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AssTrACT. We consider 2m'" order elliptic equations with Holder coefficients.We
show local solvability of the Dirichlet problem with m conditions on the boundary
of the upper half space.First we consider local solvability in free space and then
we treat the boundary case.Our method is based on applying the operator to an
approximate solution and iteration in the Holder spaces. A priori estimates for

the approximate solution is the essential part of the paper.
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1. INTRODUCTION

This paper is about local solvability of elliptic equations of order 2m and Holder
coefficients.

First we show local solvability in free space. Given a function f € C°(R") we
define an approximate solution u which in the case that the coefficients are constant
coincides with an actual solution. We apply the operator to the approximate
solution and we estimate the Holder norm of the difference Lu — f; working
locally, we show this Holder norm is smaller than the Holder norm of f. An
iteration allows us to conclude local solvability. The essential hypothesis in this
case is that the coefficients of the equation belong to a Holder space CF for some
B> 0.

Next we treat the problem in half space. Here we show local solvability of

the Dirichlet problem with m conditions at the boundary. In this case, given
1
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a function f € C°(R") we define an approximate solution u which in the case
that the coefficients are constant coincides with an actual solution and which in
addition satisfies the m boundary conditions. Again, we apply the operator to the
approximate solution and we estimate the Holder norm of the difference Lu — f;
working locally, we show this Holder norm is smaller than the Holder norm of f.
For this case, in order to estimate the derivatives of the approximate solution we
need to assume certain decay of the derivatives of the roots of the characteristic
polynomial. We believe this property should follow from ellipticity only.

There are a number of results concerning this problem. We cite the works of F.
John [5] and Agmon, Douglis and Nirenberg [1]. Our work differs in the method
of proof. Essential to their work is a representation formula for the constant
coefficient equation. This representation formula comes in turn as a result of a
Radon type transformation due to F. John.

Our method is based on the Fourier transform. Our approximate solutions
are defined by transforming and anti transforming Fourier as if the equation had
constant coefficients.

A big part of the paper is about a priori estimates. The a priori estimates in
free space are simpler and are done first. Next we do a priori estimates up to the
boundary. The existence theorems are simple consequence of these estimates. We
do not use the continuity method.

One advantage of this direct method is that a solution is shown to exist locally
with no restrictions on the lower order terms.

We have proved similar results in [7] where we treat the global problem via
Schauder estimates and the continuity method with restrictions on the lower order
terms.

See [10] and [2] for related results with smooth coefficients.

In all of the estimates we will use the letter C to denote a constant that depends
only on structure. This means that C can depend on the ellipticity constant A, on
the dimension 7 and on the fixed constants 6 and K, introduced below. Any other

dependence will be noted explicitly unless it is obvious.
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2. PRELIMINARIES

Let € > 0. All our estimates will take place in B¢(0), from now on B..

Throughout the paper . will be a function such that n. € C;°(B,) and such that
Ne = 1in Be.

And, throughout the paper ¢ will be a function such that ¢ € C;°(B;) and such
that ¢ = 11in By.

We will frequently consider the truncation (p(Ré) with R — oo

We fix two real numbers 6 and fsuch that 0 <6 < <1

We consider operators of the form Lu(x) = ;<o 4a(X)D*u(x), where x € R" and
a(x) € C.

About the coefficients a, we will assume that |a,(x) — a,(y)| < Keglx — ylf for all
x, Y € B¢(0) and for all multi index a.

We notice that K. s < € °K 5. Hence in our estimates, we will use |a,(x) —a,(y)| <
Keslx — yI° for all x, y € B.(0) and at the end use K5 < €#°K, 4.

This last constant we can make as small as we need by choosing € small enough.

Also we set )12 |2alo5. = Ko

Let us write the characteristic polynomial of the equation by p(x, i) = X 4j<om A (X)(i&)".

We will assume the ellipticity condition [p(x, i&)| > A(1 + |&])*" for all x € R" and
for all £ e R".

A crucial consequence of the ellipticity assumption is the following estimate

C

|
& Pow® = T

p(x,ic) — p(y, i)
p(y, ic)

we have

More generally, we note also that setting a(x, y, &) =

2 Do, y, &) < CKop 22
T Ehe
which hold for all x, y € B. and for all £ € R".
We introduce here the concepts we need in order to treat the problem in half
space.
We emphasize the last coordinate by writing

(i iEn) = Yo &P F Y ik B (X)(iE)Y =
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= a(X) (i) + Loty (&2 ¥ e Ao (x)(iE')Y and where by ellipticity, we have
la(x)] > A.

Notice that by ellipticity, the polynomial p(x,i&’, z) as a polynomial in the com-
plex variable z has no pure imaginary roots.

Write p(x,i&’,z) = 0, z = A(x, i&") denote the roots.

We remark that exactly m of the 2m roots which we denote by A7(x, i&’) satisfy
Re(A™(x,i&")) < 0 and exactly m of the 2m roots which we denote by A*(x,i&’)
satisfy Re(A*(x,i&’)) > 0.

Therefore we can factor p(x, i&’, z) = a(x)p* (x,i&’, z)p™(x,i&’, z) where p*~(x, i&’, z) =
Tz = A~ (x, i),

By ellipticity and the Ky bound it follows that each root satisfies [Re(A(x,i&’)| >
C(A+|&’l) and |A(x, ig)] < C(1 + [£7)).

In addition we make the following assumptions which are key to the estimates
in half space.

We assume that
(2.3) IDS,A(y, &) < C(1L + &) !

forally € B.and &’ € R

And we assume that
(24) IDEA(y, &) = DeAx, &) < CKeglx — Y1+ 1&7])

forallx,y € Bcand &’ € R" .

3. LOCAL EXISTENCE IN FREE SPACE

Given ¢ € C°(B,), let |g| = max{|g(x)| : x € B¢} and [¢] = max{% : X, X € Be)
And |gls;5, = 1]+ [g]-

Let Q) =B.or Q =B}

|D*uy = max{|D%u|, : || = k} and [D*u]s = max{[D%u]s : |a| = k)

And define,

s = Lo IDulo + [D*"uls.

The space C*"*°(Q) = {u : [ul 45 < o0} is a Banach space.
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Given g € C°(B), we define the approximate solution N(1.g) by the following

formula. For x € B, let
z(x y)-&

(3.5) N(1e8)(x) = limg o f NOURC) f (P(R)p(y,zé)

First we show N(1.8) has derivatives up to order 2m and in fact
1 )aei(x—y).é

) L NG
D'N(eg)(®) = limgos [ 8I0) [ 0=

dédy,
for any multi index a, |a| < 2m.
We proceed to prove this. Let |a| = 2m. We show the above limit exists and is

uniform in x.

Write
z(x ).E
f g(WNe(y) f (5 )(Z'S—é)ydé dy = Iz + g(x)IIg + g(x)IIIx
, where
a ,i(x— )(S
Iz = f (8(y) = g()Nne(y) f (P(E (5) i d&dy.
E (é)a i(x— y)é
= e Edy.
o= [ 0w [ oSy
And,

_ Sviioagicpe_ L1
i = [ ) [ oiieret (s - —oedy

Let k be an integer k > n + 1 and let

_ | CW) = 8CNMW) [ ey, e, GE)
=/ -y J e G, e

L er )
1= [ a- s |2kf i A‘E)k((1+|<€|2)r?(x Tl

_ 1(y) )£ x kpgioar L
H Ix—ylz"f ‘ (AHE) (P(y,ié) p(x, zé))) £ay.

Let us show that IIIz — III as R — oo. The other are similar.

