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AsstrACT. We consider 2m" order elliptic equations with Holder coefficients in
half space.We solve the Dirichlet problem with m conditions on the boundary of
the upper half space. We first analyze the constant coefficient case, finding the

Greens function and a representation formula. We then prove Schauder estimates.

1. INTRODUCTION

In this paper we solve the Dirichlet problem for elliptic operators of order 2m
in the upper half space, with complex valued Hélder coefficient. Our method is
based on finding explicit formulas for the Green function for the constant coeffi-
cient equation and proving a priori estimates in the Holder spaces for solutions
having homogeneos boundary data. This work differs in this sense from the well
known paper of Agmon, Douglis and Nirenberg in which they solve first, the ho-
mogeneos problem with non homogeneus boundary data for an elliptic operator
with only principal part. A Radon type transformation due to F. John is key to their
work. See references [1] and [4]. Our aproach is based on transforming Fourier
on the first variables the nonhomogeneos equation with homogeneos data. We
find a representation formula which is key to the apriori estimates. We first treat
the constant coefficient case and then, using the freezing coefficient method, we
treat the variable coefficient equation. We remark that troughout the paper we
will use the letter C to denote a constant (not always the same) that depends only
on structure.In the case that a constant depends on any aditional quantity we will
mention this explicitly. Look reference [5] for a treatment of the problem in full

space and [8] for the case of smooth coefficients.
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2. PRELIMINARIES

In this short section we introduce the Holder spaces that will be relevant later

on.
Set QO = R,
Define |u|y = sup{lu(x)| : x € Q}
[u]s = sup(*F=i < x,y € Q)

|D*uly = max{|D%u|y : |a| = k} and [D*u]s = max{[D*u]s : |a| = k}

And define,

lulyes = Lopmo ID ulo + [D™uls.

The space C"™°(Q) = {u : [uly45 < o0} is a Banach space.

We will need to use the following interpolation result which we state without

proof. See reference [3].

Lemma 2.1. For every € > 0 and 0 < k < m there exists Cey such that [DFuls <
Cexlulo + €lulms

Forevery e > 0and 0 < k < m—1 there exists C . such that |D*uly < Cxlulo +€|D™ulo

And for every € > 0and 0 < k < m — 1 there exists C. such that [D¥u]s < Cexlulo +
€|D™uly

for all u € C™°(Q)

3. CONSTANT COEFFICIENTS

We consider operators of the form Lu(x, t) = ¥ 1<om Ao DEDiu(x, £)

where a,; are complex numbers, x € R" and ¢ > 0.

Let L*u(x, t) = ¥japricom(=1) a0 D Djulx, t)

We will assume that the characteristic polynomial p(i, it) = }. 44 1<om 20,118 (it)!

satisfies the strong ellipticity condition

(3.1) IpGE, it)l = AL+ [EP + £2)"

for all (&, t) € R™*! Notice that p(i, z) as a polynomial in the z variable has no pure
imaginary roots. It follows that we can write

(32) pig,z) = p*(i&, 2)p™ (i€, 2)

where p~ (i€, z) = [1},(z - A7 (&) and p*(i&, z) = [Tz~ A1(€)) and
{A7 : ] =1,...,m} are the roots of p(i¢,z) with negative real part and {17 : j =
1, ..., m} are the roots of p(i§, z) with positive real part. This is true for all £ € R".
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We will be able to impose m initial conditions on a solution u att = 0

Lemma 3.1. If p(i&,z) = 0 then |Re(z)| > %(1 +|&]) and |z| < C(1 + |&]), for some C
depending on max{la.,| : o, I}

llipticit
Proof. The proof is a straightforward application of (ETT)M O

We believe that the next property is also a consequence of the ellipticity condi-
ellipticity
tion (E‘l’)ﬁﬁme general theorem on the roots of a complex polynomial but at
this point we dont have a proof so we need to assume it.
Essential assumption about the roots A(&) of p(i&, z):
We assume that there exists a constant C depending only onn, a, A and max{|a, | :
a, 1} such that if A(&) is a root of p(i, z), then for any multiindex @, we have

(3.3) IDEA)] < C(1 + [e)'—

for all £ € R".

We will now construct the Green function.

Let us denote by (&) any simple closed curve such that Re(y~(&)) < 0and y~ (&)
encloses the m roots of p~(i§,z). And similarly, Re(y*(£)) > 0 and y*(&) encloses
the m roots of p* (i, z). In the sequel, we will use different curves y~ (&), and y*(&).

Define,

h(y,8) = [ [ seadz €¥°dé fors > 0and

h(y,8) = [ J . prindz e¥ede fors <0
and define, for any positive integer / such that 2/ + m > n + 2 the function,

H*(y,s) = (WHQ), f fm plr-E+sEnn) (— A (p(lglé $)AEnndE

Lemma 3.2. h = h*

Proof. Formally, it follows by enlarging the contour of integration: Say, s > 0, then

f © p(lg 5z = f - el g, and an integration by parts show

p(&,i&n1)
L3 fo ey dedena = (y,9)
We proceed with a rigourous proof.
Let g € Cy’(B2(0)) with =1 on B;(0) and ¢ € Cy’([-2,2]) and ¢ = 1in [-1,1].
Fix (y,s) with y € R" and s > 0 and let € > 0. We show |h(y,s) — h*(y,s)| < e.
Write h(y,s) — h*(y,s) = A+ B+ C + D where

A=N(y,s) = [ B [, riemdze de
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B=[p (é)fy ©) p(ZSZ)dz evide — [ B )f 00 p(zgizﬂﬂ)déﬂﬂ Ve,

C=[px [ p(z;?odénﬂ evids = [T [ BRIGCR) S dEdE

D = [J e PSR sy dednm —h*(v,9).

