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Abstract

Let (H, (, )) be a complex Hilbert space and B(H) the space of bounded linear operators
in H. Any other equivalent inner product in H is of the form (f,g)a = (Af,g) (f,g € H)
for some positive invertible operator A € B(H). In this paper we study the bundle M which
consist of the unit sphere {f € H : (f, f)4 = 1} over each (equivalent) inner product (, )4,
which due to the observation above can be defined

M={(A, f) € B(H) x H : A is positive and invertible and (Af, f) = 1}.

We prove that M is a complemented submanifold of the Banach space B(H) x H and a
homogeneous space of the Banach-Lie group G(H) C B(#H) of invertible operators. We
introduce a reductive structure in M, and study properties of the geodesics of the linear
connection induced by this reductive structure. We consider certain submanifolds of M, for
instance, the one obtained when the positive elements A describing the inner products lie in
a prescribed C*-algebra A C B(H).
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1 Introduction

Let (H,(, )) be a Hilbert space, denote by G(H) the group of invertible operators in H, and by
G (H) the subset of G(H) of positive operators. The set G (H) parametrizes the inner products
in H, which induce norms that are equivalent to the original norm of #: any such inner product
is of the form (f,g )a = (Af,g) (f,g € H), for a unique operator A € G*(H). In this paper we
study the set

M :={([, ], f): [, ] is an inner product in ‘H equivalent to (, ) and [f, f] = 1},

as a bundle over the set of inner products. That is, over each inner product we put its unit
sphere. Due to the remark that G*(H) parametrizes this set of inner products, we can (and
choose to) describe M as operators and vectors:

M={(A,g) € B(H) xH:Ac G (H)and (Ag,g) = 1}.
We call canonical bundle the map

MM — g+(%)a TFM(Avg) =4, (1)



whose fiber over every A € GT(H) (i.e., every inner product) is the unit sphere of the given
inner product. The group G(H) acts on M: if G € G(H) and (A4, g) € M,

G- (A,}) = (G")1AG,GJ).
Note that it is indeed a well defined left action: (G*)"'AG~! € G*(H) and

(Gf,Gf) G y-1a6-1 = (G*)TAGT'GSf,Gf) = (Af, f) = 1.

We prove in Section 3 that M becomes a homogeneous space of G(H). The purpose of this
paper is the geometric study of M and this action. We shall profit by the thorough study of
the space GT(H) done by Corach, Porta and Recht in several papers, of which we mainly cite
[2]: the space GT(H) behaves like a non positively curved metric space, when endowed with a
natural Finsler metric. Let us state some of the properties of G (H)

Remark 1.1. (See [2])

1. There is a natural left action of the Banach-Lie group G(H) on G*(H):
G-A=(G")'AG, GeG(H),AcGT(H).

The action is transitive. If one considers the element 1 € G (H), the subgroup of G(H)
which fixes 1 (usually called the isotropy group at 1) is the unitary group U(H) of H. The
Banach-Lie algebras of the groups G(H) and U(H) are, respectively, B(H) and B,n(H)
(the anti-Herimitian operators in 7). The natural choice of a complement for By, (H) is
B, (H) (the Hermitian operators in H). The decomposition

B(H) = Ban(H) © Br(H)

can be pushed to every other element A € G (H) with the action of G(H). The distribution
of decompositions of B(H) so obtained induces a linear connection in G*(H). This type
of construction is usually called a reductive structure in classical differential geometry.

2. The geodesics of this connection can be explicitly computed. Given A, B € G (H), there
is a unique geodesic v4,p with y4 p(0) = A and v4,5(1) = B. It is given by

'YA,B(t) — AI/Z(A71/2BA71/2)1€A1/2' (2)

In particular, note that if A =1 then vy 4y(t) = B".

3. The action also induces a norm in the tangent spaces (which are all identified with By, (#)):
at 1 one chooses the usual operator norm of B(H). At a point A € G*(H) one puts

|X|a:= |ATV2X ATV, X € Bu(H). (3)
The action of G(H) is isometric.

4. The geodesics of the linear connection given in (2) are also geodesics in the metric sense
(3): ~va,p is the shortest possible curve joining any pair of points in its path. Therefore
the geodesic distance d(A, B) between A and B is given by the length of v4 g, which can
be explicitly computed.



5. The metric space (GT(H),d) behaves like a non-positively curved space. For instance, if
v and o are geodesics in G (H), then the function

f(t) =d(n(t), (), teR

1S convex.

We shall see that also M admits a reductive structure, and a metric which is invariant under
the group action.

We refer the reader to [1] for the basic facts concerning manifolds, submanifolds and homo-
geneous spaces in the infinite dimensional setting. In particular, we observe that in this setting
one distinguishes the notions of submanifold M of a Banach space E, and complemented sub-
manifold of E. In the former case, the tangent spaces of M are closed subspaces of F, in the
latter the tangent spaces are complemented subspaces of E.

The contents of the paper are the following. In Section 2 we prove that the action is transitive,
and that the maps m4 4 (for fixed (4, g) € M)

Mag) t G(H) = M, mag)(G) =G (A,g) = ((G)TAG™,Gy) (4)

which are induced by the action, have continuous local cross sections. In Section 3 we use this
fact to prove that M is a complemented submanifold of B(H) x H, which is contractible, and
that the maps m,4 4) are submersions. In Section 4 we consider subets of M, obtained when
we restrict the sets of inner product, or the sets of vectors. In particular, we consider the case
when the positive operators parametrizing the inner product lie in a prescribed C*-algebra. In
Section 5 we introduce the reductive structure of M, and describe the geodesics of the linear
connection. We study properties of these geodesics, with respect to the restricted parts of M
considered in Section 4. In the brief Section 6, we introduce an invariant Finsler metric for M.

