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Abstract
We study the pairs of projections

Pif=xifs Quf = (xaf)"s fe LR,

where I,J C R™ are sets of finite positive Lebesgue measure, x, xs denote the correspond-
ing characteristic functions and °, ~ denote the Fourier-Plancherel transformation L?(R™) —
L?(R™) and its inverse. These pairs of projections have been widely studied by several au-
thors in connection with the mathematical formulation of Heisenberg’s uncertainty principle.
Our study is done from a differential geometric point of view. We apply known results on
the Finsler geometry of the Grassmann manifold P(#) of a Hilbert space H to establish that
there exists a unique minimal geodesic of P(L?*(R™)), which is a curve of the form

(S(t) — eitXI’JPIG_itXI“]

which joins P and @y and has length 7/2. Here X7 ; is a selfadjoint operator determined by
the sets I,J. As a consequence we obtain that if H is the logarithm of the Fourier-Plancherel
map, then

I[H, Prll| = /2.

The spectrum of X; ; is denumerable and symmetric with respect to the origin, and it has
a smallest positive eigenvalue (X7, ;) which satisfies

cos(v(Xr1,0)) = |1P1QJ]l-
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1 Introduction

Probably, the simplest statement of what is known as the uncertainty principle of Heisenberg
is that a non zero function and its Fourier transform cannot be sharply localized. It had been
anounced in 1927 by Heisenberg but it may have been mentioned before, in 1925, by Wiener
in a lecture at Gottingen. Nowadays, uncertainty relations, inequalities and principles are cen-
tral in many parts of complex, harmonic and functional analysis, PDEs, signal processing and
mathematical physics, among other areas. The books by Havin and Joricke [11] and Grochenig
[9], among many others, exemplify the interest of the subject.



As mentioned in the excellent survey by Folland and Sitaram [8] (pp. 228), it was Fuchs
who first underlined the role of the projections P; and @) s, defined below, in the understanding,
formulation and proof of the uncertainty principle. To fix the notations, suppose that I,.J are
two measurable subsets of R with finite positive measure and consider the Fourier-Plancherel
transform Uz : L?(R™) — L?(R™). If x4 is the characteristic function of A C R", define

Pif=x1f, Qif =UrP;Urf (1)

for f € L?(R™). Since Ur is a unitary operator in L?(R"), it follows that P;, @Q are selfadjoint
projections acting in L?(R™).

The study of the operators PrQ s, PrQ P, Q PrQy (sometimes called ”concentration op-
erators”) in the uncertainty principles started with W.J-H. Fuchs, and continued with Landau,
Pollak and Slepian, Lenard [12], Berthier and Jauch, Amrein and Berthier, Donoho and Stark
[5], to mention a few authors (see the references in the article by Folland and Sitaram [8]).
Precisely Donoho and Stark [5] emphasized the role that the condition ||P;Qs|| < 1 plays in
what Folland and Sitaram call the uncertainty meta-principle. Donoho and Stark proved that
if there exists f € L?(R") such that

o Jenlf@)PPdt =1
3 fRn\I |f(t)]?dt < €3, and

o Jomy 1F(w)2dw < &3,

then |I||J| > (1 — e; — €5)?, where | | denotes the Lebesgue measure in R™. Their proof
is elementary and essentially consists in noticing that (|I|].J|)/2 is the Hilbert-Schmidt norm
of P;@Q . This approach avoids a difficult task, which is to compute ||P;Qs||, which is strictly
smaller than (|I||.7])*/2. In this paper we characterize | P;Q || by using the differential geometry
of the set

P(L*(R")) = {P € B(L*(R™)) : P> = P* = P}

of all (bounded linear) projections acting in L2(R"). This geometry has been studied in several
papers, for instance [13], [3], [1].

In Section 2 we briefly describe the main results on the geometry of P(H) to be used later.
We also describe what is known as the Halmos decomposition of a Hilbert space H in the
presence of two selfadjoint projections P, Q). In Section 3 we recall results on the pair P, Qs
obtained by Lenard [12] which are relevant for our computations. As a first result, we prove
that Py and Q are joined by a unique geodesic in P(L?(R™)), which is a shortest smooth curve
§:[0,1] — P(L?*(R™)) such that 6(0) = P, §(1) = Q. This curve ¢ is given by

5() = eX1.9 Pre—itX1s,

where X ; is a selfadjoint operator, with norm 7/2, and such that
PX;jP=(1-P)X;;(1-P)=0

for both P = Pr,Q;. The reduced minimum modulus vy, ; of X7 s, i.e.

