).

However, assuming that () maps bounded elements of M into bouded elements

of M, it is interesting to note that the map
p=(1-Qgllr: F — g*
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is a bijection. In fact, Q(¢(f)) = Qo (1 —Q)(f) =0 for any f € F showing that ¢
maps into G+#. Secondly ¢(f1) = @(f2) implies fi — fo = Q(f1) — Q(f2) € G, thus
fi = foif fi € F, showing that ¢ is injective. In third place, if z € G1», z = 29+ 2f
with z; € G and zy € F, hence 0 = Q(2) = 2y + Q(zy). Thus taking f = zy € F,
one obtains ¢(f) = zy — Q(zf) = 25 + 2y = z showing that ¢ is surjective. The

inverse is given by the linear projection onto JF, that is

90_1 = Py:|g¢p LGl — F.

1 is continuous for the uniform

Note that, while ¢ is continuous for the p-norm, ¢~
norm, showing the breach between the smooth structure and the metric structure.

It is also worthwile noting that, if ) is continuous for the uniform topology
of M, then the above maps are homeomorphisms. Moreover, it must be uniformly
bounded since, if it were not, there would exist a sequence (z,,)n>1 of elements of M
such that ||z,| = 1 and ||Q(zy)|| > n. But this contradicts the fact that Q(0) = 0,
since ||Q(%2)| > 1, and the assumption on the continuity of @ gives Q(**) — 0 in

M.

Remark 5.4. Assume that @ is uniformly bounded (||Q(z)|| < Ko pl/2| for any
z € Mgp). Let BRr(0) C F with R small enough to ensure woexp is a diffeomorphism
with its image in O. Consider VE = ¢(Bg(0)), which is open in G with the

1

relative (uniform) topology, since ¢~! = Pr is continuous. Then, if z € V{, we

have z = ¢(y) for some y € Br(0), hence

12l = lly = Q)] < (1 + Ko p)llyll < (1 + Ko, p)R.

Let
UE = moexp(VI) = {e* QW .x:w e F, |w| < R}.

Note that it is not clear whether this is an open neighborhood of x € O or not, even

if we assume that @) is continuous for the uniform topology.

Now we can state our theorem on minimal curves joining given endpoints in O.
Let p be a positive even number, z € O, and assume that there exists a constant
Ko such that ||Q(x)|| < Ko p||z| for any x € Mgy,. Let

}

& T
= i R7 a1 1 17 N\ o
r = min{ 2(1+ Ko,p) 3

where R is as in the previous remark, and € = (O, p) as in the previous lemma.
Let V[, U5 C O be the sets defined in the previous remark.

Theorem 5.5. For any y € U}, there exists z € V| such that e - x =y and

S(t)=e” - x
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is shorter for the p-metric than any other piecewise smooth curve v C O joining x
to y, provided v C Ug,.
Moreover, the curve § is unique in the sense that if v C U(, is another piecewise

tz |

smooth curve joining x to y of length ||z||, then y(t) = e"* - x.

Proof. The existence of such z is guaranteed by Remark 5.4. Let v C U}, be
piecewise smooth, we can assume that 7 is defined in [0,1]. Consider a partition
{[tistiv1]} of [0,1] in NV equal pieces such that Lo oo (7t 4,,,)) < 7- By the previous
theorem, 7|, 4,1 is longer than the curve d1(t) = €** - y(t9), where 21 € V] is such
that e*! - y(tp) = v(t1). Let afi denote the path « followed by the path 5. Then

Lo 000187111 1) = L0,00(61) + Loco (Yt 1)) < 22l +7 < 2.

Let zp € V| such that e* - = 7(t2). Then by the previous theorem, the path
82(t) = e*2 - x is shorter than 0187t t0)> thus 0187|z,,1) is shorter that +. Iterating
this argument, one ends with a curve 6y = €'V - z, joining x to y in U}, which is
shorter that . Since ||zn|| < r, it must be zxy = 2.

