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Abstract

Let A be a C*-algebra with a faithful state ¢. It is proved that the projective unitary
group PU 4 of A,
PU4,=U4/T.1,

(U4 denotes the unitary group of A) is a C°°-submanifold of the Banach space B,(A) of
bounded operators acting in A, which are symmetric for the p-inner product, and are usually
called symmetrizable linear operators in A ([10], [9]).

A quotient Finsler metric is introduced in PUy, following the theory of homogenous
spaces of the unitary group of a C*-algebra ([6], [7]). Curves of minimal length with any
given initial conditions are exhibited. Also it is proved that if A is a von Neumann algebra
(or more generally, an algebra where the unitary group is exponential) two elements in PU 4
can be joined by a minimal curve.

In the case when A is a von Neumann algebra with a finite trace, these minimality results
hold for the quotient of the metric induced by the p-norm of the trace (p > 2), which metrize
the strong operator topology of PU 4.
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1 Introduction

Let A be a unital C*-algebra with norm || || and with a faithful state ¢. We shall study here
the projective unitary space of A,
PUs =U4/T.1,

where U 4 is the unitary group of A. U, is a Banach-Lie group whose Banach-Lie algebra is
Aus = {x € A:a* = —a}. We shall consider A represented in the Hilbert space £2 = L?(A, ¢),
via the GNS representation induced by ¢. Elements x € A will also be regarded as elements of
£? with norm ||z||2 = @(z*z)Y/2. As is usual notation, if £, € £2, £ ®n will denote the rank one
operator acting in £2: £ @n(v) =< v,n > £, and in particular if ,y,a € A, x ®@y(a) = ¢(y*a)x.
Let
Bs(A) ={T € B(A) : p(y*T(x)) = (T (y)*z) for all x,y € A}.

These operators acting in A, are known as symmetrizable operators in the literature ( see the
papers by M.G. Krein [9] and P. Lax [10]). Bs(A) is a closed subspace of B(A). It is non

complemented.



There is a natural one to one map
PUL > {u@u:uecls} CBs(A), [u] — ud®u.

In this paper it is shown that this map is a homeomorphism, if Pl 4 is considered with the
quotinent topology, and the right hand set with the usual norm of B(.A). The set {u®@u : u €
Uy} is shown to be a complemented submanifold of Bg(A). Thus PUU4 can be regarded as a
submanifold of this Banach space. The differentiable structure induced in PU 4 is the same as
the usual quotient differentiable structure [5], and thus is independent of the choice of .

A Finsler structure is introduced in PU 4, following the theory of homogeneous unitary spaces
Ua/Up (B a unital sub-C*-algebra of A) of Duran, Mata-Lorenzo and Recht [6], [7]. The
tangent spaces are endowed with a U 4-invariant quotient norm. Using general results of this
theory, applied to this particular case in which the subalgebra B = C.1, one obtains existence
of minimal curves with given initial data, and in the case when A is a von Neumann algebra,
existence of curves joining any given pair of points in Pl 4. The minimal curves are of the form

v(t) — [ueit:c] ~ ueitac ® ueitao7

for u € Uy and z* = = with ||z|| < 7. They remain minimal for |¢| < 1.

The case when A is a von Neumann algebra with a finite trace is considered in the last
Section. It is shown that these curves « are also minimal for the quotient p-norms in TIPU 4, for
p > 2. These weaker norms metrize the strong operator topology in PU 4

2 Regular structure

Consider the fibration
Ug — PUA, u— [ul.

More generally, the smooth left action of U4 on PU4, w - [u] = [wu] induces the submersions
M) Uy — PUL, W[u](w) = [wu]
Let us denote by dj,) = d(,))1. The isotropy groups of the action are
rd () = {v € Un s fou] = [} =T -1,

and therefore the isotropy Banach-Lie algebras are iR -1 at every [u] € PU4. In particular, since
the tangent space (TU4)1 of U at 1 is Ay, the epimorphism d[y) induces a natural isomorphism

(TPUA) ) = Aas /1R
Let us prove that PU 4 has a submanifold structure. To this effect, we shall use the bijection
PUAN =U4/T +— {u@u:uecls} CPi(A ) CBs(A), [u] «— u®u.
By means of this map, we can regard PU4 as a subset of a Banach space.

Lemma 2.1. The map
PUAL —» {u@u:ucls}, [ul mu®u

is a homeomorphism, when the right hand set is considered with the norm topology of Bs(A).