Vxp,, = W[ X7 fll2 - f € R(X10), [fll2 =1}



coincides with arccos || PrQs||. As a by-product, we prove that
| Pr,log Ur]|| = m/2,

and analogously for ;. In Section 4 we study spatial properties of P; and @ ;. For instance, we
prove that R(P;) + R(Q) is a direct sum, and a proper closed subspace of L?(R"). Also, using
results of the second named author and Maestripieri [2], we show that for any pair of projections
P, @ such that PQ = P;(Q; one has that

|Prf—Qufllz2 < |Pf—Qfll2,
for any f € L*(R").

2 Basic properties

2.1 Halmos decomposition

Let H be a Hilbert space, B(H) the algebra of bounded linear operators in H# and P(H) the set
of selfadjoint (orthogonal) projections. If T' € B(H), we denote by R(T') the range of T', and by
N(T) its nullspace.

A tool that will be useful in the study of the pairs Pr,Q; is Halmos decomposition [10],
which is the following orthogonal decomposition of H: given a pair of projections P and @,
consider

Hu = R(P)NR(Q), Hoo=N(P)NN(Q), Hio=R(P)NN(Q), Ho =N(P)NER(Q)
and Hg the orthogonal complement of the sum of the above. This last subspace is usually called
the generic part of the pair P, Q. Note also that

NP -Q)=Hu®Hp, NP —-Q—1)=%Hyp and N(P - Q + 1) =Ho,

so that the generic part depends in fact of the difference P — Q.

Halmos proved that there is an isometric isomorphism between Hy and a product Hilbert
space L x L such that in the above decomposition (putting £ x £ in place of Hg), the projections
are
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and

cs S?

where C' = cos(X) and S = sin(X) for some operator 0 < X < /2 in £. Moreover, X,C and
S have trivial nullspace.

Apparently, the pair (P, Q) satisfies that PQ is compact if and only if 17 is finite dimensional
and C' = cos(X) is compact. In this case, the spectral resolution of X can be easily described.
Since 0 < cos(X) is compact, it follows that

X = Z’anna
n

where 0 < 7, < /2 is an increasing (finite or infinite) sequence, P, are the projections onto
the eigenspaces correspondig to 7y,. For all n, dim R(FP,) < oo, and

2
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2.2 Finsler geometry of the Grassmann manifold of H
Let us recall some basic facts on the differential geometry of the set P(H) (see for instance [3],

[13], [1]).

1. The space P(H) is a homogeneous space under the action of the unitary group U(H) by
inner conjugation: if U € U(H) and P € P(H), the action is given by

U-P=UPU".

This action is locally transitive: it is well known that two projections P;, P, such that || P, —
Py|| < 1, are conjugate. Therefore, since the unitary group U(H) is connected, the orbits
of the action coincide with the connected components of P(H), which are parametrized
by rank and nullity. P; and ()7, having infinite rank and nullity, belong to the same
component. These components are C*°-submanifolds of B(H).

2. There is a natural linear connection in P(#H). If dim#H < oo, it is the Levi-Civita connec-
tion of the Riemannian metric which consists of considering the Frobenius inner product
at every tangent space. It is based on the diagonal / co-diagonal decomposition of B(H).
To be more specific, given Py € P(H), the tangent space of P(H) at Py consists of all self-
adjoint co-diagonal matrices (in terms of Fy). The linear connection in P(H) is induced
by a reductive structure, where the horizontal elements at Py (in the Lie algebra of U(H):
the space of antihermitian elements of B(#)) are the co-diagonal antihermitian operators.
The geodesics of P(#H) which start at Py are curves of the form

(1) = "X Poe X, 2)

with X* = X co-diagonal with respect to Py. Observe that X is co-diagonal with respect
to every P, = §(t).