This research was funded by the grant PICT 2019 0460 from ANPCyT, Argentina.

2 Transitivy and local cross sections for the action

If A€ G (H), we shall denote by Sq(H) = {g € H : (Ag,g) = 1}, the unit sphere of the A-inner
product, and by S(H) = S1(#), the usual sphere. Also put ||g|la = (g,g>z/2 = ||AY2g]. Clearly

g € SA(H) if and only if AY%g € S(H).

The following notation will be useful. If f,g € H and A € GT, denote by f ®4 g the rank one
operator given by

f@ag(h)=(h,g)af = (Ah,g)f.
If A=1, we write f ® g = f ®1 g. Note that
f@ag=(f@gA=[f®Ag.

Denote by U(H) the unitary group of H, U(H) = {U € B(H) : UU* = U*U = 1}. For any given
linear operator 7', R(T') and N(T') will denote the range and the nullspace, respectively.



Remark 2.1. Given f,g € S(H) with ||f — g|| < v/2, there exists a unitary operator Oy, in H,
which is a smooth map in both parameters f, g, such that ©f .9 = f. Namely, put

Vi={(f.9) € S(H) x S(H) : ||f — gll < V2}

then there exists a C*>° map

V—=UMH), (f,9)— Oy

satisfying ©7 4,9 = f for all (f,g) € V. One explicit way to construct Oy, is the following: if
If — gl < V2 (or, less restrictive, (f,g) # 0), then

Ifef-gegl <l

Indeed, this can be shown using the Krein-Krasnoselski-Milman [6] formula: if P, Q are orthog-
onal projections, then

I1P = Q[ = max{[| PQ — P, |QP — Ql[}.

In our case, f ® f,g ® g are orthogonal projections, and therefore (using the elementary fact
that [|h @ b'|| = ||h]|||W]]), after straightforward computations, we have that

[feof-gogl=max{[|[(f@flg®g)—fRf(g2g9)(ff)—g24gll} =v1-If 9

It is easy to see that || f—g||? < 2 implies that (f, g) # 0, and thus ||f® f—g®g]|| < 1. Therefore,
there exists a unitary operator U, which depends smoothly on the projections f ® f,g® g (and
thus, also depends smoothly on f, g) such that

Ufe IU=UfeUf=9®g.

This is a well known fact, see for instance [4], or [3]. In this latter work U is obtained as follows:
if [P — Q| <1, then P+ @Q — 1 is invertible: indeed, this follows from the elementary equality
(see [4])

(P-QP+(P+Q—-17=1

Then the unitary part U in the polar decomposition P+ @Q — 1 = U|P + @ — 1] is a unitary
operator (in fact, a symmetry, i.e., a selfadjoint unitary operator) such that UPU* = UPU = Q.
Also, it is an explicit formula in terms of P and Q:

U=P+Q-1)P+Q—-1"'=P+Q-D{(P+Q—-1)>2"12

Continuing our argument, U f, g are unit vectors generating the same complex line: g = aU f,
with a« € C, |a| =1, i.e., « = (g,Uf). Then

g=0f,

for the unitary operator © = (g, U f)U.

This mode of finding the unitary © linking f and ¢, uses the geometry of the complex
Grassmann manifold of H, the unitary U links the complex lines generated by f and ¢. It can
be shown that the line generated by g lies in the range of the exponential map at f of the
Grassmann manifold, if and only if (f, g) # 0.



Proposition 2.2. The action of G(H) is transitive on M. If (Ao, go) € M, the map (4)
M(Ag,g0) - G(H) = M, m(Ao,go)(G) = ((G*)ileGil,GQO)
has continuous local cross sections.

Proof. Fix go € S(H), so that (1,g9) € M, and let (A,g) € M. We show that there exists
G € G(H) such that G - (1,90) = (A, g), proving that the action is transitive. The usual left
action of the unitary group of H on the unit sphere of H is transitive. Then there exists a
unitary operator U such that Ugy = AY2g. If we consider G = A~1/2U e G(H), it’s easy to see
that
Ggo = A™2Ugy = A712A2g = ¢
and
(G*)—IG—I _ (U*A—I/Q)—I(A—1/2U)—1 _ AI/QUU*Al/Q = A,

ie. G-(1,90) = ((G*)"'G~1,Ggo) = (A, g). Let us construct a local cross section for M (Ag,g0) O
a neighbourhood of (Ag, go). By translation with the left action of G(#) on itself, one obtains
cross sections around other points of M. Consider the following open subset of M:

Biag.go) = {(4.9) € M:[| A9 — A %g0]| < v2}.
If (A,g) € Biay,g0) then there exists (as mentioned in the above Remark) a continuous and

smooth formula © = © 1240 A1/24 which is a unitary operator of the Hilbert space H, such that
0 ’

@Aé/2go _ Alﬂg.
Put 7(a0,90) * Blo.go) = G(H),
%m@MAﬂ)ZAqﬂ@Ay2=%
Then
() Aoyt = AV (O7) 7 A P g Ay P AN = 4
and »
vgo = ATV204 gy = ATV2AV2g = g,
1.e. Y(4g,90) 18 & cross section for m4, 40)-

O]

Proposition 2.3. Suppose that H is a separable infinite dimensional Hilbert space. Then the
space M has trivial homotopy type.

