CONCRETE MINIMAL 3 x3 HERMITIAN MATRICES AND SOME GENERAL
CASES

ABEL H. KLOBOUK, ALEJANDRO VARELAT

AsstracT. Given a Hermitian matrix M € M3(C) we describe explicitly the real diagonal matrices Dps
such that
[M + Dl < | M+ DJ

for all real diagonal matrices D € M3(C), where | | denotes the operator norm. Moreover, we generalize
our techniques to some n x n cases.

1. INTRODUCTION

Let M5(C) and D3 (R) be, respectively, the algebras of complex and real diagonal 3 x 3 matrices. Given
a fixed Hermitian matrix M € M3(C) we study the diagonals Dy, that attain the quotient norm

I + Dy = I [M][]| = min_ M+ D| = dist (M, Ds (R)).

or equivalently
|M + Dy < |M + D, for all D € D3 (R)

where | | denotes the operator norm.

The matrices M + D)y will be called minimal. These matrices appeared in the study of minimal length
curves in the flag manifold P(n) = U (M, (C)) /U (D, (C)), where U(A) denotes the unitary matrices of
the algebra A, when P(n) is endowed with the quotient Finsler metric of the operator norm [I]. Minimal
length curves ¢ in P(n) are given by the left action of U (M, (C)) on P(n). Namely

5(t) = [¢MU],
where M is minimal and [V] denotes the class of V' in P(n). Moreover, the natural questions and some
particular examples that appear from the geometric description of these objects are related to problems
that appear in other contexts: problems of minimization of operators related with optimization and
control ([2, [3]), positivity and inequalities in matrix analysis ([4, [5]), Leibnitz seminorms ([6, [7]) and
unitary stochastic matrices ([8]).

Previous attempts to describe minimal matrices and their properties were done in [9] and for 3 x 3
matrices. In that paper, all 3 x 3 minimal matrices were parametrized. We stress that there are no
known results showing which is the minimizing diagonal for a given Hermitian matrix M (except on
trivial cases).

Several recent approaches have been made to describe the closest diagonal matrix to a given Hermitian
matrix (see for instance [6] [§] and [9]). These papers give qualitative properties of these matrices and
even parametrize all the solutions. Nevertheless the problem of finding the diagonal matrix or matrices
closest to a concrete Hermitian matrix M remained open even for the first non trivial case: 3 x 3.

Our goal in the present paper is to study this problem for 3 x 3 minimal matrices and some n x n
cases where the techniques can be extended.

In Section [3] we describe all the minimal diagonal matrices for a given Hermitian 3 x 3 matrix M where
some of its off-diagonal entries are null. In this section some cases give infinite solutions.

Section[d]is devoted to the case of Hermitian matrices with non-zero off-diagonal entries. In this section
we study separately the real matrices, and propose a decomposition in the general case (see Theorems |§|
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and [7)) that allows to find the unique closest diagonal matrix of a given Hermitian matrix M (see Remark
[9) in this case.

The last section studies particular n x n types of Hermitian matrices where concrete minimal diagonals
can be computed and some general properties. The continuity of the function that maps Hermitian
matrices with null diagonals into its unique minimizing diagonal (when this is the case) is studied.
Theorem [J] generalizes Theorem [3]and provides many examples of minimal matrices where its minimizing
diagonals can be calculated. We also study some matrices that admit only one minimizing diagonal and
others that do not.

2. PRELIMINARIES AND NOTATION

Let M,,(C) denote the algebra of square n x n complex matrices, M*(C) the real subspace of Hermitian
complex matrices, and D,,(R) the real subalgebra of the diagonal real matrices. The symbol o(A) denotes
here the spectrum of A, that is the (unordered) set of eigenvalues of A. We denote with | A|| the operator
or spectral norm of A € M, (C), that in case A € M'(C) can be calculated by |A| = maxyeq(a) |- We
write |C|2 to represent the euclidean norm for C' € C".

We denote with {e;}"; the canonical basis of C”. Given a matrix A € M, (C), we denote with A; ;
the 4, j entry of A and we write A = [A4, ;] fori,j=1,...,n.

For M,N € M,(C) we denote with M N the usual matrix product, with tr(M) the usual (non-
normalized) trace of M and with C;(M) the vector given by the 7** column of M.

For (ay,as,...,a,) € R" we denote with diag(a;,as,...,a,) the diagonal matrix of M(R) with
(a1, a2, ...,ay,) in its diagonal. Nevertheless, if M € M, (C), then Diag(M) denotes the diagonal matrix
defined by the principal diagonal of M.

Observe that if M € M(C) and D € D, (R) then (M + D) € M}(C). Let us consider the quotient
M"(C)/D,(R) and the quotient norm

1| [M] min_ | M + D| = dist (M, Dn(R)) (2.1)

= DeD,, (R)

for [M] = {M + D : D € D,(R)} € M""(C)/D,,(R). Note that the candidates D € D,,(R) can be chosen
to belong to the closed ball By (0) = {D € D,(R) : [|D| < [[M]}. This ball of D,,(R) is compact and
the function n : By (0) — R, n(D) = |M + D| is continuous. Therefore the minimum in (2.1) is clearly
attained.

Definition 1. A matriz M € M"(C) is called minimal if
|M| < |M+ D| forall De D,(R),

min_|M + D| = dist (M, D, (R)).

or equivalently if |M[ = ||| [M] ||| = | min_

Definition 2. Let M € M(C) and D € D,,(R) such that M + D is minimal. Then D is a minimizing
diagonal of M.

For a matrix M € M} (C) with at least two non zero off-diagonal entries this minimizing matrix D is
unique (see [9, Theorem 3.14] for a proof):

Proposition 1. If M € M}(C) is a minimal matriz and at least two of M 2, My 3 and M3 are non
zero then the values of its minimizing diagonal are unique.

Remark 1. Observe that if M € M"(C) is minimal then +|M| € o(M). Moreover, if n = 3 then
o(M) = {—| M|, tr(M),+| M|} (see for example [9, Remark 3.1]).

Throughout the paper, for a given non-zero minimal matrix M € M}(C), we denote with o(M) =
{\, p, — A} the spectrum of M, for 0 < A = | M|, |u| < X and p = tr(M).

Given v = (v1,v2,v3) € C?, v ®@ v denotes the matrix such that (v ®v); ; = v;v; for i,j = 1,2, 3.

For M € M}(C) and v € C" we write M and ¥ to denote the matrix and vector obtained from M and
v by conjugation of its coordinates.
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If M, N e C"*™ we denote with M o N the Schur or Hadamard product of these matrices defined by
(MoN);; =M, ;N,;for1<i<n,1<j<m. Therefore, if v € C3, with coordinates in the canonical
basis given by v = (v1, ve, v3),

3
vor = (o uaf?, [osf?) = ) lojle; e RY.
j=1

If A e C"*™ we denote with A* € C™*" its transpose, with ran(A) the range of the linear transformation
A and with ker(A) its kernel.

3. MINIMAL 3 x 3 MATRICES WITH ZERO ENTRIES

Proposition 2. Let z,y,z € C. If ce€ R with |c| < |z|, b€ R with |b| < |y| and a € R with |a| < |z|, then

the matrices

x 0 00 vy

0 0 |My=1010b 0 | M=
c y 0 0

are minimal. Moreover, those are all the possible diagonals such that M,, M, and M, are minimal

matrices.

o o Qe

0 0
0 =z
z 0

Proof. Let v € C? with |v| = 1. It is easy to prove that |M,v| < |z| for all ¢ € R such that |c| < |z|.

Since |Myes| = |z| then |M,|| = |z|. Moreover, if we consider
a z 0
M=z g 0
0 0 v

with a # 0, then [Me;|| = | (o, T, 0)| > |z|. Therefore, |M|| > |M,]||. Similarly, if 8 # 0 then |[Mes| > |z|.
If « = =0 and |y| > |z| then |M| = max{|z|,|y|} > |M.|. Therefore M, is minimal if and only if
lef < .