3. There exists a unique geodesic joining two projections P and @ if and only if
R(P)NN(Q) = N(P)NR(Q) = {0},
(see [1]).

4. If H is infinite dimensional, the Frobenius metric is not available. However, if one endows
each tangent space of P(H) with the usual norm of B(#), one obtains a continuous (non
regular) Finsler metric,

d(Py, P1) = inf{{(7y) : v a continuous piecewise smooth curve in P(#) joining Py and P; }

where £(y) denotes the length of v (parametrized in the interval [a, b]):

b
o) = / 15 lde.

In [13] it was shown that the geodesics (2) remain minimal among their endpoints for all
t such that

™
< o
20x]
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That is, for any pair t; < t2 such that |¢1], [t2] < ﬁ, and any piecewise smooth curve 7
in P(H), joining d(t1) and 6(t2), satisfies that £(0], ¢,1) < €(7)-

It holds that d(Fy, P1) < 7/2 if and only if |Py — P1|| < 1. In other words, ||[Py — Pi|| =1
if and only if d(Py, P1) = 7/2.

3 Geometry of the pairs P;, ();

Lenard proved in [12] (Proposition 7) that the projections P;,Q; € P(L*(R™)) defined in ex-
ample (1), satisfy
R(Pr) N N(Qy) = R(Qs) N N(Pr) = {0}. (3)

Moreover, ||Pr — Q|| = 1.
Therefore one obtains the following:

Theorem 3.1. Let I,J be measurable subsets of R™ of finite measure, and Pr, QQj the above
projections. Then there exists a unique selfadjoint operator Xy j satisfying:

1. HXLJH = 7T/2.

2. Xr1.j i Pr and Qj co-diagonal. In other words, X j maps functions in L2(R™) with
support in I to functions with support in R™ — I, and functions whose Fourier transform
has support in J to functions such that the Fourier transform has support in R™ — J.

3. eiXIvJP](E_iXI*J =Qy.

4. If P(t), t €[0,1] is a smooth curve in P(L*(R™)) with P(0) = P; and P(1) = Q, then
1
(r) = [ 1P@]de = /2.
0

Proof. By the condition (3) above ([12], Proposition 7), it follows from [1] that there exists a
unique minimal geodesic of P(L?(R™)), of the form

5I7J(t) — eitX[,Jple’itXLJ
with X7 ; = X s co-diagonal with respect to Py (and @) such that

or,7(1) = Q.

Condition 4. above is the minimality property of é; ;. Finally, the fact that [|[Pr — Q| =1
means that || X7 ;|| = 7/2. O

Remark 3.2. It is known [8] (Theorem 8.4) that A\; = || P;Q s P;|| = | P1Q||* < 1, and moreover
VA1 equals the cosine of the angle between the subspaces R(Pr) and R(Q).

One can also relate this number A\; with the operator X; ;. Using Halmos decomposition
(recall that it consists only of Hoo and the generic part Ho in this case),

Cc? 0
PIQJP1—0@< 0 O>



and thus A\; = ||cos(X)||2. We shall see below that the spectrum of X is a strictly increasing
sequence of positive eigenvalues v, — 7/2, with finite multiplicity. Moreover, since P;rQ; is a
Hilbert-Schmidt operator in L?(R™), it follows that C is a Hilbert-Schmidt operator of £. Thus

{cos(yn)} € £2.
For a given P € P(H), let Ap be
Ap ={X € B(H) : [X, P] is compact}.
Apparently Ap is a C*-algebra.
Theorem 3.3. Let I,J be measurable subsets of R of finite Lebesgue measure.

1. The selfadjoint operator Xy j has closed infinite dimensional range. Its spectrum is of the
form
o(Xr,7) ={0}U{tm :1<n <oo}U{r/2},

with v, > 0 an increasing sequence converging to m/2, v, are eigenvalues of finite multi-
plicity (v, and —v, have the same multiplicity), and neither 0 nor 7/2 are eigenvalues.
In particular, Xy j is non compact.

2. Let Iy be another measurable set with finite measure such that |INIy| = 0, and let Py = P, .
Then, the commutant [ X, 7, Po] is compact.