Proof. Consider (1,g0) € M and the fibre bundle m(; ) : G(H) — M. By Kuiper’s theorem
[7], the group G(H) is contractible. The fibre of m(; 4,y over (1, go) is the subgroup

mil o (Lgo) = {U € G(H) : U U™ = 1,Ugo = go}.

ie. U € m(_llgo)(l, go) is a unitary operator with Ugy = go. Therefore its matrix in the decom-

10
=0 o)

where U’ is a unitary operator in < go >, which is (separable) infinite dimensional. It follows,

again by Kuiper’s theorem, that m(*llgo)(l7 go) is contractible. It follows that all the homotopy

groups of M are trivial (see for instance [13]). O

position H =< go > @ < gg > is



3 Regular structure

Let us prove that M is a C*° differentiable manifold, and that the map maq (given in 1) is a
C® fibre bundle. In order to establish the first assertion, the following lemma will be useful.
We state it without proof, a complete proof can be found in [11].

Lemma 3.1. Let G be a Banach-Lie group acting smoothly on a Banach space X. For a fixed
xo € X, denote by my, : G — X the smooth map my,(g9) = g - xo. Suppose that

1. mg, is an open mapping, regarded as a map from G onto the orbit {g-xo : g € G} of xg
(with the relative topology of X ).

2. The differential d(mg,)1 : (TG)1 — X splits: its nullspace and range are closed comple-
mented subspaces.

Then the orbit {g-xo: g € G} is a smooth complemented submanifold of X, and the map
Mgy : G —{g-x0:9€ G}
is a smooth submersion.

Theorem 3.2. M is a C*> complemented submanifold of B(H) x H. For any (Ao, g0) € M,
the map

m(Aoygo) : g(H) — M7 m(Ao,go) (G) =G- (A07g0) = ((G*)ilAOGila GQO)
is a C*°-submersion.

Proof. Since m 4, 4,) has continuous local cross sections, it is an open mapping.
Put d(44,90) = d(M(ag,90))1 : B(H) = B(H) x H, which after easy computations is shown to
be
5(A0,g0)(X) = (—X*AO — AQX, Xg()).

The nullspace of §4, 4,) consists of operators Z which are Ap-anti-Hermitian (anti-Hermitian
for the inner product (, )4,):
Z*Ag = —AoZ,

such that Zgp = 0. Note that this last condition is equivalent to Z(go ®4, go) = 0. Since gy
is a unit vector for the Ap-inner product, the operator gy ® 4, go is a (rank one) Ag-orthogonal
projection. Therefore the matrix of Z, in the Ag-orthogonal decomposition H =< go > @4, <

g0 >Lis
0 0
7 = ,

where Za; is Ag-anti-Hermitian. A natural supplement for the nullspace of (4, 4, is therefore
the set of matrices (again in terms of the decomposition H =< go > ©a, < go >)

zgo  X12

Xo1 Y ’
where z € Cand Y is Ag-Hermitian. The range of 4, 4,) consists of pairs (=X*Ao—ApX, Xq0),
with X varying over B(#). Note that the left hand part of this pair is selfadjoint (for the usual



inner product), and that any selfadjoint operator Y is of this form. Indeed, given Y = Y™, put
X =-1A;'Y. Then

1 1

Any operator decomposes X = Xj + Xgp in its Ag- Hermitian and anti-Hermitian parts, i.e.,
X;;AQ = A()Xh and X;hAO = —A()Xah. Then —X*AO — A()X = —QADXh. There is a linear
isomorphism ¢ of B(H) x H given by

1
0:B(H) xH — B(H) xH, ((X,h) = (—§A51X, h),

which maps the range of 64, 4,) onto the subspace {(Xp, Xgo) : X € B(H)}.
Note that {Ygo € H : Y is A9 — Hermitian} = {f € H : (f, g0) 4, € R} and that {Zgp € H :
Z is Ao — anti-Hermitian} = {h € H : (h, go) 4, € iR}. We have the direct sum decomposition

{(Xn, Xg0) : X € B(H)} = {(Xn, Xngo) : X € B(H)} © {(0, Xango) : X € B(H)}.  (5)

The right hand subspace in (5) equals {(0,h) : (h, go) 4, € iR}. The left hand subspace in (5) is
contained in {(Y, f) : Y is Ag — Hermitian and (f, go) 4, € R}, and it is complemented there: a
complement is

S(40,90) = (Y, f) : Y is Ag — Hermitian , (f, go)4, € R and (f, Y go) 4, = 0}.
Therefore, a complement for 6((5(140790)) in {(Y,h):Y is Ag — Hermitian, h € H} is
S(40,90) P {(0,R) : (h, go) 4, € iR}.

Clearly {(Y,h) : Y is Ag — Hermitian , h € H} is complemented in B(#H) x H: a complement
is {(Z,0) : Z is Ap — anti-Hermitian}.
Putting these facts togeher, we have that

S(40,90) © 1(0,h) : (h, go)a, € iR} @ {(Z,0) : Z is Ag — anti-Hermitian}
is a complement for £(0( 4, 4,)) in B(H) x H. O

Recall from Proposition 2.3, that M has trivial homotopy groups. Then, since it is a differ-
entiable manifold, it holds that (see [10]):

Corollary 3.3. Suppose that H is separable and infinite dimensional. Then M is contractible.
Proposition 3.4. The map (1)
Tm M= GH(H), Tm(A,g)=A
is a locally trivial fibre bundle. In fact, the map waq defines a trivial (product) bundle.
Proof. Consider the map
p: M= GH(H) X S(H), p(4,g) = (4, A'?g).

Note that ¢ is a diffeomorphism (with inverse ¢~ '(A,h) = (A, A~Y2h)) which trivializes the
map (1) maq:
Tl G (M) X S(H) > GHH), mare (A h) = A,



Let us describe the tangent spaces of M
Proposition 3.5. If (Ao, go) € M, then

(TM)(A(),Q()) = R(é(Ao,go)) = {_X*AO - A0X7 XgO) X € B(H)}v
which also consists of
(TM)(ag,90) = 1(Z,h) € B(H) x H : Z* = Z and (Zgo, go) + 2 Re(Ah, go) = 0}.

