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1. Introduction

In this article we present metric proofs of facts about the spectrum of curves of unitary

operators. In particular, if θ+(u) denotes the maximum argument of the spectrum of a

unitary operator u, then θ+(uv) ≤ θ+(u) + θ+(v) for unitary operators u and v such that

−1 /∈ spec(u), −1 /∈ spec(v) and θ+(u) + θ+(v) < π. An analogous statement holds

for the minimum argument of unitary operators. This result was proved previously with

di�erent techniques in [NS58,Ka78,Ya92,AW98,Ch11,CL11,CPR00], see the paragraph

after Theorem (1) in [CL11] for a discussion of the previous literature. The bound on the

spectrum also follows from Thompson's theorem [Th86] which uses the solution to Horn's

problem. When the inequalities are equalities, there is a relation between the eigenspaces

of the eigenvalues with maximum and minimum arguments of the the unitaries and its

product, see [CL11].

In the present paper we show them as consequences of the triangle inequality in the

group of unitary operators and in the unit sphere where the unitaries act. The proofs

apply directly to the in�nite dimensional context without any approximation argument.

We also prove a generalization of these results for �in�nite products of unitaries�, that is,

for piecewise C1 curves. In Section 2 we review the results used in this article, in Section 3

we present the geometric proof of the results mentioned above, and in Section 4 we present

the generalization for piecewise C1 curves. We prove the special case �rst since there is

interest in the literature for alternative proofs of this theorem, also because it helps to

understand the statement and the proof of the generalization.

2. Preliminaries

In this section we recall results about the metric geometry of spaces of unitaries endowed

with the bi-invariant Finsler metric derived from the uniform norm. See Section 2 and

Section 4 of [La19] for a study of Banach and Frechet Lie groups endowed with a bi-

invariant Finlser metric.

Let H be a separable Hilbert space and let U be the group of unitaries. On the algebra

of bounded operators B(H) the operator norm of x ∈ B(H) is ‖x‖ = supξ∈H
‖xξ‖
‖ξ‖ . This

norm is invariant by conjugation by unitaries, so by right or left translation we can de�ne

a norm on the tangent spaces at all points of U . With this Finsler structure we de�ne a

metric on U . Let L denote the length functional for piecewise C1 curves α : [a, b] → U

measured with the ‖ · ‖ norm

L(α) =

∫ b

a
‖α̇t‖dt =

∫ b

a
‖α−1

t α̇t‖dt =

∫ b

a
‖α̇tα−1

t ‖dt,

where α−1
t α̇t and α̇tα

−1
t are the left and right logarithmic derivatives of α, and the deriva-

tive of a curve α is denoted with α̇. The recti�able distance between u and v in U is given

by

d(u, v) = inf{L(γ) : γ ⊆ U joins u and v}.

This metric is invariant by left and right translation, that is, d(uv, uw) = d(v, w) and

d(vu,wu) = d(v, w) for u, v, w ∈ U .
We next recall Proposition 5.2. of [An14] and its proof for the convenience of the reader.

This result was proved in [PR87,At87,At89], in a much more general setting it was proved

in [La19, Theorem 4.11]. Let S = {ξ ∈ H : ‖ξ‖ = 1} stand for the unit sphere in H
endowed with its canonical Hilbert-Riemann metric and distance function dS. Let B(H)h
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be the hermitian operators in B(H) and note that the Lie algebra of U is the space iB(H)h
of skew hermitian operators. For ξ ∈ H we de�ne the smooth map

ρξ : U → S, ρξ(u) = uξ.

Lemma 2.1. Let ξ ∈ H and let γ : [0, 1] → U be a piecewise C1 curve joining v and w,

then L(ρξ(γ)) ≤ L(γ), where L denotes the length functional of curves. If v, w ∈ U then

dS(vξ, wξ) ≤ d(v, w).

Proof. The di�erential of the map ρξ at an u ∈ U is

d(ρξ)u : iuB(H)h → Tuξ S, d(ρξ)u(iux) = iuxξ,

for x ∈ B(H)h. Since ‖d(ρξ)u(iux)‖ = ‖iuxξ‖ ≤ ‖ux‖ this map is norm decreasing. Hence,

if γ is a piecewise smooth curve in U then L(ρξ(γ)) ≤ L(γ). By taking the in�mum over

curves in U joining v and w we get dS(vξ, wξ) ≤ d(v, w). �

Proposition 2.2. Let u ∈ U and x ∈ B(H)h with ‖x‖ ≤ π. Then the smooth curve

µ(t) = ueitx has minimal length along its path, for all t ∈ [−1, 1]. Any pair of unitaries

u, v ∈ U can be joined by such a curve.