First, we write

m= [ 20 f R S (O

lx — yl*

1
p(y,i&)  plx, ZE)))(P(I —yl&)dE dy+
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Ixni(}y/l)% f ei(x—y)-é(—Ag)k((ié)“(p(ylig) -3 (xlig)))(l —o(x - yl&))dedy = A+ B
and note that
ne(y) 1 1
A= _ x=y).& @ — déd
[ [not €= e s — sy
We have
_ 1Ne(y) i0-Y)-E (_ A Ye((56) 1 A& d
= [ G [ A () s — e dy

and hence we can write,
IlIg = Ag + Bgr + Cg

where

_ Te y) i(x—y).& _ a
Av= [ 0 [ ookl - vieno) (p<y,z5> s

o= [ 1Y) [escanaore D)1~ pllx—YENE dy.

)(p( )dé dy.

=yt p(y,ic) P(x i&)
And
= 776(]/) )£y (i E\a 1 : B )
. |V|+Iﬁ|=227<,|ﬁ21f|x_y|2k fe pr(e) (p(y,zg) p(x, 15))) ((P( )(A=p(Ix—yl))dE dy.

Therefore, |[1Ig — III| < |A — Ag| + |B — Bg| + |Ckgl.
We estimate

A-adse [nom-at [ 1-pGed s

=yl

Cfr]e(y)lx - yléf 1d&dy < CR™
R<lél< 2y

Yl
-y f 1-¢(3)
B—-Br| <C B dédy <
1B = Bel f 1 (y)|x— o Jge o @i
v — yl° f 1 f v — yl° f 1 s
aéd dédy < CR
L yi<d 1 |x — y|* <l (1 + &) yr k—yl>1 1 [x — yf?k rege (1 + |E])% Y

and .
x—yl° 1 1
Crl < C f € f I
A yiz2r X = YP* RF Jpgecor (1 +[ENYY

d&dy < CR™®
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To show IIzx — II, first note that

_ e G £
te= [[0=mnt) [ e ey =

— G &
Ja- v [ E s g e

and then we proceed as before.

3.1. Auxiliary integrals for free space. Next, we prove two auxiliary integrals.
First, let us a emphasize the calculations above since they will be used several
times in the sequel.

Consider, for |a| < 2m, the integral

i ¢t <
_ i(x—y).& =
]_fe Y p(x,lé)(P(R)dg

We write
_ 1 1(x k a
]—lx_y|zkf Ve (= )(P( 15)(p( ))dé Ji+ 2+
Where . o :
_ — Ak i(e=y). _ s
b= [ A - ) s
_ 1 ie-y).E(_ Y _
R= o [ N R - e,
And,
— 1 i(x—y). y a; é _ _
hepmm L[ D D e s e

[Y1+|Bl=2k,|p=1

We estimate each integral as follows,
1 C
< ag < :
|]1| = L_xzy _ &< |x _ y|n—2m+|a|

S i< ———
2l =< lx — y[?* flélz@ (1 + |&[)2m+2k-lal < lx — y[r—2m+lal

And
1 1 1

|]3| | |2k RszIx —yI> 5 R2m~ R2m—lal’

Next, we prove two important bounds that we need in order to continue.
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R &
_ i(x—vy).& e
We claim |I] < C.

To prove this write,

- [a- it-y)& & 3
1= Ja-dndn [ e sy

1 1
[[<C- | ——=dy<C
M ej,;elx—yln‘Zy

For the other auxiliary integral, let x, ¥ € B, let £ =
p < 4e.
Let

Let

and note

M and p = 2|x — %], so

(o & 3
I= R eNE = p(2)dE dy.
‘fsp(ﬁ) 1 (y)f p(x, ZE)('O(R) Y
We claim |I| < C.

To prove this write,

= € € =y acd e
I Lp(x)n(y) n(x)f p( 15)90( )dé dy+n (xf

P

pit-yi & _
(x)f ' p(x, 15)(P( JEdy =

A + ne(x)B.
We have
|A|§Cf Mdysgf — L _ay<clcc
B,(%) lx — yI* € JB,®) lx =yl €
And

i(x—y).€ & ~
fB (x)(l A) f y e 15)(“'5'2)@( VA& dy =

f f ) (P(—)dé dy— <Vyf‘ei(x‘y)"S . & (p(é)dé, y—aic >dSy
B, (%) p(x, 15)(1 +1EF) TR IB,(%) p(x,i&)(1 + &) " 'R ly — X
= B; + B,.

And we can estimate

1
B scf ————dy < Cp?
|1| B)(fc) |x_y|n_2 y p

A
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and

1
|Bo| < f —dS, < C.
B, () lx —y|"

3.2. Main results for free space.
Lemma 3.1. The function defined by u = N(gn.) is in C*"**(B,)

Proof. We have shown that u has derivatives up to order 2m and for |a| < 2m we

o\ i(x—y).&
have D%u(x) = limg_, fg(y)ne(y) fgo(%)(lé)(e—,g)ydé dy. Let |a| = 2m, and let

aptlx y)e
= [ s [ e
Let x,x € B..

Write Iz(x) — Ir(X) = A + B, where

=féwmijkﬂwi—%Hﬁwaha%gw%maw

1 &
. i(e=y)-& _ pilT-y)-& a : SV\dE dv.
fg(yn (v) f(e )(i&) (p(y,zé) p(x,zé))(P(R) &dy
Write A = By + B, where

. ey
- _ i(x—y).& _ Li(x-y).&
B, j@m ﬂmm@j@ A )<>5d

and
_ T TN (I
=) [ ) [0 -0 g dy
By = C; — C, + C; where
Ci= [ =g [ ey

By (%)

C = @@—gmm@j?WW%?iw%ﬁw.

By() i)
and

ey
Cs = _ . i(=y)-& _ pilT-y)- - déd
= J GOm0 [ (e dy

. We have || < Cpr(f) ly —x|‘>|y x|"dy Cp® < Clx — x°
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and C, = Dy + D, where
b= [ st -som [0 e,
= ], s s [ ey
e ey ¢
D, = (g(x) — ¢(¥ R ei(’_‘_y)"gl—, 2)dE dy.
=60 -5 [ ntw) [ S soGi dy
Estimate |D;| < Cp® < Clx — x|° just like C; and

é)
. i(x-y).& _\"%) d&d
fgpmn y)f p(%,i ) ( M dy

by auxiliary integral. Next,

IDy| < Clx — ° < Clx - xf°

@) &
Cs = € i y)gd = =)dédy.
3 fRn\BP(X)( (v) = 8@))ne(y) f f(e s(x —X).& R PR dy

and we have

|G| < Clx— xlf f ly— xl‘S ————dyds < Clx—x| ly—x|° 1 -dy
RM\B(®) | " x -yl

R™M\Bp(%)

< Clx — xp°* < Clx — z)°.

Finishing the estimation of B;.

— _ i(x—y).& _ Li(x-y). (Zé)a
b= [0-mn) [0 oot dy

1 1 1 -z C
B2 < C|x—x|—2f f 1 gsay<cB U Sy
€2 Jp. Jo lxs =yl 1 € el

This finishes the estimation of the term A.
Write B = C; + C, + C3 where

- () | ey dE dy.
= [ s [ e e~ et dy

and

= i(x—y).& a 1 é
C fB p(x)g(y Me() f D g (y,zg) p(xlig))qo(R)chdy.

= i i-payoyag L1 £
Cs fR W\Bmg(y)ne(y) f (e e )(i&) (p(y,ié) p(flié))(p(R)dédy.
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Ci=D;+ D, where

1
P(% &) p,ic)

Di= [ (s~ g [ e () dy.