Proof. The first assertion follows because my4,4,) : G(H) — M is a submersion, and thus
O(Aosgo) * B(H) = (TM)(4,,40) 18 surjective.
To prove the second assertion, consider (A(t),g(t)) a smooth curve in M with A(0) =

Ag, A(0) = Z, g(0) = go and §(0) = h. Since A*(t) = A(t), Z* = Z. Differentiating
(A(t)g(t),9(t)) =1 at t = 0, we get
{(Zgo, 90) + (Aoh, go) + (Aogo, h) = 0.

To prove the other inclusion, we make use of the following translation maps in M. Fix G €
G(H), then g : M — M, La(A, f) = G- (A, f) is a diffeomorphism, explicitly, ¢z(A4, f) =
(G=H*AG~1,Gf). Note that £ is the restriction to M of a linear isomorphism defined in the
whole space B(H) x H. Therefore its tangent map coincides with f. Using this translation,
we may suppose that Ap = 1, and prove the reverse inclusion in this case. Pick a pair (Z,h) €
B(H) x H with Z* = Z, satisfying

(Zg0, 90) + (h, go) + (g0, h) = 0.
Consider the vector w = —%Zgg — ih. Note that (w, go) € R:

7

(w.90) = =i (5(Zom.0) + (1)) = =5 ({hogn) — . 1) € .

Therefore there exists a selfadjoint operator Y such that Y gy = w (short proof: since (w, go) € R,
pick Y = w® go + go ® w — (w, go)go @ go). Consider

X = —%Z%—iY.

Then —X — X* = Z and Xgg = h. O

4 Subsets of M

Let us consider the following subsets of M:

Definition 4.1. For F C H\ {0} and C C G*(H), consider

MF = {(A,f)eM: f eF}; (6)
Me:={(4,f)e M:AecC}; (7)

and
ME :={(A, f)eM:fcF and A€cC}. (8)



Proposition 4.2.
1. If F C H\ {0} is a submanifold, then MY is a submanifold of M.
2. If C C G (H) is a submanifold, then Mc is a submanifold of M.

8. If F C H\ {0} and C C G are submanifolds, and C satisfies that Rsol C C, then Mg is
a submanifold of M.

Moreover, if F C H\{0} and C C G (H) are complemented submanifolds, then the corresponding
subsets MY, M¢ and ./\/lg are complemented submanifolds of M.

Proof. To prove the first assertion, note that the map

is a C* retraction. A global cross section for this map is H\ {0} > h > (Wl, h) € M. Clearly

this map is C°°, and therefore MF = pﬁ (F) is a submanifold of M. If F is a complemened
submanifold of #H \ {0}, then MY is a complemented submanifold (see for instance [1]).
Similarly, for the second assertion, recall that mnq : M — GT(H), nm(A, f) = Ais a
submersion, and thus M¢ = 7'['/_\/[1 (C) is a submanifold of M (again, a complemented submanifold
if C € GT(H) is a complemented submanifold) .
To prove the third assertion, note that the hypothesis that Rsgl C C, implies that the map

H\ {0} > h > (Wl, h) takes values in C, and therefore is a cross section for pply,, : Mc —

H\{0}. Therefore p|,,, is a submersion, and therefore ME = <p M| Mc) (F) is a submanifold

of M¢, and therefore also of M. If both C and F are complemented submanifolds, then /\/lg is
a complemented submanifold of M. ]

Remark 4.3. We shall be interested, for instance, in the cases F = {f}, C = {A}, or C = A{,
the set of positive invertible elements of a C*-algebra A C B(H). Note that M,y identifies
with S4(H), the unit sphere of the inner product given by A.

Remark 4.4. Another relevant example occurs when A is a von Neumann algebra with a
faithful normal trace 7. Consider the Hilbert space H = L?(A, 7), the GNS Hilbert space of 7,
A (represented faithfully and normally) in B(#) and let fy =1 € A regarded as a vector in H.
Then 7(a) = (afo, fo), for a € A. Then

Mi{.ﬁ} ~f{a€ At :7(a) = 1).
This space is studied by L. Recht and A. Varela in [12].

The tangent spaces of MU} are, clearly,

(TMU) 45y = {(X,0) € B(H) x {0} : X* = X and (X, f) = 0}.



5 Reductive structure

In this section we propose a natural reductive structure for M. A reductive structure for a
homogeneous space M of a Lie group G (see for instance the classic text [5]) means the following:
if p e M, m, : G - M denotes the map induced by the left action of G, m,(f) = f - p, and
dp = (dmyp)1 : (TG)1 — (T'M), is its differential at 1, a reductive structure for M is a familiy
{H,},cnm of supplements for the nullspaces N(d,) in (T'G); (i.e., (T'G)1 = N(6p) @ H,), which
satisfy that

1. the distribution M > p — H,, is smooth;

2. the supplements are invariant under the action of the corresponding isotropy subgroup
Ky={keG:h-p=p}h
Ad(k)(H,) = H,

The assertion that the distribution is smooth, means that if P, denotes the projection from
(T'G)1 onto H,, with nullspace N(6,), then the map M > p — P, is C*°, regarded as a map into
the Banach space of bounded (real) linear operators acting in (7T'G);.

In our case the group is G(H), whose Banach-Lie group (T'G(#)); identifies with B(#). For
each element (A, fy) in the homogeneous space M, the map m4 f,) was already introduced,
and its differential at the identity is d(4,5,)(X) = (=X*A — AX, X fo). The isotropy subgroup
Ka,f) at (4, fo) € M is given by

Ka gy ={G€G(H): (G*)TAG™" = A and Gfy = fo},

i.e., the invertible elements G which are unitaries for the A-inner product ( , )4 and fix fy. The
nullspace N(d(4,,)) (Which is the Banach-Lie algebra of this group) is

N(3az)) ={Y €B(H):Y*A= —AY and Y fy = 0}

i.e., the operators which are anti-Hermitian for the A-inner product, and anhihilate fy. Let us
write these elements in matrix form, in terms of the A-orthogonal projection fo® 4 fo: they are

of the form
N(Sa,f0) = { ( 8 }9, ) (Y is A — anti—Hermitian}.

