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Abstract

Let J be a separable Banach ideal in the space of bounded operators acting in a Hilbert
space H and U(H); the Banach-Lie group of unitary operators which are perturbations of
the identity by elements in J. In this paper we study the geometry of the unitary orbits

{UV : UEU(H)'J}

and

{UVW* : U W e U(H)75 },

where V is a partial isometry. We give a spatial characterization of these orbits. It turns
out that both are included in V + J, and while the first one consists of partial isometries
with the same kernel of V| the second is given by partial isometries such that their initial
projections and V*V have null index as a pair of projections. We prove that they are smooth
submanifolds of the affine Banach space V' + J and homogeneous reductive spaces of U(H)5
and U(H)5 x U(H)5 respectively. Then we endow these orbits with two equivalent Finsler
metrics. One provided by the ambient norm of the ideal and the other given by the Banach
quotient norm of the Lie algebra of U(H)5 (or U(H)s x U(H)3) by the Lie algebra of the
isotropy group of the natural actions. We show that they are complete metric spaces with
the geodesic distance of these metrics.

Introduction

Let H be an infinite dimensional separable Hilbert space and B(H) the space of bounded linear
operators acting in ‘H. It will cause no confusion to denote by || .|| the spectral norm and the
norm of H. By a Banach ideal we mean a two-sided ideal J of B(H) equipped with a norm || . ||5
satisfying ||T|| < ||T'||5 = ||T7*||3 and ||[ATB||3 < ||A||||T]|3||B]|| whenever A, B € B(H).

sequel, J stands for a separable Banach ideal.
Denote by U(H) the group of unitary operators in H, and U(H)5 the group of unitaries
which are perturbations of the identity by an operator in J, i.e.

UH);={UeUH) : U-T€T}.

It is a real Banach-Lie group with the topology defined by the metric (Uy,Us) — ||U; — Us||5

(see [5]). The Lie algebra of U(H)5 is given by

Jan={A€T: A" =—A}.

Let us recall the definition of the (orthogonal) Stiefel manifold St(n, k) in C" (k < n),

St(n, k) = { orthonormal k-tuples of vectors in C" }.
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Any element (vi,...,vx) € St(n,k) identifies with the partial isometry that maps the first k
elements of the standard basis of C™ to the elements of the k-tuple. We want to extend this
notion to an infinite dimensional separable Hilbert space H where the partial isometries can have
infinite dimensional range and corange, but only taking partial isometries which are compatible
with a fixed partial isometry V and the ideal J. This leads us to study the following orbit

St(V)y:={UV : U €eU(H)5},

which we call the J-Stiefel manifold associated to V. Clearly, this is an orbit of the left action
of U(H)75 on the set of partial isometries Z given by U(H)5 x Z — Z, (U, V) — UV. Moreover,
if one wants to move the initial space of V' too, then it is natural to consider

GSH(V)5:= {UVW* : U W € U(H)5},

which we call the generalized J-Stiefel manifold associated to V. The corresponding left action
of U(H)3xU(H)3on T is given by U(H)3 xU(H)3x T — I, (U, W, V) — UVW*. Note that each
Stiefel manifold is contained in the affine Banach space V' + J, so there is an obvious topology
coming from the metric (Vi , Va) — ||Vi — Va||5.

There are several papers about the geometry and topology of partial isometries endowed
with the spectral norm (see for instance [2], [3], [9] and [11]) . On the other hand, the article
[1] is devoted to study partial isometries of finite rank with the Hilbert-Schmidt norm. The aim
of this work is to understand some aspects of the geometry of St(V)y and GSt(V)5 with V' a
partial isometry of eventually infinite dimensional range and corange.

Let us describe the contents of the paper and the main results.

In Section 2, we establish a spatial characterization of the orbits. The first action defined
above is transitive on the set of partial isometries contained in V + J with initial projection
equal to V*V. While the second action is transitive on the set of partial isometries contained
in V 4 J such that its initial projection and V*V have null index as a pair of projections. This
result is closely related to the characterization of the connected components of the restricted
Grassmannian (see [6], [7]).

