BESSEL FUSION MULTIPLIERS

M. LAURA ARIAS AND MIRIAM PACHECO

ABSTRACT. In this paper we study properties of a Bessel multiplier when the
symbol involved belongs to [P. Furthermore, we introduce the concept of
Bessel fusion multiplier which generalizes a Bessel multiplier for Bessel fusion
sequences. We study their behavior when the symbol belongs to [P and some
continuity properties.

1. INTRODUCTION

Let H be a separable Hilbert space. A sequence (¢ )ren in H is called a Bessel
sequence if there exists a positive constant B for which

D& v < Bl

k=1

for all £ € H. A Bessel sequence (k) ren is called a frame if there exists a constant
A > 0 such that

AJlEI? < Y& v,

k=1
for every ¢ € H. In the sequel, By will denote the optimal bound of the Bessel

sequence 1) = (Y )ren. We will use frequently the fact that ||¢|| < B}/Q for every
k € N. Bessel sequences and, in particular, frames have been extensively studied
during the last decades due to their multiple applications in different areas, e.g.,
signal and image processing, filter bank theory, and so on. The reader will find
many relevant results and facts on frame theory in the books by I. Daubechies
[8] and by O. Christensen [7]. For the relationship between Bessel sequences and
bounded linear operators the reader is referred to [1].

Associated to any Bessel sequence ¢ = (¢ )ren are the analysis operator
defined by

Cy : H =12, Cy(&) = ({§ ¥u) ren,
and the synthesis operator defined by

Dllf : l2 — H, Dw((ck)keN) = Zl?;l Ckwk.
These are everywhere-defined bounded linear operators, each adjoint to each other.
Moreover, [|Cy|| = ||Dyl| < By/>.
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Given two Bessel sequences, (¢x)ren and (¢x)ren in Hi and He respectively,
and a fixed sequence, m = (myg)gen € 1°°, the following operator can be defined:

This operator, in which the analysis coefficients are rescaled by the fixed weight
before resynthesis, is called the Bessel multiplier for (¢x)ren and (¢¥x)gen. It
was introduced in [2] and its properties when m € co,!' and [? were also studied
there. In the present paper we extend these results for m € [P with 1 < p < co.
Bessel multipliers and, in particular, frame multipliers have useful applications. For
example, in [3], frame multipliers are used to solve approximation problems.

Furthermore, we introduce the concept of Bessel fusion multiplier. This notion
results in a generalization of the Bessel multiplier when Bessel fusion sequences
are considered instead of Bessel sequences. Several applications of Bessel fusion
sequences (see [4] and [11]) and multipliers have been studied , which suggest that
these notions may be successfully applied. Bessel fusion sequences and, in particu-
lar, fusion frames have been intensely studied during the last years. Even though
many properties of Bessel sequences still hold for Bessel fusion sequences, Bessel
fusion theory is much more delicate. The reader is referred to [5],[6], [12] and the
references therein for a theoretical treatment on this topic.

In the present paper we study the behavior of the Bessel fusion multiplier when
m € cg or m € [P. In order to get similar results to Bessel multiplier, extras
hypotheses regarding the dimension of the subspaces involved are required. Finally,
we prove that the Bessel fusion multiplier depends continuously, in a certain sense,
on the weight and on the Bessel fusion sequences involved if some extra hypotheses
are included.

2. BESSEL MULTIPLIER

During these notes, H and H; with ¢ € N shall denote separable Hilbert spaces
and L(H;, H;) denotes the space of bounded linear operators from H; to H;. Let co
be the space of all sequences in C which tend to zero. For 1 < p < oo let [P be the
space of all sequences (¢;);en such that Y2, [¢;|” is finite, and [° be the space of
all sequences (1););cn such that, for some M > 0, it holds |¢;| < M for every i € N.
In what follows, given 1 < p < oo we will denote its conjugate by g, i.e., % + % =1.
Given ¢ € ‘Hy and 1 € Ha, ¢ ®; n denotes the inner tensor product, i.e., ¢ ®; n is
the operator from Hy to H; defined by (¢ ®; n)(€) = (£,n) ¢.