The proof for the matrices M, and M, is similar. O

A generalization of the previous result to n x n Hermitian matrices is presented in Proposition [10] of
section
The following theorem is proved in [0, Theorem 3.7]. We restate it here for the sake of clarity.

Theorem 1. Let M} 4(C) with |M| = X\ > 0. Then M is minimal if and only if there exist two
etgenvectors vy corresponding to the eigenvalue A and v_ corresponding to the eigenvalue —\, such that
their coordinates have the same module. That is, if for every e; then [(vy,e;)| = [{v_,e;)| or equivalently
Vy OVy =V_00V_.

Remark 2. This equivalence does not hold for n = 3. In general, for M € M  (C), if there exist two

eigenvectors vy and v_ corresponding to the eigenvalues £\ (respectively), such that [{v,,e;)| = [(v_, e,
then M is minimal (see Corollary @

Nevertheless, there are evamples in M2 ,(C) where M is minimal and there is not a pair of eigenvectors
of +X and —\ (respectively) such that their coordinates have the same module (see Remark 4 in [8]).

The following result was proved in [9, Theorem 3.15].

Theorem 2. Let x,y, z non-zero complex numbers. Then the matrices

0 =z vy 0 0y 0O =z O
Mgy = z 0 0 M,. = 0 0 =z M,, = z 0 =z
y 0 0 y z 0 0 z O

are minimal. These are the only Hermitian minimal matrices with four mon-zero entries outside the
diagonal.
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4. MINIMAL 3 X 3 MATRICES WITH NON-ZERO ENTRIES
The following theorem describes minimizing diagonals for matrices M with real non-zero entries.

Theorem 3. Real (symmetric) minimal matrices
Let x,y,z€ R, x,y,z # 0.

e Case 1: if
22y? > 22 (2% + y?) (4.1)
0 =z Y
then M = | = -2 =z s minimal.
y oz =5
gy
o Case 2: if 2222 > y?(2® + 22) then M = z 0 =z is minimal.
y oz =
—Z gy
o Case 3: if y?2% > 22(y? + 22) then M = r - is minimal.
Y z 0
o Case 4: if none of the previous cases hold, that is
— 2222+ 2@+ ) =20 A 2P 2@y =20 A P2 2% (P 2P =0, (4.2)
then
1
F(rz-s-2) : v
_ 1 . . .
M = x 5 <f% + 2 - %) z is minimal.
1
Y z 2 (_Lzy -5 Z*f)

Note that in every case the minimizing diagonal is unique (see Proposition 1).

Proof. Let us consider the first case. Observe that |[M| > |C1(M)|2 = +/22 + y2. Moreover, direct

calculations show that A = 4/22 + 92 is an eigenvalue with corresponding eigenvector v, , and —\ is an
eigenvalue with corresponding eigenvector v_ where

1 T Y
Uy = = ) )
* {\/5 V2+/x2 + 12 \@\/x2+y2}

1 T Y
and v_ =4 — ,— ,— .
{ﬂ V2422 + 2 V2422 +y2}

If we consider v,, = {0, _\/ﬁ’ \/ijyZ} it is apparent that v, is the corresponding eigenvector of

w= —(mzij)z. Then, using 1)

2 2)\2 2
2 _ (* +9%) = 2,2\ _ 32
Therefore v, and v_ satisfy the condition of Theorem [I|and M is minimal.
Cases 2 and 3 are proved in a similar way.

Let us consider now case 4. Note that in this case it can be computed the spectrum o(M) =
{+12y2+x222+y222 I2y2+ﬂ?222+y222

S7un } The eigenvalue TTE

has multiplicity one and its eigenspace is gener-

ated by v = (zy,xz,yz). The eigenvector ﬁv is triangular in the sense of [9, Definition 3.2] because it
satisfies inequalities (4.2]). That is, the coordinates of vo¥ can form the sides of a triangle (any coordinate
is bigger than the sum of the two others). Under these hypothesis there is another triangular vector w
orthogonal to v such that v o7 = wow (see [9, Proposition 3.4]). Therefore, w belongs to the dimension
22y2+w2z2+y2z2

two eigenspace of — T

. Then by Theorem |1| M is minimal.
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O

Remark 3. From the previous theorem follows that in the first three cases the column (or row) of M
with the zero entry is perpendicular to the other two columns (or rows, respectively). In the fourth case
all the columns (and rows) are perpendicular to each other.
In the first three cases the norm of the matriz M is the norm of its column (or row) vector that has a
zero entry (being this the column with greatest norm). For example, using in the first case:
2,2 2,2 2,2 20,2 2
Y2z Yy z® + atz 2% (z* + y)
[Ca(M)If = + T g 427 = a? 4 B m e =P
2 2 2
<2®+y? = [Ci(M)]3 = [ M]

(and similarly with |Cs(M)||3). This first three cases are generalized to n x n Hermitian matrices in
Theorem [9

In Case 4 the equality ||C;(M)|2 = || M| holds fori=1,2,3.

The first three cases verify that || < A and the fourth that |u| = A.

Remark 4. Under the assumptions of Theorem[3 we can write all cases with a unifying formula for each
element of the minimizing diagonal (a,b,c):
D — 2|4 b D —2|B| D —2|C|
— c =

dayz dayz dxyz

where
A= +4a%y? —y?2% — 2%0? B =2 — 22+ 2% C = —a¥y? 4y — 22
and D=A+|Al+B+|B|+C+|C|

The proof of this statement follows after direct computations (in each of the 4 different cases of Theorem

2

Theorem 4. If x,y,z € R, z,y,z # 0, then

0 ri -y
M = —x 1 0 Z1
yi  —z1 0

is minimal with norm equal to v/x? + y? + 22.
Proof. The eigenvalues of M are: ++/x2 4+ y2 + 22 and p = 0. Then
/2?2 +y? + 22 +iyz x? + 22 1
Vy = - y y T~
\/5(2\/302+y2+z2—ixy) \/ﬁ(xy+iz«/m2+y2+;;2) V2
is an eigenvector associated to 4/z2 + y2 + 22, and
/2?2 +y? + 22 —iyz x? + 22 1
\/§<z\/x2+y2+z2+ixy) \/i(l‘y—iz«/xQ—l—yQ—i—zz) V2

an eigenvector associated to —+/x2 + y2 + 22. Clearly vy and v_ satisfy the hypothesis of Theorem
and therefore M is minimal. g

V_ =

Remark 5. Let z,y,z € Ryo and a, 5,7 € R. Then the characteristic polynomial of the matriz

a xz e ye P
M= | zei® b z e (4.3)
y el ze ™ c

18
Pylt]=—t* +t(a+b+c) +t(—ab—ac—be+a”® +y® +2%) +
+ abc — az® — by? — ca® + 2xyzcos(a + B + 7).



6 ABEL H. KLOBOUK, ALEJANDRO VARELAT

Moreover, if cos(f) = cos(a+ 8 + ) (where we can chose 0 < 0 < ) then the following matrix
a z el gy
My=| ze® bz (4.5)
y z ¢

has the same characteristic polynomial than M, and M is a minimal matriz if and only if My is minimal.
Note that My = UMU?* for U the unitary diagonal matriz

el 0 0
U=| 0 eile=f= 0 : (4.6)
0 0 etla—=p)
a xT 67"9
Proposition 3. Let z, y, z € Roo and 0 € [0, 7] such that My = ($ =i b z) 1s minimal. Then the
Yy z ¢

matrices obtained by permuting any pair of rows of My and its corresponding columns are also minimal.

