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Abstract

Let H be a separable infinite-dimensional complex Hilbert space and let J be a two-sided
ideal of the algebra of bounded operators B(H). The groups GℓJ and UJ consist of all the
invertible operators and unitary operators of the form I+J , respectively. We study the actions
of these groups on the set of closed range operators. First, we find equivalent characterizations of
the GℓJ -orbits involving the essential codimension. These characterizations can be made more
explicit in the case of arithmetic mean closed ideals. Second, we give characterizations of the
UJ -orbits by using recent results on restricted diagonalization. Finally we introduce the notion
of J -equivalence and J -unitary equivalence between frames for subspaces of a Hilbert space,
and we apply our abstract results to obtain several results regarding duality and symmetric
approximation of J -equivalent frames.
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1 Introduction

LetH be a separable infinite-dimensional complex Hilbert space and let S ⊂ H be a closed subspace.
Briefly, a sequence F = {fn}n≥1 in S is called a frame for S if every vector v ∈ S can be written
as an infinite linear combination (series) of the elements of F with coefficients in ℓ2(N), in such a
way that this representation is stable (see Section 5.1 for details). In general, a frame F allows for
redundant representations, a fact that plays an important role in the applications of frame theory.
For every frame F for S as above, there are two associated bounded linear operators, denoted
TF , SF ∈ B(H) that are determined by TF (en) = fn and SF (v) =

∑
n≥1⟨v, fn⟩fn, where {en}n≥1

denotes a fixed orthonormal basis of H and v ∈ H. TF and SF are called the synthesis and frame
operator of F , respectively. It turns out that these operators have closed range and are related by
the identity SF = TF T ∗

F .
Many of the fundamental properties of a frame F for a closed subspace S can be described in

terms of properties of its synthesis operator TF . This in turn has motivated the use of operator
theory in Hilbert spaces to tackle some central problems in frame theory (see [4, 14, 21, 24] related
to the present work). On the other hand, several problems that originated within frame theory
have motivated important progresses in operator theory as well (see [25, 26, 27]).

In his seminal work on comparisons of frames, Balan [6] introduced the notion of equivalent
frames for H. This notion can be described in terms of a natural left action of Gℓ(H), the group of
invertible operators acting on H, on the set of frame operators. Explicitly, two frames F = {fn}n≥1

and G = {gn}n≥1 for H are equivalent if there exists G ∈ Gℓ(H) such that G(fn) = gn, n ≥ 1
or equivalently GTF = TG . A similar type of equivalence was considered by Corach, Pacheco and
Stojanoff in [21], but with respect to the right action of Gℓ(H) on the set of frames operators.
Moreover, the authors in the latter work endowed the orbits of frames F for H (i.e. such that
TF is an epimorphism) under this right action with a homogeneous space structure. This last fact
motivated the study of several geometrical and metric problems corresponding to this right action.
It turns out that this perspective corresponds to the study of homogeneous space structures induced
by actions of Banach-Lie groups on manifolds defined in operator theory (see [8, 32]). In [24] Frank,
Paulsen and Tiballi considered the symmetric approximation of frames for closed subspaces. In this
context, given a frame F = {fn}n≥1 for the subspace S ⊂ H the problem is to find the Parseval
frames X = {xn}n≥1 for a closed subspace T of H that are weakly similar to F , i.e. for which there
exists a bounded invertible transformation L : S → T such that L(fn) = xn, n ≥ 1, that minimize
the expression ∑

n≥1

∥fn − xn∥2 ∈ [0,∞] .

Notice that the statement of the problem includes an equivalence-type condition between F and X .
Let B(H) be the algebra of bounded linear operators on H. A two-sided ideal J of B(H) is

called an operator ideal. The ideal is said to be proper when J ≠ 0, B(H). Motivated by the
aforementioned works [6, 21, 24], in the present work we give a localized version of the equivalence
between frames for closed subspaces, where the localization is with respect to proper operator
ideals. Indeed, given a proper operator ideal J , we take the restricted invertible group given by
GℓJ := Gℓ(H) ∩ (I + J ). We then say that two frames F = {fn}n≥1 and G = {gn}n≥1 for closed
subspaces S and T , respectively, are J -equivalent if there exists G ∈ GℓJ such that G(fn) = gn,
n ≥ 1. This setting makes possible to develop analogs of the symmetric approximation problem for
frames for closed subspaces with respect to the operators ideals usually known as symmetrically-
normed ideals.

