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Abstract

We present generalizations to Krein spaces of the abstract interpolation and smoothing problems
proposed by Atteia in Hilbert spaces. Let H, K be two Krein spaces and £ a Hilbert space. Given
(bounded) surjective operators T : H — K and V : H — £ and a fixed zo € &, we study the xo € H
such that Vao = zo and [Txo, Txo |k = min{[Tz,Tz]x : V(z) = z0}. We also study the following
problem, given p > 0 and fixed 20 € &, find o € H such that [T'zo,Tzo |k + p||Vzo — ong =
mingen ([Tz, Tz ]k + p||Ve — 20|2).

1 Introduction

Since I. J. Schoenberg introduced the spline functions [21], they have became an important notion in
several branches of mathematics such us approximation theory, statistics, numerical analysis and partial
differential equations, among others. Recently, they have been useful to solve some practical issues in
signal and image processing, computer graphics, learning theory and other applications.

In the sixties, a Hilbert space formulation of spline functions, known as abstract splines, was introduced
by M. Atteia [3] and extended by several authors, see for instance [2, 6, 17, 20]. Given Hilbert spaces H,
K and &, consider (bounded) surjective operators T : H — K and V : H — £. The abstract interpolation
problem in Hilbert spaces can be stated as follows: fixed zg € &, find zg € H such that Vg = 25 and

||Ta:0||,QC = min{HTxH,QC s Ve =2z}

On the other hand, given p > 0 and fixed 2y € &, the abstract smoothing problem consists in minimizing
the function F: H — R* defined by F(x) = ||T||% + p||Vz — 2||2. For a complete exposition on these
subjects see the book of Atteia [4] and the survey by R. Champion et al. [11].

In this work, mainly motivated by the ideas of Atteia, we present generalizations of the abstract
interpolation and smoothing problems to Krein spaces. More precisely, let H, K be two Krein spaces
and £ a Hilbert space. Given (bounded) surjective operators T : H — K and V : H — &, we study the
following problems:

Problem (interpolating spline). Fixed zg € &, find zy € H such that Vag = zp and
[Tz, Txo lic = min{[Tz, Tz : V(x) =2},
Problem (smoothing spline). Given p > 0 and fixed 2y € &, find zg € H such that

[Txo, Tzl + pl|Vao — 20z = min ([Tz, Tz + pl|Va — z||2) -

Spline functions in indefinite metric spaces have already been studied in [9] to solve numerical aspects
related to learning theory problems. Although the problems presented there are different from those
studied in this work, they are closely related. In [8] another version of the smoothing problem is studied.
Given zy € &, instead of finding the minimum of F,(z) = [Tz,Tx]x + p|Vx — 20|, the authors are
interested in stabilizing it.

The paper is organized as follows: Section 2 contains the preliminaries. In Section 3 we study the
interpolating problem, we give necessary and sufficient conditions for the existence (and uniqueness) of



solutions of this problem, and characterize them. Also, given a frame {f, },en for the Hilbert space &,
we give conditions to obtain different frames for |H| (the Hilbert space associated to H) composed by
interpolating splines corresponding to the family {f,, }nen-

Section 4 is devoted to the study of the smoothing problem: after characterizing the set of solutions
of this problem, we show that it is related to the set of solutions of an interpolating problem for a certain
z, € €. As it was studied by Atteia in Hilbert spaces, we analyze the convergence of the solutions of the
smoothing problem to the solutions of the interpolating problem as p goes to infinity.

In section 5 we extend to Krein spaces a variational problem studied by A. I. Rozhenko and V. A.
Vasilenko in [19], which mixes both interpolating and smoothing problems.

2 Preliminaries

Along this work € denotes a complex (separable) Hilbert space. If F is another Hilbert space then L(E, F)
is the algebra of bounded linear operators from & into F, L(E) = L(E,€) and denote by Q the set of
(oblique) projections, i.e. Q ={Q € L(§) : Q* = Q}. If T € L(£,F) then T* € L(F,&) denotes the
adjoint operator of T, R(T) stands for the range of T and N(T') for its nullspace. Also, if T € L(&,F)
has closed range, T denotes the Moore-Penrose inverse of T

If S and 7 are two (closed) subspaces of £, denote by § + 7 the direct sum of S and 7, S& T
the (direct) orthogonal sum of them and S©7 := SN (SNT)*. If £ =S + 7T, the oblique projection
onto § along 7, Ps/,7, is the unique Q € Q with R(Ps;/r) = S and N(Ps;/7) = 7. In particular,
Ps := Ps;/s1 is the orthogonal projection onto S.

2.1 Kirein spaces

In what follows we present the standard notation and some basic results on Krein spaces. For a complete
exposition on the subject (and the proofs of the results below) see the books by J. Bognér [5] and T. Ya.
Azizov and 1. S. Iokhvidov [14], the monographs by T. Ando [1] and by M. Dritschel and J. Rovnyak [13]
and the paper by J. Rovnyak [18].

Definition. An indefinite metric space (H,[, |) is a Krein space if it can be decomposed as a direct
(orthogonal) sum of a Hilbert space and an anti Hilbert space, i.e. there exist subspaces Hi of H such
that (H4,[, ]) and (H_,—[, |) are Hilbert spaces,

H=Hi+H_, (2.1)
and H,y is orthogonal to H_ respect to the indefinite metric. Sometimes we use the notation [, |y
instead of [, ] to emphasize the Krein space considered.

A pair of subspaces Hi as in Eq. (2.1) is called a fundamental decomposition of H. Given a Krein
space ‘H and a fundamental decomposition H = H4 + H_, the direct (orthogonal) sum of the Hilbert
spaces (H4,[, ]) and (H_,—[, ]) is denoted by (||, {, )). Observe that the indefinite metric of H and
the inner product of |H| are related by means of a fundamental symmetry J € L(H): given a fundamental
decomposition H = H, + H_, let P be the orthogonal projection onto H and consider J = P, — P_,
then

[z, y] = (Jx,y), x,y€H.