In Section 3 we prove that GSt(V')5 is a submanifold of the affine Banach space V + J and
the map 7y : U(H)3 x U(H)3 — GSt(V)3, v (U, W) = UVW™ is a submersion. Analogous
results hold for St(V')5 and the map my : U(H)5 — St(V)5, my(U) = UV . Moreover, we prove
that each Stiefel manifold is a homogeneous reductive space of the corresponding unitary group
which acts on it.

We define in Section 4 two equivalent Finsler metrics over the Stiefel manifolds. The ambient
Finsler metric induced as a submanifold of V' + J and the quotient Finsler metric provided by
the homogeneous space structure. Since St(V')5 and GSt(V')5 are infinite dimensional manifolds
there are several, in general non equivalent, notions of completeness [10]. Using the characteri-
zation proved in the second section, we give a short proof of the fact that the Stiefel manifolds
are complete metric spaces in the metric given by the minimun of lengths of smooth curves.

2 Spatial characterization

In this section we give an alternative description of the Stiefel manifolds. Let us recall the notion
of the index of a Fredholm pair of orthogonal projections (see for instance [15], [4]). Let P, Q be
orthogonal projections in H with range R(P), R(Q) respectively. The pair (P, Q) is Fredholm
if QP : R(P) — R(Q) is Fredholm. The index of this operator is the index of the pair (P, Q)
and is indicated by j(P, Q).

Fix a partial isometry V and a separable Banach ideal J. Consider the following set of partial
isometries

Xy 53 ={VieBH) : Vi=VVV,V -V; €7, ker(V1) = ker(V) }.



Note that if V, V7 are partial isometries such that V' —V) is a compact operator, then (V*V, V;*V7)
and (VV* V1V}") are Fredholm pairs. Then, consider also the following set

Yva={Vi€BH) : Vi=ViViVi,V - Vi €3, j(V*V,V{V4) = 0}.

We shall prove that Xy 5 = St(V)5 and Yy 53 = GSt(V)5. These statements depend on two
results. The first one was proved by Stratila and Voiculescu in [15] when J is the ideal of
Hilbert-Schmidt operators. Then Carey in [7] generalized it to an arbitrary symmetrically
normed separable ideal.

Lemma 2.1. (Carey) Let P,Q orthogonal projections. Then P — @ € J and j(P,Q) = 0 is
equivalent to UPU* = @Q for some U € U(H)73.

The second result was given in [14].

Lemma 2.2. (Serban-Turcu) Let H, K separable, infinite dimensional Hilbert spaces. Consider
Ho, H1 infinite dimensional subspaces of H and P; the orthogonal projection onto H; (i =1, 2).
The following are equivalent:

i) There exist two isometries V1, Vo in B(KC, H) with ranges Hy and Hy respectively such that
Vi — Vo compact.

i1) Py — Py is compact and j(P;, Py) = 0.

The following statement could be read as a factorization result for isometries in the J-Stiefel
manifold associated to V.

Theorem 2.3. Let V' be a partial isometry and J a separable Banach ideal. Then Xy 5 =
St(V)7.

Proof. 1t suffices to prove that the action of U(H)y on Xy 5 given by U -Vy = UV is transitive.
Notice that if U € U(H)5 and Vi € Ay 3, then

UVi —V = (U -DVi+ (Vi — V) € 7.

Clearly ker(UV1) = ker(Vi) = ker(V'). Hence U(H)5 acts on Xy 3.