The analysis of J -equivalent frames can be carried out in terms of the synthesis operators of
the corresponding frames. This suggests the study of actions of restricted groups on the set of all
closed range operators CR, which would then apply to frames for closed subspaces. We take this
last point of view and consider an equivalence relation on CR in terms of the restricted invertible
groups GℓJ induced by proper operator ideals J . In this setting, the equivalence relation is defined
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by the orbits of the action G · A = GA, where G ∈ GℓJ and A ∈ CR. Also we consider a weaker
localized notion of equivalence given by an action of the product group GℓJ × GℓJ as follows
(G,K) · A = GAK−1, where G,K ∈ GℓJ and A ∈ CR. We further study the more rigid restricted
unitary equivalences induced by the subgroup UJ := U(H)∩(I+J ), where U(H) is the full unitary
group. These equivalences are defined by taking the restriction of the previous actions to these
unitary groups. This type of study has already been considered for different operator ideals and
closed range operators satisfying some further properties (see [3, 9, 11, 13, 19]).

We first obtain general characterizations of the different orbits induced by the actions of the
groups GℓJ , GℓJ ×GℓJ , UJ and UJ ×UJ on closed range operators, where J is a proper operator
ideal. We model some natural problems of frame theory in this abstract framework. Then, we
apply our abstract approach in the context of frame theory and obtain several results including
the structure of optimal oblique duals and symmetric approximation for J -equivalent frames for
general proper operator ideals J . Since the role of the closed range operators TF and T ∗

F of a frame
F for a closed subspace S are symmetric, our abstract results can also be interpreted for the right
actions of the restricted groups GℓJ and UJ on the set of frames for subspaces, corresponding to the
point of view considered in [21]. We point out that the abstract operator theory approach unveils a
rich algebraic and analytic structure of the orbits under consideration. Our tools include the index
of Fredholm pairs of projections known as essential codimension (see [1, 5, 10, 11, 26]), and the
notion of restricted diagonalization ([9, 27, 15]). We also make use of the theory of operator ideals,
arithmetic mean closed operator ideals and their relation with the notion of submajorization (see
[22, 28]). In particular, we consider the symmetrically-normed ideals (see [29, 30]).

The paper is organized as follows. In Section 2 we recall some elementary properties of the
set of closed range operators, operator ideals, restricted invertible and unitary operators, essential
codimension and restricted unitary orbits of partial isometries. In Section 3 we introduce the orbits
of closed range operators under the action of GℓJ and study some spatial characterizations of the
elements of these orbits. Next we characterize when the orbit of a closed range operator under the
action of GℓJ contains some special operators, and obtain a result on optimal approximation of
operators within this orbit. In Section 4 introduce and study the orbits of closed range operators
under the actions of the group UJ of restricted unitary operators. We include a detailed analysis
of closed range operators that admit a block singular value decomposition, which include operators
having a finite number of singular values (e.g. partial isometries, normal operators with finite
spectrum). In Section 5 we introduce the different notions of restricted equivalence between frames
for closed subspaces of a Hilbert space and apply the results of the previous sections in this setting.
In particular, we obtain results related to optimal oblique duals and symmetric approximation of
frames with respect to symmetrically-normed ideals.

2 Preliminaries

Let B(H) be the algebra of bounded linear operators acting on H, and let B(H)+ be the cone
of positive semidefinite operators. Given A ∈ B(H), we write R(A) and N(A) for the range and
nullspace of A, respectively, and let σ(A) be the spectrum of A. The orthogonal projection onto a
closed subspace S ⊆ H is denoted by PS .

Closed range operators. The set of all closed range operators on H is given by

CR = {A ∈ B(H) : R(A) is a closed subspace}.