Note that the 1,1 entry is scalar. A natural supplement for N(J(4 f,)) is the following:

Definition 5.1. For (A, fy) € M, put

H g = { < b ) : 2" is A= selfadjoint,ag € C,a,b € B(R(1~ fo @ fo), R(fo & fo))}.
(9)

Here a,b :< fog >t =< fo >, are bounded operators, and b* is the adjoint of b (for the A-inner
product). The supplement H 4 5,y is usually called the horizontal space at (A, fo).

Let us check that the distribution of spaces H4 s ((4, f) € M) indeed defines a reductive
structure in M. Note that

Hoafy ={Z2€BM): (1 - fo®a fo)Z(1 - fo®a fo) is A — selfadjoint}. (10)

10



Proposition 5.2. The distribution Hi4 5y ((A, f) € M) defines a reductive structure in M.

Proof. The set H4 y,) is clearly a supplement for the space N (64, ¢,)) (see the proof of Theorem
3.2).
If G € K(4,f,), then G is A-unitary (i.e., G*AG = A or equivalently AG = (G*)~tA), and
Gfo = fo- Then
G (fo®a fo) = G fo®a fo = fo®a fo,

and
(fo®a fo)G = (AG -, fo) fo = (G*) A -, fo) fo = (A .G fo) fo = (A -, fo) fo = fo ®a fo.
Then, if Z € H(A,fo)

(1= fo®a fo)(GZGM) (1= fo®a fo) = (L — fo®a fo)Z(1 — fo ®a fo).

In particular, GH(AJO)G_l =Ha,z)-
If X € B(H) is written in matrix form in terms of the A-orthogonal projection fy ®4 fo, its
decomposition in the direct sum N(d(4, 1)) © Ha, g,) is

fr11 w2y _ (0 O T11 T12
X_<x21 X’>_<0 Y’>+<x21 Z’)’

where X' =Y’ + Z' is the decomposition of X’ in its A-anti-Hermitian and A-selfadjoint parts.
Thus

v = Lo a0y ) = L fasa o)X - AT A fooa fo)

Then )
P (X) =X - 27(1 — fo®a fo)(X — AT X*A)(1 - fo ®a fo).

Recall that fo ®4 fo = (fo ® fo)A, and therefore the map
M > (A, fo) = Pa s € Br(B(H))

is C* (here Br(B(H)) denotes the Banach space of real bounded linear operators acting in
B(H)). O

As in classical differential geometry, a reductive structure in a homogeneous space induces
a linear connection in the space ([5]). The features of the linear connection can be computed in
terms of the so called 1-form of the reductive structure. Namely, the map

Oa o)l gy, P Hiage) = (TM)(a )
is a linear isomorphism. Its inverse
Rafo) t (TM)a,p0) = Ha ) (11)

is the 1-form of the reductive structure.
For (A, fo) € M, denote by

Note that II4 f,) is an idempotent map, whose range is the horizontal space H4 ), and whose

nullspace is the vertical space N(d(4 f,)). Then (see [8]):
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L If (A, fo) e Mand V = (—X*A — AX, h) € (TM)(4,f,), then the unique geodesic v of the
linear connection of M with v(0) = (A4, fo) and 4(0) =V is the curve

y(t) = eFan M) (A, fo) = (¢ adn™ gem R V) etrasn M) gy,

2. If (A, fo) € M and X, € (T M) 4y, the torsion T of the linear connection is given by
KA, f)(T(X,Y)) = —IL 4, 5) ([X, Y]), (13)
where X = k4 7,)(X) and Y = k(4 £,)(d)-
3. If (A, fo) e M and X, Y, Z € (TM)4,4,), and again we use the notation
X = r(a,50)(X):Y = Ra ) (V) and Z = K, f)(2);

then the curvature tensor R is given by
KA, fo) (R(X,V)Z) = | Z, (1 = U4, 5) ([X,Y]) | (14)

5.1 Computation of the 1-form of the connection

In view of its role in the computations of the invariants of the reductive connection, it is useful
to obtain an explicit formula for the 1-form k. First note the following;:

Lemma 5.3. Let (A, fo) € M and G € G(H). Then
Z € H(A,fg) — G 'zZG e HG~(A,f0)-

Proof. We must check that (1 — G fy ®(G*)-14G-1 Gfo)GZG_l(l — Gfo ®(G*)-1AG-1 Gfo) is
(G*)"L AG~!-selfadjoint (recall that Y is B-selfadjoint if Y*B = BY). Note that

(1= Gfo®@)-1a6-1 Gfo)GZG (1 = G fo ®Gr)-146-1 G fo)
= (1—((G)TAG™Y - |G fo)Gfo)GZG(1 — ((G*)TAG™ - |G fo)G fo)
=(1—(AG™" -, fo)Gfo)GZG™ (1 — (AG™" -, fo)G fo)
=Gl — (A, fo)fo)G'GZGT'G(L— (A -, fo) fo)G~" = G(1 — fo®a fo)Z(1 — fo®a fo)G .
Let us check that this operator is (G*)~tAG ™ -symmetric:
(G = fo®a fo)Z(1— fo®a fo)G 1) (G*)TAG™!

= (G- fo®a fo)Z(1 = fo®a fo))" AG. (15)

Since Z € Hy,f,), we have that
(1= fo®a fo)Z( = fo®a fo))" A=Al — fo®a fo)Z(1 — fo®a fo).