Sketch of proof. Suppose that x has a norming eigenvector, that is, a vector ξ ∈ S such

that xξ = λξ with λ = ±‖x‖. Consider the curve in µ(t) = ueitx in U . We have

ρξ(µ(t)) = ueitxξ = eitλuξ,

and since λ ≤ π this curve is minimal in S, hence L(ρξ(µ)) = dS(uξ, ueixξ). Also
d
dt(ρξ(µ(t)) = iλeitλuξ, therefore∥∥∥∥ ddt(ρξ(µ(t))

∥∥∥∥ = |λ| = ‖x‖ =

∥∥∥∥ ddtµ(t)

∥∥∥∥ ,
and we conclude that L(µ) = L(ρξ(µ)). By Lemma 2.1 we have dS(uξ, ueixξ) ≤ d(u, ueix) ≤
L(γ) for all γ in U joining u and ueix. The general case follows by approximating an

arbitrary x ∈ B(H)h with operators that have a norming eigenvector. Any unitary operator

can be written in the form eix for some self adjoint operator x with ‖x‖ ≤ π. If u, v ∈ U ,
there exists such x satisfying u−1v = eix. Then µ(t) = ueitx is a minimal curve in U joining

µ(0) = u and µ(1) = ueix = v. �

The exponential map is injective on Bπ = {x ∈ iB(H)h : ‖x‖ < π}, that is, the

injectivity radius of the exponential map in U is π. We de�ne Vπ = exp(Bπ). The next

result is [La19, Theorem 4.22] stated in the particular context of the group U , see Section

5.1.1 of the same article. We denote with 1 the identity operator in H.

De�nition 2.3. A unit norm norming functional of y ∈ iB(H)h is a linear map

ψ : iB(H)h → R

such that ψ(y) = ‖y‖ and ‖ψ‖ = 1.

Theorem 2.4. Let z ∈ iB(H)h with ‖z‖ < π, let γ : [a, b] → U be a piecewise C1 curve

joining 1 and ez in U . The following are equivalent

• γ is a short curve in U , that is, L(γ) = d(1, ez) = ‖z‖.
• γ = eΓ ⊆ Vπ and for any norming functional ψ of z, ψ(Γ̇t) = ‖γ−1

t γ̇t‖ for all

t ∈ [a, b].



4 GEOMETRY OF SPECTRAL BOUNDS OF CURVES OF UNITARY OPERATORS

• γ = eΓ for Γ ⊆ Bπ and there exists a unit norm functional ψ such that ψ(Γt) = ‖Γt‖
and ψ(γ−1

t γ̇t) = ‖γ−1
t γ̇t‖ for all t ∈ [a, b]. Thus z/‖z‖ and γ−1γ̇/‖γ−1γ̇‖ sit inside

a face of the unit sphere of iB(H)h endowed with the norm ‖ · ‖.

Remark 2.5. The proof of Theorem 2.4 uses a generalization in the case of groups endowed

with a conjugation invariant Finsler metric of the Gauss' Lemma of Riemannian geometry:

the di�erential of the exponential map along a geodesic preserves angles with the geodesic

speed vector, see [La19, Lemma 4.5]. This lemma asserts that for x, y ∈ iB(H)h and ψ a

unit norm norming functional of y the following equality holds

ψ(e−y exp∗y x) = ψ(x),

where exp∗y denotes the di�erential of the exponential map exp at y ∈ iB(H)h.

3. Spectral bound for the product of unitaries

In this section we prove spectral bounds for the product of two unitary operators using

the geometry of (U, d). In the case of equality in the bounds we study the relation among

eigenspaces associated to the eigenvalues with maximum and minimum arguments of the

unitaries. This is done using the action of U on S.

De�nition 3.1. For a unitary operator u such that −1 /∈ spec(u) we de�ne

θ+(u) = max spec(−i log(u)) and θ−(u) = min spec(−i log(u)),

where log is the principal branch of the logarithm and spec is the spectrum of an operator.

We also de�ne

H+(u) = {ξ ∈ H : uξ = eiθ+(u)ξ} and H−(u) = {ξ ∈ H : uξ = eiθ−(u)ξ}

as the eigenspaces of eiθ+(u) and eiθ−(u) respectively.