To prove transitivity, take Vi € A&y 5. Assume first that dim R(V) = oo. Since we have
R(V*) = ker(V)* = ker(V1)*, then

Uy :=VV*: R(V) — R(W})

defines a surjective isometry. Therefore dim R(Vi) = oo, and V,V; € B(ker(V)+, H) are isome-
tries such that V' — Vj is compact. Then Lemma 2.2 applies to obtain j(VV* V1 V}*) = 0. Since
I-VV) =T -WVV)eTand 0 =jVV* NVV) =—jI - VV*I—-ViV[), by Lemma 2.1
there exists Uy € U(H)5 satisfying Us(I — VV*)Us = I — V1V{*. Notice that Us maps R(V)*
onto R(V;)*, thus the restriction

Uy : R(V)t — R(V)*

is a surjective isometry. Then set U := Uy @ U,, which is a unitary in H such that UV = V7.
Moreover, (U — HVV* = ViV* —=VV* € Jand (U —-I1)I - VV*) = (Uy—I)({ = VV*) € 7,
thus we conclude that U € U(H)5.

Suppose now that dim R(V') < co. As before we define an isometry from R(V) onto R(V}), so
we obtain dim R(V;) < oo. Therefore dim R(V)+ N R(V1)* = dim(R(V) + R(V4))* = oo. Let



{f;j : j € N} an orthonormal basis of R(V)1 N R(V1)L and {e; : j € N} an orthonormal basis
of H such that the first n vectors form a basis of ker(V)*. Set

Ve, — Vej, 1<j<n. Vie: — Vie;, 1§.j§n.
! fj*nv j>7’L. ! fj*n’ J = n.

So Vv, V1~ are isometries such that V3 — V is compact, then by the first part of our proof we obtain
Vi = UV for some U € U(H)3. Finally, it is plain that V;, = UV. O

The following factorization result gives an idea of how much the initial space of an isometry in
GSt(V)5 can change and still lie in the orbit.

Theorem 2.4. Let V' a partial isometry and T a separable Banach ideal. Then Yy 5= GSt(V)s.

Proof. 1t suffices to prove that the action of U(H)y x U(H)5 on Yy 5 given by (U, W) Vi =
UViW* is transitive. Notice that it is indeed an action of U(H)y x U(H)3 on Yy 5. Let
Viedy, 5, UW eU(H)s, then

UNW* =V = U -DVW*+Vi(W* —=I)+ (Vi = V) € 7.

Moreover, (UViW*)*(UVIW*) = W(V;*V1)W* implies j(Vi*Vi, (UVIW*)*(UVIW*)) = 0 by
Lemma 2.1. We apply the following formula proved in [4] which is valid because V*V — V*V] is
compact,

JVIV,OVIWH) (UVIW?)) = j(VV, V1) + (ViVi, (UVIW)S(UVIWT)) = 0

Thus UVLW* € yVJ.

In order to establish transitivity note that if V3 € )y 3, then we have V*V — V{*V; € J and
J(V*V,Vi*Vi) = 0. Again Lemma 2.1 yields

WV )W* = ViV,

for some W € U(H)5. In particular, this unitary maps isometrically ker(V) (resp. ker(V)')
onto ker(V;) (resp. ker(V;)*1). Define

T:R(V)— R(Vy), Te=ViWV¥e.
This gives a surjective isometry. Notice that if e € ker(V)*,
TVe =ViWV*Ve = ViWe.

If e € ker(V),
TVe=0=VWe.

So we obtain TV = V1 W.
The task is now to change T' for an unitary in U(H)5. Observe that

TVV* —VV* €. (2.1)
This follows because V3 — V € J implies V1 V* — VV* € J. Therefore,
TVV* = VV*=ViWV* - VV*=V(W -1)V*+ (WWV*=VV*)eT.
On the other hand, note that ker(V') = ker(V3W) and by (2.1) we have
V-nhw=vV-TV e73.
Thus Theorem 2.3 holds, and there exists U € U(H)y with ViW = UV, ie. Vi =UVW*. O



Remark 2.5. One implication of the preceding result says that if V,Vj are partial isometries
satisfying V. —V; € J and j(V*V,Vi*V1) = 0 then Vi = UVW* for some U W € U(H)3. In
particular, this gives V1V}* = U(VV*)U*. Hence by Lema 2.1, we obtain j(VV* V1V]*) = 0.
Therefore two partial isometries with difference in J and null index of their initial projections,
also have null index of their final projections. A similar statement holds for the final projections
in place of the initial projections, by taking the adjoint of the partial isometries.