We will choose R and R large enough to make each term small.

To estimate A we can take the contour y~ (&) so that Re(y~(&)) < —C(1 + [£]) and
Ip(i&,z)| > C for all z € y~(&).

We have |A| < | [(1-B(%)) f e eEdel < fM fy o Feaddde <

1
p-Cs(1+12) f ——dzdE < C f lenght(y~(&))e” =1 EDge
leR - (g, 2)| P

<C |5|2R(1 + |&)e 1D E,

This last expression goes to 0 as R goes to oo

To estimate B, take y (&) = [UCy = {i&41 1 =M < Epq < MJUIME? : O € [£, 32}

Where M = M(|¢]) = K(1 + |£])" and r and K are chosen large.

So, B < | [B(R) [, sezdze” el +1 [ BR) [, o i dEnne*dE] = [By| +
|Bal.

Notice that we can write p(i¢, z) = Z;”:O a]-(é)zf whith |2;(&)] < ClE |"=i. Hence for
z € Cy we have |p(i&, z)| > Clz|™ and hence

|B1] < C oon lengA%;ItrfFM)dé < C f|£|s2R M,},_l dé < Kf_l f (1+|5|1),(m_1) d& which can be
made arbitrarily small choosing r and K large.

And |B,| < Cf|.£|32R flémle m;ﬁ%di < Cf|.z|52R ﬁdé which again can be made

arbitrarily small choosing r and K large.
IC| < fﬁ( )f(S R 1+|éd'5”” dé < C%, which we make small making R large

[+ "

depending on R.

To estimate D, first notice that f_ J:O f . ﬁ(%)gf)(é"ﬂ )Er:((yz;?::)) d&d&,.1 =

1 +00 ﬁ( )(P 5n+1)
S —A) (——2 )t gege o=
GW+#Y1; Y S

1 +00 I 1 ; é S,
(IyP+s) o fR"(_A)( e e d5d€n+1 +E
where we have the estimate |E| < Mz TR L which holds for R > R > 1. Therefore,

+00
IDI < gy L Joe@ = BEIGER) D) Gty )Y o dEdE i + oy & <

dédgn-#l C 1 C 1
(|y|2+sz)’ f € 1/=2R f|£|>R e )™ T (yP+s2) R = (lyP+s2) R
Choose R large enough to make |A| and |D| smaller than € and then for fixed R,

choose R > R to make |C| < € O




HIGHER ORDER ELLIPTIC EQUATIONS IN HALF SPACE 5

We state in a lemma some well known properties of the function . See reference

[5].
Lemma 3.3.

h e CO(R™1\{0})

C
( | + |S|)n+1—2m+|a|+k

ID; DRy, 9)| <

for all |yl + s* < 1 and for any k,|al.

D¢ k
DyDsh(y, s)l < x5y

forany Lla| > 0,k > 0and |y|* + s> > 1.

Lh(y,s) =
for (y,s) # (0,0).

Let us also define
(P( 5léRn+1 )ei(}/'§+55n+1)

hr(y,s) = A&d&

R+l P(Zéz i&ns1)
star
Note, as in the estimation of term D in lemma (%T?’)That hr(y,s) = h(y,s)asR — oo
for any (y,s) # (0,0) and uniformly away from (0, 0).
Here ¢ € C7(B2(0,0)) and ¢ = 1 on By(0, 0).
We next define a function k to account for the boundary values.
For ye R"and t > 0, T > 0, define

k(y,t, dwdz eVd
Wt = ff+(g)P (lélz)f(g)P (i, w)(w — z) wizerrde

Let (¢, t, 1) = f{)p L, z)f o 7 GE w)(w_z)dwdz.

roots
To analize the function k we take into account that according to (E‘T)_e have
that the m roots of p~(i&, z) satisfy Re(A7(&)) < —A(1 + &) and [A7(E)] < A(1 + [€])

so we take y7(&) a piecewise smooth contour parametrized by an angle 6 which

is the arc of the circle centered at 0 of radius 2A(1 + [£]) joinig the points with
real part equal to Z(1 + |€]) in counterclockwise sense, followed by the vertical

segment joining these two points. Denote by w(0, &) the points on this contour.
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Similarly, since the m roots of p* (i, z) satisfty Re(A*(&)) > A(1 +[&]) and [A*(&)| <
A(1 + |€]) we take y*(&) piecewise smooth contour parametrized by an angle ¢
which is the arc of the circle centered at 0 of radius 2A(1 + |£]) joinig the points
with real part equal to 4(1+&]) in counterclockwise sense, followed by the vertical
segment joining these two points. Denote by z(¢, &) the points on this contour.