Proof. The proof follows after similar considerations as the ones done about the characteristic polynomials
of the matrices in the previous Remark 5 or using conjugation of My by permutation matrices or unitary
diagonals. g

Remark 6. Observe that if we search for a minimizing diagonal for M as in , we can suppose that
M = My as in , since any other matriz has its minimizing diagonal equal to the one of this type or
at least a permutation of its diagonal (see Remark@ and the Proposition @) Moreover since minimizing
diagonals have been described in the cases an off-diagonal entry of the matriz is zero (see Proposition @
and Theoremlz) and in the real case (see Theorem@ we can also suppose that

e 0 <0 < 7 (because the cases 8 = 0 or 0 = 7 have the same minimizing diagonals that the real
symmetric matrices and for other 6 ¢ (0,7) is enough to consider the case of 61 € (0,7) such that
cos(61) = cos()) and that

e x>y>=2>0 (in view of Proposition @

Note that the above Proposition [ and the previous Remark [5 prove that if two matrices have its off-
diagonal entries with equal module (even if they are permuted in their positions) and if cos(6) = cos(a +

B+ ) (with a,B,v as in and 0 as in ({.5)) then its minimizing diagonals coincide (with the

corresponding permutations if necessary).

a zel 2

Corollary 1. Let z € Rog and 0 < § < 7, then M = | x e % b x | is minimal if and only if
x T c

a=b=c=—zcos(&T).

Proof. The equality a = b = ¢ follows as a special case of Theorem [3] Case 4. If we set a = b = ¢ =
— COoS (9’%”) the eigenvalues and eigenvectors of M can be explicitly computed. Then using Theorem
it can be proved that M is a minimal matrix with that choice of a, b and c. This is the only possible

choice because the minimizing diagonal is unique (see Proposition . O

Proposition 4. Let M be a matriz as in with x,y,z € Ryg, o, 8,7,a,b,c € R. Then the following
statements are equivalent:

(i) a+B+y=kn+J withkeZ anda=b=c=0,

(il) M is minimal and o(M) = {\, =X, 0}, for A = | M|.

Proof. (i)= (ii). If a+ B+~ = kr+ § and a = b = ¢ = 0 it can be checked that the eigenvalues of M are
+A = +4/22 + 92 + 22 and 0 and that there are corresponding eigenvectors of +\ that satisfy Theorem
Therefore (ii) holds.

(ii)=>(i). If M is minimal there exist v; and v_ norm one eigenvectors of A and —A\ respectively such
that vy ovy = v_ov_ (see Theorem [I)). We can factorize M = U - diag(), =\, 0) - U* with v} and v_ in
the first and second column of the unitary matrix U. A direct calculation then shows that the diagonal
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of M has entries A|(vy):|? — A|(v-);|? for i = 1,2,3. Then the condition v} o vy = v_ ov_ implies that
the diagonal of M must be null. Then a =b=c¢=0.

Then det(M) = (—A)A 0 = 0 = 2zyzcos(a + B + 7) (see [£.4). Therefore since z,y,z € Rxq then
a+B+vy=kr+ § with k€ Z. O

Corollary 2. Let M be a minimal matriz as in with x,vy,z € Rxg, o, 8,7,a,b,c € R.
Then the following statements are equivalent:
(a) a+pB+y=kn+ 3, forkel,
(b) a=b=c=0,
(€) (M) ={A,—=A,0}, for A= | M].

Proof. The proof of (c)=>(a) and (c¢)=>(b) is direct from (ii)=(i) of Proposition

(b)=>(c) can be proved using that since M is minimal, then it must be o (M) = {\, u, A}, for A = | M]||
and |p| < A. This implies that tr(M) =a+b+c¢=0 = p.

(a)=(b) As seen in Remark [5| the minimizing diagonal of M is the same as that of My as in
with 6 = kr + 7 and e? = +i. Tt can be verified that My with zeros in its diagonal has eigenvalues

{£+/2? + y% + 22,0}. Then, calculating the corresponding eigenvectors of My with zeros in its diagonal
and using Theorem [I] can be proved that My is minimal. Proposition [I] implies the uniqueness of the
minimizing diagonal and therefore a = b = ¢ = 0.
O
6

Proposition 5. Let My = m;w xi z> € Mé’((C) be as in , and My a minimal not null matriz

c

y z
such that o(M) = {\, u, —A\} with |u| = X\. Then x,y, z must be non-zero and 6 = km, with k € Z.

Proof. Denote with vs a corresponding norm one eigenvector of the eigenvalue & of My. Then My =
AUA®uy — A v_y®voy + p v, ®u, (with |u| = X) and MZ = X?I. Then the columns of My are
orthogonal vectors of norm A. Then direct calculations prove that if one of the off-diagonal entries of My
is zero then all the others must be zero. Then it must be x # 0, y # 0 and z # 0.

Using the perpendicularity of the columns of My it is apparent that axze'® + bxe? + yz = 0 and then
tasin(f)x + ibsin(f)x = 0. Let us suppose sin(#) s 0. This implies that @ = —b. In the same way we can

prove that aye™" + cye " + zz = 0, and then a = —c; and that bze + cze? + 2y = 0 which implies
that b = —c. Therefore a = —b = —(—c¢) = —a and then a = b = ¢ = 0. Nevertheless a + b+ ¢ = u # 0,
and then it must be sin(6) = 0, which proves that 6 = krx, for k€ Z . O

Theorem 5. If M € Mgfb((C) is a minimal matriz with non-zero off diagonal entries and spectrum
{N o, =2} (IM|| = X = |u|), then there exist corresponding orthogonal norm one eigenvectors vy, v_y
and v, such that

M=X (nx®uvx) = A (V-aQu-i) + 1 (U, Quy),
where N = A (vA®uvy) — A (v_x ®@v_y) is minimal and Diag(p (v, @ v,)) =Diag(M).

Proof. Let us suppose first that || < A. Then all eigenspaces have dimension one and any choice of norm
one eigenvectors vy, v_y corresponding to A and —\ verify Theorem |1 Then, using the same theorem,
N is minimal, and Proposition 4| implies that Diag(N) = 0. Therefore Diag(y (v, ® v,,)) =Diag(M).

If || = A then one of the eigenspaces corresponding to A or —\ has dimension two. Since M is minimal
there exist eigenvectors vy and v_) corresponding to the eigenvalues A and —\ such that vyovy = v_)ov_—}
(Theorem . Pick this eigenvectors and any other v, orthogonal to both of them. Then it can be proved
similarly as above that they satisfy the claims of the theorem. O

Proposition 6. Let My, My € M} (C) be two minimal matrices with the same diagonal and eigenvalues
{\, 1, =N}, with 0 # || < X, given by

a xo €X0F gy e Pol a x, eMt oy e P
My = T e~ ot b zg €7 and My = T e Mt b z1 et
Yo ebPoi 2o e~ 0! c U1 bt g e c

with Zo, Y0, 20, %1, Y1, 21, € R>0-
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Then x¢ = x1, Yo = Y1, 20 = 21 and cos(ag + Bo + Yo) = cos(ay + B1 +71)-

Proof. My and M; are matrices of non-extremal type in the sense of definition 3.5 of [9]. Note that
p = a+b+c # 0. Following the same notations of (3.9) and (3.10) of that paper for «, 3, x, (n12),, (Mm12),
(for My) and (n12),, (ma2), (for M), then it must be a = 55—, 8 = Q(beH) and x = 57,7575 Then,
considering all the cases, it can be proved that zg = |zo| = |1 (n12)y + A (M12) | = [ (n12); + A (Mma2), | =
|x1| = 1. The same reasoning could be done to prove yo = y; and zg = 2;.