Proof. Easy matrix computations ([1]) show that, in the decomposition H = Hoo & (L x L),

X1, is of the form
0 —iX
XI’J_OEB<iX 0 >

Note that the spectrum of this operator is symmetric with respect to the origin. Indeed, if V'

equals the symmetry
0 1
v (01)

then apparently VX7 ;V = — X7 ;. Also note that

X2 0

Therefore the spectrum of X7 ; is
o(X1.7) ={0}U{ym:n> 13 U{—y :n>1},

with 0 of infinite multiplicity, and the multiplicity of v, equal to the multiplicity of —~,,, and
finite. The set {v, : n > 1} is infinite, and is therefore an increasing sequence converging to
/2. This holds because otherwise, the operator C' would have finite rank, and therefore P;Q ; Py
would be of finite rank, which is not the case (see [12]). Thus X7 ; has closed range of infinite
dimension. This finishes the proof of 1.

Let us prove 2. Note that PrPy = 0 and Q Py = Qs Py, is compact, and therefore Pr,Q; €
Ap,. X1 5 is Pr co-diagonal. This means that the symmetry 2P; — 1 anti-commutes with X7 ;:

XLJ(QP[ — 1) = —(2P[ — 1)X]’J.



Then e*X1.7 P; = Pre *X1.7 Therefore
2Q7 — 1= ™17 (2P — 1)e ™17 = 2517 (2P; — 1).

Then e2X1.7 = (2Q; —1)(2P; — 1) € Ap,. By the spectral picture of X ; it is clear that X7 s
can be obtained as an holomorphic function of e®?%X7.7. Since Ap, is a C*-algebra, this implies
that XLJ S .APO. O

Let us relate the operator X7 ; with the mathematical version of the uncertainty principle,
according to [5] and [8].

Let A € B(H) be an operator with closed range, the reduced minimum modulus 4 of A is
the positive number

va = min{||A¢]| 1 € € N(A)Y, [|€] = 1} = min{|A| : X € o(A), A # 0}
By the above Remark, we have:
Corollary 3.4. With the current notations,

Qs Prl| = cos(vx, ,)-

Proof. Indeed, in the above description of the spectrum of X7 ;, the reduced minimum modulus
vx; , of X7 j coincides with 1. -

Let X?J be the restriction of X ; to the generic part of Py and @), i.e., its restriction to
N(Xr.)*. In Halmos decomposition

0 —iX
XRJ:(Z’X 0 >

Recall the formula by Donoho and Stark [5]
1PrQullrs = [1]Y/2]J]1/2.
From the preceeding facts, it also follows:

Corollary 3.5. With the current notations
1
(11212 = | cos(X)[|ms = \[HCOS(XIJ s = {Z*COS )32,
Proof.

1 c? 0 1
191 = 1P1Qu s = Tr(Pr@s ) = Tr(c®) = 51 (T 5 ) = Steos(x )



This co-diagonal exponent X7 ; (with respect both to Pr and @) has interesting features
when I = J and |I| < co. In this case denote by X; = X7 r; then, we have two unitary operators
intertwining P; and Qp: the Fourier transform Uz and the exponential e?X7. That is

U;:P[U]: =Qr = eiXIPIe_iXI.

Let H = H* be the natural logarithm of the Fourier transform, e* = Uz. Namely, writing E1,
E_1, E; and E_; the eigenprojections of Ur,

T m
H=-7nFE_1+ §Ez — §E—z

Note that ||H|| = w. Thus, one obtains a smooth path joining P and Q;:

and, apparently, (1) = Q.
Since the Fourier transform intertwines P; and @)y, the norm of its commutant with either
of these projections can be regarded as a measure of non commutativity between P; and Q ;.
Let us state the following abstract result, which we shall apply then to our case at hand.

Lemma 3.6. Let P,Q be projections with |P — Q| = 1 and such that there exists a minimal
geodesic (unique or not) joining them. If U is a unitary operator such that UPU* = Q, then

Ilog U, Pl|| = [|[[log U, Q|| = 7/2,
for any selfadjoint operator log U satisfying '8V = U.

Proof. There is a geodesic 6(t) = eX Pe~#X with minimal length in P(#) among the curves
joining P and Q. Its length is /2. There is another curve joining P and @, namely

(p(t) _ eitlogUPG—itlogU'

Then
1 1 .
n2< ) = [ letoldt= [ "oV lo U, Ple e it = | log U, P,
0 0
Note that
Ullog U, PIU* = [log U, UPU™| = [log U, Q]
because U and log U commute. O

This result applies directly to our case:

Corollary 3.7. For any Lebesque measurable set I C R™ with |I| < 0o, one has
I[H, Pl = [[[H, Q]| = 7/2.