Thus, (15) equals
(G TTAQL = fo®a fo)Z(1 — fo®a fo)G™ ! = (G*)TAGT'G(1 — fo®a fo)Z(1 — fo®a fo)G ',

as claimed. 0
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Therefore, for G € G(H), we have the map
Adg : H(A,fo) — HG~(A,fO)a Adg(Z) =GzG N (16)

Clearly it is an isomorphism (it is the restriction to H4 s, of a linear multiplicative global
automorphism of B(H)). Its inverse is Adg-1.
Recall that fg : M — M,

EG’(Av f) =G- (A7 f) = ((G*)ilAGilva)

is the restriction to M of a global linear isomorphism in B(H) x H, which we will also denote
. With this slight abuse of notation, it follows that (dfg)a,s,) = fc for any (A, fo) € M.

Lemma 5.4. Let (A, fo) € M and G € G(H). The following diagram of linear isomorphisms is
commutative:

9(A,f0)
Ha ) — (TM)(ag)

Adg 12¢]

He.(a.p0) ety (TM)c-(a.10)
Proof. Pick Z € H, 4,). Then
lgoba ) (Z2) =la(—Z*"A—AZ, Zfy) = (G*) N (-Z*A— AZ)G~",GZfp) .
On the other hand
8c.(Af) © Ada(Z) = (—(GZG)(G*)TTAG™ — (GY)TAG™H(GZG™Y),GZG'G fy)
= (G ' (~2*A-AZ)G™',GZfp).
O

This lemma allows us to compute the 1-form at a specific element of M, say (1, fy) (for
Ilfoll = 1), and translate the formula to other elements via the automorphims Adg. Let us
abreviate (fo ® fo)t =1 — fo ® fo.

Lemma 5.5. Let (B, h) € (TM),5,) Then

K(1,f0)(Bsh) =h ® fo+ (fo ® (Bfo — h)) (fo® fo)* — %(fo ® fo) " B(fo® fo)*.

Proof. Given (B,h) € (T M) 5,), we look for the unique Z = x; z,)(B,h) € Hy 5,y such that
~Z*~Z =B, Zfy=h, and (fo® fo)Z(fo ® fo)* selfadjoint. Let us compute the four matrix
entries of Z in terms of the decomposition H = (fo) ® (fo)*:

(fo® f0)Z(fo ® fo), (fo ® fo)"Z(fo ® fo), (fo ® fo)Z(fo @ fo)* and (fo ® fo)Z(fo @ fo)*

The first two are determined by the condition Z fy = h:

(fo® f0)Z(fo @ fo) = (fo® fo)(Zfo @ fo) = (fo® fo)(h @ fo)
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and
(fo® fo) " Z(fo® fo) = (fo® fo) " (Zfo @ fo) = (fo ® fo) T (h & fo).
Next, since —Z* — Z = B, we have
Bfo=—-2"fo—Zfo=—-2"fo—h, ie., Z"fo = Bfo — h

Thus
(fo® f0)Z(fo® fo)= = (fo® Z* fo)(fo ® fo)= = (fo ® (Bfo — h)(fo @ fo)*.

Finally since (fo ® fo)*Z(fo ® fo)* should be selfadjoint, condition —Z* — Z = B implies that

(fo®fo) " B(fo®fo)" = —(fo® fo) " Z*(foR fo) " —(fo®fo) " Z(fo® fo) = = —2(fo®fo) " Z(fo® fo) ™,

So that )
(fo® fo)Z(fo® fo)" = —§(f0 ® fo) " B(fo® fo)*.

Therefore

= (fo® fo)(h® fo)+ (fo® fo) " (h® fo) + (fo ®(Bfo— h)) (fo® fo)* — %(fo ® fo) ' B(fo® fo)*

= (he Jo)+ (fo® (Bl — W) (fo® o) — 5(fo @ o) "Blo @ fo)"-

Putting these facts together, we get

Proposition 5.6. For (A, fo) € M and (B,h) € (TM)(4,,), we have

H(A’fo)(B,h) = h@AfO+(fO XA (Aileo - h)) (1—f0®Af0)—%(1—f0®Af0)Ale(l—f0®Af0).

Proof. Using the diagram in Lemma 5.4 for the element (1, AY2fy) and G = A~/2, since
A71/2 ’ (17A1/2f0) - (A7 f0)7 we get

O, A1/2fo)

Hy avzpy —— (TM)(ag)
AdA,1/2J l —-1/2
M)A, 1o)

(Af )
Hiagy —— (T

Then
K(A,fo) = AdA—1/2 H(I,A1/2)£A1/27

and
K’(A,fo)(Ba h) = AdA_1/2H(17A1/2f0)(A_l/QBA_l/Z’ Al/Qh)

= Ad g1 (Al/% @ AV fy+ (A2 fy @ (AT2B fy ~ A1/2h>) (A2 fy @ AM? fo) b —

_%(Amfo @ AV2f) L ATV2BAT2(AV? £y @ Al/QfO)l)'

14



After straightforward computations one gets

L @A) A B = fom Afy).

KA, f) (B, h) = h@Afo+ (fo® (Bfo — Ah)) (1— fo® Afo) — 5

Note that Bfy — Ah = A(A"'Bfy — h), and using that ¢ ® Ag’ = g ®4 ¢/, we can write

KA,z (B, h) = h@afot (fo®a (AT Bfy — h)) (1_fO®AfO)_%(1_fO®AfO)A_1B(1—f0®Af0)-

L]
Remark 5.7. Recall the submanifold M{f} ¢ M, for a given fixed 0 # f € H,

MUY = {(A4,f): A€ GH(H) such that (Af, f) = 1}.