Finally cos(ag + 8o + 7o) = cos(ay + 51 + 1) because the coefficients of the characteristic polynomial
of each matrix are determined by {\, u, —A} and using we obtain that —\?p = abc — az? — by? —
cx? + 2zyz cos(ag + Bo + Y0) = abe — az? — by? — cax? + 2xyz cos(ay + B1 + 7). O

We state here the following result that was already mentioned in Remark [6]

Proposition 7. Let My and M, be matrices with the structure of those of Proposition [6 If their off-
diagonal entries have equal modulus xo = x1, yo = y1, 20 = 21, and cos(ag + Bo + Vo) = cos(ay + 1 + 1),
then both matrices have the same minimizing diagonal.

Proof. The proof follows reducing each matrix to one like My as in Remark [5] and then applying Propo-

sition [3 O
a z e oy

Theorem 6. Let z,y,2€ Rog, 0eR and M = | x e % b z | be a minimal matriz.
Y z c

Then there exist «, 3, v € [0, 7] such that:
(i) cos(a+ B+ ) = cos().
(ii) The matrices N, S defined by

0 ix sinae  —iy sing a T cosa Yy cosf
N=| —izsina 0 iz siny and S=| z cosa b Z cos"y (4.7
ty sinff  —iz sinvy 0 y cosfB  z cosvy c

satisfy:

a) Diag(N + S) = Diag(M),

b) Ifveker(N) with v =1 = S=(a+b+c)(v®v),

c) My= N+ S is minimal,

d) My is unitarily equivalent to M or to M* by means of unitary diagonals.
(i) If 0 # kn/2 with k € Z, then o, B and ~y satisfy

1) cosa #0, cosf#0 and cosy # 0

2) 2?sin(2a) = y?sin(28) = 2% sin(27)

3) M2 = [My|? = (wsina)? + (ysin )2 + (25in7)?

4) Dl(lg(Mo) :Dmg(S) :Dmg(M) :(zy cos(a) cos(B) xzcos(a)cos(y) yzcos(B) cos(y) )

z cos(y) ’ y cos(B) ’ x cos(a)
2
5) (esina)? + (ysinf)? + (zsiny)? > (Hesaeelll o emenlaen0) | wzenlfenn )

Proof. Let us suppose that o(M) = {\, p, —A} with |u| < A = |M|. Then, using Theorem |3 it can be
proved that there exist vy, v—) and v, orthonormal norm one eigenvectors of A\, —A and p respectively,
such that M = N + S, with N = A(vy ® va) — A(v—_x ® v_») a minimal matrix with Diag(N) = 0 and
S = p(v, ®v,) satisfies Diag(S) = Diag(M) (even in the case |u| = A). Let v, = (r,s,t), then it is
apparent that a = p |r|?, b = p |s|?, ¢ = p |t|?. Furthermore defining & = |r|, ¥ = |s| and ¢ = |t|,

0  i¢  —iv
the matrix Ny = A| —i¢ 0 1 & is a minimal matrix and |N1]| = A (see Theorem M| and
iy —i& 0

Propositions [2| and . Moreover, v = (§,,() is a norm one eigenvector corresponding to the eigenvalue
0 of Nl.
& & &«
Let $1 = p(v®@uv) =p | & ¢* ¥
¢ ¢ ¢
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By construction N; is minimal with o(N7) = {A,0,—A} and o(S1) = {1, 0}. Then,

HE g i pEC—i N
My =N+ 51 = mp€— i XC i ppC + i A
pcE +i Xy pCp —i A€ ¢
has the same diagonal than M and o(M;) = o(M). Now we will consider the cases = 0 and p # 0.

e In case u = 0 the diagonal of M must be zero and, using Proposition 4, 0 = k7 + 5 for k € Z
and A = y/z2 + y? + 22. Moreover, it easy to check in this case that v, o v, = 1/A?(22,y?, 2?) =
(7%, |s|%, [t|?) (because (z,y, x) is an eigenvector of M of eigenvalue 1 = 0). Then ¢ = x/+4/22 + y2 + 22,

22+ y2+ 22 € = z/\ /a2 +y2+ 22 If 0 = (2k + 1)m + 7/2, with k € Z, then
a = 8 =+ = 7/2 verify the requirements of the theorem and follows easily that Nj is uni-
tarily equivalent by means of diagonal matrices to M: M = UN,U* for U = Diag(i,—i,1). In
case 0 = (2k + 1)m + w/2, with k € Z, then the matrix M is the transpose as the one considered
in the case when 6 = 2k + 7/2, with k € Z. Therefore the theorem is proved in this case taking
a=0=vy=mn/2, N=Njand S =0.

o If n # 0, then M; = N; + S; is minimal because N; is, and S; = p(v, ® v,) with v, orthogonal
to the non zero eigenvector of Ny and |u| < A = | N1|. Moreover, none of the entries of M; can
be null. Suppose for example that (My)1,3 = 0 which implies that { = ¢ =0or ( =¢ = 0. If
we consider the case & = ¢ = 0, then M has (0,0, 1) as eigenvector of x (because v, = (r,s,t) is
eigenvector of eigenvalue p and € = |r|, ¢ = |s|). But this implies that the entries (M); 3=y =0
and (M)z,3 = z = 0, which contradicts the assumptions of the theorem. If we consider the case
¢ =1 =0 we arrive at x = y = 0, also a contradiction. With similar arguments we can prove
that, in any case considered, the supposition that one of the entries of M; is null leads to a
contradiction.

Then we can use Proposition |§|, to prove that x = |uY + ¢ X(|, v = |u€C — i \Y| and
z = |pp¢ + i AE|. If we consider 0 < arg(z) < 27 and define

o = arg(ugy +1i AQ) , B =2 —arg(uéC —i Mp) , v = arg(uip¢ + i A), (4.8)
and 01 = a + 8 + 7, then «, 8,7 € [0, 7] and from Proposition |§| follows that cos(f) = cos(6;).
Moreover M; is unitarily equivalent by means of unitary diagonals to My, (see (4.5) . and .

Since My, = My, or My, = M_g = (M@) , follows that M; is unitary equivalent (by means of
unitary diagonals) to My or to its transpose. Choosing «, 8 and v as have been defined before
and putting N = N; and S = S the items (i) and (ii) of the theorem follow.

Proof of (iii).

If 6 # kx/2 for k € Z then ¢, £ and ¢ are not null. This claim follows after considering the following

cases.

e As seen in the proof of (2) above, two of the numbers (, £, ¥ cannot be zero simultaneously if
T, Y,z € R>O-

e If only one of (, &, v is zero, My is equivalent to a real matrix by means of diagonal unitary
matrices (see (4.8) and Remark [5)) and therefore § = k7, k € Z, a contradiction.

If ¢, € and ¢ are all not null and p # 0 (0 # kv + 7/2, k € Z), since we are supposing A = || M| = | M|
follows that Im((Mp)1,2) = zsina = A # 0, Im((Mp)1,3) = ysinf = My # 0 and Im((Mp)a3) =
zsiny = A # 0. Therefore, in this case (since x,y, 2 € Rsg) sina # 0, sin 8 # 0 and sin~y # 0 and also
(since p # 0) cosa # 0, cos 8 # 0 and cosy # 0 which proves 1).

Then it can be verified that

1
v, = zsin-y,ysin 3, x sin 4.9
"/ (sina)? + (ysin B)2 + (zsin)? ( 7 ysing ) (49)

is an eigenvector of Mj. Therefore by construction

(@ +b+ c)(zsiny)? (a+ b+ c)(ysinB)? (@a+0b+c)(zsina)?
“ a2 0= a2 0T e

and \? = (zsina)? + (ysin 8)? + (zsiny)%
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Pick v, as in () Then S12 = zcosa = ((a+b+¢) (v, ®vu));, = "ws’l;’w Thus {z =

—ycosB_ and therefore —L¢osa . __ycos
zx sin vy sin « zysinysin 8 zx sin vy sin

@ cos a - S o
TysmosinG Similarly, considering S 3 we obtain {5 =

Reordering we obtain

z? sin 2a = 32 sin 26.
Using 51,3 we obtain {5 = - jlgo(j;nﬂ
From (ii) d) of Theorem [6} is apparent that My and M have the same norm (that of N) and diagonal
(that of S). The norm of N is 4/(zsina)? + (ysin 3)2 + (zsin~)?2 which proves 3).
Using again the same v, as in we obtain

Sia = plzsing)2/A?
(n(z) (1)) (o) sto)) g g

and reasoning as before we can prove 2).