B,(%)

11
p(y,ic)  p(x, i)

o ) g
D, = . i=y)-&(jE)a )& dy.
2 = g(x) Bp(ﬁ)n (y)fe (1&)*( )q)(R) &dy

and we estimate

IDy| < Cf ly — xlé| lndy Cp® < Clx - x/°.
By (%)

D2:F1+F2where

— z(x ).E a
e R e e R

P

— i(x—y).& a
Fo= | nw) [ er s — et dy

P

and we estimtate

|F1|Scf Iy—x|5| lnd]/ Cp® < Clx — x/.
B

()

and

Fal < ), lag(x) = ag(9)

Ipl<2m

e GOTGEEY & o
fp@f) ne(y)f y p(x, 1E)p(X, &) p(Rlacdy| < Chx— 4

by auxiliary integral.

This finishes the estimation of C;,

1
C scf — dy < Clx — x|°
1C| AN e y < C| |

F

and
1
Cil < Clx—flf L <C—gp.
’ R™B,(2) ly — ®[r+1-0 4

This finishes the estimation of the term B. The lemma is proved.



12 M. A. MUSCHIETTI* AND F. TOURNIER?

We notice that

uMm%wmm%J}@mwfwww<gw)ﬁ@

And also,
: i(x—y).& é
00 = lime [ gn0) [ 04z dy.

Hence, we define
T(gne)(x) := LIN(gne)(x) — gne(x) =

limg_ e f g()ne(y) f ez’(x—y).gp(xﬂizy lz()y,lé) ( Ve dy,

We can now state the main theorem of this section.

Theorem 3.2. We have the estimate |T(gne)ls;p. < CKiselgls;s.

Proof. For fixed R > 1, let
1= [son [err D200 by,

p(y, ic)
We write
— T (%) = i-y).E _ iE-y).& p(x,i&) — p(y, i)
1) = 1a() = [ gty [ (@00~ n BB Sy dys
i(%— )5p(x lé) p(x lg)
f (W) f Y PR3] (= )dcfdy A+B

Write A = A; + g(x)A, where

=  of3 - _ pite-ne PO 18) ~ Py, i8)
Ay f () — §@)Me(y) f (e ) p(y,zg) ( )AE dy.

ey PO 1E) — p(x zé)
- ie-y).cP

Next, write A; = B; — B, + B3 where

- — o7 ey PO 1E) = p(y, iE)
B fB p@)(g(y) 8(@NN(y) f ( )& dy

p(y, ic)

= _ o(% ite—y.e PO 1) = ply, i)
B, fB p@)(g(y) 8@NNe(y) f ! 2(7,i9) ( )dE dy
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and

= v i(x—y). i(xX— p(x 15) P(y,lé)
BB_fRn\Bm(g(y )_g(x))m(y)f ) P(EMEdy.

We estimate

.1
Bl < Koelgl [y afly -+ _wﬂySKMwm>xP
B,(%)

|B2| < Ksee[g] ly = xly — x°—— ndy Kse[g]lx — &°
ly — x|

By(®)

and

B3| < Ks.e[g]lx — xlff ly — %y — x° n+1dyds
RM\B, (%) ly — x|

< Kée[g]lx Xl dy < Kée[g]lx xlr5

R"\Bp(jf) |y — x|1’l+1 -0
Finishing the estimation of A;
A; = C; — Cy + C3 where

pili y)gp(x &) —p(y,i&) &
¢ = mewf P(ENE dy.

p(y,i&)

C — . i(x_y).gp(xr 5)‘?’(%15) é d d .

’ \]I;p(fc)n (y)fe p(y, ic) qo( M dy
Ca = ) i-y).E _ iE-y).E p(x, ic) — p(x, i&) de dy.
0= foo J R

and estimate
|C1|<K6;ef e — yl° —dy < Kielx — %°
B,(2) | |

C, = E; + E, where

z(x y)gp(x ZE (x ZE)
Elthnwxf e (L

= i(X—y). p(x, 15)(17(3?, 15) - p(y, 15)) 3
o proe) il f o b iop@iE) PR

l<Xy)é(5) g5 dul < Koty — 7
pr(x) ]/)f 15) ( )dE dy| < Kielx — x[°.

and

il < Y 1aa(x) - a,(9)

la|<2m
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by auxiliary integral. And

IEzlsKo;ef Ia‘c—ylé_ ~dy < Kelx — x°.
B X -yl

We also have

1
1
ICs| < K(S,-elx - xlf f —n+1|]/ - X|6dS dy < K5;€|x - 3?|6.
rR\B,@ Jo Y = Xl

Finishing the estimation of A, and hence of A.
To estimate B write
B = F; + g(%)F, where

F, = f (5() - $NV) f C AT A

p(y,i&)
and (x,i8) - p(x,i€)
o oo(x,18) — p(x, i
Fzzfne(y)fez(x—y).gp = :E) (P(%)dédy

and we have

IF1| < Koelgllx —x° | |y —x° dy < Kse[gllx — x°

B, ly ‘I”

Write F2 = G1 + G2 where

5

_ =9 (i o oy P E) — p(y, if))
G: = [ ) [ e 04(pts i) = s i P B D g i ay,

We have
Gil= Y, )=o) [ ) [ 0@ dy| < Kol =51

|a|<2m

and

by auxiliary integral. And

|Gal < Kelx =% [ |y — xl° dy < Kselx — 7.

Be ly — x|

This finishes the estimation of the term B.

So we have shown that [T(gne)]s.5. < CKjselgls;s. -
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The prove that [T(g1¢)lo;5. < CKsielglo;. follows easily and we omit it.
O

We are now ready to prove local existence of solutions of Lu = f when f € C®(B)

Theorem 3.3. There exists € > 0 depending on structure so that given f € C°(B.), there
exists u € C*"**(B,), such that Lu = f in Bs

Proof. For 0 < € to be chosen, we define a sequence of functions g in C°(B,) as
follows:

Let go = f and grs1 = f — T(Qk1e)-

By (B.1), we have g in C°(B,) and by we have

|91 — Skl = IT(Me(gk — Ge-1))lsp. < CRielgk — Gr-1lop. < €7°Keglgk — Gr-1ls;s..

Choosing € small so that eﬁ“sKe,ﬁ < 1, we can conclude that there exists ¢ € C°(B,)
such that

= f — T(gne), which gives ¢ = f — L(N(gne)) + g1 In particular, since 1. = 1

in B, we have

L(N(gne)) = f in Bs. Let u = N(gn). So u € C*"*°(B,) and Lu = f in B¢

4. LOCAL EXISTENCE IN HALF SPACE. BOUNDARY CONDITIONS

In this section we prove local existence of solutions in half space.
We will show that there exists € > 0 such that given f € C°(B}) there exists
u € C**(B;) such that Lu = f in B} and such that u satisfies the m boundary
conditions,
u(x',0) = 0,20 _q, 2"l _ g

me 1

Given g € C (BE), we define the approximate solution N(1.g) by the following
formula. For x € B} let
eltr= y)é

@ Nowe =t [ s [o@ima

In order to achieve the boundary conditions, we define x € B

@) HO)0 = [ gn) [ e <o, azdy
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where O(y, x, &’) is given by

o Ynz pXnW
4.8 d(y,x, &) = - - dwd
(*8) W,x,29 ‘f;;(gf) ‘[;:(gf) a(y)p*(y,i&, z2)p~(y,i&’, w)(w — z) .

where y*(£’) denotes any piecewise smooth contour on the right half plane
enclosing the roots of p*(y,ié’,z). And y~(£’) denotes any piecewise smooth

contour on the left half plane enclosing the roots of p~(y,i&’, z).