Let’s introduce the definition of Bessel multiplier.

Definition 2.1. Let (¢r)ren and (g )ren be Bessel sequences in Hy and Ho re-
spectively and m € [°°. The operator M, (y,)(¢,) * H1 — Ha, called the Bessel
multiplier for the Bessel sequences (¢ )ren and (¥r)ken, is defined by

Mooy (€) = D m (€, 8n) e = > e, ®; 6w (€)).

keN keN

The sequence m is called the symbol of M, (y,)(¢,)- Observe that M,, .y, y(¢,) =
DyM,,,Cy where M, : 1?2 — [? is defined by M, ((ck)ren) = (ckmp)ken- It is
clear that as m € [*°, then M,, € L(I?). Moreover, |[M,,|| = ||m|l« and so

1/2 p1/2 X
| Moy () | < Bw/ B¢/ |lm||so. Furthermore, M oy én) = M) (wn)-
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In [2], the behavior of the Bessel multiplier is studied when m € co,!! and I?.
In this section we extend these results for m € [P with 1 < p < oo. Before that
let us recall the concept of Schatten p-class and some results that we will require
throughout the paper.

Definition 2.2. T € L(H;, H;) is said to be in the Schatten p-class if (A, )nen € ?
where (A, )nen is the sequence of positive eigenvalues of |T'| = (T*T)'/? arranged
in decreasing order and repeated according to multiplicity. Given 1 < p < oo,
S,(Hi, H;) denotes the Schatten p-class.

The next identity will be useful in the sequel:
Ap =inf {||T'— B|| : B € L(H;,H;) and dim(B(H)) <n —1}.

In the next proposition we collect some useful properties of &, (H;, H;). For their
proofs and more details on this topic the reader is referred to [10].

Proposition 2.3. Let 1 < p < co. Hence,
(1) 6,(Hi, H;) is a Banach space with the norm ||T|, = [|(An)nenllp-
(2) If T € 6,(H,H1) and V € L(H1,Ha) then VT € &,(H, Hz). Analogously,
if S € L(Ha, H) then T'S € &,(Hz, H1). Furthermore, ||[T'S|, < [|T,|lS]l
and [V, < T,V
(3) T € 6,(H1,Hs) if and only if the sequence ((Ten, fn))nen € P for every
orthonormal sequences (en)nen n H1 and (fn)nen in Ha.

An easy computations shows that ||¢ ®; 1|, = ||¢|/||n] for p > 1.
In the next proposition we include the proof of the case m € ¢ for completeness.

Proposition 2.4. Let m € 1, (¢r)ren and (Vg)ren Bessel sequences in Hyi and
Ho respectively. Then,
(1) If m € co then My, (p,y(0y) 95 compact.
(2) Ifm € [P then Mm(d)k)(¢k) S Gp(H17H2)' Furthermore, ||Mm(¢k)(¢k)”? <
B,/ B,/|ml.
Proof. Note that since My, (y,)(6r) = DypMmCy, if we prove that if m € ¢y (resp.
m € IP) then M,, is compact (resp. M,, belongs to the p-Schatten class), then
the assertion follows.
Now, consider m € ¢ and let my = (mq, ma,...,mp,0,...) € {*. Then, for every
¢ € 12 we have |[M,,(c) — My (©)] < [lm —mu||oollell e 0. So, there exists a
sequence, (M, )nen, of operators of finite rank such that | M., — M, || el 0,

i.e., M,, is compact.

On the other hand, let m € I[P and (ej)ren be the canonical basis of /2. Then
M (c) = D pen Mk (¢, ex) ex. Now, let o : N — N be the permutation such that
0< ’mg(k+1)’ < |mg(k)’ for k € N. Hence,

Mp(c) = Z my (¢, ex) ex = Z Mo (k) {C €o(k)) € (k)

keN keN
= Z Sign(ma(k))mo(k) <Cv err(k)> Sign(mo(k))en(k)
keN

= D |mowm| (e eor) Ulear),

keN
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where U is an unitary operator in L(1%). So, as |m(,(k)| kenN € [P, we get that M,,, €
S, (1?). Furthermore, | Moy, |, = [[m|l, and then || M,y ) @0 llp < Bl/2Bl/2|| llp-
O
In the next proposition we study the continuity of My, )(s))-
Proposition 2.5. Let (¢p)ren and (¥r)ren be Bessel sequences in Hy and Ho
respectively.