(n(=55) () Sa
(rcosa)(ycosB)  wycosacosf
B (2 cosy) ~ zcosy

The formulas for S5 5 and Ss 3 are obtained similarly which proves 4).
Items 3) and 4) imply 5) because since M is minimal, then tr(M) is an eigenvalue of M and therefore
r(M)? < | M]P.
O

Proposition 8. If o, 8, yeR, o, 8,7 # kn/2 with k€ Z , and x,y,z € Ry, My = N + S, with

0 ix sina —iy sinf
N = —i x sina 0 1z sinvy and
iy sinff  —iz siny 0
%W T Ccosa y cosf3
S = T Cosq 733“;55;)(;35(7) Z cosy
y cosf3 Z €cos7y yrees pirEy) C;SEOB S)(ZSS(V)

and o, B3, v, x,y, z satisfy:
1) 2?sin(2a) = y?sin(28) = 2%sin(2y)

5(ar) cos zz cos(a) cos z cos(3) cos 2
2) (CU sin O[)2 + (y sin B)Q + (Z sin 7)2 = (wyc,::c(os)('y) - + yc(os)(ﬁ) = + ¢ a:c(oﬁs)(a) (’Y))

then, NS = SN =0 and My = N + S is minimal.

Proof. Using 1) follows that NS = 0 and SN = 0. Furthermore S has rank one and N rank two. Then
ran(S) = ker(N) and ker(S) = ran(V) and o(S) = {0, tr(S)}. Therefore if we call

A = 4/22sin®*(a) + y2sin®(B8) + 22 sin’(y)
follows that o(N) = {0,A\,—A}. Then o(N + S) = {tr(S),A,—A}, and using 2) then My = N + S
verifies |[My| = |[N| = A = \/xQ sin?(a) + y2sin®(B) + 22 sin*(7). Furthermore the eigenvectors of M,

corresponding to the eigenvalues =\ are the same than that of N (that is a minimal matrix as seen in the
proof of Theorem @ and therefore they verify the conditions of Theorem Therefore My is minimal. O

Theorem 7. Given a minimal matrix of the form
i0

a z e’ y 3
M= xze™® b 2z |withe>y=>2>0andfe (27T7 271') (4.10)
y z ¢

then there exist unique o € (m/2, 37], B € (7/2,2x], v € (7/2,7) which are continuous functions of 6,
x, Yy, z such that:
1) a+p+v=196



MINIMAL HERMITIAN MATRICES 11

(2) The matrices N, S defined by

0 iz sina  —iy sinf
N=| —iz sina 0 1z sinvy (4.11)
iy sinf  —iz sinvy 0
and
a x cosa Yy cosf
S=| z cosa b z cosYy (4.12)
y cosfB z cos7y c
satisfy

a) Diag(N + S) = Diag(M)

b) Ifveker(N) withveR3 and |[v|=1 = S=(a+b+c)(v®v)

c) My=N+S is minimal.

d) My is unitarily equivalent to M or to M by means of diagonal unitaries.

") 2?sin(2a) = y?sin(26) = 2% sin(27)
2) M| = | M| = (zsina)? + (ysin )2 + (= sin7)?
3)

Diag(Mo) = Diag(M) = (acycz;sc(;xs)(%m(ﬁ)7 zz CZSC(C()XS)(Z;S(’Y)’ yz czsc(fs)((cltﬁ)s(’v))

2
£) (esina)? + (ysinB)? + (siny)? > (B | rzeolapenst) | yzeos(d)col))

Proof. Most of the statements of this theorem were proved in Theorem [6] It only remains to prove that
for 0, z, y, z fixed the angles o, 8 and ~ that fulfil the conditions of the Theorem are unique, that they
can be chosen in the specified intervals and that they are continuous functions of 6.

Analysing the signs of the real and imaginary parts of the complexes such that their arguments define
the angles , B and ~v that appear in the proof of the Theorem [6] we can conclude that in this case,
(since we can prove that 4 < 0 < 6 € [37,27]) we can choose a,8,y € [r/2,2x]. If we consider p < 0
(v = 0 corresponds to 8 = 37/2 that as Corollary [2| states it has the same minimizing diagonals than
those considered in Theorem , then we can suppose that (for «, 8, v from Theorem @ T, = TCosq,
Ts =xsinaq, y. = ycos B, ys = ysin B, z. = zcos~y and z; = zsin+y are all non zero (as it analysed in the
proof of Theorem [§] (iii)). Then using the inequality 4’) we obtain

2.2 2/ 2 2 2 2.2 2.2 2_2\2
ZeYeTe ('/Es + Ys + Zs) = (mcyc + Teze + yczc)

and with 1), if we denote with k = z.2s = y.ys = z.2s we can prove that
k* > (2ly? + 2222 + y22?) (4.13)
We will prove first that o ¢ (%77, 7). Suppose that « € (%77, 7) and consider two cases:
a) B € (a,m): in this case since z.xs = y.ys A y < x then sin(f) < sin(«), ys < s then xs < |z.| <
|ye| and then
k? = ala? < yia? < (22y; +age] +yizl)
which contradicts (4.13)).
b) Be(m/2,al
(i) if B € [3/4m, o] then |ys| < |yc| < |z.| and then
2, 2
cJdcC

2 2,2 2,2 2.2 2.2
k =YsYe <z Ye < (J?cyc—FZ‘ch +yczc)7

which contradicts (4.13).
(ii) if B € (7/2,3/47) we will compare |z.| with ys
(i) If |x.| = ys then

2 2 2 2.2 2.2 2.2 2.2
k* =yiys < ztys < (xcyc +xoz; +yczc),

which contradicts (4.13)).
(iia) If |z.| < ys then (recall that z.,y. < 0) ys + . > 0. Moreover z2 + 22 = 22 >
y? = y2 +y2, then (x5 + x.)? = 22 + 2w52, + 22 = y? + 2ysye + y2 = (ys + y.)?, and then
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- XY= da = ;,.yh = 2.2, ~[—1.21

45 4 45 3 25| -2
F1GURE 1. The corresponding «, S and v for § = 6., x = 3.5, y = 2.3 and z = 1.6.

|zs + xe| = |ys + ye|, but 0 < 25 < |z.| and 0 < |y.| < ys, which proves that —z; — . = ys + ye.
Then —z5 — y. = ys + x. > 0 and hence —y. > x holds and

2 2.2 2.2 2.2 2.2 2.2
k* =xix. <yiz, < (xcyc +xz; +yczc) ,

which contradicts (4.13).

Then a ¢ (37, 7) holds and if 6 € (37,27) then a € (7/2, 37].

Similarly, comparing |y.| with |z.| it can be proved that § ¢ (%w,w) and therefore g € (7/2, %7‘(], and
that v € [8, 37 — 8] < [x/2, 7] (see Figure .

Uniqueness:

The angles « and [ are unique in this intervals because they must fulfil the conditions z.xs = y.ys = k,
/2 < a < 27 and 7/2 < B < 37. If there are two different angles v and 7/ in (7/2,7) that fulfil
the conditions of Theorem @, then the only possible case is that one belongs to (8, %7‘(‘) and the other
one to (%7‘(’,%71’ — ). Suppose that § < v < %ﬂ' and %ﬂ' <4 < %ﬂ' — . then only + satisfies the
conditions of Theorem |§| (iii). This is because, if both satisfy the minimality conditions of that item,
then A2 = | M| = (zsina)? + (ysin 8)% + (zsiny)? = (zsina)? + (ysin B)? + (zsiny’)?, a contradiction
because sinvy’ < sin~y.