Proof. The map Uy — {u®@u : v € Up}, u — u ® u is continuous, and induces the above
bijection from the quotient PU4 = U /T, which is therefore continuous.

Let us see that the inverse is continuous. The map is equivariant for the transitive actions
of U4 on both spaces:

w - [u] = [wu] — wu @ wu = Ly(u @ w) Ly

Thus it suffices to prove that the inverse map is continuous a 1 ® 1. Suppose that u, € Uy
satisfy
Up QUp —> 11

as n — oo. Then evaluating at 1, ¢(u,)u, — 1. Thus

o(p(un)un) = |p(un) > — 1.
Then
Up
Mun — 1,
i.e. there exist A\, = ‘@‘ with |A,| = 1 such that A\yu, — 1, i.e. [u,] — [1]. ]

In particular, this implies that the topologic structure of the set {u®u : u € U4} depend on
the state ¢:

Corollary 2.2. Let ¢, be faithful states in A, and denote by Ei, L’i their GNS Hilbert spaces.
Then the sets

{fu®pou:uely} C B(Ei) and {u®ypu:uecls} C B(E?p)
are homeomorphic (with the corresponding norm topologies). Specifically, the map
URp U Uy U
1s @ homeomorphism.

Remark 2.3. Note that the set {u ® u: u € U4} is a set of rank one projections in B(.A) (or
in B(L?) as well): indeed,
<u,u >= p(uu) = 1.

To prove that PU 4 is a submanifold of Bs(.A), we shall use the following Lemma, which was
proved in [11]

Lemma 2.4. Let G be a Banach-Lie group acting smoothly on a Banach space X. For a fized
xo € X, denote by 7y, : G — X the smooth map mg,(g) = g - xo. Suppose that

1. my, is an open mapping, regarded as a map from G onto the orbit {g-xo : g € G} of xg
(with the relative topology of X ).

2. The differential d(mz)1 = (T'G)1 — X splits: its nullspace and range are closed comple-
mented subspaces.



Then the orbit {g-xo: g € G} is a smooth submanifold of X, and the map
Tzt G —{g-x0:9€ G}
18 a smooth submersion.

Theorem 2.5. PU 4 is a closed complemented C*-submanifold of Bs(A) and the map
TU—PUy, T(u)=u®u
is a C'*°-submersion.

Proof. Let us prove first that {u ® u : u € Ua} is a closed subset of Bs(A). Suppose that
Uy @y — T in Bs(A). Evaluating at 1 one obtains that ¢(u* )u, = (up)u, is convergent in A.
Since [o(un)| < @(uiu,)'/? = 1, there is a convergent subsequence ¢(u,, ). Then u,, converges
to a unitary u € A. Therefore u,, ® u, converges to u ® u.

Fix 1® 1 € PU4. We shall construct a continuous local cross section for

T="migl :Us— PUA, 7(u) =u®@u= Ly(1® 1)Ly,

near 1 ® 1. Cross sections near other points are obtained by translation with the group action.
Consider the open set

V={u®u: (u®u)(l®1)#0}.
Apparently V is an open neighbourhood of 1 ® 1 in PU 4. Note that (v ® u)(1 ® 1) # 0 means
that o(u*)u ® 1 # 0, i.e. p(u) # 0. Put

*

p(u’)
lp(w)|

The map p is well defined: if ©u ® v = w ® w then w = Au with A € T. Thus

iV —=Ug plu@u) =

@)~ Te@)] T o)

plw') - Ap(w), _ plu)

Also p(1 ® 1) = 1. Apparently p is a cross section for m. Let us prove that u is the restriction
of a map /i defined on a neighbourhood if 1 ® 1 in Bs(A). Namely

iV ={T € By(A): T(1) #0} = A, A(T) = |o(T(1))|7?T(1).

Indeed, if T = u ® u, then T'(1) = @(u*)u and p(T(1)) = |p(u)|?>. Aparently /i is continuous.
Therefore p is continuous. Thus 7 is open. A straightforward computation shows that the
differential of 7 at 1 is (to differentiate m we regard it as a map valued in Bs(.A))

d=dm : Ags = Bs(A), 6(a) =a®@1+1®a.