Lemma 3.2. If u ∈ U such d(1, u) < π then −1 /∈ spec(u). If −1 /∈ spec(u) then

d(1, u) = max{θ+(u),−θ−(u)}.

Also, if −π − θ−(u) < λ < π − θ+(u) then −1 /∈ spec(eiλu),

θ+(eiλu) = λ+ θ+(u) and θ−(eiλu) = λ+ θ−(u).

Proof. By Proposition 2.2 the curve µ(t) = et log(u) joins the identity operator 1 and u and

has minimal length d(1, u) = L(µ) = ‖ log(u)‖. If ‖ log(u)‖ < π then −1 /∈ spec(u), and

in this case ‖ log(u)‖ = max{θ+(u),−θ−(u)}. The second assertion is straightforward and

left to the reader. �

Theorem 3.3. Let u and v be unitary operators acting on the Hilbert space H such that

−1 /∈ spec(u) and −1 /∈ spec(v), and such that θ+(u)+θ+(v) < π and θ−(u)+θ−(v) > −π.
Then −1 /∈ spec(uv),

θ+(u) + θ+(v) ≥ θ+(uv) and θ−(u) + θ−(v) ≤ θ−(uv).

If θ+(uv) = θ+(u) + θ+(v) < π, then

H+(u) ∩H+(v) = H+(uv),

and if θ−(uv) = θ−(u) + θ−(v) > −π, then

H−(u) ∩H−(v) = H−(uv).
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Proof. We de�ne uc = e−i
1
2

(θ+(u)+θ−(u))u and vc = e−i
1
2

(θ+(v)+θ−(v))v. By Lemma 3.2

these operators satisfy θ+(uc) = −θ−(uc) = 1
2(θ+(u) − θ−(u)) and θ+(vc) = −θ−(vc) =

1
2(θ+(v)− θ−(v)), hence

d(1, uc) =
1

2
(θ+(u)− θ−(u)) and d(1, vc) =

1

2
(θ+(v)− θ−(v)).

By the triangle inequality in (U, d) we have

d(1, ucvc) ≤ d(1, uc) + d(uc, ucvc)

= d(1, uc) + d(1, vc)(1)

=
1

2
(θ+(u)− θ−(u)) +

1

2
(θ+(v)− θ−(v)) < π,

where d(uc, ucvc) = d(1, vc) follows from translation invariance of the metric. Since

d(1, ucvc) < π by Lemma 3.2 we conclude that −1 /∈ ucvc, so that θ+(ucvc) is well

de�ned and

d(1, ucvc) ≥ θ+(ucvc).(2)

Note that ei
1
2
Sucvc = uv where S = θ+(u) + θ−(u) + θ+(v) + θ−(v), and since −π <

θ−(u) + θ−(v) ≤ θ+(u) + θ+(v) < π we have −π − θ−(ucvc) <
1
2S < π − θ+(ucvc), hence

by Lemma 3.2 −1 /∈ spec(uv) and θ+(ucvc) + 1
2S = θ+(uv). If we combine inequalities (1)

and (2) we get

1

2
(θ+(u)− θ−(u)) +

1

2
(θ+(v)− θ−(v)) ≥ θ+(uv)− 1

2
(θ+(u) + θ−(u) + θ+(v) + θ−(v)),

which is equivalent to θ+(u) + θ+(v) ≥ θ+(uv).

In the same way, since d(1, ucvc) ≥ −θ−(ucvc) = −(θ−(uv)− 1
2S) we get

1

2
(θ+(u)− θ−(u)) +

1

2
(θ+(v)− θ−(v)) ≥ −θ−(uv) +

1

2
(θ+(u) + θ−(u) + θ+(v) + θ−(v)),

which is equivalent to θ−(u) + θ−(v) ≤ θ−(uv).

Assume that θ+(uv) = θ+(u) + θ+(v) < π. The proof of the inclusion H+(u)∩H+(v) ⊆
H+(uv) is straightforward and left to the reader. We prove that H+(uv) ⊆ H+(u)∩H+(v).