If z,y, 2 are fixed, we denote with o = «(0), 8 = B(0) and v = ~(0) the angles that are uniquely
determined by € in the corresponding intervals. If we trace the definition of these angles given in of
Theorem @, it can be seen that it is a continuous application with respect to 6 (and also with respect to
T,y,%).

The sum of «, 8, and ~ gives 0:

Since 6 € (3, 2m), a(6), B(6) € (7/2,3 7), v(0) € (B(8), 37 — B(H)) then 3/2 m < a(6) + B(6) +7(0) <
9/4 7. Then using that cos (a(f) + 8(0) + v(0)) = cos(#) continuity and uniqueness arguments imply
that a(0) + B(0) + v(0) = 6 holds for every 6 € (3, 2r).

O

Remark 7. Given a minimal matriz My as z'n with 0 = %71', r =y >=z>0 then 0o(Msy) =
{X,0, =X} (see Corollary@). M3, /5 has the same null minimizing diagonals than those matrices considered
in Theorem[{] (see Remark[5). Then we can define a(31/2) = B(37/2) = v(3m/2) = /2 and they satisfy
(1), (2) and 1’) through 4’) of Theorem@. As we will see this definition makes o, 5 and v continuous in
terms of 0 € (,2m).
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In the case 0 € (m,37) let us consider ¢ = 3w —6. Then 0 € (37,2n) and if we denote with o/, ' and
~'" the solutions which ezistence was proved in Theorem@ then it is enough to take o = 7 —a’, B =7 —f'
and v = m—~' and verify that these angles «, 8 and v € (0,7/2) satisfy all the required conditions 1), 2)
and 1’°) through 4’°) of Theorem @

If 6 € (37,2m) it is apparent that if 0 is close to 37 then the values of (), 3(0) and v(0) defined as
in the previous Theoremlj must be close to w/2. Then a, 8 and vy are right continuous in 0 = %ﬂ, i.e.
limg_, 3.0+ @(0) = limg_,3./0+ B(0) = limg_,3./2+ ¥(0) = 7/2. Similarly it can be proved that o, B and y
are left continuous in 6 = %w.

If 0 € (m,23m) then similar considerations as the ones made before (using the proven uniqueness,

’ 2
continuity and sum of «, 3, v of the previous case) prove that also in this case a + 5+ v = 6.

If o = %W choosing o = 8 = v = 7/2, then obviously a + 8 + v = 0, and because of the previous
considerations «, B and 7y are continuous functions of 0 in the whole interval (m,2m).

Remark 8. If 0 € (m,2n) using the results and notations of the previous theorem for a minimal matriz
M with the structure of and considering the cases ju € (—,0) (that is equivalent to 6 € (3m,2)),

or p € (0,\) (that is equivalent to 6 € (m,3m)), or p = 0 (that is equivalent to 6 = 37), then it can be

proved that the unique angles a € (7/2, %ﬂ'), B e (n/2, %W), v e (B, %77 —f) from Theoremlj must satisfy

2 & 2 .
a+ﬁ+’}/:0,0{:1 T — arcsin M 7ﬁ:1 T — arcsin M
2 x2 2 y2

Observe that the uniqueness of these angles in the specified intervals for each 6 and under the conditions
at+fB+y=10
22 sin(20) = y?sin(28) = 2 sin(27)
(zsina)? + (ysin B)* + (zsiny)? >

zycos(a) cos(B)  wzcos(a)cos(y)  yzcos(B)cos(y)\”
> ( z cos(y) * ycos(B) * x cos(a) >

imply that the root of
1 2 sin(2 Zsin(2
— | 2 — arcsin M — arcsin M +v—0=0
9 22 Y2

closer to v = %71' is the wanted solution.

Remark 9. Algorithm.

(1) Case M;; = 0 for some i # j. If M is a Hermitian matriz with zero entries outside the
diagonal then the null diagonal is always minimizing for M.
If two entries outside the diagonal of M are null then there exist infinite other minimizing
diagonals for M (see Proposition @for details).
(2) Case M, ; # 0 for i+ j. Given a generic Hermitian matriz M with non zero entries it can be
conjugated with diagonal unitary and permutation matrices (see Remark@ and Proposition@ to

obtain a matrixz with the structure
i0

a xel y
My=| ze® b =z with x >y >z >0 and 6 € [0, 27).
Y z ¢

We discuss next how to find the minimizing diagonal matrices Diag(a, b, c) for My.
(a) Case 0 =0 or 0 = w: in this the minimizing diagonal Diag(a,b, c) can be computed writing:

D-24| ,_D-2B _D-2(C|

dxyz dxyz dxyz

where

A= a2y —y222 — 222 B = 22?222 4 2% O = —a2y? 422?222
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and D =A+|A|+ B+ |B|+C+|C|

(b) Case 0 = 7 5
In this case: a=b=c¢c=0

(c) Case 0€(0,%) v (5,m):
This case corresponds to the transpose of a matrixz from the case where m < 0 < 27 that has
the same minimizing diagonal. That is, if 6 € (0, 2)U (%, ), then (2r—0) € (7, 25) U (3F, 27)
and the minimizing diagonal corresponding to 0 is the same that the one corresponding to
21 — 0 that is described in the following case.

(d) Case 0 ¢ (m,2F) U (2F,2m):

Let ~y be the closest solution to 3/4w of the equation
1 2 sin(2 2 sin(2
— | 2 — arcsin m — arcsin m +v—60=0
2 22 2

(that can be easily approzimated by a standard numerical method), and

1 2 & 2 -
a = — |7 — arcsin M R /8 = 1 T — arcsin M .
2 2 2 Y2

Then the (approzimated as much as needed) minimizing diagonal is

_ xycos(a)cos(B) po Z cos(a) cos(7) V2 cos(3) cos(’y).

2 cos(7) ’ ycos(f) ’ x cos(a)

To obtain the minimal matriz corresponding to the original matriz M, then the inverse con-
jugation with diagonal unitary and permutation matrices used to obtain My may be required.
This inverse conjugation applied to the minimizing diagonal of My gives the minimizing
diagonal of M. Note that this operation can only change the order of the diagonal entries.

5. SOME n x n CASES

In this section we describe some general facts about minimal matrices and its minimizing diagonals
and the concrete minimizing diagonals for some particular n x n Hermitian matrices.

We include here a result from [8] that will be used often. It generalizes Theorem [1| for n > 3. In
this case convex hulls of orthonormal sets of eigenvectors may be needed instead of only one for each
eigenvalue A = [ M| = Apax(M) and =X = —| M| = Apin(M) (see also Remark [2).

Observe that in the following corollary co(A) denotes the convex hull of the set A.

Corollary 3. [8, Corollary 3] Let M € M" , (C) be a non-zero matriz such that its mazimum and
minimum eigenvalues satisfy Amax(M) + Amin (M) = 0 and S, (respectively S_ ) be the spectral eigenspace
corresponding to0 Amax (M) (respectively Amin(M)).
Then the following properties are equivalent
(a) M is minimal
(b) There exist orthonormal sets {vi}j_, < Sy and {v;};X},, < S_ such that
co({v; oT3}i_1) N co ({v; OTj}gisH) # .
The minimizing diagonals of a fixed matrix M € M (C) form a convex set. Suppose that Dy, D; are
minimizing diagonals for M and ¢ € [0, 1], then
|M +tDg + (1 —t)D1| = [|tM + (1 —t)M + tDo + (1 — t) D4 ||
< [t(M + Do) | + [[(1 = £)(M + D) (5.1)
< |M + D||, forall De D,(R).
Therefore, the convex combination tDg + (1 — ¢)D); is also a minimizing diagonal for M.
The following remark shows that the set of matrices with infinite different minimizing diagonals is

neither open nor closed in M"(C). The same property holds for its complement in M/ (C) (the set with
unique minimizing diagonals).
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Remark 10. The set of matrices that have infinite minimizing diagonals is not open in M (C). Consider

0 1/mxz
for example the matrices M,, = [ 1/m o o), for m e N and z € C, x # 0. FEach M,, has a unique
Z_ 0 0
minimizing diagonal (see Proposition (1)) but their limit:
. 00«
=(000
’n},li}lw Mm (E 00 )
has infinite many minimizing diagonals (see Proposition @)
0 1/mo
Moreover, the matrices M,, = <l/m 0 o), for m € N have infinite minimizing diagonals (see Propo-
0 00

. ) . 000 ) , , S
sition but satisfy lim,,, o My, = (8 0 8). Since the null matriz has obviously only one minimizing

diagonal, the set of matrices with infinite minimizing diagonals is neither closed.
The same examples prove that the set of matrices with unique minimizing diagonal is neither closed
nor open.