The nullspace of this map is iR - 1. Indeed, aparently {R -1 C N(§). If 6(a) = 0, then in
particular 0 = (e ® 1 +1®a)(1) =1+ ¢(a*)1, i.e. a = —p(a)l. Thus N(J) is complemented.
To prove that R(o) ={a®1+1®a:ac€ Ay} is complemented in Bs(.A), note that the

map i is C* in V. Denote by p = djiig1,
p:Bs(A) — A.



For u close to 1 (in order that ¢(u) # 0),
mopom(u)=mo ilu®u)=mr(u),
i.e. mojiom = near 1. Differentiating this identity at 1, we get
dpd = 4.

In particular dp is an idempotent operator acting in the (real) Banach space Bs(.A), whose range
is the range of §. Then R(J) is complemented, and the proof is complete. O

Apparently PU 4 is a group. Let us check that the group operations are smooth.
Proposition 2.6. Pl 4 is C* Banach-Lie group.
Proof. Consider first the product map
M:UsgxUs > Uy, T(u,w) = uw.
This map induces the product map on the quotient
I : PUy x PUA — PUL , T([u], [w]) = [u][w)].
The fact that the product is defined in the quotient, i.e. that [uw] = [u][w] means that
roll =Tlo (7 x ).

By the above theorem 7 is a submersion, and therefore has local €™ cross sections. Let pu)
and f[,,) be cross sections for 7 defined on neighbourhoods Vi), Vi, of [uo], [wo], respectively.
Then fiyy] X Hjuw, 18 a cross section for m X 7 defined on V) X V]y,), which is a neighbourhood
for ([ug], [wo]) in PU4 X PU,4. Then, in this neighbourhood, one has

I =7 oIl o (Ko X Hfw))s
which is C'°°. The proof for the inversion map is similar. O

With a similar argument, we can prove that the differentiable structure of Pl 4, defined in
terms of ¢, does not depend on the choice of the state ¢. We use the notation of Corollary 2.2.

Proposition 2.7. Let @, be faithful states in A. Then the map
{u@pu:uelds} = {upu:uecls}, u®pu—u®yu
1s a diffeomorphism.

Proof. Let my, : Ug = {u®pu:u € Ug} and 7y : Ug — {u @y u : u € Uy}, and denote by
O:{u®,u:uecls}l = {u®yu:uecly}. Then apparently

Omy, = my.
Since 7, is a submersion, it has local C*°-cross sections near every point. Thus locally,
@ Heo

0= Top Hps
and therefore 6 is C°°. O



Example 2.8. Suppose that B is a C*-algebra with no unit, and let B = A be its smallest
unitization (i.e. B is a maximal bilateral ideal and an hyperplane of A). Then apparently the
projective unitary group PU4 is isomorphic (as a Banach-Lie group) to the group

Gp={uely:u—1¢€B}.

The C*° group isomorphism is induced by the inclusion Gi C U4. Indeed, since B has no unit,
elements in U4 are of the form \1 +b, A € C, [\| =1 and b € B. The map A — C, A\1+b+— A
is a multiplicative functional, thus C*°. Then the map

1
Ua =G M+be 1+ b

is C*° and a group homomorphism, which induces the inverse of the map induced by the inclu-
sion. In the case B = KC(H) the algebra of compact operators, the group Gy (3 is one of classical
Banach-Lie groups, sometimes called the unitary Fredholm group.

3 Metric properties

The following facts are well known

Remark 3.1. If one endows the unitary group U4 with the Finsler metric which consists of the
usual norm of A at every tangent space, the metric geodesics (short curves) of U4 which start
at a given u are of the form

N(t) — ueitx,
for any #* = x (which we suppose normalized ||| = 1) and remain of minimal length for
[t| <.

If A is a von Neumann algebra, any pair of unitaries u1,us in U4 can be joined by such a
(minimal) curve, which is unique if ||u; — u2l|eo < 2.

The following result is a simplel case in the problem of finding minimal elements in C*-algebra
inclusions (see for imstance [3] and references therein)
Remark 3.2. Given x = z* € A, there exists r = r(x) > 0, such that

|z — 7| = min{||z + || : t € R}.
Existence of r follows from a compactness argument. Also note that
1
r(z) =={ max <z{{>+ min <z >}
2 “geL? Jlgl=1 €L [lg]=1

which is the midpoint in the spectrum o(z) of z.
Definition 3.3. We shall call the element x — r(x) the p-minimal lifting of z.