Remark 3.8.



1. We may write H in terms of Ur using the well known formulas
1 1 1
By =-(1 —Ur+U%-UY), E; = iy —iUr —Us+iU%), B_; = Z(1+7;U]:—Uj%—in”T),
and thus -
H= {1+ 1+i)Ur - Uz + (1+ ) U3}
Then -
[H, Pr) = AL+ 0)[Ur, P = [UF, P+ (1+0)[Uz, P}
Inequality in Corollary 3.7 can be written

I(1+8)[Ur, Pr] — [U%, Pi] + (1 +0)[UZ, Pr]|| > 2.

2. In the special case when the set I is (essentially) symmetric with respect to the origin, Py
commutes with U 3—_ Then

[U%,P;] =0 and [U%, Pf] = [Ur, PflU% = U%[UF, Py].
Therefore one has
a+ir
4
Note that the operator U%f(z) = f(—x) is a symmetry, and that (1 + UZ%) is the or-

thogonal projection E, onto the the subspace of essentially even functions (f(z) = f(—x)
a.e.). Then

H, Pr] = [Ur, P1)(1+ U7).

Py = LT At g

[Ur, P1|E, = Ur, Pr].

We may combine the above facts to obtain the following inequalities involving the restrictions
of Pr and Qg to the subspace of essentially even functions of L?(R").
Corollary 3.9. Suppose that I is essentially symmetric, with finite measure.

1.
1 Ee[Ur, Pi]ll = [ EelUF, PrlE|| =

9~

1
|EePr — EcQrl| > 7
where E.Pr = PrE, and E.Q; = QrFE. are orthogonal projections.
Proof. Recall that F, and Ur commute. Then
E.Ur,P[|E, = E.(UrP; — PlUr)E, = UrE.(Pr —UrPiUr)E,
=UrE.(Pr — Qr)E-..

where E,, as well as U, and thus also Q7 = UrPiUr commute with E,. [

The ranges of these two orthogonal projections E.Pr and E.Q consist of the elements of
L?(R™) which are essentially even and vanish (essentially) outside I, and the analogous subspace
for the Fourier transform.



4 Spatial properties of P; and Q);

Let us return to the general setting (I not necessarily equal to J, both of finite measure).
The range R(Py) is the set of functions with support in I, and the range R(Q ) is the set of
functions whose Fourier transform is supported in J (this latter set is usually called the Paley-
Wiener space of J). Accordingly, N(P;) and N(Q ;) have similar spatial interpretations. The
ranges and nullspaces of P; and (Q; have several interesting properties, with respect to their
sums, which we examine below. First we need the following lemma:

Lemma 4.1. Let P,Q be orthogonal projections such that |P — Q| = 1. Then one and only
one of the following conditions hold:

1. N(P)+ R(Q) = H, with non direct sum (and this is equivalent to R(P) + N(Q) being a
direct sum and a closed proper subspace of H ).

2. R(P)+ N(Q) = H, with non direct sum (and this is equivalent to N(P) + R(Q) being a
direct sum and a closed proper subspace of H).

3. R(P)+ N(Q) is non closed (and this is equivalent to N(P) + R(Q) being non closed).

Proof. By the Krein-Krasnoselskii-Milman formula

1P = Q| = max{[[P(1 = Q)[|, [Q(1 = P)II},

we have that one and only one of the following hold:
L [P1-Q)| <1and [|Q(1 - P =1,
2. [P(1= Q)| =1 and [Q(1 — P)|| < 1, or
3. |P(1- Q) = 1 and |Q(1 — P)| = 1.

This alternative corresponds precisely with the three conditions in the Lemma. It is well known
that for two orthogonal projections E and F, | EF|| < 1 holds if and only if R(E)NR(F) = {0}
and R(FE) + R(F) closed ; the sum M + N of two closed subspaces is closed if and only if the
sum M=+ 4+ Nt is closed (about these facts, see for instance [6], in particular Theorems 9.7 and
9.35). Therefore, |EF|| < 1 is also equivalent to N(E) + N(F) = H.

If we apply these facts to £ = P and F = 1 — (), we obtain that the first alternative is
equivalent to R(P) N N(Q) = {0} and R(P) + N(Q) closed, or to N(P) + R(Q) = H.

