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Abstract. Using Hjorth’s theory of turbulence, we prove that the free

Araki-Woods factors are not classifiable by countable structures.

1. Introduction

(A) A central program of von Neumann algebra theory is to develop ef-

fective tools for analyzing the structure of von Neumann algebras in general,

and von Neumann factors in particular. The ultimate goal of this pursuit

would be to classify von Neumann algebras completely up to isomorphism,

by assigning invariants that can be concretely computed in examples. The

program, which naturally focusses on the case of separably acting von Neu-

mann algebras and factors, has been vastly successful, though it is far from

complete, and the subject is still developing rapidly.

In the past 10 years, tools from descriptive set theory have successfully

been applied to give quantitative information about the complexity of clas-

sifying von Neumann algebras. Interestingly, these descriptive set theoretic

results give delimitative, or negative, information about the classification of

von Neumann factors. Indeed, descriptive set theoretic techniques have been

used to show that certain classes of invariants are insufficient as complete

invariants for the general problem of classifying separably acting factors.

Results of this kind have been obtained in [18, 19, 17] addressing the prob-

lem for many classes of factors, including II1, II∞, and type IIIλ factors, as

well as the classical Araki-Woods factors [20]. Similar results have also been

obtained in the analogous C∗-algebra setting, where eventually the efforts
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of [7, 8, 5, 6] culminated with a complete determination of the complexity

of classifying nuclear, separable, simple C∗-algebras in [16].

The present paper obtains new results about the complexity of classifying

the free Araki-Woods factors. These factors form a distinguished class of

full von Neumann algebras that were introduced by Shlyakhtenko in [22] and

have been very much studied since then (see [23, 24, 25, 14, 11, 12, 1, 13]

and references therein).

Starting from an orthogonal representation (Ut)t∈R of R on a real Hilbert

space HR of dimension at least 2, Shlyakhtenko constructed a free Araki-

Woods von Neumann algebra Γ(HR, Ut)
′′. When Ut is the trivial represen-

tation, the free Araki-Woods von Neumann algebras are factors of type II1,

isomorphic to L(Fn), the group von Neumann algebra of the free group on

n generators, a fact that witnesses its origins in Voiculescu’s free probability

theory. Otherwise they are full factors of type III and they may be viewed as

free analogs of the classical Araki-Woods factors. In [22] and [23] Shlyakht-

enko showed that there is a unique free Araki-Woods factor of type IIIλ
with 0 < λ < 1 up to isomorphism, and that free Araki-Woods factors are

typically type III1 factors. For a more thorough survey of free Araki-Woods

factors see the exposé of Vaes in the Séminaire Bourbaki [26].

Our main theorem is the following:

Theorem 1.1. The class of free Araki-Woods factors of type III1 is not

classifiable by countable structures.

This implies in particular that their classification is not smooth in the

classical sense, but the above statement is far stronger: See e.g. the discus-

sion in the introductions of [8] and [19] for details.

(B) The proof of Theorem 1.1 uses Hjorth’s turbulence theory, which was

developed in [10]. Turbulence is a topological criterion that implies a very

strong form of generic ergodicity for equivalence relations. A turbulent equi-

valence relation does not admit classification by countable structures, where

by countable structures we mean e.g. countable groups, graphs, fields, order-

ings, etc. This is because the isomorphism relation on countable structures is

induced by a natural action of S∞ (the group of all permutations of N), and

turbulence implies generic ergodicity with respect to S∞ orbit equivalence

relations. (See section 4 for the precise definition of these notions.)

In section 3 below, we construct a large family of symmetric measures

on R, such that the isomorphism type of the free Araki-Woods factor that

is associated to each such measure is extremely unstable across the fam-

ily of measures. Eventually we prove in Theorem 4.6 that this instability

tantamount to turbulence, and Theorem 1.1 follows.
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To position us for a turbulence argument, we crucially use the τ -invariant.

This invariant was introduced by Connes in [2] to study full von Neumann

algebras of type III1, and Shlyakthenko later used it in his paper [24] to

develop the structural theory of free Araki-Woods factors, and in [25] to

give a 1-parameter family of non-isomorphic free Araki-Woods factors.

We note that all the free Araki-Woods factors obtained in this article are

associated to orthogonal representations of multiplicity function equal to

1. The descriptive set-theoretic complexity of classifying free Araki-Woods

factors not of multiplicity 1 remains open. We mention that the τ -invariant

is insensitive to multiplicity, and until recently, not much was known on

the dependency of the isomorphism class with respect to the multiplicity

of the representation. Indeed before the appearance of the article [14] in

2016, only one example was known of two non isomorphic free Araki-Woods

factors that share the same τ -invariant, but could be distinguished by the

multiplicity of their common representation [21], (see also [26, section 3.4]

for an overview of this unpublished result of Shlyakhtenko).

(C) Beyond this introduction, the paper is organized into five sections as

follows: In section 2, we recall Shlyakthenko’s construction of a (multiplicity

1) free Araki-Woods factor from a symmetric Borel measure on R. In section

3, we describe a large family of Borel probability measures with prescribed

properties on a (specific) Cantor subset of R. In section 4 we show that

certain topologies related to the τ -invariant that these measures induce in

R are not classifiable by countable structures using a turbulent argument.

In section 5 we use this to show that the family of factors arising from the

measures considered in section 3 is not classifiable by countable structures.

For that we show that the construction is Borel computable, in the sense

that the map which associates the corresponding free Araki-Woods factor to

each symmetric, regular, non atomic and finite measure on R whose support

is contained in [−1, 1], is a Borel map when the set of separably acting

factors is given the Effros Borel structure. Finally, in section 6, we give a

brief discussion of some open problems.