The tangent space (TPUA),) at [u] € PU4 is given by

(TPUA) ) ={u® 2+ 2@ u: 2 € ulas = Aasu}

Indeed, let u(t) be a smooth curve in U4 with u(0) = u and 4(0) = z (note that differentiating
u*(t)u(t) = 1 at t = 0, one gets z*u + u*z = 0, i.e. u*z,zu* € Ags). Then differentiating
u(t) ® u(t) at ¢ = 0 one obtains that tangent vectors at [u] (identified with u ® u) are of the

form z@u+u® z.
We endow PU 4 with the quotient metric of the usual norm of A



Definition 3.4. if 2 @ u +u ® 2 € (TPUA) ), put
|z @u+u® 2|y = inf{|lu*z —it| : t € R}.

The nullspace of
dry : (TUA)w — (TRUA)

is N(dm,) = iRu. i.e. the norm defined here coincides with the quotient norm of A, /iR.

Remark 3.5. This metric coincides with the metric defined by Duran et al in [6] and [7] for
homogeneous spaces U4 /Up of an inclusion B C A of C*-algebras (we treat here the particular
case B = C1). In these papers the metric is induced by the action of U4 on the quotient: if
[u] € Ua/Up, put

Ly Uy — U /Up, Ly (w) = [uw)].
The metric defined on T'(Ua/Up), is the quotient norm (defined by d(Ly,)1) in Ags/Bas. 1t is
easy to see that in the case B = Cl1, this is precisely the metric defined above. Therefore one
obtains in our case the general results and properties proved in [6] and [7]. For instance, that
the metric is invariant by the left action of U4 on PU,4. Also the main results on existence of
minimal geodesics with given initial data [6] or given endpoints [7] apply here. However, the
fact that B = C.1 allows one to prove these facts in a direct way.

Since the map
Uy — PUY

is a submersion, smooth curves in PU 4 lift to cpntinuous piecewise smooth curves in U 4, joining
the fibres of the endpoints of the curve in PU 4.

The following result was proved in [2]. Let us denote by d, the metric obtained in Pl 4 from
the Finsler metric defined in 3.4.

Lemma 3.6. If [u], [v] € PU4,
dg([u], [v]) = inf{4(T") : I'(t) € Uq smooth ,[I'] joins [u] and [v]},
where £ denotes the length of the curve measured with the usual norm of A.

Theorem 3.7. Let [u] € PU4 and z@utu®z € (TPUA) ), w2 € Aus, with [zQuw+w@z|y,) < .
Then the curve [J] ' ‘
[5] (t) — ueltxo ® ueztxo

for xg = —iz — r(—iz) (i.e. the minimal lifting of z @ w + w ® z), has minimal length for the
metric (3.4), for |t| <.

Proof. In [6], the general case of a quotient U 4/Up was considered, for an inclusion B C A
of arbitrary C*-algebras. In our particular case B = C, one has existence and uniqueness of
minimal liftings (in general, minimal liftings may not exist or may not be unique).

Since the action of U4 is isometric, it suffices to consider the case [u] = [1]. The curve [{]
has an obvious lifting §(¢) = €. Let w be another curve of unitaries joining the fibers of 1
and v. Since exponentials are short in the unitary group, and the action of /4 is isometric, we
can suppose w to be of the form w(t) = €. Furthermore, since [¢*°] = [e"], we have that
Yy = xg + Sg. Since xg is a minimal lifting,

() = [lzoll < [lzo + soll = £(w),
because ||zg|| < 7. On the other hand, ||zo| = L([d]), and the proof follows. O



Let us return to example 2.8, of a non unital C*-algebra B and A = B its minimal unitization.
Example 3.8. The isomorphism
PUs; — G ={uclUz:u—1¢c B}
induces a metric in Gg. Namely, the Banach-Lie algebra of Gg is By,. If b € By, then the
metric induced by the norm of A is
|blo = inf{||b — A1]| : A € C} = inf{||b —irl]| : r € R}.

which is, as we have seen, the midpoint of the spectrum of b. Let us characterize the minimal
curves of Gg. If z = A1 + b € B, then

1
eZ:e/\eb:e)‘(1+b+§b2+...):e/\l—i—b’,

where V/ = b+ %bQ + ... € B. Thus the isomorphism PlU4 sends [e*] to e%ez = eP. Tt follows that
for this (midpoint-spectrum) metric, curves

5(t) = ge
<

™

for g € Gg and b € By, are minimal for || oo This norm | |o defined in By, is equivalent to

the usual norm || ||. Indeed, apparently |blo < ||b]|. Put b = b’ with b’ selfadjoint,
2|blo = sup o (b') — inf o (b').