Note that H+(uc) = H+(u), H+(vc) = H+(v) and H+(ucvc) = H+(uv), so it is enough to

prove the statement for uc and vc. The following inequality holds

θ+(ucvc) = θ+(uc) + θ+(vc) = −θ−(uc)− θ−(vc) ≥ −θ−(ucvc),

hence by Lemma 3.2, d(1, ucvc) = θ+(ucvc) < π. Let ξ ∈ H+(ucvc) ∩ S, so that

ucvcξ = eiθ+(ucvc)ξ and dS(ξ, ucvcξ) = θ+(ucvc),

since θ+(ucvc) < π. By Lemma 2.1 we conclude that

dS(ξ, vcξ) ≤ d(1, vc) = θ+(vc) and dS(vcξ, ucvcξ) ≤ d(1, uc) = θ+(uc).

Therefore

θ+(ucvc) = dS(ξ, ucvcξ) ≤ dS(ξ, vcξ) + dS(vcξ, ucvcξ)

≤ θ+(uc) + θ+(wc) = θ+(ucvc),

and this implies

dS(ξ, ucvcξ) = dS(ξ, vcξ) + dS(vcξ, ucvcξ),

dS(ξ, vcξ) = θ+(vc) and dS(vcξ, ucvcξ) = θ+(uc). The triangle inequality in S is an equality

and this means that ξ, vcξ and ucvcξ = eiθ+(ucvc)ξ all lie in the same geodesic in S.
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Therefore vcξ = eidS(ξ,vcξ)ξ = eiθ+(vc)ξ, that is ξ ∈ H+(vc). Since eiθ+(ucvc)ξ = ucvcξ =

eiθ+(vc)ucξ we see that ucξ = eiθ+(ucvc)−iθ+(vc)ξ = eiθ+(uc)ξ, so that ξ ∈ H+(uc). The proof

of H+(ucvc) ⊆ H+(uc) ∩ H+(vc) is complete. The proof of last equality in the statement

of the theorem is analogous.

�

Remark 3.4. Using Lemma 3.2 one can change one of the two inequalities θ+(u)+θ+(v) <

π and θ−(u) + θ−(v) > −π in the statement of Theorem 3.3 into an inequality with ≤ or

≥ respectively.

4. Spectral bounds for curves of unitaries

In this section we generalize Theorem 3.3 to the case of piecewise C1 curves in U . We

provide an alternative proof of the second part of this theorem which uses Theorem 2.4.

De�nition 4.1. For a skew hermitian operator x we de�ne

φ+(x) = max spec(−ix) and φ−(x) = min spec(−ix).

The operator xc with centred spectrum is

xc = x− i

2
(φ+(x) + φ−(x)).

We also de�ne

H+(x) = {ξ ∈ H : xξ = iφ+(x)ξ} and H−(x) = {ξ ∈ H : xξ = iφ−(x)ξ}

as the eigenspaces of iφ+(x) and iφ−(x) respectively.

Remark 4.2. Note that if x ∈ iB(H)h satis�es ‖x‖ < π, then φ+(x) = θ+(ex), φ−(x) =

θ−(ex), H+(x) = H+(ex) and H−(x) = H−(ex).

Lemma 4.3. Let γ : [a, b]→ U be a piecewise C1 curve such that γa = 1, and let ξ ∈ H.
If

γ−1
t γ̇tξ = if(t)ξ

for a piecewise continuous function f : [a, b]→ R and t ∈ [a, b] then

γ̇tγ
−1
t ξ = γ−1

t γ̇tξ = ei
∫ t
a f(s)dsξ

for t ∈ [a, b]. The same conclusion holds if γ̇tγ
−1
t ξ = if(t)ξ for t ∈ [a, b].

Proof. Since γ−1
t γ̇tξ = if(t)ξ we have

γ̇tξ = if(t)γtξ

for all t ∈ [a, b]. If we set ηt = γtξ we see that ηa = 1 ξ = ξ and η̇t = if(t)ηt for all

t ∈ [a, b]. Therefore

γtξ = ηt = ei
∫ t
a f(s)dsξ

for all t ∈ [a, b], and from this formula the conclusion of the lemma follows. �

Theorem 4.4. Let γ : [a, b]→ U be a piecewise C1 curve such that γa = 1,∫ b

a
φ+(γ̇tγ

−1
t )dt < π and

∫ b

a
φ−(γ̇tγ

−1
t )dt > −π,

then −1 /∈ spec(γb) and

θ+(γb) ≤
∫ b

a
φ+(γ̇tγ

−1
t )dt and θ−(γb) ≥

∫ b

a
φ−(γ̇tγ

−1
t )dt.
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If θ+(γb) =
∫ b
a φ+(γ̇tγ