(D) As a concluding remark, we briefly comment on how our result com-

pares with the astounding recent article of Houdayer, Vaes and Shlyakthenko

[14] where they show complete classification of certain family of free Araki-

Woods factors of type III1, with no restriction in the multiplicity within the

family. A feature of the measures we construct in section 3 is that they are

finite, supported on the interval [−1, 1], and non atomic. While it might

seem plausible to remove the first two conditions, the fact that the mea-

sures are non atomic seems inevitable with current techniques. Moreover

being able to deal only with non atomic measures is also crucial in section

5 when we model our free Araki-Woods factors on a fixed Hilbert space (see
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remark 5.4 and Question 6.3). On the other hand the measures that are

taken into account in the main theorem of [14] albeit they are finite, they

are also required to have an atom at a point different from 0.

2. Free Araki-Woods factors

In this section we recall in some detail the construction of the free Araki-

Woods factors when the representation has multiplicity 1. We will thus focus

only on the construction that starts with a symmetric measure on the real

line. Everything in this section can be found in the foundational articles of

Shlyakhtenko [22] and [24].

Let ν be a symmetric measure on R. Let Hν = L2(R, ν) and Hν,R = {f ∈
Hν : f(x) = f(−x)}. Let J : Hν → Hν ; f(x) → f(−x). J is an antilinear

involution and Jf = f ∀f ∈ Hν,R. Hν,R with the inner product inherited

from Hν is a real Hilbert space.

Let Ut(f)(x) = eitxf(x), the multiplication operator by eitx on Hν . For

every t ∈ R, Ut is a unitary operator on B(Hν) and t→ Ut defines a strongly

continuous one parameter group of automorphisms on Hν . Moreover Ut
leaves Hν,R invariant, so it also defines an action of R on Hν,R. By Stone’s

Theorem, there exists a unique self adjoint, strictly positive operator A

acting on Hν such that Ut = Ait, (in this case it is just multiplication by

ex). Note that A is bounded if and only if supp(ν) is compact. Observe that

JUtJ(f)(x) = JUtf(−x) = J(eitxf(−x)) = eit(−x)f(−(−x)) = Ut(f)(x).

This shows that JUtJ = Ut, but then it follows that JAJ = A−1.

Define a new inner product on Hν by the formula

〈f, g〉U = 〈 2

1 +A−1
f, g〉.

Observe that even when A is unbounded, 2
1+A−1 is always bounded. More-

over since 2
1+A−1 is strictly positive, 〈, 〉U is non degenerate. Denote with

H̃ν the Hilbert space completion of Hν with respect to 〈, 〉U .

It is straightforward to check that if f ∈ Hν,R then 〈f, f〉U = 〈f, f〉, that

is Hν,R embeds isometrically in H̃ν .

The next proposition records some of the key properties of this isometric

embedding that will be useful for what follows (the proofs can be found in

[22, pages 331-332]):

Proposition 2.1.

(1) The restriction of the real part of the inner product on H̃ν to Hν,R
is the inner product on Hν,R.

(2) The restriction of the imaginary part of the inner product on H̃ν to

Hν,R is given by 〈i1−A−1

1+A−1 ·, ·〉Hν,R
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(3) Hν,R ∩ iHν,R = {0}.
(4) Hν,R + iHν,R is dense in H̃ν .

The Full Fock space of H̃ν is the Hilbert defined as follows:

F(H̃ν) = CΩ⊕⊕∞n=1H̃⊗nν ,

where the unit vector Ω is called the vacuum vector. Every ξ ∈ H̃ν
defines a left creation operator on F(H̃ν) by the formulas l(ξ)Ω = ξ and

l(ξ)(ξ1 ⊗ · · · ⊗ ξn) = ξ ⊗ ξ1 ⊗ · · · ⊗ ξn. If we denote with s(ξ) = l(ξ)+l(ξ)∗

2 ,

the real part of l(ξ), the free Araki-Woods factor associated to the measure

ν is defined as the von Neumann algebra

Γ(ν) = Γ(Hν,R, Ut)′′ = {s(f) : f ∈ Hν,R}′′ ⊂ B(F(H̃ν)).

If two measures ν and µ are equivalent, then the representations are uni-

tarily equivalent and thus the free Araki-Woods factors Γ(ν) and Γ(µ) are

isomorphic. Moreover, if τ(ν) denotes the weakest topology on R that makes

the map t→ Ut ∈ U(L2(R, ν)) continuous with respect to the strong opera-

tor topology on U(L2(R, ν)), then τ(ν) is an invariant of the von Neumann

Algebra Γ(ν). Indeed, in sections 8.5 and 8.6 of [24] Shlyaktenko showed

that it coincides with the τ -invariant for full type III1 factors that Connes

introduced in [2, Definition 5.1] (see also [26, Théorème 2.7] for a more

streamlined proof of this crucial fact). In [25] Shlyaktenko used this invari-

ant to construct a one parameter family of non isomorphic free Araki-Woods

factors. Roughly, the strategy of [25] is to construct a one parameter family

of symmetric Bernoulli convolution measures on R with the property that

their τ -invariants are pairwise different. Due to the stiffness of Bernoulli

convolution measures, the construction presented there does not seem to

be adapted to show that there are E0-many free Araki-Woods factors. In

this article we will still use the topologies τ(ν) as a tool to prove that the

free Araki-Woods factors are not classifiable by countable structures. The

construction of the measures we will use to achieve this is necessarily more

involved than the one employed in [25]. The next section is devoted to

construct such measures.

3. A construction of measures on a Cantor set

Consider the Polish space RN, and for each n ∈ N consider the function

γn : R→ ( 1
n , 1−

1
n) given by the formula

γn(x) = (1− 2

n
)(

arctanx

π
+

1

2
) +

1

n
.