This is not true for arbitrary partial isometries. For instance take V' = I and V; the unilateral
shift operator. Then j(V*V,V{*V1) =0, but j(VV* V1V}) = 1.

3 Submanifold and homogeneous reductive structures

In this section we prove that GSt(V')5 is a real analytic submanifold of V' +7J and a homogeneous
reductive space of U(H)5 X U(H)3. Analogous results hold for St(V'); and the group U(H)s7,
where the proofs follow easily.

First we prove that the action of U(H)3 x U(H)5 on GSt(V')5 admits continuous local cross
sections.

Lemma 3.1. The map
vy UH)s xUH)3 — GSt(V)3CV +T, ay((W,U))=UVW*
has continuous local cross sections. In particular, it is a locally trivial fibre bundle.

Proof. Let Vi € GSt(V)5 such that ||V; — V|3 < 1. The idea to find unitaries that depend
continuously on V; is adapted from [3]. Recall that || . || denotes the spectral norm. Set P = VV™,
P =WV}, we have

1P = PR = [[VV" = VVW V| <[V - W7
= [V =VO)T =WV < [VF =V <[V = V][5 <1

Then
|P— PP,P| <||P—- PP <1.

Therefore we obtain that PPy P is invertible on R(P). Taking the inverse on R(P), put S =
Py (PP,P)~'/2 = P|P,P|~!. Note the following,

S§*S = (PP P)"V2p (PP .P)"'? = (PP, P)"V2(PP . P)(PPP) /2 = P.

The next step is to prove that SS* = P;. We first check that PP = S|P, P| is actually the
polar decomposition, proving the following two conditions:

i) S‘Plp‘ = P1’P1P’_1‘P1P‘ = P P.
ii) Clearly R(P) = R(PP,P) C R(PP,) C R(P),i.e. R(P)= R(PPy). Thus
ker(S) = ker(P) = R(P)* = R(PP,)* = ker(P,P).
Since S is the partial isometry given by the polar decomposition, its final space coincides with
R(P,P) = R(P) (this equality can be proved as in 2. changing the roles of P, and P). Therefore,

SS* = P.
By the same argument as above,

(I —-P)=(I—=P)I—-h)|=[P-Ph[ <1



Then there exists a partial isometry S’ : ker(P) — ker(P;) implementing equivalence between
I — P and I — P;. Let us define T'= S + 5’, which satisfies T' € U(H) and TVV*T* = V] V}*.
Analogously, we construct an W € U(H) satisfying WV*VW* = Vj*V.

Notice that the partial isometries TVW™* and V; have the same initial and final spaces. Then,
taking R = Vi (TVW*)* + 1 — V1 V)", we clearly have R € U(H). Moreover,

RTVW* = Vi(TVW*)*(TVW*) + (1 - iV )TVW* = ViV, = 1.

Finally take U = RT € U(H), which satisfies UVIV* = V;.
Claim: U, W € U(H)7.
For this purpose, recall that V; —V € J. Then P, — P € J. Therefore,

|PP?—P=PPP—-P=P{P —P)Pel. (3.1)
Since |P;P| and P commute, we can write
|PP|> = P = (I[P P| + P)(|PP| - P).
Moreover, |Py P| 4+ P is invertible in R(P), then by equation (3.1) we obtain
|P\P| - P = (|PP|+ P)"'(|P,P|* - P) 7.
In particular, this implies
|\PP|"' —P=|PP|7Y(P—-|PP|) €.
Therefore,
S—P=P|PPI™'—P=(P - P)|PP' +P(PPI'-P)eq.
Analogously we can show S’ — (I — P) € 3. Then,
T—-I1=(S-P)+(S—-(I-P))eqT.