Since ' is non invertible (B is non unital), it must be sup o(b’) > 0 (otherwise the spectrum of
b’ would be strictly negative and o’ invertible). Then inf o(b') < 0, and thus

supo (V') —inf o(b') > max{supo(t'), —inf o ()} = /\su([l))) Al =[]V

colt/
Then 1
L < 1lo < 0

If A is a von Neumann algebra, one can prove that given two points [u], [v] € PU4, there
exists a minimal curve joining them. The existence of minimal curves joining given endpoints
which are close was proved in [7], for arbitrary B C A.

Theorem 3.9. Let A be a von Neumann algebra. Let [u],[v] € PU4. Then there exists a
minimal geodesic [8] for the metric 3.4 (5(t) = ue™™0, with o a minimal lifting for || ||) such
that [6(0)] = [u] and [6(1)] = [v].

Proof. There exists x = 2* € A such that v = ue’® with ||z|| < 7. Let 29 = x — r(x). Then
since g is a minimal lifting

[zoll < =[] < .

Thus [6(y)] = [€*®°] has minimal length between its endpoints for ¢ € [0,1] by the preceeding
theorem. Its endpoints are

(5(0)] = [ul and [5(1)] = [ue™ @] = [uei®®)] = [o]
O

Remark 3.10. The result holds with the same proof for C*-algebras A such that if the unitary
group U, is exponential (i.e. Uq = exp(Aap)). For instance, as in 2.8 and 3.8, put B = K(H).
Then it is well known that

Gy = exp(Kan(H)).



4 Finite von Neumann algebras

For the case when A is a finite von Neumann algebra with a finite (nornal, faithful) trace T,
one can endow the tangent spaces of U4 with the p-norm ||z, = 7(z*z)P/?, and one obtains
a metric which is equivalent to the p-norm restricted to U4, which is complete (and metrizes
both the weak and strong operator topologies of U4). For this metric, the same curves p of
Remark (3.1) are minimal, and remain so for |t| < 7 if ||z||cc < 7. Note that the normalization
of the exponent x is done in the usual norm of 4. A geodesic joining u; and us is unique if
lur — u2lloo < 2 (again, usual norm of A). These facts were proved in [1] for p > 2, though the
author believes it holds for p > 1 (see [4], where the analogus result was proved for p > 1, for
the usual (infinite) trace of B(H)).
Let p > 2 and * = x € A. Then there exists a unique r = r(z,p) € R such that

& = rlly = min{lJe + ¢l : ¢ € R},
If p=2, r = 7(x). In general, the map
f@)=llz+tly, teR

is strictly convex (this follows, for instance, from the uniform convexity of the p norm [8]), and
tends to +oo if [t| — co. Thus it has a (unique) global minimum.
The minimality results of the previous section hold for the p norms. Let us define

Definition 4.1. For z = x* € M, we call the element x — r(x,p) the p-minimal lifting of x.

Definition 4.2. if 2 @ u+u® z € (TPUA) ), put
|z @u+u® 2|y, = nf{||[u’z —it[, : t € R},
the p-quotient metric on PU,4.

Lemma (3.6) was proved in [2] for the p-norms, for 2 < p < co. Therefore the analogue of
Theorem 3.7 can be proved in a similar fashion:

Theorem 4.3. Let A be a finite von Neumann algebra, [u] € PU4 and z@u+u®z € (TPUA) ),
w*z € Ags, with |z @ w+w ® 2| < 7. Then the curve [J]

[0](t) = uet®o @ yettro

for xg = —iz —r(—iz,p) (i-e. the minimal lifting of z @ w4+ w ® z), has minimal length for the
p-quotient metric (4.2), for |t| < .

And therefore one has also the analogue of Theorem (3.9):

Theorem 4.4. Let A be a finite von Neumann algebra. Let [u], [v] € PU4. Then there exists a
minimal geodesic 8] for the metric 4.2 for any even p, (5(t) = ue'™®, with xo a minimal lifting
for || |lp) such that [6(0)] = [u] and [6(1)] = [v].
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