If H and K are Krein spaces then L(H,K) stands for L(|H|,|K|), and L(H) for L(|H]|). Given
T € L(H,K), the J-adjoint operator of T is the unique operator T# € L(KC, H) such that

[Txay]’C:[l‘7T#y]Ha xEHay€K~

Notice that T* and T# are related by T# = JyT* Jic, where Jy and Jx are the fundamental symmetries
associated to H and KC, respectively. An operator T € L(H) is said to be J-selfadjoint if 7" = T%.
Given a subspace S of a Krein space H, the J-orthogonal companion to S is defined by

S = {z e H:[x,5] =0 for every s € S}.



Observe that St and St are related by S = J(S+) = J(S)*. Also, notice that if T € L(H,K) and
S is a closed subspace of I then
T#(S)Hn = p=1(Sltx), (2.2)

A subspace S of H is non degenerated if S NSt = {0}. A vector 2 € H is J-positive if [z, 2] > 0.
A subspace S of H is J-positive if every z € S, © # 0, is a J-positive vector. A subspace S of H is said
to be uniformly J-positive if there exists a > 0 such that

[z,2] > a|jz|?, for every z € S,

where || || stands for the norm of the associated Hilbert space |H|. J-nonnegative, J-neutral, J-negative
and J-nonpositive vectors (and subspaces) are defined analogously. A subspace S of H is uniformly J-
negative if there exists @ > 0 such that [z, 2] < —al|z||? for every z € S. Notice that if S is a J-definite
subspace of H then it is non degenerated.

Definition. Let H be a Krein space with fundamental symmetry J. A subspace S of H is called regular
if S is the range of a J-selfadjoint projection.

Proposition 2.1 (Cor. 7.17 in [14]). Let H be a Krein space with fundamental symmetry J and S a
J-nonnegative closed subspace of H. Then, S is regular if and only if S is uniformly J-positive.

Corollary 2.2 (Thm. 8.4 in [5]). Let H be a Krein space with fundamental symmetry J and S a closed
uniformly J-positive subspace of H. If Q) is the J-selfadjoint projection onto S then, given x € 'H,

[z — Qr,z — Qx] zgneig[x—y,x—y].

2.2 Angles between subspaces and reduced minimum modulus
Let § and 7 be two closed subspaces of a Hilbert space £.

Definition. The cosine of the Friedrichs angle between S and 7 is defined by
o8 T)=suwpf[(z,y)|:wveSeT,lz|=1,yeT oS |yl =1}
On the other hand, the cosine of the Dizmier angle between S and 7 is defined by
(S, T) =sup{|(z,y)|:z €S, [z =1,y eT, |yl =1}

If SNT = {0} the above definitions coincide, but observe that ¢(S,7) < ¢o(S,7) in general. It is
well known that

(S, T)<1 & S+Tisclosed & S+ Tt isclosed & (S, TH) <1.

Furthermore, if Ps and Py are the orthogonal projections onto S and 7, respectively, then ¢(S,7) < 1
if and only if (I — Ps)Pr has closed range, or equivalently, (I — Pr)Ps has closed range. See [12] for
further details.

Also, recall the following well known result about the product of operators with closed ranges [7, 15].

Proposition 2.3. Given a Hilbert space H, let A, B € L(H) be closed range operators. Then, AB has
closed range if and only if c(R(B), N(A)) < 1.

The next definition is due to T. Kato, see [16, Ch. IV, § 5] for a complete exposition on this subject.
Definition. The reduced minimum modulus v(T') of an operator T € L(£) is defined by
WT) = inf{||Te| : || = 1; = € N(T)*}.

It is well known that v(T) = y(T*) = v(T*T)'/2. Also, it can be shown that an operator T has closed
range if and only if v(7") > 0. In this case, v(T) = ||TT| .



2.3 Bases and frames for Hilbert spaces

Recall that a sequence { f, }nen in a Banach space X is called a Schauder basis of X if for every x € X
there is a unique sequence of scalars {¢;, }nen so that x = 2211 Cn fn, Where the series converges in the
norm topology.

A vector sequence {f,}nen in a Hilbert space £ is a frame if there exist constants 0 < A < B such
that

Allz|)? < Z | (z, fu)? < B|l2)?, for every z € £. (2.3)
n=1

On the other hand, {f,}nen is a Riesz basis if there exist constants 0 < A < B such that

m m
"4'2|C7L|2§ chfn
n=1 n=1

for all finite sequences cy, ..., Cp.

Then, a (Schauder) basis {f}nen (of a Hilbert space £) is a Riesz basis if and only if it is uncon-
ditional (meaning that if Y 7 | ¢, fn converges for some coefficients {¢, }nen, then it actually converges
unconditionally) and 0 < inf, || f»]| < sup,, || /x|l < cc.

Observe that there is a close connection between frames and Riesz bases:

2 m
<BY enl?, (2.4)
n=1

1. {fu}nen is a Riesz basis if and only if {f,, }nen is a frame and 220:1 Cnfn =0 = ¢, =0 for every
n € N.

2. If {fn}nen is a Riesz basis, then the numbers A, B appearing in (2.4) are actually frame bounds.

See [10, 22] for further details on this subject.

3 Definitions and basic results

Let ‘H, K be Krein spaces with fundamental symmetries J» and Ji, respectively, and consider a Hilbert
space €. Troughout this work, the operators T' € L(H,K) and V € L(H, &) are surjective. Consider the
following generalization of the interpolating spline problem [3]:

Problem 1. Given 2 € &, find 29 € V~1({20}) such that
[Txo, Txo lic = min{[Tz, Tz : Ve =z} (3.1)

Definition. Any element zo € V~1({20}) satisfying Eq. (3.1) is called an indefinite abstract spline or
(T, V)-interpolant to zg € £. The set of (T, V)-interpolants to zg is denoted by sp(T,V, 2o).