By the same argument we have W € U(H)5. Thus, recalling that R = Vi(TVW*)* +1 — V1 V[,
we obtain

R—1=WV(TVW*)* - WV
= V(W = DV*T* + WV (T* = )+ Vi(V* — V") € 3.

Hence U = RT € U(H)5.
Claim: The map

{(ViegSt(V)s - Vi =Vl <1} SV +T — UH)3 xU(H)3, Vi (U(V1), W (V1))

is continuous.

We will write this map as a composition of continuous maps. First, consider the following map:
GSt(V)y — P+ P3P, Vi — ViV'P.

It is clearly continuous. Recall that since CP 4+ PJP is a x-Banach algebra, multiplication and
taking inverses are continuous, then the map

P+ PJP — P+ P3P, ViV{'Pw— ViV{*P|V, VP!



is continuous. Therefore, if we call
S:GSt(V)y — P+ P3P, S(Vi)=WV{PW VP
it is a continuous map. Analogously, we can prove that
S :GSt(V)y— I—P+(I—-P)JI—-P), SWV)=I-WVV)I-P)|I-WVI-P)"!
defines a continuous map. Adding these maps, we obtain that
T:G8t(V)s — UM)s, T(V1) = S(Vi) + 5'(Vi)

is a continuous map. On the other hand, since W is constructed like 7', we have that V; — W (V)
is continuous. Then, the following map, which is basically multiplication and taking adjoint,

R:GSHV)y — UH)s,  R(VY) = Vi(T(V)VIW (V1)) + 1 = VV?,

is continuous. So we conclude that Vi — (R(V1)T'(V1), W (V1)) is continuous. O

The same result can be proved for St(V)s.

Corollary. The map
v UH)y — St(V);C V473, =ny(U)=UV

has continuous local cross sections. In particular, it is a locally trivial fibre bundle.

We need the following consequence of the implicit function theorem in Banach spaces which is
contained in the appendix of [13].

Lemma 3.2. Let G be a Banach-Lie group acting smoothly on a Banach space X. For a fized
xo € X, denote by 7y, : G — X the smooth map 74,(g9) = g - xo9. Suppose that

1. 7y, is an open mapping, when regarded as a map from G onto the orbit {g-xo : g € G}
of xo (with the relative topology of X ).

2. The differential (dmyy)1 - (T'G)1 — X splits: its kernel and range are closed complemented
subspaces.

Then the orbit { g-zo : g € G} is a smooth submanifold of X, and the map 7y, : G — {g-x¢ :
g € G} is a smooth submersion.

Note that the isotropy group at Vi € GSt(V)5 of the action of U(H)y x U(H)z on GSt(V)7 is
given by
Gy, ={(UW)eU(H)s xUH)5 : UVs = VW }.

The Lie algebra is
ng :{(X,Y) € jah X jah : X‘/l = ‘/1Y}

Recall that a reductive structure for GSt(V'); is a smooth distribution of horizontal spaces
{Hy, : Vi € GSt(V)5} which are supplements for the Lie algebra of the isotropy groups:
Hy, @ Gy, = Jan X Jan. Each Hy, has to be invariant under the inner action of Gy, (see [12]).
Now we can state the main theorem of this section.



Theorem 3.3. Let V € B(H) a partial isometry. Then GSt(V)5 is a real analytic submanifold
of V.+ 737 and the map
Ty . Z/[(H)j X Z/{(H)j — gSt(V)j

is a real analytic submersion. Moreover, GSt(V')3 is a homogeneous reductive space of the group
U(H)3 x U(H)3.