The uniqueness follows observing that in each step, if the length of v is equal to
||z||p, its restriction must have length ||z;||,, and by the previous lemma it should
match d;. O

5.1 Examples

We give examples of homogeneous spaces where Theorems 5.2 and 5.5 apply. The
fundamental step is to prove that the metric projection @ is uniformly bounded.
Up to now we do not know if it is general fact, even in the case when the Lie
algebra where () projects consists of skew-hermitian operators of a von Neumann
subalgebra. Therefore each example needs an ad-hoc proof of this fact. We give
sketches of proofs here, full proofs can be found in [7]. Finally, let us observe that

the examples below serve obviously as other examples for Theorem 4.11.

5.1.1 Finite dimensional Lie algebras

The first immediate example takes place when the Lie algebra G is a finite dimen-
sional vector space. Therefore the || .||, completion of G is equal to G. Hence it is

trivial that the projection @ : LP(M)g, — G'=¢ preserves bounded elements.

Lemma 5.6. Let 1 < p < 0o and G a finite dimensional Lie algebra. Then the

projection Q) is continuous and in particular, uniformly bounded.

Proof. Since G is a finite dimensional real vector space, all the norms are equivalent.

Therefore, there exist a constant ¢, > 0 such that ¢, ||z]| < [|2][, < |z, for all
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z € G. Now, given € > 0, there exists §(x,¢e,p) such that ||z — y[|, < § implies
1Q(z) — Qy)llp < e Hence, if [l —y[| <4, then |z —yl|, <§ and

1Q(z) = QW) < ' 1Q(x) = QW)ly < ¢ e
The argument at the end of Remark 5.3 establishes the uniform boundness of ). [
We describe an example where this situation arises.

Example 5.7. Let vg € M be a partial isometry of finite co-rank. Consider the set
Ty, ={veM : vgug =v"v}

of partial isometries in M with initial space p. There is a transitive action of U,
on Z,, given by u-v = uv, u € Upq, v € I,,,. The set Z,,, is a C°° submanifold of
M in the norm topology and a homogeneous space of U¢. The isotropy group at
v € Z,, of the action is

{uelpm : uww=n}.

Therefore the Lie algebra of the above group is given by
Go={x €My : zv=0},

and the unitaries in the isotropy group can be described as

(o a)
u = )
0 d

with d a unitary operator, the group is exponential. Then Theorem 5.2 applies to

t

this situation, and the curves 0(¢) = e"*v with minimal symbol z are short among

sufficiently short curves v € O. This example was studied in [1].

5.1.2 Subalgebra of the center

This example is concerned with a subalgebra N' C Z(M), where Z(M) is the
center of M. In order to show that () preserves bounded elements we have the
following lemma, see [7] for a proof and a counterexample for p > 2, if we remove

the hypothesis that = and y commute.

Lemma 5.8. Let p > 2 an even number. Let x,y € LP(M) satisfying x > 0, y = y*
and xy = yx. Then

lz—yFllp <l —yllp,

where y =y — y~ is the Jordan decomposition.
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Applying the previous lemma to a positive element 2 € M and Q(x) € LP(N) we

obtain
Iz = Q) lp < llz — Q@)llp
Hence by the uniqueness of Q(z) it follows that Q(x) = Q(x)*. In particular, it

follows that the projection (Q maps positive elements of LP(M) into positive elements

of LP(N).

Corollary 5.9. If N C Z(M), then for any p > 1 the projection Q maps bounded

elements into bounded elements, moreover
1Q()I < 3|zl for any z € M.

Proof. Let x € M a positive element. Note that ||z|| — Q(z) = Q(||z| —x) > 0,
then 0 < Q(z) < ||z||, i.e. Q(z) is bounded. Let x € My, then there exists a real
number ¢ > 0 such that z + ¢ is positive. Since Q(x) 4+ ¢ = Q(x + ¢) is bounded, it
follows that Q(x) is bounded, and moreover, if © € M, then

Q@) = QM + llzll = l=IDIl = lQ(x + llz[)) = ll=[l[| < Q< + [lzIDIl + [l]
<l il + [l < 3.