Considering VT, the Moore-Penrose inverse of V., we can restate the problem as:
Problem 2. Fixed zp € &, find ug € N(V) such that
[T(Vi2 +uo), T(Vizg 4+ uo) | = min{[T(VTzo +u), T(Viz +u)]k : uwe N(V)}. (3.2)

Lemma 3.1. Given zy € €, 9 € V"*({20}) is a (T, V)-interpolant to zy if and only if T(N(V)) is a
Jic-nonnegative subspace of K and Txg € T(N(V))Hx,

Proof. Suppose that z¢ € H is a (T, V)-interpolant to zo. Then, for every u € N(V) and « € R,
[Txo, Txo] < [T(x + au), T(xo + au)] = [Tzo, Txo | + 2a Re[ Txo, Tu] + o[ Tu, Tu].

Therefore, 2a Re[Txo, Tu] + o?[Tu,Tu] > 0 for every a € R, and a standard argument shows that
Re[Tzp, Tu] = 0. Analogously, if 8 = ia, a € R, it follows that Im[Tzg, Tu] = 0. Then, [Txg, Tu] =0
and [Tu,Tu] > 0 for every u € N(V).



Conversely, suppose that T(N(V)) is a J-nonnegative subspace of K and there exists zo € H such
that Tag [L]x T(N(V)). If ug = 29 — V2o € N(V) then, for every u € N(V),

[T(VTzo +u), T(Vizo +u)] = [T(V 20+ uo), T(Vizg 4+ uo) | + [T(u — uo), T(u — ug) ] > [Txo, Txo].

Therefore, xq is a (T, V)-interpolant to zo.
O

Corollary 3.2. Suppose that T(N(V)) is a J-nonnegative subspace of K and let zg € £. Then,
sp(T,V,20) = (Vizg + N(V)) 0 TH#T(N(V))Hn,

Proof. Given zy € £, suppose that xo € H is a (T, V)-interpolant to zg. Then, ug = 2o — Vizy € N(V)
and by the above lemma, Tz € T(N(V))Hx | or equivalently by (2.2), 2o € T#T(N (V). Therefore,
xo € (Vizg + N(V))n THT(N(V))H,

On the other hand, if u € N (V) is such that 2 = Vizg+u € T#T(N(V))H, then Tz € T(N(V))Hx
and Vx = zg. So, applying Lemma 3.1, it follows that = € sp(T,V, zp). O

Lemma 3.3.
1. If T(N(V)) is non degenerated, then N(V)NT#T(N(V)H = N(V)n N(T).
2. If T(N(V)) is regular, then H = N (V) + T#T(N(V))H].

Proof. 1. By (2.2), N(T) C T#T(N(V))*, so that N(T)NN(V) € N(V)NT#T(N(V))*. Conversely,
if € N(V)NT#T(N(V))H then Tx € T(N(V)) N T(N(V))H = {0}. Thus, z € N(V) N N(T).

2. If T(N(V)) is a regular subspace of K then K = T(N(V)) + T(N(V))H. Therefore, H =
T T(N(WV))) + T YT(N(V))H) = N(V) + T#T(N (V) (see Eq. (2.2)). O

If T(N(V)) is a regular subspace of K then H = N (V) +T#T(N(V))* but this may not be a direct
sum. Therefore, there is a family of subspaces of T#T(N(V))* which are complementary to N (V).
Along this work, if T(N(V)) is a regular subspace of K we will consider the following projection:

Qo = Pyw)//mr#1(N(V) L eNW)- (3.3)

Proposition 3.4. Suppose that T(N(V)) is a closed subspace of K. Then, the set sp(T,V,z) # @ for
every z € & if and only if T(N (V) is Jc-uniformly positive. In this case, sp(T,V, z) is an affine manifold
parallel to N(V) N N(T).

Proof. Suppose that T(N(V)) is a closed Jx-uniformly positive subspace of K. Then, by Proposition
2.1, T(N(V)) is a regular subspace of K. Therefore, Qy € Q with R(Qo) = N(V) and N(Qq) C
T#T(N(V))tx (see Lemma 3.3).

Fixed z € £ and let © = (I — Qo)V'z € H. Then, V& = z and Tz € T(N(V))Hx. So, by Lemma
3.1, x € sp(T,V, 2), i.e. sp(T,V,z)+# & for every z € £.

Conversely, suppose that sp(T,V,z) # & for every z € £. Then, as a consequence of Lemma 3.1,
T(N(V)) is a Ji-nonnegative subspace of . Furthermore, for each z € &, there exists a vector x, € H
such that Vz, = z and Tz, € T(N(V))Hr. Since Viz = (Viz—z.)+ 2, and V(Viz—2z.) = 0 for every
z € £, it is easy to see that N(V)+ C N(V)+T#T(N(V))Hx. Therefore, H = N(V)+T#T(N(V))Hx
and K = T(N(V))+T(N(V))He. So, T(N(V)) is a regular J-nonnegative subspace of K, i.e. T(N(V))
is a uniformly Ji-positive subspace of KC.

Assuming that T'(N(V)) is J-uniformly positive, observe that, if 1,22 € sp(T,V, z) then, applying
Lemma 3.3,

x1 —x9 € N(V)NTH#T(N(V))H" = N(V)n N(T). O

Corollary 3.5. Suppose that T(N(V)) is a closed Jic-uniformly positive subspace of K and N(T) N
N(V) ={0}. Then, given z € &, sp(T,V, z) is a singleton. More precisely,

sp(T,V,z) = {(I = Qo)V'z}.



In what follows we show that the set sp(T,V, 2p) can be parametrized by means of a family of pro-
jections with range N (V).

