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ABSTRACT. This article presents a new proof of a theorem concerning bounds of the spec-
trum of the product of unitary operators and a generalization for differentiable curves
of this theorem. The proofs involve metric geometric arguments in the group of unitary
operators and the sphere where these operators act.
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1. INTRODUCTION

In this article we present metric proofs of facts about the spectrum of curves of unitary
operators. In particular, if 04 (u) denotes the maximum argument of the spectrum of a
unitary operator u, then 64 (uv) < 64 (u) + 64 (v) for unitary operators u and v such that
—1 ¢ spec(u), —1 ¢ spec(v) and 04 (u) + 6+(v) < m. An analogous statement holds
for the minimum argument of unitary operators. This result was proved previously with
different techniques in [NS58, Ka78, Ya92, AW98, Ch11, CL11, CPRO0], see the paragraph
after Theorem (1) in [CL11] for a discussion of the previous literature. The bound on the
spectrum also follows from Thompson’s theorem [Th86] which uses the solution to Horn’s
problem. When the inequalities are equalities, there is a relation between the eigenspaces
of the eigenvalues with maximum and minimum arguments of the the unitaries and its
product, see [CL11].

In the present paper we show them as consequences of the triangle inequality in the
group of unitary operators and in the unit sphere where the unitaries act. The proofs
apply directly to the infinite dimensional context without any approximation argument.
We also prove a generalization of these results for “infinite products of unitaries”, that is,
for piecewise O curves. In Section 2 we review the results used in this article, in Section 3
we present the geometric proof of the results mentioned above, and in Section 4 we present
the generalization for piecewise C! curves. We prove the special case first since there is
interest in the literature for alternative proofs of this theorem, also because it helps to
understand the statement and the proof of the generalization.

2. PRELIMINARIES

In this section we recall results about the metric geometry of spaces of unitaries endowed
with the bi-invariant Finsler metric derived from the uniform norm. See Section 2 and
Section 4 of [Lal9] for a study of Banach and Frechet Lie groups endowed with a bi-
invariant Finlser metric.

Let H be a separable Hilbert space and let U be the group of unitaries. On the algebra
of bounded operators B(H) the operator norm of x € B(H) is [|z]| = supgey % This
norm is invariant by conjugation by unitaries, so by right or left translation we can define
a norm on the tangent spaces at all points of U. With this Finsler structure we define a
metric on U. Let L denote the length functional for piecewise C! curves «a : [a,b] — U
measured with the || - || norm

b b b
L(a) = / léelldt = / o vt = / o Y dt,

where oy Ly and oy L are the left and right logarithmic derivatives of a, and the deriva-
tive of a curve « is denoted with &. The rectifiable distance between v and v in U is given
by

d(u,v) = inf{L(y) : ¥ C U joins u and v}.

This metric is invariant by left and right translation, that is, d(uv,uw) = d(v,w) and
d(vu, wu) = d(v,w) for u,v,w € U.

We next recall Proposition 5.2. of [An14] and its proof for the convenience of the reader.
This result was proved in [PR87, At87,At89], in a much more general setting it was proved
in [Lal9, Theorem 4.11]. Let S = {¢£ € H : |&]| = 1} stand for the unit sphere in H
endowed with its canonical Hilbert-Riemann metric and distance function ds. Let B(H)p,
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be the hermitian operators in B(#) and note that the Lie algebra of U is the space i B(H)p
of skew hermitian operators. For £ € ‘H we define the smooth map

pe U =S, pe(u) = ug.

Lemma 2.1. Let £ € H and let v : [0,1] — U be a piecewise C' curve joining v and w,
then L(pe(v)) < L(v), where L denotes the length functional of curves. If v,w € U then

ds (06, w€) < d(v, w).
Proof. The differential of the map p¢ at an u € U is
d(pe)u : tuB(H)p = TueS,  d(pe)u(ive) = iux,

for x € B(H)n. Since ||d(pe)u(iuz)|| = ||iuzl|| < ||uz|| this map is norm decreasing. Hence,
if v is a piecewise smooth curve in U then L(p¢(y)) < L(7). By taking the infimum over
curves in U joining v and w we get ds(v€, wg) < d(v,w). O

Proposition 2.2. Let u € U and x € B(H)y with ||z|| < 7. Then the smooth curve
pu(t) = ue'®
u,v € U can be joined by such a curve.