Therefore, it can be regarded as a submanifold of G (H), namely, the elements in A € G (H)
such that wy(A) = 1, where wy is the pure state given by f (ws(X) = (X f, f)). Clearly, the
submanifold M{f} is a convex set.

A natural question is then the following: If (4, f), (B, f) € M/} and y4 p is the unique
geodesic of G (H) such that v4 5(0) = A and v4,5(1) = B (see (2) in Remark 1.1), then is
it true that (y4p, f) lies in M{/}? The answer is no, in general. What fails is the condition
(va,B(t)f, f) = 1. Consider for instance

im0 g ()

Then (f, f) = (Bf, f) = 1 but (vi,5(3)f, f) = (B'?f, f) < 1.
We have though the following inequality: let (A, f), (B, f) € MU} and let v4,B be the
geodesic of Gt (H) with v4 5(0) = A and v4 g(1) = B. Then for all ¢ € [0, 1]

0<(yas®)f f) <1

Since v4,p(t) is positive and invertible, it is clear that (ya p(t)f, f) > 0. Consider the real
function

¢
9(t) = (ran(Df. f) = (B2 (B72AB™V2) BY2F, f) = (C'h. ),
where C' = B~1/2AB~1/2 and h = BY/2f. Clearly g is smooth and convex:
§(t) = (10g(C)2C*h, h) = (C*log(C)h, log(C)h) > 0,

because C' and log(C) commute. Note that by hypothesis g(0) = g(1) = 1. Then g(t) < 1 for
t e [0,1].

In other words, the geodesic 4 5 joining elements in the set MU+ = {(A, f) € M : w;(A) =
1} remains inside {(4, f) € M :w;(A) < 1}

Proposition 5.8. Let (A, fo) € M, and V = (X, 0) tangent to the submanifold M0} at (A, fo).
Then
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1. The geodesic v of M, with v(0) = (A, fo) and ¥(0) =V is of the form

where T'(t) = e %" Ae %, for Z = K(a,fo)(V). In particular, v remains inside MU} for
all t.

2. A necessary and sufficient condition for T to be a geodesic of GT(H) is
Xfo=0.

Proof. Recall that V is of the form V = (X,0), with X* = X and (X fo, fo) = 0. Let Z =
H(A’fo)(V). Then, in particular, Zfy = 0. Thus e*? fy = fy, and

T(t) = (7% Ae 2 2 fy) = (D(t), fo) € MY} for all ¢.
For the second assertion, let us consider first the case when the geodesic v starts at A = 1.
Suppose first that X fy = 0, and let Z = K 5)(V), that is —Z* — 7 = X, Zfy = 0 and

(fo® fo)tZ(fo® fo)* is selfadjoint. Since Z* = —Z — X and Zfy = 0, our assumption X fo = 0
implies that Z* fy = 0. Then

(fo® fo)"Z(fo® fo) " = (fo® fo)(Z = Zfo® fo) = (fo® fo) " Z =2 — fo® Z*fo = Z,
i.e., Z is selfadjoint. Then

’Y(t) _ etZ . (17 f()) _ (e—tZ*e—tZ’ethO) _ (6_2tZ, f0)7

where T'(t) = 2% is a geodesic of GT(H).

Conversely, suppose that e 4" e™*Z is a geodesic of G (H). Since it starts at 1, with initial
velocity —Z* — Z, it must be e ?4"e7t4 = X, Differentiating, one gets —Z*e 4 e 14 —
et e 27 = XetX for all t, or

—Z%eX — X7 = XetX forall ¢,

which implies that —e *X Z*e¢!X = Z + X for all t, i.e., constant. Thus, differentiating this last
identity at t = 0 we get XZ* — Z* X = 0, that is, X commutes with Z*. Since X is selfadjoint,
X commutes also with Z. Then, the identity X = —Z* — Z implies that Z is normal. Since
Zfo =0, then ZZ*fy = Z*Z fy = 0, and then Z* fy = 0. Therefore X fo = —Z*fo — Zfy = 0.

For the general case, recall that « is a geodesic of M if and only if G -« is also a geodesic.
Then, A2 .~ = (AY2TA=1/2, AY2fy) is a geodesic of M starting at (1, AY/2fy) with initial
velocity (A*1/2XA*1/2, 0). Also, it is clear that AY2 AT} = pEAVE R} Thus, by the previous
case, A1/2 . § remains inside AY/2. M{fo} if and only if

ATV A2 A2 f — AY2X gy =0,

i.e., Xf() = 0. O

Remark 5.9. Note that the argument in the above proof, yields the fact that the condition
X fo = 0 is equivalent to Z = k4 f,)(X,0) being A-selfadjoint. Indeed, in the case A = 1,
Z* = Z is obtained explicitly as a necessary condition, and the condition Z normal as a sufficient
condition. In the general case, using Lemma 5.3, we have that A=1/2ZA1/2 ¢ H(1,A1/2) is
selfadjoint;:

A71/2ZA1/2 — (Afl/ZZA1/2)* _ A1/2Z*A71/2 — AZ* AL = Z,
i.e., Z is A-selfadjoint.
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5.2 Subalgebras of B(H)

Let us consider the case when A C B(H) is a unital C*-algebra. The space of A{ of positive and
invertible elements in A is an open subset of {z € A : 2* = z}, which is a closed (non necesarily
complemented) real-linear subspace of By (H). Thus AJ is a submanifold of G(#), modelled
in the Banach space {x € A: z* = z}. Therefore, by Proposition 4.2,

MAf:{(a,g)EM:aEAf}

is a submanifold of M. Clearly, the invertible group G 4 of A acts on this submanifold: if g € G4
and a € AL, (¢*) tag™! € A},

The algebra A is said to act irreducibly in H if there are no subspaces S C H (other than
S = {0} or § = H) such that AS C S. Recall Kadison’s transivity theorem (see for instance
Theorem 5.2.2. in [9]): if A acts irreducibly in H, f,g € H and f # 0, then there exists a € A
such that af = g; if || f|| = ||g||, then a can be chosen unitary (a*a = aa® = 1).