That is γn is a contraction of R to the interval ( 1
n , 1−

1
n).



6 ROMÁN SASYK AND ASGER TÖRNQUIST

For each a ∈ RN define a measure on 3N := {0, 1, 2}N by

µa =

∞∏
n=1

1

2
(1− γn(a(n)))(δ0 + δ2) + γn(a(n))δ1,

where δi is the Dirac point mass at i ∈ {0, 1, 2}.
Observe that since 1

n < γn(a(n)) < 1− 1
n , cylinder sets can have arbitrarily

small positive measure, thus µa is non atomic.

Remark 3.1. The key reason to introduce the functions γn is to restrict

γn(a(n)) to be in the interval ( 1
n , 1−

1
n). This allows us to have control on

how fast the measure puts weights on the atoms δi , i = 1, 2, 3 when n goes

to ∞. The next lemma shows an instance of the need of this control.

Recall that if ω : N → R>0, the weighted Hilbert space for the weight ω

is the real Hilbert space `2(N, ω) = {f : N → R,
∑

n∈N f(n)2ω(n) < ∞},
where the inner product is given by 〈f, g〉 =

∑
n∈N f(n)g(n)ω(n).

Lemma 3.2. If f ∈ `2(N, ω) where ω is the weight ω(n) = n, and a ∈ RN

then the measures µa and µa+f are equivalent.

Proof. By Kakutani’s Criterium [15, Corollary 1], we have to show that the

sum:

∞∑
n=1

[√
γn(a(n) + f(n))−

√
γn(a(n))

]2
+
[√

1− γn(a(n) + f(n))−
√

1− γn(a(n))
]2

is finite.

Let θn(x) =
√
γn(x). Then θ′n(x) = 2√

γn(x)
γ′n(x). Since |γ′n(x)| < 1, then

|θ′n(x)| ≤ 2√
γn(x)

. By the intermediate value theorem:

[θn(a(n)+f(n))−θn(a(n))]2 = ([
√
γn(a(n) + f(n))−

√
γn(a(n))

]2
= [θ′n(c(n)) f(n)]2,

with c(n) ∈ R is in between a(n) and a(n) + f(n).

But then

[
√
γn(a(n) + f(n))−

√
γn(a(n))

]2
≤ 4

γn(c(n))
f(n)2

.

Now by definition, γn(x) > 1
n for all x ∈ R, so 1

γn(c(n)) < n and since

f ∈ `2(N, ω) then the series

∞∑
n=1

4

γn(c(n))
f(n)2

is convergent, thus the series
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∞∑
n=1

[√
γn(a(n) + f(n))−

√
γn(a(n))

]2

is convergent. The same procedure also shows that

∞∑
n=1

[√
1− γn(a(n) + f(n))−

√
1− γn(a(n))

]2

is finite.

�

Let us define a ternary Cantor set on R inductively as follows. Consider

C̃n = [−1,−1 +
2

5n
] ∪ [− 1

5n
,

1

5n
] ∪ [1− 2

5n
, 1]

Let C1 := C̃1. To define C2, identify each interval of the three intervals of

C1 with the interval [−1, 1] and place a copy of C̃2 inside each of them. Put

in formulas: C2 = (1
5 C̃2 − 4

5) ∪ (1
5 C̃2) ∪ (1

5 C̃2 + 4
5). Cn is constructed by

identifying each of the 3n−1 intervals of Cn−1 with the interval [−1, 1] and

placing a copy of C̃n inside each of them. Observe that Cn consists of 3n

intervals of (euclidean) length 2.5−
n(n+1)

2 . Let C∞ := ∩∞n=1Cn.

C∞ is a ternary Cantor set and we canonically identify it with 3N. Via this

identification, a central interval of Cn is an interval of Cn that corresponds

to a cylinder in 3n := {0, 1, 2}n of the form

I(α1,...,αn−1,1) = {x ∈ 3n : ∀ 1 ≤ j < n : x(j) = αj ∈ {0, 1, 2} , x(n) = 1}.

Similarly, an outer interval of Cn is an interval of Cn that corresponds to a

cylinder in 3n of the form:

I(α1,...,αn) = {x ∈ 3n : ∀ 1 ≤ j < n : x(j) = αj ∈ {0, 1, 2} , x(n) = αn ∈ {0, 2}}.

Under this identification of 3N with C∞, for each a ∈ RN the mea-

sure µa becomes a probability measure on C∞ ⊂ [−1, 1] ⊂ R. More-

over, as a measure on [−1, 1], µa is symmetric, nonatomic, regular and

µa(
⋃
I∈{central interval of Cn} I) = γn(a(n)).

For each a ∈ RN we consider the free Araki-Woods factor Γ(µa). The

goal is to distinguish between these factors by means of the τ -invariant

described in the previous section. Observe that by Lemma 2.2 in [25], a

sequence {tn}n∈N ⊂ R converges to zero in the topology τ(µa) if and only

if µ̂a(tn) → 1, where µ̂a(t) =
∫
e2πistdµa(s) is the Fourier transform of µa.

Since the measure µa is symmetric and supported on [−1, 1], the integral is

equal to
∫ 1
−1 cos(2πst)dµa(s).
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Consider the function ψ0(s) := cos(π2 s) and let

Kn = inf {ψ0(s) : s ∈ [− 1

5n
,

1

5n
]}

and

kn = sup {ψ0(s) : s ∈ [1− 2

5n
, 1]}.

Then Kn → 1 and kn → 0.

Consider the functions ψn(s) = cos(π2 5
(n−1)(n−2)

2 s). Observe that when

restricted to each interval of Cn−1, ψn looks like ψ0 on the interval [−1, 1].