(1) Ifm™ — min 1 then | Moo ) 60) = Mm@ ow o =2, 0

(2) If melr and( )keN d () ken in 19 then

Y B SIS 1 n:; 0 and 1M, gy iy = Mim@n@ollp =2, 0-

Proof.
(1) Let m™ — m in IP. Hence, by the proof of Proposition 2.4, M, ) _,, €

n—oo

G,(1?) and | M, _pmllp = Im™ — m]|, for every n € N. Therefore,

M () 60) = Mmo)@olle = 1Mo —my @)oo lp = 1Dy Mo~ Collp
1/2 51/2
< Bw/ B¢/ ||Mm<")—m||p

= (ByBy) 2 m™ —m|l, — 0.

(2) If m € 1P then M o) € 6p(Hi,Ha). Therefore,

m() (on ) Mo

1M m ) (dr) m) @) llp = Hzmk( ,(gl)—d)k) ®i Pillp
< S mal 16 = ve) @i ¢rllp
k=1
oo
= > Il 1" — i) ]
k=1
< 1/2<Z|m IORAL Zn — )|/
— 1/2||m”,,”< M) = @Welly — 0

where the last inequality holds by Holder inequality.
The other limit can be proved analogously.

(I
Corollary 2.6. Let m™ — m in [P, ( ,(C")),( ,(C")) be Bessel sequences and

B1,By such that By < By and By < Ba. Then, if (V" e and (60" )ren
converge to (Vi) )ken and (Pr)ken in 19 respectively then
1M 0 0y — Mmid ol —2 0
Proof. Joining items (1) and (2) of the above proposition we get:
I Mm<n>(w,§">)(¢z) ~ Mgy (o)l < 1M () (M) (@) T Mm(w(n))(¢("))||p+

1M, sy 0y = Mm@l + 1My 0 000y = Mmoo 1o
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< (B1-B2)2m™ —m|, + B2 2m, | (6") — (¢n)llg + Ba2mll, |l (") —
W)l — 0. O

3. BESSEL FUSION MULTIPLIER

We start this section by stating the definition of a Bessel fusion sequence. In
what follows, I denotes a set which is finite or countable and P, denotes the
orthogonal projection onto a closed subspace W.

Definition 3.1. Let {W,};cs be a family of closed subspaces of H and (w;);er be a
family of weights, i.e., w; > 0 for every i € I. The family {(W;,w;)}icr is a Bessel
fusion sequence if there exists a constant B > 0 such that

iel

> < Bligll?,

for every £ € H.
If in addition there exists a constant A > 0 such that

AllEN? < YW Pwigl,
iel
for every £ € H the {(W;,w;)}ier is called a fusion frame.

It is clear that a Bessel sequence (resp. frame) is a special case of Bessel fusion
sequence (resp. fusion frame). Indeed, if (¢x)ren is a Bessel sequence (resp. frame)
then {(span{¢y}, ||[¥k]l) }ren is a Bessel fusion sequence (resp. fusion frame). This
Bessel fusion sequence will be called the Bessel fusion sequence related to (1)ken-

The notions of synthesis and analysis operator also can be defined for Bessel fu-
sion sequences. For this, a new Hilbert space must be considered. Given {(W;,w;) }ier
a Bessel fusion sequence on H, define the Hilbert space

O eWie = {(&)ier : & € Wi and (||&il))ier € 1°(1)}
iel
with the inner product ((&)icr, (m:)ier) = »_ (& mi) - So, [(&)ierl? = Sies 161
iel
Therefore, the analysis operator Cyy : H — (D _,c; ©@W;);2 is defined by

Cw(§) = (wiPw,;§)ier
and the synthesis operator Dyy : (3,c; ®Wi)i2 — H is defined by

Dw((&i)ier) = Y wiki-
il

Many properties of Bessel fusion sequences can be studied using these operators,
as well as for Bessel sequences (see [5]). However, several known results of Bessel
theory are not valid in the Bessel fusion setting. For example, not every surjective
operator is the synthesis operator of a fusion frame. For this, and for more details
on the relationship between operators and fusion frames the reader is referred to
[12].