Proof. We only have to apply Lemma 3.2 with G = U(H)3 x U(H)3, X =V + T and 29 = V.
Notice that 7y is open by Lemma 3.1. The differential map of my at I is given by

(5\/ = (dﬂv)jljahXjah—>j, (51/(X,Y)=XV—VY
The kernel of this map is the Lie algebra of the isotropy at V' which can be expressed as

Gy (X 0 VEXnV o 0
v 0 Xoo /i’ 0 Yoo

Here the subscripts VV* and V*V indicate that the matrices are regarded with respect to this
projections. A closed complement for Gy is

) )+ Xu1, Xoo, Y11 € Jap }- (3.2)
Vv

X X Y;
HV = {( < 11 12 > , ( 0 " 12 > ) X171 € jah; X12, Yo € 3}. (3.3)
X2 0 Sy Y 0 /.y

The argument in [1] to show that the range is closed does not depend on the dimension of the
range of V. We repeat it here for the convenience of the reader. Consider the real linear map,

Ky:3—73x73, Ky(A) = (K,K2),
1 1
K= ZVV*AV* — ZVA*VV* + (I —-VVHAV* = VA (I -VV™"),

1 1
Ko = =3 VIAVTV + VI VAYV = VAT = V'V) + (I = VV)A'V.

It can be proved that dy o Ky o dy = dy. Therefore dy o Ky is an idempotent operator on J,
whose range is closed and equals to the range of dy,. Since the action is real analytic we have
that GSt(V)5 is a real analytic submanifold of V' + J and 7y a real analytic submersion.
Therefore GSt(V)5 is a homogeneous space of U(H)y x U(H)3. The reductive structure
is given by {Hy, : Vi € GSt(V)5} as in (3.3). It is an straightforward computation using
the matrix decomposition above, that these supplements satisfies Ad(U, W)(Hy) = Hy, for all
(UW) € Gy. O

Now we consider St(V)5. Observe that the isotropy group at Vi of the action of U(H)5 on
St(V)5 is given by
GV1 = {U GU(H):} Vi =WV, }
The Lie algebra is
ng = {X € Jun : XVp :0}

Corollary 3.4. Let V € B(H) a partial isometry. Then St(V)5 is a real analytic submanifold
of V.+7J and the map
v cU(H)y — GSt(V)5

is a real analytic submersion. Moreover, St(V')5 is a homogeneous space of U(H)s.

Proof. Apply Lemma 3.2 with G =U(H)35, X =V +J and xg = V. It is a corollary of the proof
of Theorem 3.3. O



4 Completeness as metric space

In this section we prove that GSt(V)5 and St(V)5 are a complete metric space with the geodesic
distance given by the ambient metric and a quotient metric. First we consider GSt(V')5. Recall
that since 7y, is a submersion, the tangent space of GSt(V)5 at Vj is

(TgSt(V)j)Vl = {X‘/l - WY . X,Y S jah }

We shall describe two metrics which are invariant by the action of U(H)5 x U(H) on GSt(V)7.
For XV, — V1Y € (TGSt(V)5)y, we define the ambient Finsler metric by

Fa(le —_ ‘/1Y) = Hle - V1Y”j

On the other hand, we have a natural Finsler quotient metric. Fix a symmetric norming function
® in R?, i.e. a norm which is invariant under permutations, only depends on the absolutes values
of the coordinates and satisfies ®(1,0) = 1. For XV} —1V1Y € (TGSt(V)5 )v, define the quotient
metric by

Fy(XVy —VY) == inf{ ®(| X + All3, |Y + Blls) : AVi = VB, A, B € 3 }.

Indeed, in each tangent space, this is the quotient norm of (J,p, X Jap)/Gv,. Now we show that
both metrics are equivalent with bounds that do not depend on the partial isometry V', the ideal
J nor the symmetric norming function .

Proposition 4.1. Let XV; — V1Y € (TGSt(V)3)v,. Then

1

ZFq(X‘/l = WY) < Fo(XVi = WY) < 2F,(XVi = Y).