The following properties follow directly:

For any multiindex a and for all £, we have

D206, &)1 < CA+EN' ™, ID32(, &)] < C1+EN' W, IDEDgw (0, &)| < CA+ED!H,
IDSD2(, ) < C(L+ €)W

And for all &£, we have

S(1+E]) < [w(B, E)=A ()] < 2A(1+IE]) and 5(1+|E]) < |2(¢, E)=A* ()] < 2A(1+|E])

and 5(1 +[&]) < [w(0, &) - 2(¢, E)| < 4A(1 + [£]).

Using the above properties toghether with (E‘?r)_e can prove the following
estimtate.

—(t+D)(A+ED

ayl e
(3.4) DD ®(E, 8, 7)| < C(1 P
for any a and any /; and for any £ € R", and any 7 > 0,t > 0.
To prove the estimate, we note that we can write ®(&, t, 7) as a sum of four terms

of the form

ff e o) eV zy(S, Pwe(E, )dqb 0
p*(ic, 2(E, ) p=(i&, w(E, 0) w(E, 0) - 2(¢, ¢)
for the apropiate limits of integrations in 6 and ¢ which do not depend on &.
Write the integrand as % where g; = e =90 0y = 7,(E, P)wo(E, 6)
and g5 = p* (i€, z(&, @)p~ (i, w(E, 0))(w(&, 0) - z(&, P)).
The followi_r(}g)(ii"c)imates follow by direct computation.
D g1l < C-pr
D} g2l < C(1 + [&])*
Also note that we can write g5 = [1774" (¢;(£) —1(&)) where [;(&) —1(&)] ~ 1+[¢]
and [DF(¢(&) — P (EDI < C(L + €)',
It follows that |Dgg3| < C(1 + |&)¥™1-M and hence |D)§/(g3)_
Putting the estimates toghether proves the claim.

1 C
| S (1+|5|)2m+\y\+1 .
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Phi
Now using, the estimate (%74’), we can prove the following estimates for the

function k.

Lemma 3.4. The function k(y,t, t) is C* in all its variables.

C
t,T)| <
(lyl +t+ T)n+1—2m+|a|+l

DD’ k(y,

forall a and 1.

f f DDAk, t, )Y dT — 0
0 JRr-1

as R — oo for any a and any k and t > 0.

f ID;Dik(y, t, R)ldy — 0
Rn

as R — oo, for any a and any kand t > 0. And,

f flk(y,t,f)ldyd’csC
0o Jre

forany t > 0. C is independent of t.

Proof. Wehavek(y,t,7) = [€V*®(&,t,1)dE and DIDLk(y, t,7) = [ €V4(i&)*DLD(E, t, T)dE
and the first assertion follows inmediately.

Let n € C;(B2(0)), such that 7 = 1 in B;(0).

To prove the first estimate, write D;D’Tk(y, t,T) = f eVe(i&)*DLD(E, t, T)dE =

B [ e S(-BHGEY DL, 1 M =

W [ e (=M (&) DLD(E, t, T)n(IylE)dE+

o | € (=AM DLD(E, t, D)1 ~ (yl€)dE =

A+ B.

And we have A = V [(=Ao)K(e(i&)*)DLD(E, t, 1))n(lylE)dE and hence,

A1 C o DO NE < C [ rimermmdl.

(t+7)lE]
Note that e—dé S f€|< 2 leg S W and also

lEl< (eIt
s

<m)|4 c ekl C
f£|< 2 (1+|5|)2m 1—|al— ldé = (t+T)"+1 2m+al+ j|‘(|<2(t+|1) (t+T+|§|)2’”‘1_|"‘|_’ dé < (t+T)n+1—2m+|a|+l jl‘{” |ERm=1-al=T dé <

(t+T)n+l—2m+\n\+l

. 1 1 C
Therefore |A| < mln{|y|n+1 —2m+|al+1 7 (t+T)"+1 2m+|a|+l} S (|y|+t+T)n+1—2m+\a\+l

e (t+D)IE]l

To estimate the term B, we note that |B| < IyI” oL W
[yl
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C_ e~ (t+DIE] 1 C
And |y|2k f£|> L (1] &])2m-T-lal-T+2k = |y|2k f£|> & (|ERmT-la T2k = |y|n+1 2m+lal+l *

e~ (t+DIE]
|>1 (1+|é|)2m—1—lzx|—l+2k —

But also, for Iyl < t+1,wehave lek f|£

C t+1)2kf el dé < (t+T 2kf dé C
(t+T)n+1—2m+\a\+l |y| £|>t+'r (H'T"'l%l 2m 1-|al-1+2k - (t+T)”+1 2m+|al+l |y| |§|>t+1 |£|r — (t+’L’)”+1 2m+|al+l 7
by choosing r = 2k + n.

|y|n+1—2m+|a|+ll (t+T)n+1—2m+\a\+I — (|y|+t+T)”+1_2m+|"‘|+I

which finishes the proof of the first estimate.