But then it follows that for each central interval I of Cn we have that

ψn(s) ≥ Kn and for each outer interval I of Cn we have that ψn(s) ≤ kn.

Lemma 3.3. If a ∈ RN and ni → ∞ such that a(ni) → +∞ (and so

γni(a(ni))→ 1) then ∫ 1

−1
ψni(s)dµa(s)→ 1 as i→∞.

Proof. Since the measure µa is supported on C∞ ⊂ Cni then:∫ 1

−1
ψni(s)dµa(s) =

∑
I∈{interval of Cni}

∫
I
ψni(s)dµa(s)

≥
∑

I∈{central interval of Cni}

∫
I
ψni(s)dµa(s)

≥
∑

I∈{central interval of Cni}

∫
I
Knidµa(s)

= Kni µa(
⋃

I∈{ central interval of Cni}

I) = Kniγni(a(ni)) −→
ni→∞

1.

�

Lemma 3.4. If a ∈ RN and ni →∞ such that a(ni)→ 0 (and so γni(a(ni))→
1
2) then ∫ 1

−1
ψni(s)dµa(s) 6→ 1 as i→∞.

Proof. ∫ 1

−1
ψni(s)dµa(s) =

∑
I∈{interval of Cni}

∫
I
ψni(s)dµa(s)

=
∑

I∈{central interval of Cni}

∫
I
ψni(s)dµa(s)+

∑
I∈{outer interval of Cni}

∫
I
ψni(s)dµa(s)
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≤
∑

I∈{central interval of Cni}

∫
I

1dµa(s) +
∑

I∈{outer interval of Cni}

∫
I
knidµa(s)

= µa(
⋃

I∈{central interval Cni}

I) + kni µa(
⋃

I∈{outer interval of Cni}

I)

= γni(a(ni)) + kni(1− γni(a(ni))) −→
i→∞

1

2

�

4. Non-classification of measures on the Cantor set

We recall the definition of generic S∞-ergodicity from Hjorth’s turbulence

theory, [10, Definition 3.6]. (We emphasize again that S∞ here denotes the

Polish group of all permutations of N.)

Definition 4.1. Let E and F be equivalence relations on a Polish spaces

X and Y , respectively.

0) We will say that f : X → Y is (E,F )-equivariant if

xEx′ =⇒ f(x)Ff(x′).

1) We say that E is generically F -ergodic if every Baire measurable

(E,F )-equivariant function f : X → Y must map a comeagre set in X

into a single F -class.

2) E is generically generically S∞-ergodic if E is generically F -ergodic

whenever F is an orbit equivalence relation induced by a continuous (equiv-

alently, Borel) action of S∞ on a Polish space Y .

Hjorth turbulence theorem, [10, Theorem 3.18], provides a dynamical

criterion for S∞ ergodicity. Notice that in the previous definition, if the

classes of E are meagre, then F -ergodicity implies that a Baire measurable

(E,F )-equivariant map cannot distinguish the classes of E.

To put the above into our context, we make the following definition:

Definition 4.2. Given a, b ∈ RN we say that

(1) a ∼ b if the von Neumann algebras Γ(µa) and Γ(µb), are isomorphic.

(2) a ≈ b if the measure µa is equivalent to the measure µb.

Notice ≈ is a sub-equivalence relation of ∼, written in symbols ≈⊆∼.

Below we establish that ∼ has meagre classes, and that ∼ is generical S∞-

ergodic. The latter follows from Lemma 2.1 from [20], which indeed uses

Hjorth’s theory of turbulence in its proof.
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Lemma 4.3. For any t ∈ [0, 1] and any infinite set I ⊂ N the set

A(I) = {a ∈ RN : (∃(ni)i∈N ⊂ I) lim
ni→∞

γni(a(ni)) = t}

is comeagre.

Proof. We have that

A(I) =
⋂
N∈N

⋂
ε>0

⋃
n>N,n∈I

{a ∈ RN : |γn(a(n))− t| < ε}

and since the sets
⋃
n>N,n∈I{a ∈ RN : |γ(a(n))− t| < ε} are open and dense,

A(I) is a dense Gδ set of RN. �

Lemma 4.4. The equivalence relation ∼ on RN has dense classes.

Proof. By construction, for each a ∈ RN, γn(a(n)) 6= 0, 1. That means that

if a, b ∈ RN differ only in finitely many coordinates, then by Kakutani’s

criterium (or by a straightforward application of Lemma 3.2) the product

measures µa and µb on 3N, are equivalent. Since ≈⊆∼, we have that a ∼ b.
Thus [a]∼ ⊃ {b ∈ RN : b(n) = a(n) except for finitely many n’s} and this

set is dense in RN. �

Lemma 4.5. The equivalence relation ∼ on RN has meagre classes.

Proof. Suppose that ∼ has a non-meagre class. Since classes are dense, it

follows that it has a comeagre class, call it [a]∼. Therefore, if we take in

Lemma 4.3 t0 = 1, and I = N, we can find b ∈ [a]∼ and some increasing

sequence ni ∈ N such that

γni(b(ni)) −→n→∞ 1.

Applying once again Lemma 4.3 to the set I = {ni : ni ∈ N} and t = 1
2 ,

there exists c ∈ RN such that c ∈ [a]∼ and a subsequence nik such that

γnik (c(nik))→ 1
2 as k →∞. But then, if we let tn = 1

45
(n−1)(n−2)

2 by Lemma

3.3:

µ̂b(tnik ) =

∫
cos(2π

1

4
5

(nik
−1)(nik

−2)

2 s)dµb(s) =

∫
ψnik (s)dµb → 1

while Lemma 3.4 asserts that

µ̂c(tnik ) 6→ 1.