Despite the previous remark, there are big sets of matrices with unique minimizing diagonal that are
open in M"(C) (such as the one of matrices in M (C) with at least two non zero off-diagonal entries,
see Proposition . The following proposition proves the continuity of the map that evaluated on the
off-diagonal part of a matrix gives its unique minimizing diagonal.

Recall that Diag(M) is the diagonal matrix with the same diagonal of M. Consider now the map

O : M"(C) - M"(C) , such that O(M) = M — Diag(M).
O puts zeros in the diagonal of M € M(C).

Proposition 9. Let M € M"(C) a matriz with unique minimizing diagonal dym(M) and O(M) =
M — Diag(M).
(1) If M,, € M"(C), with m € N U {0} satisfies that each M,, has a unique minimizing diagonal
dpmin(Mp,) such that lim,, o O(M,,) = O(My), then
m—00
(2) Let B < M!(C) be an open subset of matrices that have only one minimizing diagonal. Then
Amin : O(B) — Dy (R) is a continuous map.

Proof. (1) If limy, oo O(M,,) = O(My) then dypin (M) must be bounded for all m € N. This holds
because, since diin (M) + O(M,y,) is minimal, then |dpmin (M) + O(Mp)| < |O(M,,)| and
therefore

Hdmin(Mm)” = Hdmin(MM) + O(MM)H < “dmin(Mm) + O(Mm)H + HO(Mm)H
< 2[|O(Mn)|

The claim that dy,,(M,y,) is bounded follows since {O(M,,)}nen is a convergent sequence.
Then, as {dmin(Mm)}men belongs to a compact set, we can choose a subsequence {M,,, }ren
such that d,in (M, ) converges to a real diagonal Dy.
We will prove first that Dy = dpin(Mg). Given € > 0, we can choose ky € N such that
[O(My) — O(Mp, )| < e and |dmin (M, ) — Dol < € for all k = ky. Then

IO(Mo) + Dol = [O(Mo) + Do + (O(Mp,,) + dimin(Mim,,)) ||
= HO(MO) - O(Mmk) + Dy — dmin(Mmk)+
+O(]Mmk) + dmin(Mmk)”
< 2+ [|O(Mm,,) + dimin(My,,)||
< 24 |O(M,,) + D| = 26 + |O(My,,.) + O(My) + D|
< 3e+|O(My) + D

for every real diagonal D and € > 0. Then |O(My) + Do| < |O(My) + D| for every real diagonal
D which proves that Dy is a minimizing diagonal for My, and therefore Dy = dp,in(Mp).
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Note that the previous argument also proves that if Dy is the limit of any convergent subse-
quence of {dyin (M)} men then it must be D1 = Dy = dpnin(Mp). Then, using that {d,nin (M) }men
is bounded, the hole sequence {M,, }men satisfies lim,,, o dmin (M) = Do = dimin (Mp).

(2) Note that if B < M]*(C) is open and O(B) = {O(M) : M € B}, then O(B) is open in O (M}*(C))
since O : M (C) — M}(C) is a projection and dp;, : O(B) — D,,(R) is a well defined map. The
previous item (1) proves that d;, : O(B) — D, (R) is continuous.

O

Corollary 4. Let My be as in (4.5). Then the entries of the unique minimizing diagonals of My define
a continuous function of x,y,z and 0:

d: R?;éo X [Oaﬂ—] - RS) d(l'vya 279) = (dmin(MO)l,la dmin(M0)2,2; dmin(Me)B,B) .

Proof. The proof follows considering the map dyin : O({Mp : 6 € [0, 7], and z,y, z # 0}) — D, (R) and
Proposition [9] O

Theorem 8. If M € M/(C) is such that diag(M) = 0 and Re(M; ;) = 0 for all i, j, then M is minimal.

Proof. Let us suppose that vy is an eigenvector of A = |M|. Then, it is apparent that —\ € o(M) and
that the vector Ty is an eigenvector of —\. Since |(vy);| = |(Tx);| for every i, a generalization of Theorem
(see Corollary [3) proves that M is minimal. O

In the next theorem for M € C"*"™ we denote with C;(M) the j® column of M, with M; the matrix

in C(*—Dx(n=1) resulting after taking off the j™ column and row of M and with vs the element of crt

th

obtained after taking off the j*" entry of v e C™.

Theorem 9. Let N € M"(C) and k € N fized such that 1 < k < n. Suppose that N satisfies the following
properties:

(1) the k™ column Ci(N) satisfies that its k™ entry (C,(N))r = Ny =0,
(2) C;(N)-Cr(N) =0, for all j # k, and
3) [Vl < ICk(NV)]2-

Then N is a minimal matriz with |N| = |Cx(N)|2. Moreover, if each i entry (Cr(N)); = N;x # 0,
Vi # k, then the diagonal of N is the only one that makes N a minimal matriz.

Proof. Let us denote with ¢, = |Ck(N)|2, with {e;};=1,. » the canonical basis of C" and define

.....

N)+cper) and ov_ (—Cr(N) + ck ex) .

1 1
vy = — (C =—
" Ve V2 ey
Direct calculations show that |[vi]2 = |v_|2 =1, Nvy = ¢ vy, Nv_ = —¢; v— and v; -v_ = 0.
Let v be an eigenvector of N, with |v]|s = 1 and eigenvalue o # +ci. It is apparent that v is orthogonal
to vy, v—, e = %(’U.’» +v_) and Cx(N) = cxv2 vy — ¢ ex. Then |o] = [Nvllz = [Ny vgl2 < [Ng| < .
Therefore | N|| = ¢ = |Cyx(N)|2 and since |vy - €;] = |v_ - e;] for all ¢ = 1,...,n, then N is a minimal

matrix (by Corollary .

Now suppose that (Ci(N)); = Nix # 0, Vi # k. Then property (2) implies that N; ; = —w

for all j # k (with the notation mentioned previous to the statement of this theorem) and Nj ; € R since

N is Hermitian. Moreover, a direct computation proves that if we choose a diagonal i*" entry different

from N; ; = fw and call with N’ this new matrix, then [N’ Cy(N)|l2 > ||Cx(N)]||2, which

proves that the diagonal of IV is the only one that makes it minimal. O

Note that the column Cy(N) of the previous theorem must verify |Cy(N)|| = ||C;(N)]| for all j.

Theorem 10. Let M € M"(C) be such that v,w € C" are norm one eigenvectors of eigenvalues Apax =
|M| and Amin = —|| M| respectively that satisfy vov = wow and v; # 0 for alli=1,...,n. Then M is
a minimal matriz and it has only one minimizing real diagonal.
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Proof. First note that since v o ¥ = w o W with v and w norm one eigenvectors of |M| and —||M]|
respectively, then the matrix M must be minimal (see Corollary .