Therefore, |B| < min{

To prove the other estimates, we note that for any k, we have

DeDk(x - y,t,7) = [ e (A ((1£)*DLD(E, £, 7))dé. And, hence,
IDSDLk(x =y, t, D < 2 [ e de

Therefore,

o o IDEDLK(x =y, t, Tllgy=rdTdy’ <
LwWywm%ffmmTﬁmMﬁT

— 0as R — .

|x—y|2k

< Rn—1 (Ix’ y |2+R2)2k f (1+|§|)2m I—|ar|+2k
To prove f ID“Dkk(y,t R)ldy — 0, use the first estimate

W for |y| <1 and use |D0¢Dl k(y,t R | <
And similarly for the last estimate.

DeDlk(y,t,R)| <
e~ (H+R)(1+ED dé for |]/| > 1.

|y|2k (1+|€|)2m (1+1EN2m—1—I-Jal+2k

O

We next state alemma from complex analysis which follows by shifting contour
of integration.

Lemma 3.5. We let y(&) be a simple closed contour enclosing all roots of p(i&, z) and
y*(&), y~ (&) as before.

We have

o Lo p(zgz ndz=0for0 < k <2m-2and =1fork=2m-1

= o p+(ig,z)(w—z)d = +(zgw) forallw ey (&) and 0 < j<2m -1
= o p,(iélz)’;(w_z)dw = p*(ié,z) forallz € y*(&)and 0 < j <2m —1

We define the Green function for the upper half space R"*! to be
(35) g(x_y,tﬂ'):h(x_yrt—T)_k(x_]/;t,T)

We state in a theorem the properties of g.

Theorem 3.6. L. /(g(x — y,t,7)) = 0 for (x,t) # (y,7) and Ly (g(x — y,t,7)) = 0 for
(v, 7) # (%, 1).
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In addition, g satisﬁes the following m boundary conditions at t = 0, for any © > 0

g(x_y/O/T) / 8t(x %0 T) / ’at’”l(x %0 T)
and g satisfies the m boundary conditions at T = 0, for any t > 0,

gx—-y,t,0)=0, a—f(x -y,t0) = 0,...,%@ -y,t0) =

CA
Proof. The proof is a straightforward computation using (ETS).
To prove L. (g(x — y,t,7)) = 0, we prove Ly (h(x — y,t — 7)) = 0 and Ly ,(k(x —

Y t, 77)) =0
We have, say for t > 7, D¢Dlh(x — y,t — 1) = f fy © p(lfl‘; =12 pil-1E g
which implies that L, ;(h(x — y,t — 7)) = f fy “© =247 pi-1EgE =

—Tz 1 (; cya ,wt Y
Also, DiDIk(x =, t,0) = [ [ 5555 J- o Fionagdw dze ™ dE,

e~z &, )wt
Hence, th(k(x y,t,1) = ff%) T fy(é) %dwdzel(" VEGE =

pr(i&w)e i(x-y)
fﬁ”(i) P+(i5,Z) =) (w-2) dwdze gdé =0,

+(; wt + (7% wt
since fy o E ((Zwé_u;))e dw = Obecause for each z € y*(£), the function f(w) = L&

is analytic inside y~(¢).
Next, we show Ly (g(x—y,t,7)) = 0. Since Dy D’ (h(x~y, t-7)) = (=1)**' D Dj(h(x~
y,t — 1)), it follows that L} (h(x — y,t — 1)) =0

_ tw Z(lé a —1Z X— &
And D3DL(k(x =y, t, 7)) = (1) | fy o 5w b i Az dw etV dE,
And hence, Ly (k(x —y,t, 7)) =

p( (lé Z)E “ l(x y)é _
ff & r (ZEw) f+(5) (w—2) dzdwe d&é =0,

pCEz)e™
+(E) (w—z2) d =0.
We now check the boundary conditions.

gx-y,0,7) =

ez ' o dw '
_ 7 petne ge f f , f , 4z e VEdE = 0
f f y+e) P&, 2) o P& 2) Sy o pGE W)W - 2)
dw

1
since f &) p-Ew)w-z) —  p(i&z)°
P
And for t < 7, we have F(x —y,t,7) =

Ze(t T)z ) e~ ? w etw dw )
dz el ye g &— f f : f : dz 1< g 3
ff © P&, 2) YHE) p*(i&, z) (&) p~(i&, w)(w — z)

and hence, = &(x —y,0,7) =

ze=2 w dw ,
d i(x—y)-& d f f : d z(x—y)-éd =0
f.fwﬁ(g) p(i&, z) = - @ P (15, z) 6) p (i, w)(w — z) = ¢

since f
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since

f wdw - __z
y=(&) p~(i&w)(w-z2) p(i&z)"
Continue up to derivative of order m — 1.

We now proceed to prove the m boundary conditions at 7 = 0.

glx—y,t,0) =
etZ i etw dz .
: dz e y)é dé—ff _— - dw e VedE = 0
f\f):—(g) p(lél Z) y‘(g) p_(lgl w) )/'*'(cf) p+(l£/ Z)(w - Z)
. dz _ 1
since | ) PR — g

For7<twehavea (x y,t,T) =

ze"™" ze ™ dz :
- dz e VedE+ f f dw e 4dE
j:[@ﬂiz P <£w>w@poamm—n

And ,hence a—f(x —y,t,0) =

zet)? : etv zdz ,
- ——dze e e+ f f : : dw e NEdE =0
ff;(g) p(i&, z) (&) p(i&, w) v+ P (i€, z)(w — z)

: zdz w
SINCE )0 praeaw=s ~ pcw)
Continue up to derivative of order m — 1. |

We use the functiong to prove a representation formula, which is the basis for

the apriori estimates.