−1
t )dt then

H+(γb) =
⋂

t∈[a,b]

H+(γ̇tγ
−1
t ) =

⋂
t∈[a,b]

H+(γ−1
t γ̇t),

and if θ−(γb) =
∫ b
a φ−(γ̇tγ

−1
t )dt then

H−(γb) =
⋂

t∈[a,b]

H−(γ̇tγ
−1
t ) =

⋂
t∈[a,b]

H−(γ−1
t γ̇t),

Proof. De�ne the function S : [a, b]→ R by

St =

∫ t

a
(φ+(γ̇sγ

−1
s ) + φ−(γ̇sγ

−1
s ))ds,

and the curve α : [a, b]→ U by

αt = γte
− i

2
St .

Note that αa = 1 and the right logarithmic derivative of α is

α̇tα
−1
t = (γ̇te

− i
2
St − i

2
(φ+(γ̇tγ

−1
t ) + φ−(γ̇tγ

−1
t ))γte

− i
2
St)γ−1

t e
i
2
St

= γ̇tγ
−1
t −

i

2
(φ+(γ̇tγ

−1
t ) + φ−(γ̇tγ

−1
t )) = (γ̇tγ

−1
t )c,

which is the centred right logarithmic derivative of γ. By the de�nition of distance in U

we get

d(1, αb) ≤
∫ b

a
‖α̇tα−1

t ‖dt =

∫ b

a
‖(γ̇tγ−1

t )c‖dt(3)

=
1

2

∫ b

a
(φ+(γ̇tγ

−1
t )− φ−(γ̇tγ

−1
t ))dt < π,(4)∫ b

a φ+(γ̇tγ
−1
t )dt < π and

∫ b
a φ−(γ̇tγ

−1
t )dt > −π. Therefore −1 /∈ spec(αb) and d(1, αb) =

max{θ+(αb),−θ−(αb)}. In order to apply Lemma 3.2 to e
i
2
Sbαb = γb we have to check

that

−π − θ−(αb) <
1

2
Sb < π − θ+(αb).

We verify the second inequality, the �rst inequality is proved analogously. Note that

θ+(αb) ≤ d(1, αb) ≤
1

2

∫ b

a
(φ+(γ̇tγ

−1
t )− φ−(γ̇tγ

−1
t ))dt,

where the second inequality is (3). Hence

θ+(αb) +
1

2
Sb ≤

∫ b

a
φ+(γ̇tγ

−1
t )dt < π.

So by Lemma 3.2

θ+(γb) = θ+(αb) +
1

2
Sb ≤

∫ b

a
φ+(γ̇tγ

−1
t )dt < π

and

θ−(γb) = θ−(αb) +
1

2
Sb ≥

∫ b

a
φ−(γ̇tγ

−1
t )dt > −π.

This proves the �rst assertion of the theorem.

We now prove the assertion about the equality cases. Note that H+(γb) = H+(αb) and

H+(γ̇tγ
−1
t ) = H+((γ̇tγ

−1
t )c) = H+(α̇tα

−1
t )
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for t ∈ [a, b]. Assume that

θ+(γb) =

∫ b

a
φ+(γ̇tγ

−1
t )dt,

then

θ+(αb) = θ+(γb)−
1

2
Sb =

∫ b

a
(φ+(γ̇tγ

−1
t )− φ−(γ̇tγ

−1
t ))dt =

∫ b

a
‖α̇tα−1

t ‖dt.(5)

From Lemma 4.3 it follows that⋂
t∈[a,b]

H+(γ̇tγ
−1
t ) ⊆ H+(γb) and

⋂
t∈[a,b]

H+(γ−1
t γ̇t) ⊆ H+(γb).

We now prove the opposite inclusions. Let ξ ∈ H+(αb) ∩ S and de�ne ρξ : U → S
as before. Note that ρξ(α) is a curve in S joining αaξ = ξ and αbξ = eiθ+(αb)ξ. Since

θ+(αb) < π we have

θ+(αb) = dS(ξ, eiθ+(αb)ξ) ≤ L(ρξ(α)) ≤ L(α) =

∫ b

a
‖α̇tα−1

t ‖dt = θ+(αb),(6)

where the �rst inequality follows from the de�nition of dS and the second inequality follows

from the length decreasing property of Lemma 2.1. Hence L(ρξ(α)) = L(α), that is∫ b

a
‖α̇tξ‖dt =

∫ b

a
‖α̇tα−1

t ‖dt =

∫ b

a
‖α̇t‖dt.