4.1. Auxiliary integrals for half space for operator N. We proceed to prove the
auxiliary integrals we need in half space related to the operator N.
Let us begin by estimating the integral
, eixngn g%m_l 511
M@@—f7@ETWﬁ%W
We claim that |Ag(x, &) < C, forx e R}, and &’ € R,
And limg_,Ar(x, &) exists uniformly for x € R}, and &’ € R" L.
We prove the claim.
Write
2m
P, i) = a() (&)™ + ) (&)Y ay(x)E)".
k=1 lal<k
Here a is an n — 1 multi index.

A change of variables s = x,,&,, ds = x,d¢&,,, gives

eis SZm—l S
Ag = ds
N fﬁ%maiwwﬁ

Note,

. 2m
xX*p(x,i&’, ;—i) = a(x)(is)*" + Z Xk (is)>m* Z 1, (x)(i&)* = a(x)(is)*™" + g

k=1 ler|<k
And,
(i, ;—S)| > CRM + 2| &P 4 52m),
We write |a(x)(is)*™ + g|*> = |a(x)[>s*" + Q, where Q = Q(x, s, &’) and note that

2.4 4 4 4 4
la(x)|7s™ + Q = C(x,;" + x,"|E"™™ +s*™).



LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER WITH HOLDER COEFFICIENTS/

And ) 2
Q| < Cs" Z X£Szm_k(1 + |€’|)k + CZ xiks4m—2k(1 + |€/|)2k'
k=1 k=1
Hence,
ezss4m 1 zs 2m 1

) a(x)f la(x)Pstm + Q(P( a(x)Ps™ + Q(P( )ds = a(x)A + B.

Write
cos(s)s*" ! sin(s)s*"1

A= la(x)Rs% + Q(P( )ds + i (O Ps™ + Q ( )ds =A; + A,.

Notice that

2xn R 4m—1
A = f cos(s)s ( ) s =

o B@PT+ QY

2x, R . S 1 1 =
fo cos(s)s™" (- R P+ 06 @+ o9
2x, R
n A1 S Q(S) B Q(_S)
j; cos(s)s (P(an)(la(x)Izs4m + Q(s))(la(x)|?s*™ + Q(-s)) ds

Hence, we have

s [ 1001 +IGC
0

SBm + x8m(1 + |5/|)8m
22”1‘[ 8mk1k(1+|£|)k 227”‘[00 Sm 2k12k(1+|5|)2kds<
S s o (L + [
k=1 k=1

i’i foo §8m—2k— 1
8m -
— +t
1 : 4m—1 4m—1
sin(s)s f sin(s)s
Ay = ( ds=B;+8B
= | oo G R Reops e P R = B B
|B1] <1
For, B, we assume 2x,R > 1, since otherwise B, = 0.
Write

(7 sin(s)stnt s f‘l sin(s)sn!
B, = ﬁ la(x) s + ng(an)dS + _ ja@)ps™ + Q(P( yds = C1 + G,

cos(1) e S
C = s + o) f cosls )_(

(R)
la(x)2s4m + Q(s)

)ds.
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And it follows easily that |C;| < C; and exactly the same |C;| < C. Also,

4m-1-k

2m
— no eZSS
B = Z Z aa(x)(é ) xﬁ |a(x)|2s4m + Q(s)(P(xn )

k=1 |al<k

Change variables, t = to get

X (1+| {)

eitx"(1+|éll)t4m_1_k(p(t(l-;{léll))dt -
lae) Pt (1 + |74 + Q(tx, (1 + 7))

2m
B=Y" ) au(0(&) 2 (en(1+1 )"

k=1 |al<k

zzm Z a (x) (&) f eitxn(1+|é’l)t4m—1_k(P(ta;ﬂ)dt
et (L EDE ) a@)PE + Qe (L + [E))(x(L + [E7D) 4

Note that |a(x)]2t4" + Q(tx,(1 + |&))(x,. (1 + |E])) 4" > C(1 + t4™).
And hence

211 +o0 |t|4m_k_1
Bl<Y Y Iaa(x)lf it < C.
k=1 |a|<k -

We use the estimate above, to estimate the integral
ei(x,_y,)-%(, f ixnén 62”” 1 CS
Ig = dén dé
‘ f1+|5'|2 P8 TR

= |x y|n3

We claim that |[z| <
We prove this claim.

Write
ix,,én €2m—1

1 B
I = LAY —)E LdE =
BT =y f( 2 (1 +1&P)p(x, ZE) ( Jaé, dt’

1 -y [ & (%)
R i(x'=y’). iXpén —Ax k n R d nd ’_
|xl _ yl|2k f@ fe ( & ) ((1 + |E,|2)p(x’ é)) é 5

1 o g lep(%)
i(x'—y').& X En(_ ., k n R r_ ! ’

£2m 1 ( )
l(x ).& lxn%n k _ —

Rewrlte
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1 zxnén €2m—1(p(§)
A= A k(i =y'). f d&, d&'.
o o, RN 1€ [ e de

=y’

1xn§,1£2m 1
U p(x, zé) a,

by prev1ous estimate.

And estimate

Al <
é <

1 1 C
g’ < f df' £ ———
1+ |£/|2 |§'|S|,C/3T 1+ |£/|2 |x/ _ ylln—S

To estimate B, first note that
eixiién é%m_l é
(_Aé’)k(f ; (P(R)dén - 2) < = 2+2k
p(x, i&) 1+ (1 +[&)*

again by previous estimate. And, hence we have

C 1 C
Bl< ——— <=
| | |X’ _ y/|2k L/|2X/1y1| (1 + |€/|)2+2k |x/ _ yllﬂ—3

Finishing the prove of the claim.

We use the estimate above to prove two auxiliary integrals in half space.

Let . :
eV (%)

I = . , d& dy.

R fmn(y)f (%, D) cdy

We claim |Iz| < C.

Write,
p) ei(x—y).ég%m—l@(%)
k= n , &) dy =
o= [ g |
1(x y)g£2m 1(:0( ) ei(x'—y').é’eixnénE%M—l(P(%)
_ ) dedy+ [ nay,0 . de dy’
" e o (17 (y))f o0, 10) cdy fRn_ln(y )f (%, i€) cdy
AR + B
C 1
|AR| < E ‘fB; —Ix — yl"—ldy <C
and

z(x -y). zanHEZm—l(P(é) ,
o= [ 00 - a0 | e e a -
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ei(x'—y’).é’eixnén g%m—l(P(%)
1-A,)n(y,0 - dédy'.
me( v ey )f areppeigy o

C 1
< — — ' <
= f oy =

The first inequality following by previous estimate.

Hence

This proves the claim.
We now consider a similar integral over a ball.
Letx, X € R}, let p = 2|x — %/ and # = &* and BJ (%) = B,(£) N R.

Let
z(x y)EEZm
Iz = e déd .
! ft;’f(x)n (y)f p(x, i) Y
We claim |Iz| < C.

Write
z(x—y)ééZm 1§0( )
Iz = e d d =

J f el(x—y .Eéim—lq)(i) f f ei(x’—y’),é’eixnén E%m—l@(%)
B oy, e - dédy+ e : deds, =
j; o (ne(y)) oG, i0) y - Ne(y) ) y

AR + Bg.
C 1
<= | ——gy<
|AR| < - LE = yl”‘ldy <C

1(x -y').E m,é,,me 1(P( )
Bgr = e d&ds, +
. LB*(J{)OR” 1 (y)f p(x,i&) Y

el(x -y). elxn%n é%m_lqo(ﬁ)
w [ . dedy' = Co+ Dr.
fsmn = e plx, ic) ST

ICrl < f 1 —dS, < C.
J

Bk [X = YI" !
To estimate D, let B (%) N {y, = 0} = B(¥').