Theorem 3.7. Let u € C*"*°(R™*) satisfy the m boundary conditions at t = 0

8m—1

du
u(x/ O) - 0/ E(xl O) atm 1

g %, 0) =

then
u(x, t) = f fLu(y, 7)g(x =y, t,t)dydr
0
forallx e R", t > 0.

Proof. Fix (x,t) € R™! and € > 0.

Write the m conditions for u in (y, 7) variables,

u(y,0) = 0,54y, 0) = 0,..., S54(y,0) = 0

and let v(y,7) = g(x — y,t,7). Recall L*v(y,7) = 0 and v(y,0) = 0, aTv(y, 0) =
0,.. &v(y, 0) =

7 grm-1
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First we need to prove the next three claims.
Claim1

For |a| + =2m and [ > 1 we have

f D4DLu(y, 1)o(y, 1)dy dt =
RIFN\Be(x,t)

IBe(xt)

f - )u(y, T)D;Div(y, T)dydt — f u(y, T)D;‘Di‘lv(y, T)1:(y, 1) dS(y, 7)
RI\Be(x,t

+0(¢)
where n.(y,7) = &£
Claim2

For |a| = 2m we have

f Dju(y, t)o(y, T)dy dt =
R™I\Be(x,£)

IBe(xt)

fR \Be( )u(y’T)D;U(V'T)dWT— f u(y, D} v(y, DN (y, V) dS(y, 7)
Z—H - (x,

+O(e)

wherea = o + ¢; and 1, (y,7) = = and i is any integer 1 <i <n
and

Claim3

For |a| + ] < 2m, we have

f DleTu(y, T)o(y, 1)dy dt =
RIE\Be(x)

(=1l f u(y, )D3DLo(y, T)dy dt + O(€)
R™1\Be(x,t)

The proof of the claims follows by succesive integration by parts.

Use the boundary conditions of u and v at 7 = 0 that complement each other so
that no boundary terms appear at 7 = 0 and the decay of v and its derivatives at
0o.

The terms O(e) come from the derivatives of v of orders less than 2m — 1 inte-

grated over dB(x, t).
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We illustrate with two cases to see how it goes.

[ D2ty ot e -
RII\Bg(x,1)

f D> 'u(y, 1)Do(y, T)dy dt + f D> u(y, t)o(y, ) . dS+
R™\B,(x,t) IBe(x,t)
| tm @2t Ry, R - Dy, 0) w04, 01
R

R—

The second term is O(e) and the last term is 0.

After m steps, using the m conditions of v at T = 0, we get

f D"u(y, 1)o(y, 1)dy dt =
RE\Be(x,1)

0" [ DRy oDy dydr + O
RII\Bg(x,b)

Continue integrating by parts, now using the m conditions of u at 7 = 0, to get

after m steps,

[ D2ty oty e -
RMI\Be(x,t)

f u(y, )D"v(y, 1)dy dt — f u(y, D" 'o(y, 1) 1. dS + O(e)
R\B.(x,b)

IBe(x.t)
Again as an illustration, we have

[ DD, ety iy -
R 1\Bg(x,b)

0" [ DD,y DY, Ddyde + 0l
R™\B(x,8)

Up to now using the m conditions of v at T = 0,
and continue integrating by parts, now using D, Diu = 0 and u = 0 at 7 = 0 for
[=0,..,m-2toget

[ DD, uty, iy -
RN\B(x, 1)

f u(y, )D?" D, v(y, 1)dy dt — f u(y, VD" o(y, 1) 1, dS + O(e)
RI\Be(x,t) IBe(x,t)

From the three claims we get

f Lu(y, ©)v(y, t)dydt =
RUFN\Bc(x,t)
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f u(y, \)L*o(y, 1)dy dt
RI\Be(x, 1)

- Z a“’lf u(y, T)D"‘Dl Yo(y, 1) n, dS+
IBe(x,t)

|| +1=m,I>1

=Y g f u(y, YD o(y, 7) N dS + O(e)

la=m JBe(xt)
Since L*v(y, t) = 0 for all (y, ) # (x, t) the theorem will follow once we show that

lim{ Z fa) u(y, ))DLD oy, T) 1 dS+
9Be(x,t)

e—0
|a|+1=m,I>1

+ Y aus f u(y, DD 0(y, 7) 1 dS)

la=m dBe(xt)
= cu(x,t)

for some ¢ depending on n.

Since v(y, T) = h(x — y,t — 1) — k(x — y,t, ) and k is regular for all (v, 7), we have
to prove the limit above with & replacing v.

We now proceed to prove this limit. Notice that there is no longer the need to
emphasize the last variable, so we just write h = h(y) and u = u(y),

and y € R".