Given two Bessel fusion sequences, W = (W;,w;)icr and V = (V;,v;)ie1, and a
fixed m € [°°(I) we are interested on the operator Sp,yw : H — H defined by
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Smyw(§) = Z mvw; Py, Py, €.
il
We shall call S,y the Bessel fusion multiplier of the Bessel fusion sequences
W = (Wi, w;)icr and V = (V;,v;);e1. Observe that if W and V are the Bessel fusion
sequences related to the Bessel sequences (¢ )ren and (g )ren respectively, then

(Y, Pr)

Smvw = M (yy)(4),) Where my = my, PAIENE
In order to express Sy, as composition of Cy, and Dyy, a new operator which
relates (> ,.; ®W;);2 and (Y-, ; ®Vi)i2 is needed. Namely, let

P: (> eWi)p — (D @W)p defined by P((&)ier) = (Py.&)ier-
il il
P is a well defined linear bounded operator. In fact, Py, & € V; for every ¢ € I and
1(Pr&ictl® = Sier IPu&ll? < Sies 612 = I(€ier . Therefore, it is easy to
check that
Smyw = DySm PCyy,

where S, 0 (D2;c; ®Vi)iz — (D¢ ®Vi)iz is defined by Sy ((&i)icr) = (Mmi&i)ier-
Smyw is bounded. In fact, as m € I°°, for every (&)ier € (3,c; ®Vi)2 we have
that 1S, ((€)ien)l? = 1mi&)ierll? = Yues Imiill® < [mlZ [(€)ier |2 So, S
is bounded and [|Sy,|| < ||m||so. Thus, since S,y = DySp PCy, then S,y is
bounded. It is easy to check that S}, = Smwv.

In the next proposition we study the behavior of the Bessel fusion multiplier
when the symbol belongs to ¢y or [P with p > 1.

Proposition 3.2. Let W = (Wi, w;)ien and V = (Vi,v;)ien Bessel fusion se-
quences. Hence,
(1) If m € ¢o and dimV); is finite for every i € N then S, is compact and, in
particular, Sy,vw s compact.
(2) If m € I” and (dimV;)ien € [ then S € Gu((D ey DVi)i2) and, in
particular, Syyw € 6,(H).

Proof.
(1) Let m € ¢o and consider my = (my,...,mn, 0,0, ...). Therefore,

1Smn ((§i)ien) — Sm((&)ien) | = [[Smy—m ((&)ien) || <

[mn —m|lsoll(&)ienll o O
— 00

Observe that, since dim)); is finite for every ¢ € N, then S,,, is a finite
rank operator for every N. Thus, S, is compact. In particular, as S,y =
DyS,,PCyy, Spyw is compact.

(2) Let E; = (€l)rek, be an orthonormal basis of V;. Define

Fir= (o,..., e}; b 0,00) € (Z AVi)z-
position @ teN

So, F' = ((Fir)rek, )ien is an orthonormal basis of (), .y ®Vi);2. Now, let

(Fj)jeN be the rearrangement of F' given by:

(a) if 1 S] é Kl then Fj = Fl,jv

(b) if j > K, then Fj = F, 1 where n = max{m € N: j — (K; + ... +
Kp)>0tand k=j— (K1 + ... + K,).
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Hence, for every f = (fj)jen € (D ;en ®Vi)i2 it holds:

=3 milf Fig) 1k—ij<fa > J>

ieN ke K; JEN
where (mj)jeN = (m1, sy T, T2, ey T2, o T, LT )
—_—— ——
K1 K> K;
Now, 3=y Ii|” = 3 ien Ki lmil” < [[(dimVi)ien]lso|lm ]I} < oo. Thus,
Sm € 6,((X;en ®Vi)i2). In particular, Spyyw = DyS, PCyw € 6,(H).
g

As the next examples show, the hypotheses in the above proposition regarding
the dimension of V; are crucial.