Analogously, the second alternative is equivalent to R(Q) N N(P) = {0} and R(Q) + N(P)
closed, or to N(Q) + R(P) = H.

Note that in the first case, R(P) + N(Q) is proper, otherwise its orthogonal complement
would be N(P) N R(Q) = {0}, which together with the fact that N(P) + R(Q) = H (closed!),
would lead us to the second alternative.

Analogously in the second alternative, N(P) + R(Q) is proper.

If neither of these two happen, it is clear that neither R(P) + N(Q) nor (equivalently) the
sum of the orthogonals N(P) + R(Q) is closed. O

We have the following:

Theorem 4.2. Let I,J C R™ with finite Lebesque measure. Then

10



1. R(P)+ R(Qy) is a closed proper subset of L*(R™), with infinite codimension. The sum is
direct (R(Pr) N R(Qy) = {0}).

2. N(Pr)+ N(Qy) = L3(R"), and the sum is not direct (N(Pr) N\ N(Q) is infinite dimen-
sional).

3. R(P;) + N(Qy) and N(Pr) + R(Qy) are proper dense subspaces of L*(R"), and R(Py) N
N(Qy) = N(Pr) N R(Q) = {0}.

Proof. By the cited result [6] (Theorem 9.35), two projections P, @, satisfy that R(P) + R(Q)
is closed and R(P) N R(Q) = {0} if and only if ||PQ| < 1. It is also known (see above, [8],
Theorem 8.4 or [12], Proposition 9) that ||PrQs|| < 1. The intersection of these spaces is, in our
case (using the notation of the Halmos decomposition)

R(Pr)NR(Qy) = Hi1 = {0}.

As remarked above, Lenard proved that H11 = Hi19 = Ho1 = {0}, and Hoo is infinite dimensional.
The orthogonal complement of this sum is

(R(Pr) + R(Qy))" = N(Pr) N N(Qy) = Hoo-

Thus the first assertion follows.
In our case ||P; — Q|| =1 ([12] p. 421) thus we may apply the above Lemma.
The first condition cannot happen:

(N(Pr) + R(Qy))" = R(Pr) N N(Qy) = Hio = {0}

By a similar argument, neither the second condition can happen. Thus R(P;) + N(Q) is non
closed, and its orthogonal complement is trivial. Thus the second and third assertions follow. [

Remark 4.3. It is known (see for instance [7]), that if P, Q) are projections with P@Q compact
and R(P) N R(Q) = {0}, then
1PQI < 1.

In [2], the second named author and A. Maestripieri studied the set of operators T € B(H)
which are of the form T' = P(@Q. Among other properties, they proved that T" may have many
factorizations, but there is a minimal factorization (called canonical factorization of T'), namely

T — PWPN(T)L,

which satisfies that if 7 = PQ, then R(T) C R(P) and N(T)* C R(Q) (or equivalently
N(Q) C N(T)). Following this notation,

Proposition 4.4. The factorization PrQ j is canonical.

Proof. Put T = P;Q ;. Using Halmos decomposition in this particular case (H = Hoo® (L X L)),

apparently
c? 0
PIQJPI—0@< 0 0>,
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and thus R(P;Q Pr) = 0@ (R(C?) x 0). Recall that C has trivial nullspace, then C? has trivial
nullspace, and thus has dense range in L. It follows that

R(T) = R(P1Qy) = R(P1Q,Pr) =0& (£ x 0),
which is precisely the range of P;: m = R(Pr). Note the following elementary fact:
N(PQ) = N(Q) ® (R(Q) N N(P)).
For the factorization T'= P;Q it is known ([12] Proposition 7) that R(Q) N N(Pr) = 0. Thus
N(T) = N(P1Qy) = N(Q.)
and the proof follows. O

In [2] it was proved that if T = PQ = PyQo, and the latter is the canonical factorization,
then

1Pof = Qofll2 < [[Pf—Qfll2
for any f € L(R™). In particular ||Py — Qo|| < ||[P — Q||. In our case we get the following result

Corollary 4.5. Let P, Q projections in L*(R™) such that PQ = P;Qj. Then for any f € L*(R")
one has

\Prf—Qifllze <||Pf—Qfll2-
In particular, ||[Pr — Q|| < ||P — Q||
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