has minimal length along its path, for all t € [—1,1]|. Any pair of unitaries

Sketch of proof. Suppose that x has a norming eigenvector, that is, a vector £ € S such
that x& = A\¢ with A = 4||z||. Consider the curve in u(t) = ue™ in U. We have

pe((t)) = uesg = etu,

and since A < 7 this curve is minimal in S, hence L(pg(n)) = ds(ué,ue¢). Also
%(pg(u(t)) = ixe! ug, therefore
i

and we conclude that L(u) = L(pe())- By Lemma 2.1 we have dg(ué, ue’™¢) < d(u, ue™) <
L(y) for all  in U joining u and ue’. The general case follows by approximating an

d
| Sitoetue]| = i = el =

arbitrary € B(H )y with operators that have a norming eigenvector. Any unitary operator
can be written in the form €™ for some self adjoint operator x with ||z|| < 7. If u,v € U,
there exists such x satisfying u~'v = €. Then u(t) = ue''®
©(0) = u and p(1) = ue® = v. O

is a minimal curve in U joining

The exponential map is injective on B = {z € iB(H)n : ||z|| < «}, that is, the
injectivity radius of the exponential map in U is m. We define V; = exp(B;). The next
result is [Lal9, Theorem 4.22] stated in the particular context of the group U, see Section
5.1.1 of the same article. We denote with 1 the identity operator in H.

Definition 2.3. A unit norm norming functional of y € i B(H)y, is a linear map
YiB(H), — R
such that v(y) = [ly|| and [|]] = 1.
Theorem 2.4. Let z € i B(H),, with ||z|| < 7, let v : [a,b] — U be a piecewise C* curve
joining 1 and e* in U. The following are equivalent
e v is a short curve in U, that is, L(vy) = d(1,€%) = ||z]|.

e v = ¢ C Vy and for any norming functional ¥ of z, Y(T't) = |77 5| for all
t € [a,bl.



4 GEOMETRY OF SPECTRAL BOUNDS OF CURVES OF UNITARY OPERATORS

o v =-¢cl forT' C B, and there exists a unit norm functional v such that )(T;) = ||T¢||
and Y(v; ) = v el for all t € [a,b]. Thus z/||z|| and v~/ ||y~ 14| sit inside
a face of the unit sphere of i B(H), endowed with the norm || - ||.

Remark 2.5. The proof of Theorem 2.4 uses a generalization in the case of groups endowed
with a conjugation invariant Finsler metric of the Gauss’ Lemma of Riemannian geometry:
the differential of the exponential map along a geodesic preserves angles with the geodesic
speed vector, see |Lal9, Lemma 4.5|. This lemma asserts that for x,y € i B(H)n and ¢ a
unit norm norming functional of y the following equality holds

Y(e™ exp,, x) = (),
where exp,, denotes the differential of the exponential map exp aty € i B(H)p.

3. SPECTRAL BOUND FOR THE PRODUCT OF UNITARIES

In this section we prove spectral bounds for the product of two unitary operators using
the geometry of (U, d). In the case of equality in the bounds we study the relation among
eigenspaces associated to the eigenvalues with maximum and minimum arguments of the
unitaries. This is done using the action of U on S.

Definition 3.1. For a unitary operator u such that —1 ¢ spec(u) we define
0+ (u) = maxspec(—ilog(u)) and 6_(u) = minspec(—ilog(u)),

where log is the principal branch of the logarithm and spec is the spectrum of an operator.

We also define
Hy(w) ={¢eH :ut ="M} and  H_(u)={{eMH:uf=e""e}
as the eigenspaces of €+ and e~ respectively.
Lemma 3.2. If u € U such d(1,u) < 7 then —1 ¢ spec(u). If —1 ¢ spec(u) then
d(1,u) = max{f4(u), —0_(u)}.
Also, if —m —0_(u) < A < 7 — 04 (u) then —1 ¢ spec(eu),
0. (ePu) =A+0,(u) and O_(e™u) =X+ 0_(u).