Proposition 5.10. If A acts irreducibly in H and 1 € A, then the action of G4 on M s s
transitive.

Proof. The argument is similar as the case of the whole algebra B(#). Namely, pick gy € S(H),
so that (1,g9) € M 4+. Pick any element (a, f) € M 4+, so that also a'/?f € S(H). Then using

Kadison’s transitivity theorem, there exists a unitary element u € A such that ugy = a*/2fj,
and then g = a=1/2u € G4 satisfies

g- (1790) = (a7f)
as in Proposition 2.2. ]

The hypothesis that A is irreducible is necessary. Consider for instance A = C([0, 1]) acting
in L?(0,1), and pick f a continuous function with || f||2 = 1. Then the orbit {g- (1, f) : g € G4}
consists of pairs on which the the second coordinate gf is a continuous function, and thus the
action is not transitive (note that (1,h) € M 4+ for any h € L?(0,1) with ||h]l2 = 1).

Recall the expression of the tangent spaces of M in Proposition 3.5:

(TM)(a0,90) = 1(Z,h) € B(H) x H : Z* = Z and (Zgo, go) + 2 Re(Ah, go) = 0}.
Then clearly
(TM 45 ) (ao,90) = {(2,h) € Ax M : 2" = z and (240, go) + 2 Reaoh, go) = 0}. (17)
Theorem 5.11. Suppose that the C*-algebra A C B(H) contains the compact operators. Then:
1. For any (a, f) € M 43, the map
Ma,f) * Ae = O, p) ={9-(a,f) 1 g € Ga} T M 4+
is a C°° submersion. The orbit O(q 5y is a union of connected components of MAf‘

2. If (a, f) € M+ and (x,h) € (TAS)(a,p)» then the unique geodesic 6 of M with §(0) =
(a, f) and 5(0) = (z,h), satisfies that §(t) € M s for allt € R.
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Proof. To prove 1., note that m, s has continuous local cross sections (with values in G 4).
More specifically, the construction of local cross sections done in Remark 2.1 and Proposition
2.2, takes values in G 4, if the data are taken in M 45+ Indeed, if f,g € S1(H), since A contains
the compact operators, f ® f,g® g € A; if in addition || f ® f — g ® ¢g|| < 1, the unitary operator
U such that U f = g constructed in remark 2.1, belongs to A. Therefore it is also clear that the
cross sections constructed in Proposition 2.2 also take values in A.

To prove 2., similarly, if a,x € A, since A contains the compact operators, the rank one
operators h ®q f, f ®q (a txf — h) and f ®, f belong to A. Therefore K(a,f) (7, h) € A, and the
proof follows.

O]

Remark 5.12. Note that if K(H) € A C B(#H), then A acts irreducibly in H (it is well
known that K(H) acts ireducibly in #). Examples of unital subalgebras of B(#) containing the
compacts are:

e The unitization K(#) of K(#),

K(H)={A+K:2eC,K e K(H)}

e For H = (2 = (%(N), the C*-algebra C*(S) generated by the shift operator S : £2 — (2,
S(x1,z2,...) =(0,21,22,...).
6 G(H)-invariant metric for M
Let us introduce the following natural metric in M:
Definition 6.1. Let (A, f) € M and (Z,h) € (TM)(a,5). Put
(Z.h)lag) = (A2 ZAT V2|2 4 | AR 22,

Remark 6.2. The metric just defined is the natural metric of G (H) (see [2]), times the natural
norm of the sphere S (H).

PropOSItlon 6.3. The metric deﬁned in (6.1) is invariant under the action of G(H): if (A, f) €

G- (Z,h)|g.(a,5) = Z,h)|(a,p)-
Proof. We must prove first that
1[G TAGTY) V2@ Z2G (G T AGTY 7V = |[A7V2z 4712

This fact was shown in [2], and it is one of the main features of the Geometry of G(H). We
include the computation. Note that

”A 1/2ZA 1/2”2 ||A 1/2ZA 1/2A—1/2ZA—1/2|| _ HA 1/2(ZA IZ) _1/2H‘
Since Z* = Z, ZA~1Z is positive, and we can take its square root. Thus the above norm equals

_ HA—I/Q(ZA—IZ)I/Q[A—I/Q(ZA—IZ)I/Q]*” _ ||[A—1/2(ZA—1Z)1/2]*A—1/2(ZA—IZ)I/Q||
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— |(zA7'2)' A7) (247 2)' 2.

Using this version of the norm, applied to the element G - Z measured at G - A we get, after
trivial simplifications

H(eH) ' zAT za Y PeaT ar{(ah) T zA 2G| = | BB,
for B = {(Gt)"'ZA"'XG~"}/2GA~'/2  and therefore
IBB*|| = ||B*B|| = [|A” 2 {(G*) " AT zGT Y A{(Gh) T ZAT 2GT Y PG AT =
1A V2ZA 1 ZA- V2| = | A~V 74~ V2|2,
Next note that the square of the norm of Gh given by (G*)"'AG~! is
(G PAG™'Gh,Gh) = ((G*)"LAh,Gh) = (Ah, h),

which finishes the proof. O
Remark 6.4. Note that with this metric just defined, the map (1)

T M= GHH), (A, g) = A
is contractive, if G (H) is considered with its natural metric (see (3) and Remark 1.1), given by

|Z|a = | AT P ZATV2,

for Ae Gt (H),Z* = Z; that is

dg+ 3y (A, B) < dam((A, 9), (B, g)),

if (A, g),(B,h) € M.
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