Proof. Note that since both metrics are invariant by the action we can assume V = V;. We
shall use the following elementary inequality (see [8]): For any symmetric norming function ®
and (z,y) € R? we have

max{ [z], |y} < ®(z,y) < [z] + [yl (4.1)

Then, to prove the first inequality, observe that for any (A, B) € Gy we obtain
Fy(XVi = AY) S O(IX + Alls, [V + Blls) <2 max{ | X + All5, [V + Bls}.  (42)

In particular, we can choose

—Xu-vVynv* 0 —V*X11V-Y11 0
A= 2 g—( =2z
< 0 —X2 ) < 0 —Y2 )

where the matrix decompositions are regarded with respect to same projections as in (3.2).
Therefore,

X11=Vyn v X
X + All5 = 2 12
Ixea=| (707 )

S0 n 0 Xio
X 0 /)|, 0 0
Xl =V L0 XV
-X5LV 0 0 0 5

X1V — VYn 0 <9 X1V -=VYn VY

J

IN

J

= 2[|XV — VY|
J




A similar argument shows that ||Y + B|l5 < 2|| XV — VY||5. Hence by (4.2) we obtain
1
I Fo(XVi —=WViY) < F(XVi = WiY).

In order to prove the other inequality, fix € > 0 and take (A, B) € Gy such that

Q| X + All5, Y+ Bllz) < Fy(XV = VY) + e
Then by (4.1) we have

F,(XV-VY)=|XV -VY|3;=(X+A)V -V(Y + B)|5
<X +Alls + Y + Blls < 22(|X + All5, Y + Bl5)
<2F,(XV = VY) + 2e.

Hence we conclude
Fo(XV -VY) <2F,(XV -VY),

and the proposition follows. ]

Remark 4.2. When we consider the ideal Ba2(H) of Hilbert-Schmidt operators and the sym-
metric norming function is the euclidean norm in R? we have that

Fo(XVi = ViY) = V2 Fy(XVi = ViY). (4.3)

In this case, the quotient norm can be explicitly computed as follows. Let us define a real
bounded projection onto Gy, by

Py, : Bo(H)an x Ba(H)an — Gv;
P ( X1 Xio Yii Yo ) _ ( 7)(““9/”‘/* 0 7V*X112V+Y“ 0 )
VA Xy, Xap )0\ -Yp Yo 0 Xo2 )’ 0 Yoo )7

It is easy to see that Py, is the orthogonal projection onto Gy, if one considers in Ba(H) x Ba(H)
the induced inner product

(A1, B1), (A2, Bo)) = Tr(A1A3) + Tr(B1B3),
where T'r denotes the trace. Therefore, the expression of the quotient norm reduce to
Fo(XVi =WY) = [[(I = Pyy)((X,Y)) l2,

where ||. |2 is the Hilbert-Schmidt norm in By (H) x B2(H) given by the inner product above.
Now the equality stated in (4.3) is a straightforward computation.

We measure the length of a piecewise smooth curve () in GSt(V')5 defined for 0 < ¢ < 1 by

1
L) = [ R a
Therefore, the geodesic distance is given by

do(V1,Va) = inf{ Ly(v) : 7 piecewise smooth curve which join~y(0) = Vi toy(1) = Va2 }.
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Remark 4.3. Actually, since we are in an infinite dimensional Finsler manifold, we have to prove
that dq(., .) is a metric in GSt(V)5. The only non trivial fact to check is that d,(Vi,V2) =0
implies V3 = V5. Consider a piecewise smooth curve v in GSt(V)5 joining V; and V5, then

1
Vi = Valls < /0 Fa(3(1)) dt.

Therefore, we obtain

which clearly proves our assertion.

Let P € B(H) an orthogonal projection and J any symmetric normed ideal, we shall call the
J-Grassmannian G7(P)5 corresponding to the polarization H = R(P) @ R(P)* to the following
unitary orbit

Gr(P)s={UPU* : U €U(H)5}.

By Lemma 2.1 we have that @ € Gr(P)5 if and only if P — @ € J and j(P, Q) = 0. We need to
show that Gr(P)z is closed with the ideal norm.