Write ;
z(x -y). zxnén 52m_1(P(—)
Dy = (y,0 — Rodedy =
. ‘fB(x)T] (y )f p(x/lg) 5 y

and
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ei(x,_y,)é,eixnénE%m_l(P(%)
€ //0 - ex,/O H déd +
| (1,0 =, 0) [—z y

ei(x,—y')‘&eix”é” £2m—1q0(%)
(x’,0 — dédy’ = Eg + ne(x’, 0)Fg.
n ( )L’(ﬁ')f P(x/ ZCE) y R T 1] ( ) R

|Eg| < Ef I —y'"dy’ < C
€ JBy)

since r < p < 2e.

To estimate Fg, consider first the case %, > %. Note that £, — x, < |%, — x| <

lx — | = %. Therefore x,, > %, — % > Z

In this case

1 1
|F|sf —dy’ < _f 1d <C( )"1<C( )”1<C
7 ey (- R+ g B(¥) 4

2
o < P - 242 - 2 2 2_ P _ 3,2
For the case £, < 5, note that since r* + x;, = p*, we get r* > p* — 7 = 1p°, so

r> ‘/_pandlx - Islx—xl—iszv_randhence dist(x’, dB(% ))Z(l—ﬁ)r.

Hence, in this case we write

ei((x/_y,)-gleixnén é%m_l(P(%) ,
fe= fg;m(l "Ay')f AriePpie) <=

z(x -y). zx,,én 2m=1 (< ei((x’—y’)‘é’eixnén 2m—1 (< YY)
f f i &' (R )dédy’—f <vy,f : En _@(R)dély 2 >dsy“
B(%) 1+ [&"P)p(x, i&) IBLE) (1 + [&P)p(x, i&) r

:GR+HR

1
G Sf ——dy’ < C.
| Rl B(#) |x/ _ yfln—3 Yy

and

1
|HR| < CJ;B,(A/) mdsy S G(&B ( )) <C

This finishes the estimation of the auxiliary integrals in half space for the operator
N.
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4.2. Auxiliary integrals for half space for operator H. We now proceed to prove
estimates for the operator H.

First, let us be more precise about the contours y=*(&’).

We take into account that the m roots of p~(y, i&’, z) satisty Re(A~(y, &’)) < —A(1+
1)) and [A™(y, &) < A(1 + [€']) so we take y7(&') a piecewise smooth contour
parametrized by an angle O which is the arc of the circle centered at 0 of radius
2A(1+|&’]) joining the points with real part equal to = (1+]&’]) in counterclockwise
sense, followed by the vertical segment joining these two points. Denote by
w(0, &) the points on this contour.

Similarly, since the m roots of p*(y,i&’, z) satisty Re(A*(y,&")) > A(1 + |&’]) and
AT (y, &) < A(1 + |&']) we take y*(&’) piecewise smooth contour parametrized by
an angle ¢ which is the arc of the circle centered at 0 of radius 2A(1 + |£’|) joining
the points with real part equal to 4(1 + |&]) in counterclockwise sense, followed
by the vertical segment joining these two points. Denote by z(¢, £’) the points on
this contour.

The following estimates follow directly from the definition.

We have for all &',y, 0 and ¢, that

A A
5(1+I<S'I) < lw(6,&)-A"(y, &) < 2A(1+E')) 5(1+I<S'I) <|z(p, &) =A"(y, &) < 2AA+|E)).
And \
5(1 +1E) < w(8, &) — z(¢p, &) < 4A(1 +[E')).
And for all £',y, 6 and ¢,and any multi index o, we have
ID%w(6,&) < CA+ [N DYz(p, &) < C(1 + &),
IDE,Dow(6,&') < C(L+ &)™ D, Dyz(¢p, &) < C(1 + €)' 7.

To continue,

let ®4(&’, x, y) denote either one of the functions

e—ynzexnwwlﬁl

Dy(E', x, :f f , - dwdz
A ) v @y Sy PHWY, i, 2)p (y, i, w)(w — 2)

Oy(E,x, ) = f f i Gl v dz
ey vr@y Jy-@) P, i, 2)p(y, &, w)(w - z) '

or
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We claim that

_ Gntyn)(AHE)

|Dg,q)ﬁ(5,/ X, y)l < C(l + |(E/|)2m—1+|04|—|5| ’

We prove the claim for the first function. The other is exactly the same.

To prove this claim, note that we can write ®3(¢’, x, y) as a sum of four terms of

ff e~ YnZp¥ wwlﬁl d d@
" ; Z4HW, .
o ) P e, (18, wyw —2) 0P

for appropriate limits of integration in ¢ and 0 that do not depend on &’ and

where z = z(¢, &’) and w = w(0O, &').
8182
&3

the form

Write the integrand as where g1 = e ¥ wlfl, ¢, = z,wy and g3 =

p(y,i&, z2)p~(y, &, w)(w — z). By direct computation we obtain that

_ Gntyn)(1+E)
y € 5 y 2=l
D}, g1l < C(1 ey D&l < C(L+ 1)
Also note that we can write
2m+1
g = | [ @1&) - v(&)
j=1

where |¢;(&") = (&' = 1+ [&] and [D,(¢;(E) = (&) < C(1 + &) Tt follows
that
D}, g3l < C(1 + &yt

and hence

y4 -1
|D5,(g3) | < C(l + |£/|)2m+1+|7/| ’

The claim is a direct consequence of the estimates above.
We use this estimate to prove that for any multi index  such that n —2m +|B| > 0

we have

1
(I = Y1+ G + )2

(49) | f 0D 2, L] < C

To prove this, write

fei(xl_y’)_g’q)ﬁ(gzl X, y)dél — m fei(x,_y,)"g,(—Ag,)kq)ﬁ(é// X, ]/)déf =
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1 i(x'—vy’).& ’ ! ’ ,
T f (=AY @l = Y IENDRE, x, y)AE +

mf (A Dp(E, x, y))(L = p(Ix — Y|E))dE" = A + B.

Al=C D&, x, y))E < C g e
Msc| o J o T =0
Now )
1
<C &< — =
Q< fl5’|< . (1+ |§/|)2m_1+—lﬁl ¢'< Ix’ — y/ln—2m+|[3|

S/

And also setting C’ = (x, + y,)&’, we get

Xy + Y2 Y
Q< Lt ¥ dc’.
- |C |< 2(xn+yn) (

O+ Y™ i (X + yu + |02

Since2m —1—|f| < n —1, we get

1 e 2 , 1
Qs C(xn + 1) 2B ﬁn_l |C[2m-1-1 dc’ < C(xn + yn)n—2m+|ﬁ|'

So
1 1 1
Al < Cmi ; <C .
|Al < Cmin{ e — |2 (e, + yn)n—2m+|[3|} (" = y'| + x, + )2+
And
1 p
Bl ——— &’ =
A —ye L Ar gt 0

1 1 , 1
Q = |x -y |2k ~]|‘ (1 + |£ |)2m 1+- |‘B|+2kdE = Clx/ _ y/ln—2m+|ﬁ|'

2
And also if

setting (' = (x,, + y,)&’, we get

Xn +y |x y "’
Qs Cr—— (D f = qc’
= (xn + yn)n—2m+|ﬁ| |X/ — yfl |C'|>Xn+yn (xn + yﬂ + |C. |)2m 1-|pl+2k .
Noting that p := | all i"| > 1 we get

1 2kf _kEn / 1
< ag¢’ < .
Q = C(Xn + yn)n—2m+|ﬁ| p o e 2 C < C(x” + yn)n—2m+|ﬁ|
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And hence also
1

|x/_ ,|+xn+ » n=2m+|p| *
y Y

IB|<C
And is proved.
We will apply the above estimates to the function
e‘%zzexnwp(x, ié,, W)
W(E x,y) = f f . .
( 2 @)y APy, &, 2)p~(y, i&, w)(w — z)

Note that W can also be written as

e‘ynzexnw(p(x, icf', ZU) _ p(]/; 5/, ZU))
(&, x,y) = : ; dwdz =
() Lw) j;@) ap* (y, i€, 2p (g, i& W)@ —2)

dwdz.