Proposition 3.6. Suppose that T(N(V)) is a closed J-uniformly positive subspace of K. Given zy € &,
x € sp(T,V, 2) if and only if there exists Q € Q with R(Q) = N(V) and N(Q) C T#T(N (V)™ such
that x = (I — Q)V 2.

To prove the above proposition, we need the following lemma.

Lemma 3.7. Suppose that T(N(V)) is a regular subspace of K. Let Q@ € Q. Then, R(Q) = N(V)
and N(Q) C T#T(N(V))H if and only if there exists an operator Z € L(H) such that N(V) C N(Z),
R(Z)YCN(V)NN(T) and Q = Qo + Z.

Proof. If Q € L(H) is a projection with R(Q) = N (V) and N(Q) C T#T(N (V) let Z = Q—Qy. Since
R(Q) = R(Qo) = N(V) it is trivial that N(V) C N(Z). On the other hand, consider y = Zz € R(Z):
y=Qr—Qoz € N(V)andy = (I -Qo)x— (I —Q)x € T#¥T(N(V))H. Theny € N(V)NT#T(N (V).
Conversely, given Z € L(H) with N(V) C N(Z) and R(Z) C N(V) N N(T), consider Q = Qo + Z.
Then, Q% = @ because Z2 = 0, QoZ = Z and ZQy = 0. It is easy to see that R(Q) C N(V) and,
if z € N(V) then Qx = Qor = z. Therefore, R(Q) = N (V). Finally, observe that if z € N(Q) then
r=I-Q)x=(I—-Qyz—Zzx € T#*T(N(V))H, because N(Qo), R(Z) C T#T(N(V))H.

0
Proof. (of Proposition 3.6) If v = (I — Q)V1z, where Q € Q with R(Q) = N(V) and N(Q) C
T#T(N(V))H, it is easy to see that Vo = zp and Te € T(N(V))H]. Then, by Lemma 3.1, = €
sp(T,V, zp).

Conversely, as a consequence of Proposition 3.4, sp(T,V, z9) = (I — Qo)V 20 + N(V) N N(T) because
(I — Qo)Vizy € sp(T,V,2). Then, if z € sp(T,V,z) there exists u € N(V) N N(T) such that z =
(I —Qo)VTzy +u. So, consider Z € L(H) such that Z(V'zy) = —u and Zy = 0 if y LV Tz5. Then,

r=1T—-Qo)Viz—2ZVizg=(I - (Qo+ 2Z))V'z,
N(V) C N(Z) and R(Z) € N(V)N N(T). Therefore, by the above proposition, Q@ = Qo + Z € Q with
R(Q) = N(V) and N(Q) C T#T(N(V))H. O
3.1 Frames of indefinite abstract splines

In what follows, recall that T € L(H,K) and V € L(H,E&) are surjective operators and suppose that
T(N(V)) is a closed Ji-uniformly positive subspace of K.

Proposition 3.8. Given a sequence {fn}nen in &, suppose that there exists a frame {gn}nen for W =
T#T(N (V) such that g, € sp(T,V, f,) for every n € N. Then, {fn}nen is a frame for &.

Proof. If g, € sp(T,V, fn) then, by Proposition 3.6, there exists Q,, € Q with R(Q,) = N(V) and
N(Q,) €W, such that g, = (I — Q,)VTf,. Since V(I — Q,)V! = I¢ for every n € N, it is easy to see
that

D F) P=Y (V2 (I =Qu)VIfu ) P =D [{(PwV*2,90) 7, for every z € €,
n=1

n=1 n=1

since Pyy(I — Qn) = (I — Qn). Therefore, if {g, }nen is a frame for W with frame bounds 0 < A < B,
AIPWV*z)* <> 1 (2 fa) P < BIPwV*2|* < BV 2%,
n=1

for every z € £. But ||[PV*z|? > v(PwV*)?|2]]? = v(V Pw)?||z||?. Since ¢c((W,N(V)) < 1 it follows by
Proposition 2.3 that V Py has closed range, so v(V Py ) > 0. Then, {f, }nen is a frame for £, with frame
bounds 0 < Ay(VPy)? < B|V|?. O



Given a sequence {fn}tnen in &, if N(T) N N(V) = {0} it is easy to see that {f,}nen is a frame for
& if and only if {g,}nen is a frame for T#T(N (V)] where g, is the (unique) (7, V)-interpolant to
fn (see Proposition 3.9 below for a proof of this assertion). However, the following example shows that,
if N(T) N N(V) # {0}, given a frame {f, }nen for £ it is easy to construct g, € sp(T,V, f,,) (for every
n € N) such that {g, }nen is not a frame for |H]|.

Example 1. Suppose that N(T) NN (V) # {0}. Given a frame {f, }nen for £, we construct a sequence
{gn}nen such that g, € sp(T,V, f,,) for every n € N but {g, }nen is not a frame for |H|.
Observe that if {f,}nen is a frame with frame bounds 0 < A < B then | f,||*> < B. Given u €
N(T)NN(V) with ||u|]| = 1, define
7 _Jnau ifr=aVlf,, acC;
D=0 eivis,

Then, Z, € L(H) and satisfies N(V) C N(Z,) and R(Z,) C N(T) N N(V). Furthermore, by Lemma
3.7, Qn = Qo + Z, is a projection with R(Q,) = N(V) and N(Q,) C T#T(N(V))*. Therefore,
gn = (I — Q) V' f, €sp(T,V, f,) for every n € N.

But observe that {g, }nen can not be a frame for |H| because ||g,| — +00 as n — oo. Indeed, it is
easy to see that

lgnll > 1ZaVIfull = (1 = Q)VT full = n— |1 = QIIVT[BY? — +00  as n — cc.