Let D € D, (R) be any real diagonal matrix with D, ; = d;, i = 1,2,...,n. Direct calculations (using
that v and w are norm one eigenvectors of M of eigenvalues || M| and —|M | respectively) show that

|(M + Dyo|* = [|M v + Du|* = 3 |oil* (|M] + di)*
i=1

= 37 (i PIM]? + 2|v: | M d; + [vi|*d?) (5.2)
=1
= | M[? +2[ M| Y vil*di + > Joil*d;
i=1 i=1
and
2 C 2
[(M + Dyw|* = | = |Mw + Dw|* = Y [wi|* (=| M| + d;)
i=1

= > (wiPIM? = 2w, [*| M di + |wi]*d7) (5.3)

i=1

= M = 2| M| Y fwil*ds + Y [wil*d}
i=1 i=1
Next we consider three cases depending on the size of ||(M + D)v|| and conclude that, in all possible cases,
M + D cannot be a minimal matrix unless D = 0:
(1) (M + D)vf| > | M]
In this case M + D cannot be a minimal matrix since the norm of M + D in a single vector
(of norm one) is strictly greater than the matrix norm of M.
(2) [(M + D)v| < [M]
Using the formula (5.2), then ||(M + D)v| < | M| implies that

=2 M| Y il > Y foil*d.
i=1 i=1

|2 = |w;|? for every i = 1,...,n. Therefore, follows that

—2|M| Y |wil*d; > Y |wil*d;.
i=1 i=1

But v 0T = w o w, which implies that |v;

Then

n n n n
|MIP =200 Y fwilPdi + Y fwilPd7 > M + Y fwilPd} + ) il *d]
i=1 i=1 i=1 i=1
and using the equality (5.3) we obtain that

|(M + Dyw|® > [MI? + 3 |M]JwiPdf + ) Jwil*d} > | M.
i—1 i—1
Then |[(M + D)w|? > |M|? and similar considerations as those in the case (1), but using the
vector w instead of v, lead to the fact that M + D cannot be a minimal matrix.
(3) [(M + D)ov| = [[M]
If |(M + D)v| = | M| then using (5.2) we obtain that 2||M| >, |v:[2d; + Y1, |vi|*d? = 0,

and therefore
n

D lwilPdf = =2 M| Y fvilds. (5.4)
i=1 i=1
Next we consider two possible sub-cases.



18 ABEL H. KLOBOUK, ALEJANDRO VARELAT

(a) Case ", |vi|?d? = 0.
This assumption implies that d; = 0 for all ¢ = 1,...,n, because we are supposing that
v; # 0, for all ¢ . Then D = 0.

(b) Case Y\ | |v5]?d? > 0.
In this case, the equality implies that —2|M|| >, |v;|>d; > 0. Therefore

n n
=2 M| Y wilPd; + ) wild} >0
i=1 =1

follows after replacing |v;| with |w;|. Then

n n
|M + DI* > (M + Dyw|? = [M|* = 2| M| Y |wi*di + Y Jwi[*d} > | M]?
i=1 i=1
where we applied (5.3) in the only equality. This strict inequality implies that M + D cannot
be a minimal matrix.
After considering the cases (1), (2) and (3)we obtained that either M + D is not minimal or D must be
the null matrix. Therefore, the diagonal of M is the only one that makes it a minimal matrix. U

The following proposition is probably known, but we include a proof here for the sake of completeness.

Proposition 10. Let X € M, (C) and Mx € M, (C) the block matriz defined by Mx = (XO* )0() Then,
Mx is a minimal matriz.

Moreover, if there exists a norming eigenvector of M x with all its coordinates not null, the zero diagonal
is the only minimizing diagonal for Mx .

Proof. It is apparent that Mx satisfies |[Mx| = |X|. Let (§) € C>"*! represent a column vector with
§,me Cn If (§) is an eigenvector of the corresponding eigenvalue A of My, a direct calculation shows

that Xn = A{ and X*¢ = An. Then (fn> must be an eigenvector of Mx with corresponding eigenvalue

—X. As a consequence, since t|X]|| are eigenvalues of Mx, we can suppose without loss of generality,

that | X || has an eigenvector that we will denote with v = (§) (with all its coordinates not null) and

—|X| another of the form w = (fn). This is enough to prove that Mx is a minimal matrix because
voT =wow (see for example Corollary .

Then we are under the assumptions of Theorem [I0] and therefore, since there exists a norming eigen-
vector with none of its coordinates null, there exists a unique minimizing diagonal (in this case the zero
diagonal).

O

Remark 11. In the general case, the uniqueness of the minimizing diagonal in Proposition [I0] may not
hold. Consider for example the case of X = (&) for x € C\{0}. Then Mx is minimal (using for example
Corollary[3) but Diag(0, c,c,0) is also a minimizing diagonal for Mx for every c € R, |c| < |z|.

Corollary 5. If X € M, ,,(C) and C € M (C) with |C| < ||X| then any block matriz of the form

mXxXm
0 X 0 0 0 X ¢ 0 0
MXJ = | X* 0 0 s MX’Q = 0 C 0 or Mx’g = 0 0 X
0 0 C X* 0 0 0 X* 0

1s a minimal matriz.
Moreover, any minimizing diagonal for any of the Mx ; for i = 1,2,3, can be permuted to construct a
minimizing diagonal for the other two of them.

Proof. Let us consider first Mx,1 with |C|| < [X|. Observe that |Mx,c| = max{|(,% )|, ICI} =
max {| X||, |C|} = | X| since |C| < |X|. Therefore My ; is a minimal matrix because Mx = (2 &~
always is (see Theorem [I0).

The matrices Mx o and My 3 (with |C|| < |X]|) can be obtained from Mx ; after left and right

multiplication by certain unitary matrices. Then those are also minimal matrices since the operator

X* 0
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norm is unitarily invariant. For example, if I; is the j x j identity matrix, and U the unitary defined by

I, 0 O
U=(0 0 I, ], then
0 I, O
0 0 X
Uv]\fx,lUﬂ< . 0 c 0|= MX,2
X* 0 0
Dy 0 0
And with the same unitary U, and every diagonal D= | 0 Dy 0 |,
0 0 Ds
Dy 0O 0
UDU*=| 0 D3 0 |=D
0 0 Do

(with the entries of D’ being a precise permutation of those of D). Then any minimizing diagonal
D for Mx 1 can be permuted into a minimizing diagonal D’ for My o because for any diagonal D,
U(MXJ + D)U* = UMX’lU* +UDV* = MXQ + D holds, with

|Mx1 + D|| = |[U(Mx + D)U*| = |Mx2 + D'|.

And therefore, if U is as described, then D is a minimizing diagonal of Mx ; if and only if D’ = UDU*
is a minimizing diagonal for Mx o = UMx U™,

Similar considerations allow us to prove that Mx 3 is a minimal matrix and any of its minimizing
diagonals can be permuted to obtain a minimizing diagonal of the other two. O

Theorem 11. If M € M, (C) is a minimal matriz and Ej, , € M, (C) is the identity matriz with the h
and k rows permuted, then the matriz Ej, ;M Ey, ) is also minimal (observe that the matriz Ey M E), i
is the matriz M with the rows h, k permuted and the columns h,k permuted afterwards).

Proof. This result can be proved using that E}, M E}, j is unitarily equivalent to M or using that they
have the same characteristic polynomial (see the proof in 3 x 3 case in Proposition .
O

Corollary 6. If X, € My, xn,(C) with k =1,...m, then any block matriz of the form

0 X, 0 0 0 0 0
Xf 0 0 0 0 0 0
0 0 0 X, 0 0 0
vl 0o o x: o0 o 0 0
0O 0 0 0 0 ... 0 Xn
0O 0 0 0 0 ... Xt 0

and any of the matrices obtained from one permutation of block rows followed by another permutation of
the respective block columns is a minimal matriz.

Proof. The proof follows after applying Corollary [5] and Theorem O
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