2m o e—ynzexnww2m—k Jwd
2 ) @) — au)iE) fmg,) fy_(g,) a0, 18, Dy, i ww—2)

k=0 |al<k
And we have

_ Gentyn)(AHE)
2

a ’ _p
D W(E, x, }/)| < CK€;6|x ]/l (1 + |§/|)—1+Ia|'

And hence,

e = yI°
(v =y +x0 + yu)*
just as in (4.9) Another function which we need to consider is

i} e e p(x, iE, w)(p~ (%, ,w) — p~(y, &', w))
@ I/ r s = 1 ] X, 1 d d
(x99 fw(g,) fy-(go () - Dp*(y, i€, p~(y, i, wp- &, i w)

(4.10) | f Y 3, )| < CKeg

To estimate O, first notice that we can write
p(x,i&,w)—p (y,i&,w) = Z(ak(x, &) —a(y, E’)w’”_k
k=0

where ai(%, &) are the symmetric functions of the m roots A(%, &) of p~(%,i&’, w).
This means that ax(%, £’) is a sum of products of k of the roots.
Using (2.4), it follows that for k = 1, ...,m, we have

X — y°

|D0‘,(ak(3?, él) - ﬂk(]// 5,))| < CKG}(sW'
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We now claim that
_ 5 _ Gntyn)(AHE)
X —ylPem 2

|Dg,®(£ XY, X)l < CK&'}O (1 + |5/|)—1+Ia|

Note

ez p(x, i&’, wyw™ " )

D ((a"(’?’é')_a"(y’g” fm) L-(esw )@ — 2,18, Dp (v, 18,y &, 18, w) )

o et
Z Dy, ((ax(x, &) — an(y, £'))) D, (f% fy_(é,) a(y)(w — z)p* (v, i&', 2)p~(y, i&, w)p~(%, i&’, w)

[Y1+IBl=lal
Hence
_ (xn+yn)A+E’)
oyl e
DO, x,y,%)| < CKes <
) ’ |yIJ;ﬁlvi|a| PN L+ (g
C (xn+yn)A+E')
X —ylPe™ 2z
CK..
P+ gyl

And exactly as we get the estimate,

Ix — yl°
(%" = v'| + xp + y)*

We now prove two auxiliary integrals in half space for the operator H.

@iy | [ ECeE, 5y, D < K

For x,x € Bf, and x,, > X, consider

I= f ne(y) f P =Y)E f f e e p(x, id, w) dwdzde dy
R ey Jy-@n ap*(y, &, 2)p~(y, i&’, w)(w — z) '

We show using (4.10)and (4.11) that |I| < CKs.
Write

o Uz p(x, i, w)
P G y).gf f ‘. , dw dz g’ dy+
«fRK N (y)f @) Dy AP (%, 1, 2)p(x, i, w)(w — 2) y

i(x'-y').& e Irzetn® P(x lg/ w)
fney)f fw(é)f@) (w - 2)

dwdzd&' dy.

(a(y)if(y/ i&, 2)p(y,i&,w)  a()p*(x, i, Z)p‘(x, i, w))
=A+B
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Notice that

= i(xX'-y').e e—ynzexnw(p(x’ iéli w) _p("z’ iél’ w) d d d ld =
fRz ne(y)f ’ fy*(&) fym AP 8 D (i — ) e
oi¥ =) e e (p(x, i, w) — p(X, i, w)
() (1A dwdzd& dy =
f Ne(y)( )f 1+ P f+(£)f @) A)p*(x,i&’, 2)p~(x, 1&’ , w)(w — z) Zae

A =Y). e Ve (p(x, i&’, w) — p(x,i&’, w)
dwdzd& dy.
fRn(l o [ e f m)»[ e AP 1 D, 1, w)(aw —2) T A2 Y

Hence,

1 1
< CK.ix — 20~ dy <
|A| < CKeslx — x| &2 L; (1% =y’ + x + yn)'2 y

1
g (X =y + %0+ y)" 2

CKg;élx - flé—z dy < CKe;élx - ﬂé < CK€;5€O.
€

B = C1 + Cz + Cg.
where

i “Ynzenp(x, &, w) (p~ (%, 18, w) — p~(y, &', w))
C, = ) AT =) f f ¢ : : : dwdzd& d
1 fR ) f @y Sy P&, w)(w — 2) a(y)p*(y, &', 2)p~(y, &', w) 4

and C, and C; are similar terms.

|Cq] £ CK -5f Ne(y) |J_C_y|6 dy<CK.5f ne(y) |X—y|6
Y e (e T e % L Y I (- ST e M T L

This finishes the estimation of I.

dy < CK€;5€5.

Finally, we consider an auxiliary integral over a ball in half space.
Let

o “¥nzen(p(x, i, w) — p(%, i, w))
In = . ¢t y)"ff f c NS — dwdz d&' dv.
B ‘[B;(@ Ne(y) f y &) Iy (w = 2)a(x)p*(x,i&’, z)p~ (X, i&’, w) Y

We show that |I5] < CKeslx — XP°.

_ (% =1).& —ynzexnw(p(x, ié,/ ZU) - p(x'/ iéli ZU))
L = ()= z(xy)éf f ¢ AL e r € dwdzde d
’ wa%)(n W= (X))f ‘ &)y W = 2)a@X)p*(x, i, 2)p~(%, i, w) wizde dyt

P

_ or_ e Iz @(p(x, 1, w) — p(x,i&', w))
(% e y)'éf f - L L= dwdzdE dy =
T] ( ) «[B;;(J?) f yHE) Iy (&) (w - Z)a(x)p+(x/ ZEII Z)P_(x/ Zé’/ ZU) y
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A+ 1.(X)B.

1
¥ — y'| + x, + yp)"

1
|A] < CKeslx — ngf dy

Bj(%)

Iy—XI(

1 1
< CKslx — x|°= f ly — X|-— — d
° € Ut Y (X = y'| + %n + yu)" /

< CKeplx — xl‘S < CKeylx — x°.
el T =y eV (p(x,i&’, w) — p(X,i&’, w))
B = 1-A — — — dwdzd& dy =
L+(x)( )f 1+ & fy‘+(£,) j;(é,) (w = 2)a(x)p*(x,i&’, z)p~(X,i&’, w) 4
i@y e_ynzexnw(p(x, i&, w) _ p()?, iE’,w))
e — dwdzd& dy—
fB+(x)f 1+|&2 7HE) jy‘_(é,) (w —z)a(X)p*(%,i&, z)p~ (%, 1, w) Y

ey e Ve (p(x, i’ w) = p(%,i&’, w)) ) Y —9?’>
V., dwdzd&’ |, s, =
fa;@)mm< (f 1+[EP f):*(é)f &) (W —z2)a@X)p*(x, i, 2)p~(%,i&’, w) zde p g

C; + C,. We have

: 1
|C1] < CKeslx — J'clbf — d
! ° B(2) (1% =y’ + x + yu)2 4

, 1
S CKe; |x - xlb f _ _ d S CKe; |x - J?|b.
' b (T = YT+ T, + )2 =

and

1
Cz < CK6;5|X - fléf

aps@nr: (X =yl + 2, + Yyt

1
<CK ;6|x - X|6f . _ 4s
) IB}(®)NR! (¥ —y|+ %, +y,) 1 7

1
< CKel.@lx - X'lé f T dSy < CKe;élx - J_Clé
aB@nry X =yl

This finishes the auxiliary integrals in half space.