Let |a| = 2m — 1 and write

[ utonte- ™ Pasi) =
9B (x) €
N (x; y]) N (x; y])
f (w(y) - DG — )L asty v ueo [ Dhix - L= asy)
9Be(x) 0Be(x)

The first term goes to 0 as e — 0, since [u(y)—u(x)| < Clx—y|and |[D*h(x—y)| < lx_y%
So, it is enough to show that
x ¢ — .
lim ¥ 4, f peone - &gy =,
9B(x) €

e—0
|a|=2m

Recall that hg — h uniformly on compacts of R" \ {0}

and D%hg — D“h uniformly on compacts of R" \ {0} as R — oo
where hr(y) = [ p(% );Zg
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Now,

a—e; (xj_yj) n—1mya—e;
D*“ih(x - y) dS(y) = € D" h(ey)y;dS(y)
Be(x) € 9B1(0)

Let B = a — ¢j, where |a| = 2m, so |B| = 2m — 1.

We have ;
1y-c
 Dlg(ey) = f(gaié)e

and

1&£)P
e"'D'h dS f (i) €y dS(y)dE =
LBl(O) r(€Y)y;dS(y) = ((—:R 2mp(15) . y,dS(y)dé

& @& f " f f @) e
< s Wy ds = S ivgeg
f@(ER)esz(%)éj Bl<0)e s B1(0) (P(GR)GZMP(f)e “

Therefore, for fixed €

Z aaf D*“ih(x — y)——— (x]- dS(y) = 11mf f £ sz( E lyedgd
OB (x) B1(0) €R e?"p

|a|=2m

where p,,, is the principal part of p We show this last limit is independent of €.
Note 229 — sz(%) and write

E pZm( E y,t
VedEldy =
L1(O)f €R e2mp "5) 4

< pzm( - p(%) vt f f £
VedEdy + =Ve¥¢d&dy = A + B
me) f (Z‘S) B1(0) PR y

The first term goes to 0 and the second has a limit independent of €.

To see this, let po,u(£) — p(£) = p(£), p has degree < 2m — 1.

Write A= [, .dy+ fﬁslylsl wdy = A+ Ay
Note that
A = f f (E)p( RS) ly‘édédy — 0asR — o
i<t p(iRE)

p(l &) ..
A, = evedédy =
Z‘Lwﬁf(g(M) &y

_ p(iR¢&) e gEdy .
[<|y|<eR yl2 f( ) (p(&) (Ré)) &dy — 0asR

where, in the last limit we note that setting g(&) = %,

ID*9()] < gy, and hence |D*(q(RE))| < Corgigyamr Ru

l+(R| tl)\a\+1

we have, for any a,
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The same argument shows that the limit of B is

jl;lﬂf(p(g)e cdy + jl‘slyl PE f( A) (p(&))eVdEdy

where [ is any integer such that 2/ > n + 1. This finishes de proof of the theorem.
O

In the next theorem we solve the Dirichlet problem for the upper half space
R"*! with m conditions at the boundary # = 0.
F
The next theorem is also used in combination with (%77) to prove apriori esti-

mates in the space C*"+°

Theorem 3.8. Let f € CO(R™!) and define u(x,t) = fow f fly,1)8(x — y, t, 1)dydr.

Then,
u e C*OR™ Y and Lu(x, t) = f(x,t)
du 9" u
u(x, 0) = O, E(x, 0) = 0, ceey W(x, 0) =0
Moreover,

|tlys s < Clflsgne

Proof. The boundary conditions u(x,0) = 0, %—’;(x, 0)=0,..., ‘(;':"%(x, 0) = 0 follow
inmediately from the analogous properties of g.

To prove Lu = f, write u = v — w where v(x,£) = [ [ f(y, )h(x — y,t — T)dydn.
And w(x, t) = fooo ff(y, T)k(x — y,t, t)dydr.

Clearly, Lw(x, t) = 0.

We show Lo(x, t) = f(x,t)

Fix (xo, tp) and € > 0 such that Ba.(xo, tp) € R?*! and 1 € C§(Bae(xo, o)), withn = 1
on By(xo, to)

Write o(x, £) = [ [n(y, O f(y, Dh(x =y, t = D)dydr + [~ [(1=n(y, D) f(y, Dh(x -
y,t —1)dydt = v1(y, T) + 02(y, T)

Clearly, Lv, = 0 on Be(xo, to).

Note that f = nf € C(R™!) and it follows (see argument below) that for
1<|al+1<2m,

DDloi(s) = [ (f0,) = Fa NDEDIA ~ v, = Dy de

R
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Therefore,

Loi(x, t) = agpvi(x, t) + (f(y,7) — f(x, 1) Z A, D*Dih(x — y,t — T)dydt =

Rt 1<lal+I

f (f(y, ©)— f(x, )Ly (h(x—y, t=7))dy dT+aoo f (x, ) h(x—y, t-t)dydt = f(x,1)
R+l

Rn+l
We proceed to show [ul,,, 5z < Clflspmn

First we prove a claim.
For |a| + I = 2m such that |a| > 1 we have

DDu(r, ) = [ (700 = flr DDt =y, 1, iy

Write a = § + ¢;. Since |f| + | = 2m — 1, it follows that
DDjutx, ) = [ fy DDADig(x - w1, Dy de
Rn+1

Let We(x, ) = [o f(y, DNe(x = y,t = DEDY(G(x — y,t, D)dy d,

where now n.(x —y,t—7) =0forx —yP + (t—-1)* < and n(x —y,t —1) = 1
for [x — y? + (t — 7)? > 4¢?