The next result shows that, given a frame {f,}nen for €, if N(T) N N(V) # {0} there are several
ways to obtain frames of splines for any complement of N(V') contained in T#T(N (V)] associated to

{fn}nEN

Proposition 3.9. Given a sequence {f,}nen in &, consider g, = (I — Q)V'1f, € sp(T,V, fn), n € N,
where Q € L(H) is any fized projection such that R(Q) = N (V) and N(Q) C T#T(N (V). Then,

1. {fn}tnen is a frame for € if and only if {gn tnen is a frame for N(Q).
2. {fn}nen is a Riesz basis of € if and only if {gn}nen s a Riesz basis of N(Q).
3. {fn}tnen is a (Schauder) basis of € if and only if {gn}nen s a (Schauder) basis of N(Q).

Proof. Observe that, if W = (I — Q)VT, then R(W) = R(I — Q) = N(Q) is closed. Then, v(W) > 0.
1. Suppose that {f,}nen is a frame for €. Notice that Y 00 [(z,gn)]? = Do, {2, W) |? =
S (W, ) |* for every z € H. So, if 0 < A < B are frame bounds for {f, },en then

Ay(W)?|la]|* = Ay (W2 [lal|® < AW a|® < D [(2,90) > < BIW*z|* < B|W |||,
n=1

for every z € N(W*)+ = N(Q). Therefore, {g, }nen is a frame for N(Q). The other implication is a
consequence of Proposition 3.8.

2. Suppose that {f, }nen is a Riesz basis of £. Then it is also a frame for £ and, by item 1, the sequence
{gn}nen is a frame for N(Q). Furthermore, if there exists a sequence (ay)ren such that Y, | agr = 0,
then applying V' to both sides of the equation we obtain that >y, axfr = 0. So, ay = 0 for every
k € N because {fy}nen is a Riesz basis of £. Therefore, {gy }nen is a Riesz basis of N(Q). The other
implication follows in the same way.

3. Tt is analogous to the proof of [4, Chapter III, Proposition 1.1]. O

4 Indefinite smoothing splines

Let H and K be Krein spaces with fundamental symmetries Jy and Jx, respectively, and consider a
Hilbert space £. Given surjective operators T € L(H,K) and V € L(H,E), consider the following
generalization of the smoothing problem [4]:



Problem 3. Given p > 0 and fixed 2y € &, find ¢ € H such that

[Tz, Txo i + pl|Vro — 203 = ;%17111 ([Tz, Tz + p||Ve — 20|2) - (4.1)
Definition. Any element zo € H satisfying Eq. (4.1) is called a (T, V, p)-smoothing spline to zg € E.
The set of (T, V, p)-smoothing splines to zg is denoted by sm(T,V, p, o).

To study this problem consider the indefinite metric defined on I x & by:

[(,2), (v, ) ke = (9,9 ]c +p (2,2 )¢, (4.2)

where y,y’ € K and 2,2’ € £. Notice that, I x £ is a Krein space with the indefinite metric defined
above. In fact, considering the inner product (, ), in & given by (z,2") = p(z,2") for every 2,2’ € £,
the operator J € L(K x &) defined as

J(y,z) = (Jxy,2), yeK, z€&,

is the fundamental symmetry associated to K x €. Consider, also, the operator L : H — K x &£ defined
by
Lz = (Tz,Vz), x€H.

The proof of the next lemma is analogous to the one given in [4, Chapter III, Lemma 2.1] for the Hilbert
space case.

Lemma 4.1. If T(N(V)) is a closed subspace of K then R(L) is a closed subspace of K X E.

Proof. Given y € K and z € &, suppose that {z,}n,>1 C H is such that Tz, — y and Vz,, — z. If
vy = ViVe, € H, then v, — Viz € H and u,, = z, — v, € N(V). Therefore, Vv, = Vz, — 2z and
Tu, —y—TVz

Since T'(N(V')) is a closed subspace of K, the operator W = T|y(yy : N(V) — K has closed range.

Thus, {x}n>1 converges to some x € H because z,, = vy, + u, = v, + WiTu,,. Furthermore, Tx = y
and Vx = z. Therefore, R(L) is a closed subspace of IC x £. O

Therefore, assuming that T'(N(V)) is a closed subspace of K, observe that Problem 3 can be restated
as the following indefinite least squares problem:

Problem 4. Given p > 0 and a fixed zg € &, find zy € H such that

[Lzo — (0,20), Lzo — (0, 20) |k xe = ;rgril[Lx — (0, 2z9), Lz — (0, 20) Jxcxe- (4.3)

The next result characterizes the solutions of the indefinite smoothing problem.

Lemma 4.2. Given zg € £, g € H is a solution of Problem 4 if and only if R(L) is J-nonnegative and
T s a solution of the equation:
(TH#T + pV#V)x = pV# 2.

Proof. Following the same arguments as in Lemma 3.1, it is easy to see that xg € H satisfies Eq. (4.3) if
and only if R(L) is J-nonnegative and

[Lzo — (0,20),Ly] =0, for every y € H.

or equivalently, L#(Lzo — (0,2)) = 0. Since L# € L(K x £, H) is given by L#(y,z) = T#y + pV ¥z,
(y,2) € K x &, it follows that (T#T + pV#V)xg = pV# 2. O

Proposition 4.3. Suppose that T(N(V)) is a closed subspace of K. Then, Problem 4 admits a solution
for every z € € if and only if R(L) is a (closed) J-uniformly positive subspace of KL x .



Proof. Suppose that, for every z € £ there exists u € H such that

[Lu—(0,2),Lu — (0,2)] = min[ Lz — (0, 2), Lz — (0, 2) ].

reH

Applying Lemma 4.2, it follows that R(L) is J-nonnegative. Given (y, z) € K x &, consider w = u’ + Ty,
where v’ € H satisfies

[Lu' — (0,2 — VTTy), Lu' — (0,2 — VTTy)] = géi{tl[Lx —(0,2—=VTTy),Le — (0,2 = VTTy)].