It follows that the topologies on R induced by the measures µb and µc do

not coincide. This implies that the corresponding von Neumann algebras

have different τ -invariants, thus b 6∼ c, a contradiction. �

Theorem 4.6. The equivalence relation ∼ on RN is generically S∞-ergodic

and it is not classifiable by countable structures.
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Proof. Consider the weighted Hilbert space `2R(N, ω), where ω is the weight

ω(n) = n. `2R(N, ω) acts on RN by addition. Since `2R(N, ω) is a Banach

space that is a dense subspace of RN, Lemma 2.1 in [20] asserts that this

action by addition is turbulent, and has dense and meagre classes. Thus

by Hjorth turbulence theorem [10, Theorem 3.18], the equivalence relation

ERN

`2R(N,ω)
is generically S∞-ergodic.

Now if a ∈ RN and f ∈ `2R(N, ω), Lemma 3.2 tells that the measures µa+f

and µa are equivalent. Thus ERN

`2R(N,ω)
⊆ ≈ ⊆ ∼. This implies that ∼ is

generically S∞-ergodic.

Since ∼ has dense, meagre classes, by Hjorth’s Theorem it follows that ∼
is not classifiable by countable structures. �

5. A common Hilbert Space for free Araki-Woods factors

Observe that from its construction, the free Araki-Woods factor Γ(ν) acts

on the Hilbert space F(H̃ν). However to apply the tools of Borel reducibility

(defined below) from descriptive set theory, it is necessary to have a common

Hilbert space on which all the Γ(ν) act.

Recall from [18] and [19] that if H is a separable complex Hilbert space,

then vN(H) denotes the standard Borel space of von Neumann algebras

acting on H, equipped with the Effros Borel structure originally introduced

in [3] and [4].

The goal of this section is to construct a Borel assignment θ̂ from the Borel

space X of symmetric, non atomic, regular probability measures supported

on the interval [−1, 1] to vN(`2(N)), such that for each ν ∈ X , θ̂(ν) is

isomorphic to the free Araki-Woods factor Γ(ν).

Applying θ̂ to the measures constructed in section 3 then achieves a Borel

reduction (see definition below) of the equivalence relation ∼ (as defined

in section 4) to isomorphism in the the Effros Borel space of von Neumann

algebras, and so by Theorem 4.6 the isomorphism relation in the Effros Borel

space is not classifiable by countable structures.

Before going further, we recall the definition of Borel reduction and Borel

reducibility.

Definition 5.1. Given equivalence relations E and F on standard Borel

spaces X and Y , we say that f : X → Y is a Borel reduction of E to F if f

is a Borel function such that for all x, x′ ∈ X,

xEx′ ⇐⇒ f(x)Ff(x′).

If a Borel reduction of E to F exists, then we write E ≤B F , and say that

E is Borel reducible to F .
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By hypothesis every measure ν ∈ X is regular and supported on the

interval [−1, 1]. A classical application of the Urysohn’s lemma proves that

the continuous functions C([−1, 1],C) := {f : [−1, 1]→ C : f is continuous}
are dense in the Hilbert space L2([−1, 1], ν) = L2(R, ν) = Hν . But more

is true: since the measure ν is non atomic (in particular it has no mass

at x = ±1), a simple adaptation of the proof also shows that A := {f ∈
C([−1, 1],C) : f(1) = f(−1)} is dense in Hν and that B := {f ∈ A :

f(x) = f(−x)} is dense in Hν,R. On the other hand, the Stone Weierstrass

Theorem asserts that the trigonometric polynomials, namely the C-span of

the set Y := {eπinx : n ∈ Z} is dense in A when A is endowed with the

uniform norm. Also note that Y ⊂ B. Moreover the formula

f(x) =
f(x) + f(−x)

2
+ i
−if(x) + if(−x)

2

shows that A = B+ iB. It follows that the R-span of Y is dense in B when B
is endowed with the uniform norm. We then conclude that the R-span of Y
is dense in Hν,R. Recall that by the item (4) in Proposition 2.1 Hν,R + iHν,R
is dense in H̃ν . Then the C-span of Y is dense in H̃ν .

Since H̃ν 3 ξ → s(ξ) ∈ B(F(H̃ν)) is an isometry and Hν,R embeds iso-

metrically in H̃ν , then

Γ(ν) = {s(f) : f ∈ Hν,R}′′ = {s(f) : f ∈ Y}′′

At this stage we have shown that all the free Araki-Woods factors Γ(ν)

arising from measures in ν ∈ X are generated by operators defined from the

common countable set Y.

Let us now fix an order on the set Y, for instance Y = {fl}l∈N with

fl(x) = eπi(−1)lbl/2cx. Since C-span of Y is dense in H̃ν , the Gram-Schmidt

process applied to it with respect to the inner product in H̃ν constructs an

orthonormal basis {vνk}k∈N of the complex Hilbert space H̃ν .

To fix the notation, recall that vνk is defined inductively as follows: Define

wν1 = f1 and vν1 =
wν1

‖wν1‖H̃ν
. The k step of the Gram-Schmidt process is

wνk = fk −
k−1∑
l=1

〈fk, vνl 〉H̃νv
ν
l ,

and

vνk =
wνk

‖wνk‖H̃ν
.

Remark 5.2. (1) We will show the crucial fact that ‖wνk‖H̃ν 6= 0. This

is never an issue in most applications of Gram-Schmidt, because if

‖wνk‖H̃ν = 0 one removes vνk from the final set of vectors. However,

for each k fixed we will be interested in analyzing the dependency of
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the unit vectors vνk with respect to the parameter ν, so we can not

just “delete” a vector.