Proof. By Proposition 2.2 the curve pu(t) = e!1°2(") joins the identity operator 1 and « and
has minimal length d(1,u) = L(p) = |[log(w)||. If || log(u)| < 7 then —1 ¢ spec(u), and
in this case ||log(u)|| = max{6+(u), —0_(u)}. The second assertion is straightforward and
left to the reader. O

Theorem 3.3. Let u and v be unitary operators acting on the Hilberl space H such that
—1 ¢ spec(u) and —1 ¢ spec(v), and such that 64 (u)+604(v) < 7 and 0_(u)+0_(v) > —.
Then —1 ¢ spec(uv),

Oy(u)+04(v) >0 (uv) and O_(u)+0_(v) <O_(uv).
If 04 (uv) = 04 (u) + 04 (v) <, then
Hi(u) NHi(v) = Hy(uv),
and if 0_(uv) = 0_(u) + 0_(v) > —m, then
H_o(u) N H_(v) =H_(uv).
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Proof. We define u, = e~12(0+(+H0-()y, and Ve = i3 (0+(V)+0- (), By Lemma 3.2
these operators satisfy 01 (uc) = —0_(uc) = (04 (u) — 6_(u)) and 04 (ve) = —0_(ve) =
$(04(v) — 6_(v)), hence

1 1
d(1,uc) = 5 (04(u) = 0-(w)) and  d(L,vc) = 5(0+(v) —0-(v)).
By the triangle inequality in (U, d) we have
d(1,ucve) < d(1,ue) + d(uc, ucve)

(1) =d(1,uc) +d(1,vc)
1 1
= 5(0+(uw) = 0-(u) + 5(0+(v) = 0-(v)) <,
where d(uc,ucve) = d(1,v.) follows from translation invariance of the metric. Since

d(1,ucve) < 7 by Lemma 3.2 we conclude that —1 ¢ wcve, so that 04 (ucve) is well
defined and

(2) d(1,ucve) > 04 (ucve).

Note that ¢'25ucv, = uv where S = Oy (u) + 0_(u) + 04 (v) + 6_(v), and since — <
0_(u) + 0_(v) < 04 (u) + 04 (v) < we have —m — 0_(ucve) < 35 < m — 04 (ucve), hence
by Lemma 3.2 — 1 ¢ spec(uv) and 0. (ucve) + 35 = 601 (uv). If we combine inequalities (1)
and (2) we get

S04 (u) = 0 (u)) + (8. (0) — 0 () > B (wv) — 5 (B4 () +0—(u) + 0 (0) +0—(v)),
which is equivalent to 64 (u) + 04 (v) > 04 (uv).
In the same way, since d(1, ucve) > —0_(ucve) = —(0—(uv) — 35) we get

1 1 1
S0 () 0-(u)) + 50, () — 0-(2)) > —0 () + 3 (0 (u) +0_(u) + 0, (0) +0_(0)),
which is equivalent to 6_(u) 4+ 0_(v) < 6_(uv).
Assume that 64 (uv) = 04 (u) + 04 (v) < w. The proof of the inclusion Hy (u) N Hy(v) C
H 4 (uv) is straightforward and left to the reader. We prove that H (uv) C Hi(u) NH4(v).
Note that H (uc) = Hy(u), Hi(ve) = Hy(v) and Hy (ucve) = Hy(uv), so it is enough to
prove the statement for u. and v.. The following inequality holds
0+ (ucve) = 04 (uc) + 04 (ve) = —0_(uc) — 6—(ve) = —0—(ucve),
hence by Lemma 3.2, d(1,ucve) = 04 (ucve) < m. Let § € Ho(ucve) NS, so that
ucveé = e+ e and  ds(€, ucvef) = 04 (ucve),
since 04 (ucve) < m. By Lemma 2.1 we conclude that
dS(g’ch) < d(]-v UC) = 0+(UC) and dS(Ucé’ucvcg) < d(lvuc) = 0+(uc)'
Therefore
0+ (ucve) = ds(§; ucvel) < ds(§,ve§) + ds(vel, ucvel)
< 04 (uc) + 04 (we) = 04 (ucve),
and this implies
dS (57 'U/C’l)cé.) = dS(§7 ’UCé.) + dS(vC€7 UCUC§)7

ds(&,v:8) = 04 (ve) and ds(veé, ucvel) = 04 (uc). The triangle inequality in S is an equality
and this means that &, vef and ucvel = ef+(ueve)¢ all lie in the same geodesic in S.
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Therefore v.é = eEved)¢ = 0+ (¢ that is € € H(ve). Since e+(Uevel¢ = yop & =
e+ (o) & we see that ueé = i+ eve) =i+ (ve) ¢ — oift(uc)e g6 that & € H (uc). The proof
of Hy(ucve) € Ho(uc) N Hy(ve) is complete. The proof of last equality in the statement

of the theorem is analogous.
O

Remark 3.4. Using Lemma 3.2 one can change one of the two inequalities 04 (u)+64 (v) <
m and 0_(u) + 0_(v) > —m in the statement of Theorem 3.3 into an inequality with < or
> respectively.