Then, for every x € H,

[Lw — (y,2), Lw — (y,2)] [Lu' + (y, VTTy) = (y,2), L' + (4, VTTy) = (y,2)]

= [Lu' — (0,2 = VTTy),Lu' — (0,2 — VTTy)]

< [L(x=T'y) = (0,2 = VT'y), Lz = T'y) = (0,2 = VTTy)]
[

Lz — (y,2), Lz — (y,2)].

Therefore, for every (y,z) € K x &, there exists w € H such that

[Lw - (y,z)7Lw - (y,Z)] = arjr.,lc_l?r_%[l"r - (y,z),Lm - (y7z)]

Furthermore, for every (y,z) € K x & there exists w € H such that Lw — (y, 2) € R(L)*. So, K x & =
R(L) + R(L), i.e. R(L) is a regular subspace of K x £. Thus, R(L) is a (closed) uniformly positive
subspace of K x £.

The converse implication follows from Corollary 2.2, considering a J-selfadjoint projection @ € L(KC x
£) onto R(L). O

4.1 Every smoothing spline is an interpolating spline
This subsection is devoted to show that sm(T,V, p, z0) = sp(T,V, 2') for a suitable 2’ € £.

Lemma 4.4. If T(N(V)) is a reqular subspace of K then, if Qo is the projection considered in Eq. (3.3),
R(L) = (T(N(V)) x {0}) +{(T(I - Qu)V'z2): z €&}
Furthermore, this decomposition of R(L) is orthogonal respect to the indefinite metric defined in (4.2).

Proof. Since R(Qo) = N(V), observe that R(L) = L(N(V))+L(N(Qo)) and L(N(V)) = T(N(V)) x {0}.
In order to compute L(N(Qy)), consider W = (I — Qo)VT. It follows that VW = Iz and WV = I — Qy.
Therefore, WVax = x for every z € N(Qy), so if z = Vz then Wz = (I — Qp)x = x and Te = TWz =
T(I - Qo)V'z, ie.

LN(Qo) = {(T(I — Qo)V'2,2) - =€ &),

Furthermore, since T(N(Qo)) € T(N (V) it follows that L(N (V) [L] L(N(Qo)). O

Theorem 4.5. Suppose that T(N(V)) is a closed subspace of IC and R(L) is a uniformly positive subspace
of K x E. Then, given zg € £, sm(T,V, p,z0) = sp(T,V,2"), where 2’ is an adequate vector in .

Proof. If zo = 0 then sm(T,V,p,0) = N(L) = N(T) N N(V) = sp(T,V,0). On the other hand, notice
that T(N(V)) x {0} is a regular subspace of K x € because it is a closed subspace of R(L) and R(L)
is uniformly positive. Then, since T'(N(V)) is a regular subspace of K, the projection considered in Eq.
(3.3) is bounded. So, given x € H, it can be decomposed as

r=Qozx+ (I -Qo)r=v+(I—-QV'z

where v = Qoz € N(V) and z =Vz € €.
Observe that, by Lemma 4.4,

[Lz — (0, 20), Lz — (0,20)] = [(T0,0), (Tv,0)] + [(T(I — Qo)V'z, 2 — 20),(T(I — Qo)V'z, 2z — z0)].



Then, z¢ € sm(T,V, p, z0) if and only if [TQoxo, TQoxo] = H]{[i?v)[Tu,Tu} and z; = Vg satisfies
ue

[(T(I-Qo)V Tz, 21—20), (T(I—Q0) V21, 21 —2)] = grlelg[ (T(I—Qo)VTz, 2—2),(TI—-Qo)V' 2, 2z—2)].
(4.4)
Notice that min,en(v)[Tu, Tu] is attained at every u € N(T)NN(V), because T'(N(V)) is uniformly
positive. Therefore, Qoxo € N(T) NN (V).
On the other hand, to characterize z;, consider the (bounded) operator W : & — K x & given by

Wz=(T(I-Qo)V'zz2).

Observe that N(W) = {0} and R(W) is closed (because it is isometrically isomorphic to the graph of the
bounded operator T(I — Q)VT). Then, Eq. (4.4) is equivalent to

[Wz1 —(0,20), Wz1 — (0,20)] = Iznelg[Wz —(0,20), Wz —(0, 20) ]
Since R(W) is a regular subspace of R(L) (see Lemma 4.4), R(W) is a (closed) uniformly positive subspace
of K x €. Thus, by Corollary 2.2, z; satisfies the above equation if and only if Wz; = P(0, z9), where P
is the J-selfadjoint projection onto R(W). If S: KL x & — &£ is defined as S(y, z) = z then SW = Iz and
zZ1 = SWZl = SP(O,Z()). SO, ([ — QO)VTzl = ([ — QO)VTSP(O,ZO).
Therefore, xo € sm(T,V, p, 2) if and only if z¢g € (I — Qo)VTSP(0,2) + N(T) N N(V), i.e.

Sm(T7V7Pa Zo) = Sp(Ta‘/aSP(O7ZO)) O

4.2 The smoothing splines converge to the interpolating spline

In the following paragraph we show that, given zo € &, if {z,},50 is a net in H such that z, €
sm(T,V,p,20), p > 0, then it converges to an interpolating spline oy € sp(T,V,z0) as p — oo. The
proof of this result is analogous to [4, Chapter III, Proposition 2.2].

Proposition 4.6. Given a fized vector zg € £, suppose that T(N(V)) is a closed subspace of K and R(L)
is a uniformly positive subspace of KK x €. Let x, € sm(T,V,p,z) for every p > 0. Then, there exists
xo € sp(T,V, z9) such that

Tim [z, — 2] = 0.

Proof. First, notice that if x, € sm(T,V,p, 20), p > 0, then {[Tx,,Tx,]},~0 is an increasing net in R
with an upper bound, and ||Vz, — || — 0 as p — oc.