(2) For every k ∈ N, and for every ν ∈ X fixed, wνk is a continuous

function on [−1, 1], and wνk ∈ Hν,R + iHν,R. More is true, wνk is a

trigonometric polynomial of degree equal to deg fk = bk/2c. The

reason is that each wνk is a complex linear combination of continuous

functions in Y ⊂ Hν,R.

Theorem 5.3. For every l ∈ N the assignment:

αl : X → (C[−1, 1],C)

αl(ν) = vνl

is continuous, when X is endowed with the weak topology and (C[−1, 1],C)

is endowed with the uniform norm.

Remark 5.4. The proof of this seemingly simple theorem is more technical

than what it first looks. In fact the statement is false if one applies the

Gram-Schmidt process to an arbitrary, countable dense set of continuous

functions. It is also false if the measures have atoms. To prove the theorem

we will need some preliminary lemmas.

Lemma 5.5. Assume that for every measure ν ∈ X , fν is a trigonometric

polynomial. Suppose that ‖fνj − fν‖(C[−1,1],C) −→
νj→ν

0.

Then for every f ∈ Y,

〈f, fνj 〉H̃νj −→νj→ν
〈f, fν〉H̃ν

Proof. Since fνj ∈ Hν,R + iHν,R, write fνj = gνj + ihνj with gνj , hνj ∈ Hν,R.

Then

〈f, fνj 〉H̃νj = 〈f, gνj + ihνj 〉H̃νj = 〈f, gνj 〉H̃νj + i〈f, hνj 〉H̃νj
= Re〈f, gνj 〉H̃νj − Im〈f, h

νj 〉H̃νj + i
[
Im〈f, gνj 〉H̃νj +Re〈f, hνj 〉H̃νj

]
Since the functions inside each of the four inner products are in Hν,R,

items (1) and (2) in Proposition 2.1 give the following identifications:

(1) Re〈f, gνj 〉H̃νj = 〈f, gνj 〉Hνj,R .

(2) Im〈f, hνj 〉H̃νj = 〈i1−e−x
1+e−x f, h

νj 〉Hνj,R .

(3) Im〈f, gνj 〉H̃νj = 〈i1−e−x
1+e−x f, g

νj 〉Hνj,R
(4) Re〈f, hνj 〉H̃νj = 〈f, hνj 〉Hνj,R .

The advantage now is that these four inner products are given by in-

tegration against the original measure νj ∈ X , and all the functions in-

volved are in (C[−1, 1],C). Moreover since ‖fνj − fν‖(C[−1,1],C) →
νj→ν

0, then
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‖gνj − gν‖(C[−1,1],C) →
νj→ν

0 and ‖hνj − hν‖(C[−1,1],C) →
νj→ν

0. Thus the proof

of the Lemma reduces to prove the following statement:

Claim 1: If f, φν , φνj ∈ (C[−1, 1],C), and ‖φνj − φν‖(C[−1,1],C) −→
νj→ν

0 then

〈f, φνj 〉Hνj −→νj→ν
〈f, φν〉Hν

Proof of Claim.∣∣∣〈f, φνj 〉Hνj − 〈f, φν〉Hν ∣∣∣ =

∣∣∣∣∫ f̄ · φνjdνj −
∫
f̄ · φνdν

∣∣∣∣
=

∣∣∣∣∫ f̄ · φνjdνj −
∫
f̄ · φνdνj +

∫
f̄ · φνdνj −

∫
f̄ · φνdν

∣∣∣∣
≤

∣∣∣∣∫ f̄ · (φνj − φν)dνj

∣∣∣∣+
∣∣νj(f̄ · φν)− ν(f̄ · φν)

∣∣
≤ ‖φνj − φν‖(C[−1,1],C)

∫
|f̄ |dνj +

∣∣νj(f̄ · φν)− ν(f̄ · φν)
∣∣

(1) Since all the measures in X are probability measures and f is con-

tinuous on the compact set [−1, 1] then
∫
|f̄ |dνj ≤ ‖f‖(C[−1,1],C).

(2) Since f̄ · φν is continuous on [−1, 1] then by the definition of νj → ν

it follows that νj(f · φν)→ ν(f · φν).

So both summands in the last inequality converge to zero when νj → ν. �

�

Lemma 5.6. For each k ∈ N and for each ν ∈ X ‖wνk‖H̃ν 6= 0.

Proof. A distinguished feature of the Gram-Schimdt process applied to an

ordered set S is that the vectors obtained in step k, are in the complex

span of the first k vectors of S. In the case at hand it entails that each

wνk is in the C-span of {fl}kl=1 ⊂ Y, thus wνk is a trigonometric polynomial.

Moreover, it can be shown by an easy induction that its leading term is

fk = eπi(−1)lbk/2ct, in particular degwνk = deg fk = bk/2c and then wνk has

at most 2bk/2c roots. Since every measure ν ∈ X is non atomic, it follows

that the ν-measure of the set {t ∈ [−1, 1] : wνk(t) = 0} is zero. But then

‖wνk‖2Hν =
∫ 1
−1 |w

ν
k |2dν > 0.

Since wνk ∈ Hν,R+iHν,R, write wνk = gνk+ihνk, with gνk , h
ν
k ∈ Hν,R. Observe

that the Gram-Schmidt process applied to the ordered set Y also implies that

gνk and hνk are trigonometric polynomials and that one of them has degree

bk/2c. But then the same argument used to show that ‖wνk‖2Hν 6= 0, proves

that ‖gνk‖2Hν,R = ‖gνk‖2Hν 6= 0 or ‖hνk‖2Hν,R = ‖hνk‖2Hν 6= 0.