Lemma 4.4. Let P € B(H) an orthogonal projection. Let (Py)n>1 be a sequence in Gr(P)s
such that lim ||P, — Pyll3 = 0. Then Py € Gr(P)5.
n—oo

Proof. 1t is plain that Py is an orthogonal projection satisfying P — Py € J. We only have to
prove that j(Pp, P) = 0. Fix n > 1 satisfying ||Py — P,||3 < 1. Since j(P,, P) = 0 we obtain

J(Po, P) = j(Po, Pr) + j(Pn, P) = j(Po, Pn).

The fact j(Py, P,,) # 0 is equivalent to dim(ker(FPp) N R(P,)) # dim(ker(P,) N R(Fp)). Suppose
that dim(ker(Py)NR(FP,)) > dim(ker(P,)NR(F)), in particular there exists e € ker(Py)NR(F,),
le|| = 1. Therefore, we have a contradiction since

L= llell = [I(Po = Po)ell < [[Po = Pull < [|Po = Pulls < 1.
The same argument follows in case dim(ker(FPp) N R(F,)) < dim(ker(P,) N R(F)). O
Using the spatial characterization of GSt(V')5 given in Section 2 we have a short proof of the
fact that it is a complete metric space.
Theorem 4.5. GSt(V)5 is a complete metric space with the geodesic distance d,,.

Proof. Let (V,,)n>1 a Cauchy sequence in GSt(V')5 for the metric d,. By equation (4.4), (V,)n>1
is also Cauchy for the norm || .||5. Since J is a Banach space, there exists V € V' 4+ J such that
Vi — Voll5 — 0. Using Lemma 4.4 we obtain that Vp € GSt(V)3.

In Lemma 3.1 we prove that my, : U(H)5 x U(H)35 — GSt(V)5 has continuous local cross
sections. Hence for n > 1 big enough there exists U,, W,, € U(H)5 satistying V,, = U, VoW,
|\Un, —I|l3 — 0 and ||W,, —I||3 — 0. Since U(H)3 is a Banach-Lie group, the exponential map is
a local diffeomorphism, then there exists X,,,Y;, € Jup, such that V,, = eX»Vpe ¥», || X,||5 — 0
and ||Y,|l3 — 0. Taking the curves v,(t) = e/*» Ve~ we conclude that

da(Vi, Vo) < La(yn) < [[Xulls + [|[Yalls — 0,

and the theorem follows. O
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In St(V')3 we can prove the same result. Notice that since the map 7y, : U(H)5 — St(V)5 is
a submersion, the tangent space of St(V')5 at V) is given by

(TSt(V)z)y, ={XV1 : X €T, }.
The quotient metric in St(V')5 reduces to the following expression
[ XVillvy = inf{ [[X + All5 : AV1 =0, A € Tap }-
Corollary. St(V)3 is a complete metric space with the geodesic distance d.

Proof. Tt suffices to show that St(V)5 is d4-closed in GSt(V')5. Moreover, we will prove that
St(V)5is || .||5-closed in GSt(V')5. Let (Vi,)n>1 a sequence in St(V)5 satistying ||V, — Vol|7 — 0,
where Vp € GSt(V)5. It suffices to prove that ker(Vp) = ker(V). Let e € ker(Vp), |le|| = 1. For
alln > 1,

Vaell = (Vi — Vodell < IV — Voll < [IVa — Volls — 0.

Since V,, € St(V)3, there exists U,, € U(H)5 such that V,, = U,,)V. Then,
Vel = [|UzVaell = [[Vaell,

which implies
Vel = lim ||V,e] = 0.
n—oo

In order to prove the other inclusion let e € ker(V') = ker(V,,), |le|| = 1. Observe that
Voell < [|[(Vo = Vaell < [[Vo = Vall < [[Vo = Valls — 0,

so we have e € ker(V}), and the proof is complete. O

Note that we can also define a geodesic distance d, induced by the Finsler quotient metric Fj,.
The next result follows immediately from Proposition 4.1.

Corollary. The metric spaces St(V)3 and GSt(V')5 are complete with the geodesic distance dy.
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