Indeed, given py, p2 > 0, notice that [Tz,,, Tz, | + pil|Va,, — 20||? < [Tz, Ty, |+ pil|Va,, — zol?,
if i # j. Then, if p; < po it follows that |[Vz,, — 20|/ — [|[Vx,, — 20]/* > 0 and

[T$P2’Txp2] - [TxP17TxP1] > pl(Hprl - Z()H2 - ||V:CP2 - ZO||2) > 0.

Furthermore, if z € sp(T,V, 2¢), for every p > 0, [Tz,, Tz, ]+ p||[Vz,—2||* < [Tz, Tx]+p||Va—2]* =
[Tz, Tz]. So, [Tz, Tx] — [Tz, Tx,] > p|Vx, — 20> > 0 for every p > 0, and this inequality implies
that

lim |Vz, — 2] = 0.

p—00

The next step is to prove that lim, . ||z, — o|| = 0, where 2o = V12¢ + u for some u € N(V).

Let y, = Py(v)+2, and observe that y, = VIVz, — Viz as p — co. If u, = 2, —y, = Py)zp €
N(V), we are going to show that {u,},>1 converges to some u € N(V).

For this purpose, we shall consider a particular generalized inverse of the closed range operator
W =T|yw) : N(V) — K (see Lemma 4.1). If Q = Pr(nv)y//mnvvyils let W= WIiQ. Tt is easy to
see that WW'W =W, WWW’' =W’ and N(W') = T(N(V))H.

Applying Theorem 4.5 z,, € sp(T,V, z,) for a suitable z, € £; then, it follows that Tz, € T(N(V))H]
(see Lemma 3.1). Therefore, W'T'z, = 0 for every p > 1, and

W'Tu, = -W'Ty, — -W'TVizg =ue R(W') C N(V) as p— oo. O
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5 The indefinite mixed problem

Given Hilbert spaces £ and &, and Krein spaces H and K with fundamental symmetries Jy and Ji
respectively, let T' € L(H,K), V1 € L(H,&1) and Vo € L(H,&>) be surjective operators. Then, consider
the following problem:

Problem 5. Let p > 0. Fixed (21, 22) € & x &9, estimate
min ([Tz, Tz + p||Vaz — 22||2,)  subject to Viz = 2. (5.1)

This is a generalization to Krein spaces of the mixed problem for abstract splines in Hilbert spaces
proposed by A. I. Rozhenko and V. A. Vasilenko in [19].

As in the previous section, K x & is a Krein space with the indefinite metric defined in Eq. (4.2) and
its fundamental symmetry J € L(K x &) is given by J(y, z) = (Jxy, 2), y € K, z € €. Also, consider
the operators L € L(H,K x &;) given by

Lz = (Tz,Vox), x€H,
and Ly = LPy(v,) € L(H,K x &). Then, Problem 5 can be restated as:

Problem 6. Given p > 0 and fixed (21, 22) € &1 X &a, estimate

min[ Lyz — (wy, w2), L1z — (w1, we) Jicxes, (5.2)
where wy = —TVszl and wy = 29 — ‘/2V1T21.

Remark 5.1. If N(V;) + N(V2) is closed then it is easy to see that R(Lq) is closed. In fact, R(L1) =
R(LPpv,)) is closed if and only if ¢(N(T') N N(Vz), N(V1)) < 1 (see Proposition 2.3). But,

e(N(T) AN (Va), N(A)) < e(N(Va), N(W)) < 1,
since N (V1) + N(V2) is closed.

Lemma 5.2. Given (z1,22) € & X &, xy € H is a solution of Problem 6 if and only if R(Lq) is
J-nonnegative and xq is a solution of the equation:

PR (THT + pVi'Va) Prcviyo = PRy (T wn + pVaws).

Proof. Tt is analogous to the proof of Lemma 4.2. Notice that, in this case, Lf € L(K x &,H) is given

by LY (y,2) = P{ oy, Ly, 2) = Pl (THy + pV5'2), (y,2) € K x &5 O

Proposition 5.3. Suppose that N(V1) + N(V3) is a closed subspace of H. Then, Problem 6 admits a
solution for every (z1,22) € &1 X & if and only if R(L1) is a (closed) J-uniformly positive subspace of
I x 52.

Proof. Suppose that, for every (21, 22) € &1 x & there exists u € H such that

[Liu — (w1, ws), Liu — (wy,ws) | = géi%[LlJC — (w1, ws), L1z — (w1, ws)],

where wy = —TVszl and wy = 29 — Vgizl.
Given (y,2) € K x &, let 2y = —ViTTy and 2o = z — VoT'ty. Consider x¢g = v’ + TTy, where v’ € ‘H
satisfies

[Liv — (wi,ws), Liu — (wy,ws)] = iréi?ril[le — (w1, ws), L1z — (wy,ws) ],

for this particular pair (z1,22) € & x &Es.
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Observe that Lixzg — (y,2) = Liu' + (TPN(Vl)TTy, ‘/QPN(VI)TTy) —(y,2) = L1 — (—TV1T21722 —
VngTzl) = Liu' — (wy,ws). Then, for every x € H,

[Llu' — (wl,wg),Llu’ — (’U)l,wg)]
< [Li(e = T'y) — (w1, ws), Li(z = TTy) — (w1, ws) ]
= [le—(y,z),le—(y,z)],

because L1z — (y,2) = Li(x — TTy) — (w1, ws). Therefore, for every (y,z) € K x &, there exists xo € H
such that

[le() - (y7 Z)v leO - (yu Z)]

[Lizo — (y,2), L1zo — (y,2)] = ixéi%[le —(y,2), L1z — (y,2)].

Following the same arguments as in the proof of Proposition 4.3, it is easy to see that the above condition
holds if and only if R(L;) is a (closed) uniformly positive subspace of K x &s. O

5.1 Parametrization of the set of solutions of the mixed problem

The following paragraphs follow analogous ideas to those presented in the previous section to show that
every smoothing spline is an interpolating spline. Before stating the main theorem, we need the following
lemma.