Examples 3.3. Consider H = [? and (ek)keN be an orthonormal basis of [2.

1. Define Wy = Span{€2k+1}k6N and wg = 1 and for ¢ > 1 define W, =
span{ea }keN—{i}, Wi = (f) It is clear that W; is infinite dimensional for every
i € N. Let’s see that (W, w;):cn is a Bessel fusion sequence. By simple calculation,
we get that, for i > 1, it holds w2||Pw,(¢)|* = %ZZO:UC# (€, ear)|® for every

¢ € H. Hence, for every £ € ‘H it holds

o0

s 1
S HA@E = Yl + | S |l +
i€Ng k=0 k=1k#1
=1
+( S o e
k=1,k#n
= S Heemn)l + (13 ) Hecall +
k=0

+ <1 - 21) E, ean)|” + ...

Dieny Wi Pwi ()17 < [I€II? for every & € H.
Now, let’s see that S,y is not compact where w = (w;);eny =

Therefore,

( fb) € ¢p. For
this, note that Sww(eak+1) = ZieNo w3 Py, eap11 = eary1 and so, the sequence
(Swuwv(eak+1))ken does not possess a convergent subsequence.

2. Let W; = span{ey, e, ...,€0i }, w; = ﬁ, 1 > 1. It is clear that there does
not exist A > 0 such that dimW,; < A for every i € N. Let’s show that W =
(Wi, wi)ien is a Bessel fusion sequence. It is straightforward that w?|| Py, (€)[* =

775 23:1 (€, e;)|? for every & € H. Hence,

ZwZIIPw ©1*

L

e (1€ en)l” + €, e2) ) +

Il
Iz

- Z% (s ea)? + (€ en)?) + .

Jj=2
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Now, as Y72 55 < 2, then Y72 w?{| P, (€)[1* < 2[|¢]|? for every € € H.

Observe that Y oo w; = > o) % < 00, i.e., w = (w;)ien € 1. However, let us

see that S,ww ¢ 61(H). For this, it sufficies to show that ({(S,ww(en); en))nen ¢
- 1

I'. Now, by simple calculation, we get that > oo, (Soww(en), en) = Z 5t

n=1

where a; = 2 and a,, = 2" ! for n > 1, then Y 07 | (Suyww(en), €n) diverges.

Corollary 3.4. Let W = (W;,w;)ien and V = (V;,v;)ien be Bessel fusion se-
quences such that (dimV;);en € 1°°. Hence, if m®*) om in IP then ||S,,mpw —

SmVW”p — 0.
k—oo

Proof. Let m®*) m in [P. By Proposition 3.2, we have that M, ) _,, €
Sp((Xier ®Vi)iz) and M0 _pllp < [m™* — m]|, for every k € N. Therefore,

H5m<k>vw - SmVW”p = HS(m<k>—m)vw||p = ||DVSm<k>—mPCW||p

< IDvlllm® = mll,[Cowll — 0.

O

Proposition 3.5. Let W = (W, w;)ien, Wi = Wi, wF)ien, and V = (V;,v;)ien be
Bessel fusion sequences such that (dimW;)ien and (v;)ien € 1°°. Hence, if m € [P
and (wy)ien e (wi)ien in 17 then ||Smyw, — Smvwllp e 0 and ||Smw,v —

SmWVHP — 0
k—o0

Proof.
1Smvwe = Smvwllp = 1D mivi(wf — wi) Py, Pw, |y
ieN
< Y Imavl |wF = wil [|Pws s
ieN
= Z |mZU1| |wf — wi| dlsz
1€EN
< OX il -
i€N
1/p 1/q
< o(Tmr) (Sht-ar)
€N €N

= Cllmlpll(w)ien = @i)ienlls — 0,
— 00

where O = [|(dimW;)ien | co| (V3 )il oo-
Analogously, it can be proved that ||Smw,v — Smwvll, — 0. O

3.1. The case m = (1,1,...). In [9] the next operator which relates two Bessel
fusion sequences W = (W;,w;)ier and V = (V;, ;)1 is studied:

Syw : H — H defined by Syw(§) = >, viwi Py, Pw,§.
Clearly, in our context, Syyy is the Bessel fusion multiplier of the Bessel fusion
sequences (W, w;)icr and V = (V;,v;);er where m = (1,1, ...) € [*°. Since m does
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not belong to IP neither to ¢, we study under which conditions Syyy is compact or
it belongs to &,(H).