Then

We — DﬁDiu
uniformly in R?* as € — 0and

dwe(x,t)
ax]' B Rn+l

£ 1)1~ y, = ODED(g(e — y, t D)y dt =
]

d
fR (F0,0) = £, D) - 1ex — 9, = ODED(g(x — 1, D))y
n+1 ]
“tet) [ Lee— gt - DDl — 3, 8, T)dy de
Rn+1 8]/]

~ fw(f (v,0) = flx, )DEDIGx =y, t, Dy

uniformly in R"*! as € — 0 which proves the claim.
Now, let |a| +1 = 2m and |a| > 1 and write &« = § + ;.
Let (x, 1), (x,F) € R®*. Let (%, f) = 3(x + &, £+ F). Letr = 2((x — x)* + (t — H)?)!? and
B* = B,(%,f) N R™!
We have,
D*Dlu(x,t) — D*Diu(x, ) =
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J;(ﬂyfﬂ—f@aﬂﬂjM”g&'yJ'ﬂdydT—Jﬂ,ﬂywﬂ ~f @& DDY g(E-y, F, Dydydr+
[ G0 - DO gt = b 7) - D (e -y e
RI*1\B*

(f(®, ) — f(x, 1) Dfe(x — y,t,1)dydt = A= B+ C+ (f(x,D) — f(x,#))D

R\ B+
We have |A| < C[fls [, (M0 dy dr < Clf]r

B| < C[f]s7°

C < Clfls((x - xP + (- Nﬂﬁkmngﬁﬁxﬁﬁwh<QHﬂ

To estimate D, we use that |a| > 1 towrite D = fR”“\B* ox; (Dﬁ +lg(x y,t,1))dydt =

e 75 Ohi =yt = Oy de+ [ 3O k(x = y,t,0)dydt = Dy + D,

D11 =1 o 2D R~ — )y e =

| Jogpocey Dt & =y, = D)S(y, D] < C.

And similarly, |D,| < C

This proves that [DﬁDiu]é;Riu < C[f]é;RTl for |a| + 1 =2m and |a| > 1.

To estimate D?"u, note

Di"u(x, t) = f(x, 1) = Ljapsicamjalz1 Gt DEDI(X, £) = Yjapricom—1 Ga DI DX, 1),

which implies that

[thmu](s;mﬂ < C[f]é + [ulom-1+5

Because ¢ € L}(R"*!), we also have lulg,rrr < Clflogen-

By interpolation, it follows that
|tlyi5,mm1 < Clflspe1. This finishes the proof of the theorem.
Note that we have used in an essential way the estimates of lemmas (% 3) and

Ea.

O

In order to consider operators with variable coefficients and apply the freez-
ing coefficient method we need the following observation, which we state as a

theorem.

Theorem 3.9. Let u € C2"(R"*1) and u(x,0) = 0, Z(x,0) =0, ..., Z-4(x,0) =
Let (xo,to) € (RE) be any point, R > 0, and n € C(Bar(xo, to)), with n = 1 in
Br(xo, to)-

Then,
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|u|2m+6;BE(xg,t0) < C|L(W])|6;B;R(xwo)

F P
Proof. The proof follows from theorem (%77) and (gTS).
Since un satisfies the same hypothesis as 1, we have

|M|2m+5;31;(x0,t0) < |u17|2m+5;1zg+1 < C|L(u17)|5;RT1 = C|L(W])|5,-B;R(x0,to)-
Finishing the proof. O

4. VARIABLE COEFFICIENTS

In this section, we apply the constant coefficient estimates to prove Schauder
estimates for variable Holder coefficients. There will be a restriction on the size
of the Holder constant of the coefficient to get full estimates. We make a sligth
change in notation: Take x € R” , write x = (x/, x,,) and consider u € C*"*(R"),

such that u(x’,0) = 0, ‘9”(§+;’0) =0, .., % =0.

And we consider an operator Lu(x) = Y1« 4a(X)D*u(x), where we assume a,(x)
are complex valued functions which are Holder continuous.

Let Ko = X jyj<om 12alorr and Ks = Y. <o [@alsrr -

Let p(x,18) = Y juj<m 2a(x)(iE)* and assume the ellipticity condition |p(x, i)l >
A1 + |E[2™), for all x € R” and for all & € R™.

As before, let {A](x,&’), ..., A, (x, &)} denote roots of the equation p(x, i&’,z) = 0
with negative real part and {A(x, <), ..., A, (x, &)} denote roots of the equation
p(x,i&’,z) = 0 with positive real part.

And, in order to apply the estimates for the constant coefficient case, we assume
that if A(xo, &) denotes any root of p(xo,i&’, z) = 0,then

(4.6) IDE(A(xo, £l < C(1 + 1g])!

with a constant that depends only on n, @, A and K
Finally, let for xo € R, Lo(X) = X 4j<om Aa(X0)D¥u(x).

Theorem 4.1. There exists a constant y depending on Ky such that if Ks < y, then

lulomss;rn < C|Luls,re. The constant C is universal.