Suppose now that ‖wνk‖H̃ν = 0. This means that gνk + ihνk = 0 when

viewed as a vector in the Hilbert space H̃ν . Proposition 2.1 asserts that
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Hν,R ∩ iHν,R = {0}. It follows that gνk = hνk = 0 when viewed as vectors in

the Hilbert space Hν,R ⊂ Hν . This is a contradiction.

�

Lemma 5.7. Assume that ‖wνjk −w
ν
k‖(C[−1,1],C) −→

νj→ν
0. Then ‖wνjk ‖H̃νj −→νj→ν

‖wνk‖H̃ν .

Proof. The proof is similar to the proof of Lemma 5.5: start by writing the

inner product in H̃νj in terms of four inner products in Hνj , and then apply

Claim 1 and the triangle inequality. The details are left to the reader. �

Now we are in shape to prove Theorem 5.3.

Proof of Theorem 5.3. We proceed by induction on l.

Case l = 1:

Since for every measure ν ∈ X , wν1 is equal to f1 = 1, it is clear that

‖wνj1 − wν1‖(C[−1,1],C) →
νj→ν

0. By Lemma 5.7, ‖wνj1 ‖H̃νj −→νj→ν
‖wν1‖H̃ν , and

by Lemma 5.6, ‖wν1‖H̃ν 6= 0, then 1/‖wνj1 ‖H̃νj −→νj→ν
1/‖wν1‖H̃ν . But then

‖vνj1 − vν1‖(C[−1,1],C) →
νj→ν

0.

Case l = k:

Suppose the statement is true for all l < k. We first show that if νj → ν

in X then ‖wνjk − w
ν
k‖(C[−1,1],C) → 0. Since

‖wνjk − w
ν
k‖(C[−1,1],C) ≤

k−1∑
l=1

∥∥∥〈fk, vνjl 〉H̃νj vνjl − 〈fk, vνl 〉H̃νvνl ∥∥∥(C[−1,1],C)

It is enough to prove that for each l < k,∥∥∥〈fk, vνjl 〉H̃νj vνjl − 〈fk, vνl 〉H̃νvνl ∥∥∥(C[−1,1],C)
→
νj→ν

0.

the triangular inequality shows that this norm is less or equal than

|〈fk, v
νj
l 〉H̃νj − 〈fk, v

ν
l 〉H̃ν | ‖v

νj
l ‖(C[−1,1],C) + |〈fk, vνl 〉H̃ν | ‖v

νj
l − v

ν
l ‖(C[−1,1],C).

By the inductive hypothesis ‖vνjl − vνl ‖(C[−1,1],C) →
νj→ν

0, so the second

summand converges to zero and ‖vνjl ‖(C[−1,1],C) < C, where the constant C

is independent of νj . Then by Lemma 5.5 the first summand also converges

to zero.

The same proof as in the case l = 1 combined with Lemma 5.6 now shows

that ∥∥∥ wνk
‖wνk‖H̃ν

−
w
νj
k

‖wνjk ‖H̃
νj

∥∥∥
(C[−1,1],C)

= ‖vνjk − v
ν
k‖(C[−1,1],C) →

νj→ν
0.

�
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For each orthonormal basis {vνl }l∈N of H̃ν constructed by the proce-

dure described above, construct an orthonormal basis of the full Fock space

F(H̃ν) by doing all possible finite tensor products of the vνl (in a prescribed

order, independent of ν). Denote this basis of F(H̃ν) by {eνn}l∈N.

The final ingredient needed in order to give the desired Borel function θ̂

announced at the beginning of this section, is [20, Lemma 3.14], which we

repeat for the reader’s convenience.

Lemma 5.8. Suppose X is a standard Borel space and (Hx : x ∈ X) is a

family of infinite dimensional separable Hilbert spaces, and that (exn)n∈N is

an orthonormal basis of Hx for each x ∈ X. Suppose further that Y is a

standard Borel space space and (T xy : x ∈ X, y ∈ Y ) is a family of operators

such that T xy ∈ B(Hx) for all y ∈ Y , x ∈ X and that the functions

X × Y → C : (x, y) 7→ 〈T xy exn, exm〉

are Borel for all n,m. Then there is a Borel function θ : X×Y → B(`2(N))

and a family (ϕx : x ∈ X) such that

(1) ϕx ∈ B(Hx, `
2(N)) satisfies ϕx(exn) = en, where (en)n∈N is the stan-

dard basis for `2(N).

(2) For all x ∈ X, y ∈ Y and ξ ∈ Hx we have θ(x, y)(ϕx(ξ)) =

ϕx(T xy (ξ))

Moreover, if Mx is the von Neumann algebra generated by the family (T xy :

y ∈ Y ), and there are Borel functions

ψn : X → Y

such that (T xψn(x) : n ∈ N) generates Mx for each x ∈ X, then there is a

Borel function θ̂ : X → vN(`2(N)) such that θ̂(x) 'Mx for all x ∈ X.

We are now in position to state and prove the required technical result of

this section.

Theorem 5.9. Let X be the set of regular non atomic symmetric mea-

sures supported in the interval [−1, 1]. There is a Borel function θ̂ : X →
vN(`2(N)) such that for all ν ∈ X , θ̂(ν) is isomorphic to Γ(ν).

Proof. Recall first that X is a Standard Borel space when viewed as a Borel

subset of the finite measures in the compact space [−1, 1] endowed with the

weak topology.

We make the following identifications in Lemma 5.8:

(1) X := X .

(2) (Hx : x ∈ X) is (F(H̃ν) : ν ∈ X ) where F(H̃ν) is the Full Fock

Space associated to the measure ν constructed in section 2.

(3) Y := Y = {e2πi(−1)lbl/2ct}l∈N.
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(4) For each ν ∈ X , {eνn}l∈N is the orthogonal basis of the Full Fock

Space F(H̃ν) constructed from Y by the procedure described above.