We record the to auxiliary estimates we just proved:

(412) |I| < CKe;é |IB| < CKe;élx - -')Elij
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4.3. Main results in half space. Just as before, by using a cutoff function one

shows that for |a| < 2m, we have for x € R’}

CEDEEN (%)

D*(N(gne)(x) = lim f gWne(y) f R dcdy.

And hence,

l(x y).& é <
LIN(g7))(x) = lim f 3)Ne(y) f S E))(P(R)dédy-

Therefore, we have

e (p(x, i&) — ply, i&))p(%)
p(y,ic)

LG - gm0 = fim [ gt [ sy

Set T(gne)(x) = LIN(gne))(x) — g(x)ne(x)
By repeating the same proof for free space, this time using the auxiliary integrals

in half space we can prove the following theorem.
Theorem 4.1. |T(gne)ls: < CKoselgloss:-

Proof. The proof is exactly the same as the one in free space using this time the

auxiliary integrals in half space. |

By arguments like the one in free space one also shows that for any |a| < 2m
except a = 2me,, we have
D*N(gn.) € C'(BY).

To show that % € C°(B/), we note that

82’"N (gne)

= ) %(DN(gn)(x) + LIN(gna)()

a#2mey,
which is a sum of two functions in C°(BY).
Since a > A and a € C°(B}) the result follows.
We now proceed to prove estimates for the operator H.
We have that

= i(x'=y").& e Ir%e xnwp(x i/, ZU)
L(H(gne))(x) f 8Wne(y) f f e f ) APy, &', 2)p(y, i&, w)(w — z)

dwdzd& dy =
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e “¥nzen(p(x, i&’, w) — p(y, i&’, w))
e e y)E f f ¢ . . dwdzd& dy.
fm ey )f @y Jy-@y AP (Y, &, 2)p~(y, i, w)(w - 2) y

ey (y,iE! )
w—z

where the last equality follows since f(w) := is analytic inside y7(&’)

for each fixed z € y*(&’).
We now prove the main estimate for the operator H. Set F(g1.) = L(H(gne))-

Theorem 4.2. |P(877e)|6;3g < CK(S;elglé;Bgr

Proof. Set

e—ynzexan(p(x’ ZE', ZU) _ P(]// ZE’, ZU))
Y(x,y, &) = : . dw dz.
@y fy*(&') j):(é’) a(y)p*(y,i&’, 2)p~(y, i, w)(w — z) vz

Let x, ¥ € B} and may assume x,, > X,,.
Write F(g1e)(x) — F(gne)(%) =

S(e(y) f (@ — TN (x, y, E)dE dy+
R:

f 8Wne(y) f (W (x,y, &) - W, y, &))dE dy =
R,
A + B. Estimation of the term A: Write

A= f (8(y) — §@)me(y) f (@ — I (x, y, £)dE dy+
R!
g(i.)f ne(y) f(ei(x’_y’).& _ ei(f’_y').&)\y(x, v, él)dél dy —
Ry
A1 + g(¥)A;. Now,

A= G- s@nw f DY (3, y, ) dy—

BS (%)
f &)~ f DY, y, ) dy—
B; X

f &) = 8@e(y) f (e — VI, y, &)dE dy = By — By + B
RI\B; (2)

P _
IB1| < CKyelg] f - 5 —Y = dy < CKs.[g]lx — .

B5(2) (I = y'[ + x, + )"
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~ ly — ~

B,| < CKs.e —7°— dy < CKs.c[¢]lx — &°

|B,| selgl - ly | (% — 1+ %0+ 1) Yy selg]
where we have used that x,, > ¥,,.

And
! ‘ 1
|B3| < CKssel ]Ix—flff ly — x|° - dyds
’ oel8 0 JRI\B}(2) Y (s = v/ + xp + yu)H1 Y
< CKiselgllx — x| P_C_—ylil dy
ReBi ) X =yl
< CKé;e[g“x - xlé-

Next,

Ay = f Ne(y) f e (x, y, E)dE dy—
B} (%)

f 1e(y) f Y (1, y, EVIE dy+
;(55)

B
f ne(y) f(ei(x"y')"f' — VN (x, y, £)dE dy = C; — Cy + Cs.
RI\BS(3)

v —yl° s
|C1] < CKise ———dy < CKpelx - %]
B} (%) ly — x|

C = f ne(y) f ¢ f f e e P, iE w) dwdzde dy+
B @) Jy-&) A@)(w — 2)p* (%, &', 2)p~ (%, i&’, w)

—YnZ pXnW fCr
f T?e(]/)fei(f_y,)'é/f f e Iz e p(x, i’ , w)
B(2) yHeEn Jy@) W=z
1 1

) dwdzd& dy =

(a(y)p+(y, i&,z)p(y,i&, w) B a(X)pt(x,i&, z)p~(%,i&’, w)
=D;+D,

We can write

o “Ynzetn(p(x, i&’, w) — p(%, i&’, w))
D, = () | e Mf f c_ . 1O o dz dE dy.
' L;(f) 1e(y) f @y Jy-(eny @) (w — z)p* (X, &, 2)p~ (%, 1, w) Y

, and estimate

ID1| < CKgyelx — x°.
by the estimations (4.12).
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And
|D>| < CKMf - = yP dy < CKselx — x|
' Bi(%) (1% = y'| + x, + yp)" '
again by and using that x,, > %,.
This finishes the estimation of the term A.

Estimation of the term B:

We write

= fR (8(Y) — gE@NMe(v) f e (W(x,y, &) - W(x, y, &£)dE dy+

) f ne(y) f 6 (W, y, &) — W(x, y, EVAE dy = Ex + g(OEy.
R

And
(v 7\ cf e_ynzexnw X,iél,w - JZ',ZE’,ZU ,
E, = f (8()-g@®)1e(v) f e f f (P i) =IO o e gy
RY (&) &)

& ay)(w — 2)p*(y,i&, 2)p~(y, i&’, w)

-y ¢ y"z(ex" —CWEIES W) g dy = FyoF
fRn( )=g@ne( ]/)f fg)ﬁ(g)a(y) p*(y,i&’, 2)p~(y,i&’, w) wizde dy = Fith

We have

IFy] < CKe[gll — xl° f MG

Ix — yl°

dy < CKs[¢]lx — x|°
YTt gy Y S CRalglit 2

since x,, > X,,. Next, write

_ynzexnw(p(x, ZE,, ZU) _ p(y’ ZE/, ?/U))
L= . xwéf f ¢ , i dw dz &’ dy—
: f s f N T

s i@ —y). e e (p(%, i&’, w) — p(y, i&’, w)) o da dE d
fm (8) g(x””e(y)f ¢ f +<g>£-@> )@ =2, i€, (7, i, w) T AL AE Y

y,,z e _ a‘c,,w)p(x 15/ ZU)
2))1e " Wf f dwdzd&’ d
\fR”\B““(x)(g(y ~8Ne) f yHEY Iy (&) a(y)(w — 2)p*(y,i&’, 2)p~(y,i&’, w) Y
= G1 - G2 + G3.