Consider the operator V € L(H,K x &) given by Vo = (Viz,Vaz), x € H, and notice that N(V) =
N(V;1) N N(V3). Then,

Lemma 5.4. Suppose that T(N(V)) is a reqular subspace of K and N(Vi) + N(Va) is closed in H. If
Qo = Pn(vy/w, where W = T#T(N(V))H & N(V), then:

1. My =1 -Qo)(N()) and My = Vo(N (V1)) are closed subspaces of H and &, respectively.
2. Valm, : M1 — My is an isomorphism.

3. R(Ly) = (T(N(V)) x {0}) + L(My). Furthermore, L(My) is closed in K and the decomposition
is orthogonal respect to the indefinite metric defined on IC x &;.

Proof. 1. First of all, notice that My = R(I — Qo) N N(V1). Therefore, it is closed and N(V;) =
N(V) 4 M because Qo(N (V1)) = N(V). On the other hand, by Proposition 2.3, My = R(VaPyv;))
is closed if and only if ¢(N(V2), N(V1)) < 1, or equivalently, N (V) + N(V3) is closed. Therefore, Ms is
closed.

2. To show that V3|, : M1 — My is an isomorphism, it only remains to prove that Va|aq, is injective.
But, if z € M; and Vox =0 then x € N(Vo) N My = N(V)N R(I — Qo) = {0}.

3. Observe that R(Ly) = L(N(V1)) = L(N(V)) + L(M;) because N(V;) = N(V) + M. Furthermore,
as in Lemma 4.4, it is easy to see that R(L;) = L(N(V)) + L(M;) and that this decomposition is
orthogonal respect to the indefinite metric defined on I x &. Recall that L(My) is closed if and only if
¢(N(L),My) <1, but

¢(N(L), My) = e(N(T) NN (Va), My) < e(N(V2), N(V1)) <1,

because N (V1) + N(Va) is closed. Finally, if 2 € N(V;) then Qoz € N(V) and (I — Qo)x € M;. So,
Lz = (TQox,0) + L(I — Qo)z. Therefore, R(L1) = L(N(V))+ L(My) = (T(N(V)) x {0}) + L(My). O

The next theorem shows that that every smoothing spline is an interpolating spline.

Theorem 5.5. Suppose that N(V1)+ N (Va) is closed in IC, T(N(V)) is a closed subspace of K and R(L1)
is a (closed) uniformly positive subspace of IC x Es. Then, if P is the J-selfadjoint projection onto L(My)
and S € L(K x &, &) is the canonical projection onto Es, given (z1,22) € &1 X €3, an element xg € H is
a solution of Problem 6 if and only if

Ty € Sp(Ta ‘/a (617 62))7

where (e1,e2) is a suitable vector in & X Es.
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Proof. Given (z1,23) € & X &, recall that if g € H is a solution of Problem 6 then Vizg = 2.
So, Pn(vyyt®o = szl. Assuming that T(N(V)) is a regular subspace of I, it can be decomposed as
Vszl = uy +wv1, where u; = QOVITzl € N(V)and vy = (I—QO)szl € W. Observe that the pair (wy, ws)
considered in Eq. (5.2) satisfies

—wy =Tu +Tv € T(N(V)) + T(N(V))M’

and wy = 29 — Vouy.
Furthermore, if N (V1) + N(V2) is a closed subspace of H, given x € H there exist (unique) u € N(V)
and m € M such that Py(y,), = u+m (see Lemma 5.4). So,

Lix — (wl,wg) = (T(u + U1), 0) +Lm — (—T’Ul,’wg),
and Lm — (—=Twy,we) = L(m 4 v1) — (0, 29) € (T(N(V)) x {0})*]. Then,
[Liz— (w1, ws), L1z— (w1, w2) Jixe, = [T (utuy), T(utuy) g+ Lm—(=Tvy, wa), Lm—(—=Tvy, ws) Jkxe, -

Therefore, g is a solution to Problem 6 if and only if Py v,z = uo+mo, with ug € N(V') and mg € M,
satisfying [T'(uo + u1), T (uo +w1) | = minge vy [(T(u +w1),0), (T'(u+ u1),0)] and

[Lmg — (=Tv1,we), Lmg — (=Tvy,wa) ] = miMn [Lm — (=Tvy,wa), Lm — (=T, ws)].
meMy

Notice that, if R(L;) is a (closed) uniformly positive subspace of K x &;, then T(N(V)) is a closed
uniformly positive subspace of K and min,en¢v)[T(u + uy), T'(u + u1) [ is attained at every y € —uy +
N(V)NN(T).

On the other hand, consider the bounded operator W : My — K x M defined by

Wz = (T(V2|M1)*lz,z).

Observe that W has closed range, because it is isometrically isomorphic to the graph of the bounded
operator T'(Va|a,) !, and

mneliMnl[Lm — (=Tvy,wa), Lm — (=Twvy,wa) ]| = zrenji\zllz[Wz — (=T, wa), Wz — (=Tv1,w2) ].

Thus, following the same argument as in Theorem 4.5 and observing that R(W) = L(M,) is a closed
uniformly positive subspace of K x &, this last problem admits a (unique) solution given by zo = Vomg =
SP(—=Twv1,wsy), where P is the J-selfadjoint projection onto L(M;) and S : K x & — & is defined by
S(y, z) = z. So, xg € H is a solution to Problem 6 if and only if

To = V;Zl + Pyvyymo = u1 +v1 +ug +mo € (1 + (VQ\MI)*lSP(—Tvl,wg)) + N(T)NN(V).

Therefore, o € H is a solution to Problem 6 if and only if zg € sp(T,V, (e1,e2)), where e; = 21 +
Vi(Vala, ) LS P(=Twr,wa) € & and eq = VoVl 21 + SP(=Twy,ws) € E. 0
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