4. SPECTRAL BOUNDS FOR CURVES OF UNITARIES

In this section we generalize Theorem 3.3 to the case of piecewise C'! curves in U. We
provide an alternative proof of the second part of this theorem which uses Theorem 2.4.

Definition 4.1. For a skew hermitian operator x we define
¢4 (x) = maxspec(—ix) and ¢_(xr)= minspec(—iz).
The operator x. with centred spectrum is
te = — (64 (@) + 6-(2)).
We also define
Ho(a) = {€ € Hiat = ios(a))  and  H_(v) = {€ € H: at — ip_ ()€}
as the eigenspaces of i¢4 () and i¢p_(x) respectively.

Remark 4.2. Note that if x € i B(H), salisfies ||z|| < 7, then ¢4 (x) = 04(e”), ¢p_(x) =
0_(e"), Hi(x) = Hy(e®) and H_(x) = H_(e").

Lemma 4.3. Let vy : [a,b] — U be a piecewise C' curve such that v, = 1, and let £ € H.
If
Vg = if(1)E

for a piecewise continuous function f:[a,b] = R and t € [a,b] then

N —1. i [P f(s)ds

v € = 9 Ak = et e T
fort € [a,b]. The same conclusion holds if 4y, & = if(t)E for t € [a,b].
Proof. Since 'yt_l"ytf =i f(t)¢ we have

Ve = if(t)ng
for all t € [a,b]. If we set n, = & we see that n, = 1£ = £ and 0 = if(¢)n for all
t € [a,b]. Therefore

. rt
1 =1 = € Ja f(s)dsf

for all t € [a,b], and from this formula the conclusion of the lemma follows. O

Theorem 4.4. Let v : [a,b] — U be a piecewise C1 curve such that v, =1,

b b
[ ostioiar<n [ oG -,

then —1 ¢ spec(yp) and

b b
01 (1) < / ¢+ (uy; dt  and () > / O (Y, 1)t
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If 05 () = [2 b4 (g ' )dt then
Hew)= [) "G D= [ He(n '),

tela,b] tela,b]
and if 6_( f b (3y; Hdt then
Ho(w)= [ H-Gere ) = [ H-( ),
t€(a,b] t€la,b]

Proof. Define the function S : [a,b] — R by

t
St = / (¢+(;Y873_1) + ¢ (;)’573_1))d87

and the curve «: [a,b] — U by

= e 35,

Note that agz = 1 and the right logarlthmlc derivative of « is

1,18,

i ? . . _i 1 i
% = S0+ () + o (g D)vee ™2 )y e

.1 -
dray = (e 2

N - - N
=97 = 5 (@ () + - () = (g Des
which is the centred right logarithmic derivative of «v. By the definition of distance in U

we get
3) A1, ) < / léso; Lt = / |G Vellde
(4) = 2/ (4 (Gay 1) — - (g 1))t < m,

f; by (Fry, 1)dt < 7 and f: é_(Awy; 1)dt > —m. Therefore —1 ¢ spec(ap) and d(1, ap) =
max{60, (), —0_(ap)}. In order to apply Lemma 3.2 to ez a; = -, we have to check
that

1
—m—0_(ap) < §Sb <7 — 04 (ap).
We verify the second inequality, the first inequality is proved analogously. Note that

L b
01 (ap) <d(1,p) < 2/ (b4 (e ') — o=y 1)),

where the second inequality is (3). Hence

1 b
04 (ap) + 3% < / b1 ey, Hdt < .

So by Lemma 3.2

1 b .
0+ (1) = 0+ (aw) + 55 < / by (g Ddt < 7
and .
1 -
0 () = 0—(cw) + 55 = / o (Fyy Hdt > —m.