Proof. Let xp and x be points in R} and R > 1 to be chosen. Fix |a| =2m. Letn =1
in Br(xo) and n € C7’(B2r(x0))-

_ D%u(x)—D%
If % ¢ Br(xo), then 2=l < 2(u]y,
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QL (= _ A LO
If x € Br(xo), then W < [unlom+oBt ) < ClLo(un)ls;s, (x,), by theorem (%_-9)

applied to the constant coefficient operator Ly.
We have Lo(un)(x) = n(x)Lot(x) + Xjpcom gt iyiztabyizt X)) DPu(x) D' n(x)
We have the estimates,
ILo(umloss 000 < 1Lo()lo;B3,(xo) + & R R0t R
and
[Lo(um)]lobsx) < [Lo()]os, () + S T
The estimates above follow easily from the following four facts:
[uv]s < |H|O[U]5 + [vlo[uls
ID 1l < 57 and [D'7)]s < o
Interpolation to absorve [Dfu]s < Clulyy,, for || < 2m — 1
And R > 1.
To continue,
write Lou(x) = Lu(x) + (Lo — L)u(x), so [Lou]s;, vg) < [Lutlsre + [(Lo — L)u]s;s, (xo)
And
[(Lo = L)ulsps ) < Liageomla(-) — 2a(x0)) D U581, (x0) <
Y ia<omla () =aa(%0))]5;85, (i) D Ulo;, (x0) F Lt <am 18 () =aa(X0))lo;B3,x0) [P Ul o83, x0)
C(Kslulomrr + KsROlulomsirr)
Similarly,

IN

|ILoutlobs(x) < [Lutlorr + 1(Lo — L)utlo;s, (x)

And

(Lo = LYuloss, (xo) < Lopat<am 13a(-) = aa(X0)l0;85 (x0) D ttlo:rr < CK5R|ttlrer
Combining estimates, we obtain

|Lo(un)ls;s (o) < |Lttlszrr + C(Ks + B ttlomrn + CKsRO[utlomssirr

Now, take sup over X , xy € R} and maximum over |a| = 2m, to obtain

Ko
(4.7) [u]omrs;re < ClLulsre + C( + Ks(1 + R))utlmss; RY

with a constant C that depends only on n, A,6 and K,
Also, for xg € R} and R > 1, we have [ulos:(x,) < [unlor: < ClLo(un)loss, o) <
CILo(u)lo;Bs, (o) + Slubmrr < ClLulor: + C(KsR? + D)utloymssirr -
Taking sup over x; € R}, with R > 1 fixed, we get

1
(4.8) lulorr < ClLulorr + C(KsR® + E)|M|2m+5;1zg
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1 2
By (IZI.7) and (IZI.S) and interpolation we have the estimate

1 ‘
(4.9) [ulomis;re < ClLulsrn + C(ﬁ + Ks(1 + R%)ulamsoire
with a constant C that depends only on n, A, 6, and Ky
We now choose R > 1 large enough so that C3; < 1 and then y small enough so
that Cy(1+R% < 1. ,
Then, if K5 <y, from (IZI.9) we get

|[ulomis;re < ClLut|srn

Notice that in the theorem above we can take y of the form
3 1
V= 4Ca + 40)

for some constant C that depends only 1, A, 6, and K,

(4.10)

In order to apply the continuity method to solve the Dirichlet problem we need
estimates with no restriction on the coefficients.

We can overcome this difficulty by scaling each term as follows.

For s > 0let Liu(x) = ¥ y<om Aa(0)s*" D u(x).

And ps(x,i) = ¥ jueam Aa(x)s¥GE)* = 2"p(x, £), hence Ips(x,i&)| = A(s*™ +
EPP™).

It follows that ps(x,i&’,z) = 0 has m roots with negative real part for all x € R,
forall & € R* ! and for all s > 0.

Theorem 4.2. There exists sy depending on Ks and K so that if s > s, then
[ulomss;rn < ClLsuls;rn. The constant C depends on s

Proof. Let v(x) = u(3) and d,(x) = a.(%).
Note Lo(x) = ¥ jjcom Fa(x)D*0(x) = 72" Lou(¥) := fix). -
It follows that K, = K, and Ks = s °Kj;. Therefore, the constant C in (14‘.1) is the

same.

SE -
In order to apply (IZI‘.l) to v, we need, according to (l&.lO) that K5 < m
which amounts to £ < 1cig and so we take sy = (4CKs(1 + 4C))s, where we

emphasize that C depends only n, A, 6, and K,
E
An application of theorem (IZI‘.l) to v gives, for s > s
[0l2mo;rn < Clivlé;m with C universal.

Therefore,
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[ulomsorn < ClLsu]srn.

A consequence of the apriori estimate of theorem (E.Z) following a standard
application of the continuity method is the following theorem on solvability of
the Dirichlet problem.

Theorem 4.3. Let s be define as in theorem (E.Z) and s > sy. Then, given f € C°(R"),
there exists (and is unique) solution u € C*"*°(R") of

Lsu = f in R such that

u(x',0) = 0, 240 _ ¢ 20 _ g

Ixy 8x§;"1
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