(5) For each f ∈ Y, for each ν ∈ X , T νf := s(f) ∈ B(F(H̃ν)).

By Theorem 5.3, for each k ∈ N the assignment

αk : X → (C[−1, 1],C)

αk(ν) = vνk

is continuous. Moreover for each n fixed eνn is of the form vνk1⊗v
ν
k2
⊗· · ·⊗vνkl ,

where (k1, k2, . . . , kl) only depends on n, and Y is a countable set. We then

have that for each n,m ∈ N fixed, the function

X × Y → C

(ν, f)→ 〈s(f)eνn, e
ν
m〉F(H̃ν)

is continuous. Since for each ν ∈ X fixed, we have shown that Γ(ν) = {s(f) :

f ∈ Y}′′, the theorem now follows from Lemma 5.8. �

Theorem 5.10. The isomorphism relation of free Araki-Woods factors,

Γ(ν), with ν ∈ X and where X is the set of regular non atomic symmet-

ric probability measures supported in the interval [−1, 1], is not classifiable

by countable structures.

Proof. Let 'vN(H) denote the isomorphism relation in vN(H). By Theorem

5.9, there exists θ̂ : X → vN(`2(N)) Borel such that θ̂(ν) ' Γ(ν). The

assignment Ψ : RN → X , Ψ(a) = µa constructed in section 3 is clearly

Borel. By Theorem 4.6 the equivalence relation ∼ on RN given by a ∼ b if

and only if Γ(µa) is isomorphic with Γ(µb) is not classifiable by countable

structures. These things combined show that ∼≤B'vN(`2(N)) and thus that

the isomorphism relation of free Araki-Woods factors is not classifiable by

countable structures. �

6. Questions and discussion

We finish the paper by discussing a few open problems related to the

theme of this paper. Below, “descriptive set-theoretic complexity”, or just

“complexity”, always refers to the notion of complexity that arises from

the Borel reducibility pre-ordering, ≤B. (Borel reducibility as a notion of

relative complexity is discussed at length in the context of functional analysis

in the introduction of [8].)

The results of this paper only give information about the descriptive set-

theoretic complexity of classifying free Araki-Woods factors of orthogonal

representations of multiplicity 1. The following is open.
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Question 6.1. What is the descriptive set theoretic complexity of classify-

ing free Araki-Woods factors not of multiplicity 1?

Consider the family of all separably acting free Araki-Woods factors. By

the nature of their construction, they are born acting on different Hilbert

spaces. Theorem 5.9 only allows to model as algebras of operators on a fixed

Hilbert space the free Araki-Woods factors constructed from measures in X ,

the set of regular non atomic symmetric measures supported in the interval

[−1, 1]. These considerations lead to the next two questions.

Question 6.2. Does the family of free Araki-Woods factors admit a (na-

tural) standard Borel space structure? In particular, is the set of factors in

vN(`2(N)) that are isomorphic to free Araki-Woods factors a Borel set?

Question 6.3. Is it possible to remove the restrictions on the measure, and

on the multiplicity function to model in a Borel way all free Araki-Woods

factors as elements in vN(`2(N))?

A positive answer to Questions 6.2 and 6.3 combined with [19, Theo-

rem 16] would show that isomorphism of free Araki-Woods factors is imple-

mented by the action of the unitary group of `2(N).

Question 6.4. Is isomorphism of free Araki-Woods factors Borel reducible

to an orbit equivalence relation induced by a continuous (or, which is the

same, Borel) action of a Polish group on a Polish space?

Observe that [19, Theorem 16] obtains an upper bound on the complexity

of the isomorphism relation on the set of factors in vN(`2(N)), owing to that

the isomorphism relation naturally reduces to an orbit equivalence relation

induced by an action of the unitary group (of `2). This is to some extend

analogous to the upper bound for the complexity of classifying separable

C∗-algebras obtained in [5]. However, unlike the situation for C∗-algebras,

where the upper bound was eventually shown by Sabok in [16] to also be

the lower bound (hence giving a complete determination of the complexity),

no such theorem has been achieved yet for separably acting von Neumann

algebras and von Neumann factors. That is, the following question remains

wide open:

Question 6.5. Is the classification problem for separably acting von Neu-

mann factors the maximal (in terms of complexity) orbit equivalence relation

induced by an action of the unitary group?

We don’t even know the answer to this in the special case of II1 factors.

The second author conjectures that the answer is “yes”, even for separably

acting II1 factors.

There are most likely two major obstacles standing in the way of an-

swering the previous question: One is to develop sufficiently sophisticated
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techniques in von Neumann algebras to construct and distinguish a suffi-

ciently vast class of non-isomorphic separably acting factors.

The other obstacle is more descriptive set theoretic. We do not currently

know very much about the complexity of orbit equivalence relations induced

by the unitary group. The following open question exposes our ignorance

well.

Question 6.6. Is there an orbit equivalence relation, induced by the unitary

group acting continuously on a Polish space, which realizes the maximal

possible complexity that the an orbit equivalence relation of a Polish group

can have?

Note that there is an orbit equivalence relation, induced by a continuous

action of a Polish group, of maximal complexity, and this was proved in [9].

(The isometry group of the Urysohn metric space is an example of a Polish

group which admits such an action.)

Perhaps it is natural to think that the answer to Question 6.6 should be

‘yes’. However, the world might be far more interesting if the answer is no.

For one thing, it would also mean that the complexity of classifying separably

acting factors would be strictly lower than the complexity of classifying

nuclear, simple, separable C∗-algebras. It might also mean that the unitary

group has its own turbulence theory that somehow generalizes Hjorth’s S∞-

centric theory.
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