Proposition 3.6. Let W = W;,w;)ien and V = (V;,v;)ien be Bessel fusion se-
quences. Then:
(1) If (v3)ien € co, (wi)ien € IF and dimV); is finite for every i € N then Syw
1§ compact.
(2) [f (Ui)ieN S lp’ (wi)ieN €17 and (dlmVl)leN €[> then SVW S GP(H)
Proof. We can assume without loss of generality that vg11 < vy for every k € N.

(1) Define S, : H — H by SN, (€) = SN, viw; Py, Pw,€. Then,

oo
1Syw(€) = SPw (Ol = | Y viwiPy, Pwé]|
i=N+1
< el Y viws < llellovr Y wi
i=N+1 i=N+1
< l€llonvtallwlls

Therefore, |Syw — SHyll < vas1llwll P 0. So, as 8P}, are finite rank
—00

operators, we get that Syyy is compact.
(2) Observe that

AL (Svyw) = [[Svw ] < viflwl]s.

Let Ny = dimVy and SJ)y, = viwi Py, Pyy,. Then, dimSy)y,(H) < Ny
and [[Syw — Spipll < vlw]lr. Hence,

AN, +1(Svyw) < vallwlfs.

Moreover,

AN, (Syw) < Anp—1(Syw) < .o < Ai(Svw) < vr]jwlfa-

Now, let S‘J,V}iVJrNQ = viw1 Py, Py, + vows Py, Pyy,. So, dimS{X%M (H) <
Ny + Ny and [|Syw — Sy ™2 < val|w|)r. Hence,

A1\/’1—‘1-1\/2—}-1(‘SV]}VV) S U3 Hw‘ll

and

AN +N: (Svw) S AN 18, —1(Svw) < s S AN 11 (Svw) < vgflwlfs
Therefore,
D A (Spw) < DN [wllf < Wl Il (Ns)ienllso V13 < 0.
=1 =1

So, Syw € G,(H).
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Final comments The results presented in this paper can also be extended

to symmetrically-normed ideals generated by symmetric norming functions. See
[10] for a complete treatment on this topic. Following the notation used in [10],
given a symmetric norming function ®(§) let ¢y be the natural domain of P,
and G4 (H1,Hz) be the symmetrically-normed ideal of all compact operators T' €
L(H1,Hs2) such that (A;(T))ien € co with the norm ||T||¢ = @((Ai(T));en). Then,
the previous results can be rephrased as follows:

Let (¢x)ken and (¢ )ren be Bessel sequences in H; and Ho respectively.
(1) If m € ¢p then meik)(qﬁk) S G@(Hl,Hg).
(2) If (I)(m(l) — m) l—>—o>o 0 then ||Mm(z)(wk)(¢k) — Mm(wk)Wk)H‘I’ l~>_0)0 0.

(3) If m € co and ®* (¢ )pen — (dk)en) = 0 then
!M’"(w,i”)(m) ~My@nlle 2 0and M, 0y = Mo lle —

Let W = Wi, wi)ien, Wi = Wi, wF)ien, and V = (V;,v;)ien be Bessel fusion

sequences.

A

(1) If m € cp and (dimVi)ieN € [*° then SmVW S GQ(H)
(2) If (dimV)ien € 1% and ®(mY —m) 2 0 then ||.S,,m v —Smyvwlle P 0.

(3) Let (dimW;)ieny and (v;)ien € 1°°. Hence, if m € cp and ®((wF)ieny —
(wi)ien) P 0 then
—00

ISmvw,, — Smvwlle — 0 and || Smw,v — Smwvlle — 0
k—o0 k—o0
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