Replacing x by iz yields the result for z € Mgy,. O

Remark 5.10. In case that the Lie algebra is given by antihermitic operators of a
von Neumann subalgebra of M we have the bound Cp < 2. This follows because
the projection Pz, coincides with I — E/, where E is the unique normal conditional

expectation preserving the trace onto the subalgebra.

Remark 5.11. Let U}, C O as in Theorem 5.5. If O is the quotient space obtained
as Up /Uy, and N C Z(M), then U, is an open neighborhood of z in O. In fact,

Uh = {ew*Q(w) xrweF, ||w<r}={e" z:weF, ||w|<r}
and the last set is clearly open in O by our choice of 7.

5.1.3 Diagonal algebra in M ® M,

Let My denote the 2 x 2 matrix algebra. We define a finite trace 7 on M ® My by

1
f-(( R >) = 57(211 + 222), < e ) €My M.

21 X22 2 21 X22

It is straightforward to show that LP(M ® My, 7) = LP(M) @ Mo.
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We take the subalgebra N consisting of diagonal operator matrices, i.e.

N:{(l'll 0 >ZQS‘11,3§‘22€M}.

0 X929

In this example we can explicitly compute the projection ). Actually, this is a

consequence of the following inequality, see [7] for a proof.

Lemma 5.12. Let p > 2 a positive even number and b € M. Then,
<
b* 0 /1, b* d

It is plain that @ : (LP(M) ® My), — LP(N)}, is given by

Q(<$11 1’12)):<$11 0 >
To1 T2 0z

In particular, Q) preserves bounded elements and is uniformly bounded. Moreover,

)

p

for all a,b € My,

it is continuous in the uniform topology since it matches the unique tracial invariant

conditional expectation F from the algebra to the subalgebra.

10
Example 5.13. Consider the projection in M ® M, given by e = < 0 0 ) Let

O, denote the unitary orbit, i.e. O, = {ueu* : u € Unmgnrs, }- This example was
studied in detail in [4]. It was proved that it is a homogeneous space of the unitary
group Upmgns, of M @ Msy. Moreover, it was shown that the initial values problem
has solution and any pair of points in this homogeneous space can be joined by a
minimal curve. Despite our results are more restrictive in this particular example,
we shall show how they apply, since the techniques involved are quite different.

The isotropy group at e of the natural action of Ungns, is given by
Ge ={u e Umgn, : ue =ecu}
The Lie algebra of this group is

a

Go = {a € (M® M), - xe:ex}={< ‘

0
ca,d € Mg, }
d) a h}

Therefore by our preceding discussion the projection ) onto the Lie algebra pre-

serves bounded elements, so our results about minimality of curves holds.
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5.1.4 Special diagonal algebra in M ® M,

Consider the following subalgebra of M ® My given by

z 0

Nz{(o x):xe/\/l}.

Let E denote the unique trace-invariant (with respect to the trace 7) conditional

expectation onto N, i.e.

1 0
bomonn w0
Tol T2 2 0 11 + 22

We denote by E, the extension of the above expectation to the corresponding non

commutative LP spaces.

Lemma 5.14. Let 2 < p < oo, p even. Then:

I =G )+ (e

for any d € M.
Proof. See [7]. O

p

If £ stands for the following real subspace of M} ® Ms given by

b
[,:{<Z c) ca,b,ce My}

and LP the respective completion with the p-norm. Then, it is easy to check, using
the previous lemma, that E : L — N and E, : £LP — LP(N) for p even, are
contractive maps.

Analogous statements hold for the subspace

DZ{(ZS‘ g) cbe M},

invoking Lemma 5.12. If p is even or p = oo, then Qx, = FE),, namely the best
approximant can be obtained via the conditional expectation in £. In particular @)
is uniformly bounded £. A similar argument shows that @ is uniformly bounded in
D.

It is not clear, and we would like to know, if () is uniformly bounded in M ® Ms.
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