Since ‖α̇tξ‖ ≤ ‖α̇t‖ for all t ∈ [a, b] this equality of lengths of curves implies that

‖α̇tξ‖ = ‖α̇t‖ = ‖α̇tα−1
t ‖(7)

for all t ∈ [a, b]. Equation (6) states that dS(ξ, eiθ+(αb)ξ) = L(ρξ(α)), and since θ+(αb) < π

we conclude that ρξ(α) is a geodesic in S joining ξ and eiθ+(αb)ξ. Hence

ρξ(αt) = αtξ = eif(t)ξ

for a non decreasing piecewise C1 function f : [a, b] → R such that f(a) = 0 and f(b) =

θ+(αb). Observe that

α̇tξ = if ′(t)eif(t)ξ and ξ = eif(t)α−1
t ξ

for all t ∈ [a, b], therefore

−iα̇tα−1
t ξ = f ′(t)ξ.

By equation (7)

‖α̇tξ‖ = f ′(t) = ‖α̇tα−1
t ‖

for all t ∈ [a, b], hence ξ ∈ H+(α̇tα
−1
t ) for all t ∈ [a, b]. By Lemma 4.3 the same assertion

holds for the left logarithmic derivatives. The proof for the minimum of the spectrum is

similar and we omit it. �

Remark 4.5. An alternative proof of the second part of the previous theorem can be given

as follows. Since

θ+(αb) =

∫ b

a
‖α̇tα−1

t ‖dt =

∫ b

a
‖α−1

t α̇t‖dt = L(α) ≥ d(1, αb)

by equation (5) and θ+(αb) ≤ d(1, αb) we see that L(α) = d(1, αb). This means that

α is a geodesic joining 1 and αb. If ξ ∈ H+(αb) ∩ S we de�ne a unit norm functional

ψξ : iB(H)h → R on the Lie algebra iB(H)h of U as

ψξ(z) = 〈−izξ, ξ〉
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for z ∈ iB(H)h. Note that ψξ is a norming functional of log(αb), and since α is a short

curve Theorem 2.4 asserts that

ψξ(α
−1
t α̇t) = 〈−iα−1

t α̇tξ, ξ〉 = ‖α−1
t α̇t‖

for all t ∈ [a, b]. Therefore the Cauchy-Schwartz inequality for ξ and −iα−1
t α̇tξ is an

equality, so there is a λ ∈ C such that

−iα−1
t α̇tξ = λξ

for all t. Hence

〈λξ, ξ〉 = λ = ‖α−1
t α̇t‖

for all t, and we conclude that ξ ∈ H+(α−1
t α̇t) for all t ∈ [a, b]. As in the proof of Theorem

4.4, Lemma 3.2 is used to prove that ξ ∈ H+(α̇tα
−1
t ) for all t ∈ [a, b].

The next corollary of Theorem 4.4 is a generalization of Theorem 3.3, it can be proved

by adapting the proof of this theorem and using induction.

Corollary 4.6. Let u1, . . . , un be unitary operators acting on the Hilbert space H such that

−1 /∈ spec(uj) for j = 1, . . . , n, and such that
∑n

j=1 θ+(uj) < π and
∑n

j=1 θ−(uj) > −π.
Denote by u = u1 · · ·un the product of these operators. Then −1 /∈ spec(u),

n∑
j=1

θ+(uj) ≥ θ+(u) and

n∑
j=1

θ−(uj) ≤ θ−(u).

If θ+(u) =
∑n

j=1 θ+(uj) < π, then

n⋂
j=1

H+(uj) = H+(u),

and if θ−(u) =
∑n

j=1 θ−(uj) > −π, then
n⋂
j=1

H−(uj) = H−(u).

Proof. Let x1, . . . , xn be skew-hermitian operators such that exj = uj and ‖xj‖ < π for

j = 1, . . . , n, and let γ : [0, n] → U be a piecewise C1 curve such that γ0 = 1 and

γ−1
t γ̇t = xj for t ∈ (j − 1, j) and j = 1, . . . , n. Note that γn = u, H+(uj) = H+(xj) and

H−(uj) = H−(xj) for j = 1, . . . , n. It is easy to see that the assertions of the corollary are

a special case of Theorem 4.4.
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