And estimate,

X — y°

G1] £ CK;s.e —
<l el B () (1% = y'| + x, + yu)"

dy < CKs,e[g]l® — x|’
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since x,, > X,. In exactly the same way we get
IGal < CKoelglix — xI°.

And

£yl _
|+ fy +vy Y+l dy < CKyelgllx - x|6~

|G| < CKelglIx — x|

RY\BX (%) (1% —

As for E, we proceed in a similar fashion,

e ¥z (p(x, i&’, w) — p(%,i&’, w)
Er= | ney [ ews f f ‘ , " dwdz s dy+
: l@“”f ey yy A0 — 2)p*(y, i, 2P (v, 1€, w) J

f ne(y) fei(xr_y/)'éff f e_ynz(exnw — ef.niu)p(-)_cl iél, w) dw dZ dé:’ dy — H1+H2
Ri )ﬁ(é,) )/7(5') a(y)(w - Z)P+(y/ Z'S,I Z)P_(% ZEII w)
e g (p(, i, w) - (3, iE, )
Ho= | n [ €@ y>-ef f ‘ , “ % jwdzde dy+
' jz;z e(y) f @y Sy @) a(xX)(w - z)p*(x,i&, z2)p~(X,i&", w) Y
f ne(y)fei(f/_y/)'glxdél dy
R:

X= f f e e (p(x, i&’, w) — p(%,i&’, w))
yHE) Jy@) w—z

1 1
. . - — — — dwdzd& dy.
(a(y)rf(y, i&,2p(y,i&,w)  a(®p*(x,i&,2)p~(%,i&, w)) Y
SO, H1 = ]1 + ]2 with
IJ1] € CKielx — x|° and |]2] < CKpelX — x°, both by (@#.12).
And

e “mzen(p(x,i&’, w) — p(y, i&’, w))
H, = . AT =Y)E f f ¢ : i dwdzd& dy+
: fgm” (y)f e oo A — DpT (0,1, 2 (y, €, ) /
e e (p(%, i, w) — p(y, i&', w))
e A f f ¢ : : dwdzd&’ dy+
fB,ﬁ(f)n (y)f @) Jy-@) AW = 2)p*(y, &, 2)p~(y, i&’, w) 4

Py N N =YnZ(pXnW _ pXnW _’ ! /’ _ : . /,
f ne(y) f REEY: f f eV (e — e )EP(x}% w)_ P(.yl i&w) g 4E’ dy =
RI\B (2) pey ey AW = 2)p*y, i, 2)p(y, il w)

K1+K2+K3

where
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where

|-’E - y|6 _ 5
|K1|/ |K2| < CKé;e < CKé;elx - xl

Bi(®) (1% = y'| + X + yp)"
and

% - y° ~
s < CKsl% — xP°,

|K3| < CK@; |J_C — Xl = — S
‘ RI\BS(®) (1% = y'| + X, + y,)"*1

This finishes the prove that

[F(gne)ls: < CKsielgls;p:-

The proof that |F(gne)los: < CKselglo;:, is straight forward and we omit it.

We claim that H(gn.) € C*"*°(BY).
By the same arguments as above one shows that for |a| < 2m and a # 2me, that

D?(H(gne)) € C*(BY).

Moreover,

I"H(gne) _

AW 5 == ), G()D'H(gn)@) + LEHEN) )

a#2me,
which is a sum of two functions in C°(BY).
Since a > A and a € C°(B}) the result follows.
In order to analyze the boundary values it is convenient to have equivalent

expressions for the function N(g7.).

Let :
_ e )
() f i

and h(y) = limg_« hr(Y).
The convergence is point wise in R" \ {0}, and in L'(R").

We claim that / has the following equivalent definitions.

RO
h@—WWIN(AJ%%@Mé

for any positive integer k such that 2m + 2k > n
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= [ e amae

Ay) = f <
= @) Py, &, Z)

Aly) = f e
(y) = o P, Z)

and where y*7(&’) are the contours described previously.

And

where

for y, > 0 and

fory, <0

The proof follows by integration by parts and shifting contours of integration.
We now define our approximate solution with the correct boundary values.

Given g € C°(BY), we define for x € B} the function

u(x) = N(gne)(x) — H(gne)(x)

We have shown that u € C>"*°(B}).
We also have shown that

|ILu — gnels;pr < CKiielgls:p: -

m—1
We now claim that u(x’, 0) = 0, a”{;ﬁ 9 =0,..,° axi(xl D = 0.

To prove this claim, let x € Bf r > 0 small and 0 < x,, < 5 and write

, _e(xn_yn)z
u<x>=f e )f i Wf dzde’ d
Bzrﬁ{yn>r}gy17 Y v+(.§)p(yrlé z) 4

[, —YnZ exnw
- e e Y)E f ¢ . dwdzd& dy+E(r
fggn{ynzr} s (y)f oo P IE,2) ooy @ = 2)ply, iE', ) y+E®)

where E(r) » 0asr — 0.

Since

f e dw . f 1 dw
@ (W =2)p~(y,1i&’, w) @) (W —2)p~(y, &, w)

and

| ! do——— L
y=(&) (w - Z)p_(]// ié/, w) P_(]/, ié’, Z)
we get that u(x’,0) =



36 M. A. MUSCHIETTI* AND F. TOURNIER?

The argument to show = 0 is the same.

Note that

au(x xn) f f i y f —ze (oxn— yn)z
R X - dé’ d
T Jaowen g(YNe(y) o PO y

N o —YnZ wernv
- e e Y)E f ¢ - - dwdzd& dy+E(r
fBgn{ynzr} 8 (y)f e APt (Y, 18, 2) J- oy (W — 2)p(y, i, w) y+Eo)
where E(r) - 0asr — 0. And

au(x 0)

f we v f w
w — . dw
@) W —2)p~(y,i&’, w) @ (W =2)p~(y,i&’, w)
as x,, — 0.
And

f @ g —— 2
&) (W —2)p~(y, &, w) p(y,i&,z)’

The same argument works up to the m — 1 derivative. This last case using that

w™ 1 P M 1
- w=-—"
fy-(é') (w —2)p~(y,1&’, w) p~(y,i&, z)

We are now ready to prove the main theorem of this section.

Theorem 4.3. There exists € > 0 depending on structure so that given f € C°(B), there
exists u € C*"*O(BY), such that Lu = f in Bf and u satisfies the m boundary conditions,
2

m—1
u(x',0) = 0,249 = 0, ., 210 = 0,

axm 1
Proof. Define
T(g)(x) = LIN(g)(x) — H()(x)) — 8(x)
For g € C°(B})), it follows by theorem(#.2) and theorem(4.T)) that
IT(gNe)s;8: < CKselgls;p:-

For € to be chosen, define the sequence g, € C°(B})) by

Qo = fand gxs1 = f — T(gk"Ne)
Note that

18k+1 — Qxlopr = IT((8k — §k-1)Me)ls;B: < CKoelgr — Sr-1lls;pr

< Ceﬁ“SKg,glgk — 8k-1lls;Bz -
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Choosing € small enough so that Ce!°Kj; < 1, we can conclude that there exists
¢ € C°(BY)) such that g = f — T(gne)
This means that g(1 — 1) = f — (L(N(gne) — H(gne))) in Bf. And hence,

f = L(IN(gne) = H(gne))
in BY.
Let u = N(gn.) — H(gne) in Bg.

u satisfies the conclusions of the theorem.
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