This proves the first assertion of the theorem.
We now prove the assertion about the equality cases. Note that H (v5) = H+(ap) and

Ha (v h) = Ho((Gry V) = Ho(duag )
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for t € [a,b]. Assume that

b
+() Z/ b4 (Fevy 1dt,

then

1 b . b
(5) 01 (o) = 04 () — 551) = / (045 1) — o= (e 1))dt = / 6oy || dt.
From Lemma 4.3 it follows that
() HeGey D) SHi(w) and () Hi(y ) S Hoy ()
t€a,b] t€(a,b]

We now prove the opposite inclusions. Let £ € Hy(ap) NS and define p¢ : U — S
as before. Note that pg(a) is a curve in S joining o, = £ and apé = e+(@)¢ - Since
04 (o) < m we have

b
(6) 01 () = ds(&, €+ (*)¢) < Lpe(a)) < L(a) = / lévec t|dt = 6+ (au),

where the first inequality follows from the definition of dg and the second inequality follows
from the length decreasing property of Lemma 2.1. Hence L(p¢(a)) = L(a), that is

b b b
[ sl = [ aca e = [ fadfar

Since [|&€]| < ||é|| for all t € [a, b] this equality of lengths of curves implies that
(7) léegll = lldell = llGeas |
for all t € [a,b]. Equation (6) states that ds (&, e?0+(@)¢) = L(pe(a)), and since 04 (ap) < 7
we conclude that p¢(a) is a geodesic in S joining & and e0+(a) ¢ Hence
peon) = au€ = ¢

for a non decreasing piecewise C' function f : [a,b] — R such that f(a) = 0 and f(b) =
01 (ap). Observe that

g =if' (e V¢ and £ =eVarle
for all ¢ € [a, b], therefore
—idga; L€ = f(t)E.
By equation (7)
lewg]l = £'(t) = lawag |
for all ¢ € [a,b], hence & € Hy (cyay ') for all t € [a,b]. By Lemma 4.3 the same assertion

holds for the left logarithmic derivatives. The proof for the minimum of the spectrum is
similar and we omit it. O

Remark 4.5. An alternative proof of the second part of the previous theorem can be given
as follows. Since

+ (o) /Hatatlldt /Ha Lagldt = Lia) > d(1, )

by equation (5) and 04(cap) < d(1,0ap) we see that L(a) = d(1,ap). This means that
a is a geodesic joining 1 and op. If £ € Hy(ap) NS we define a unit norm functional
Ve i B(H)r, — R on the Lie algebra i B(H)y of U as

Pe(z) = (—iz€, §)



GEOMETRY OF SPECTRAL BOUNDS OF CURVES OF UNITARY OPERATORS 9

for z € i B(H)y. Note that V¢ is a norming functional of log(cw), and since o is a short
curve Theorem 2.4 asserts that

belay ) = (—iay 'au€, €) = oyt
for all t € [a,b]. Therefore the Cauchy-Schwartz inequality for £ and —z’a;ldtf s an
equality, so there is a X € C such that
—ia; o€ = N
for all t. Hence
(A&, 8) = A = [lag eu

for all t, and we conclude that € € H (a; *céu) for allt € [a,b]. As in the proof of Theorem
4.4, Lemma 3.2 is used to prove that & € Hy(cwa; ") for all t € [a, ).

The next corollary of Theorem 4.4 is a generalization of Theorem 3.3, it can be proved
by adapting the proof of this theorem and using induction.

Corollary 4.6. Let uy,...,u, be unitary operators acting on the Hilbert space H such that
—1 ¢ spec(uy) for j =1,...,n, and such that }37_, 01 (u;) < 7 and >, 0_(u;) > —.
Denote by u = uy - - - uy, the product of these operators. Then —1 ¢ spec(u),

i:m(uj) > 60.(u)  and f;ewn <6 ().
0 0) = S0 04 (0) < .t i
ﬂ Hog) = Ha ()
and if 0_(u) = S, 0 (u;) > —withen
ﬁ%(uj) —H ().

Proof. Let x1,...,x, be skew-hermitian operators such that e* = u; and |jz;|| < 7 for
j = 1,....n, and let v : [0,n] — U be a piecewise C! curve such that 79 = 1 and
v, Y = aj fort € (j—1,5) and j = 1,...,n. Note that v, = u, H(uj) = H4(z;) and
H_(u;) = H_(x;) for j =1,...,n. It is easy to see that the assertions of the corollary are
a special case of Theorem 4.4.

]
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