For A ∈ B(H), A ̸= 0, the reduced minimum modulus is γ(A) = inf{∥Af∥ : f ∈ N(A)⊥, ∥f∥ = 1}.
It is well known that A ∈ CR if and only if γ(A) > 0. It can be shown that γ(A) = minλ∈σ(|A|)\{0} λ,

where |A| = (A∗A)1/2 is the operator modulus. From the latter characterization, it follows that
γ(|A|)2 = γ(A)2 = γ(AA∗) = γ(A∗A) = γ(A∗)2 = γ(|A∗|)2. In particular, CR ⊂ B(H) is closed
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under taking operator adjoint and modulus. The positive part of CR is denoted by CR+ :=
B(H)+ ∩ CR.

For an operator A ∈ CR, its Moore-Penrose inverse A† is the bounded linear operator uniquely
determined by the four conditions AA†A = A, A†AA† = A†, AA† = PR(A) and A†A = PN(A)⊥ .

For A ∈ CR, γ(A) = ∥A†∥−1, where ∥ · ∥ is the operator norm. The following useful identity was
proved in [33, 31] for matrices. It can be generalized to closed range operators following the same
proof: for A,B ∈ CR,

A† −B† = −A†(A−B)B† +A†(A∗)†(A∗ −B∗)(I −BB†) + (I −A†A)(A∗ −B∗)(B∗)†B. (1)

Recall that an operator V ∈ B(H) is a partial isometry if V V ∗V = V , or equivalently, V V ∗ is an
orthogonal projection. This is also equivalent to say that ∥V f∥ = ∥f∥, for all f ∈ N(V )⊥. We use
the notation:

PI = {V ∈ B(H) : V is a partial isometry }.

It follows easily that PI ⊂ CR, V V ∗ = PR(V ) (final projection), and V ∗V is also a projection
satisfying V ∗V = PN(V )⊥(initial projection).

We use the notation A = VA|A| for the polar decomposition of an operator A ∈ B(H), where
|A| ∈ B(H)+ and VA is the partial isometry uniquely determined by the condition N(VA) = N(A).
We recall here the following characterization: if A = V C for a positive operator C and a partial
isometry V such that R(V ∗) = R(C), then it must be V = VA and C = |A|.

Operator ideals and restricted groups. An operator ideal is a two-sided ideal J of B(H). The ideal
is proper when {0} ≠ J ≠ B(H). Operator ideals are closed under the operator adjoint (A∗ ∈ J
whenever A ∈ J ). Another useful property is the following: F ⊆ J ⊆ K, for any proper operator
ideal J , where F = F(H) and K = K(H) denote the ideals of finite-rank operators and compact
operators on H, respectively.

Apart from the finite-rank and compact operators, the p-Schatten ideals Sp = Sp(H), for
0 < p ≤ ∞, are operator ideals. Recall that for p > 0 these operator ideals are defined as

Sp := {A ∈ K : ∥A∥p := Tr(|A|p)1/p < ∞}.

For p = ∞, set S∞ = K and ∥ · ∥∞ = ∥ · ∥ is the usual operator norm. Other examples of
operator ideals can be constructed as follows. Let c00 = c00(N) be the real vector space consisting
of all sequences with a finite number of nonzero terms. A symmetric norming function is a norm
Φ : c00 → R≥0 satisfying the following properties: Φ(1, 0, 0, . . .) = 1 and Φ(a1, a2, . . . , an, 0, 0, . . .) =
Φ(|aσ(1)|, |aσ(2)|, . . . , |aσ(n)|, 0, 0, . . .), where σ is any permutation of the integers 1, 2, . . . , n and
n ≥ 1. Recall that the singular values of an operator A ∈ K are the eigenvalues of |A|. We
denote by {sn(A)}n≥1 the sequence of the singular values of A arranged in non-increasing order
and counting multiplicities. Then, using the singular values of A ∈ K one can define:

∥A∥Φ := sup
k≥1

Φ(s1(A), s2(A), . . . , sk(A), 0, 0, . . .) ∈ [0,∞].

It turns out that SΦ = SΦ(H) := {A ∈ K : ∥A∥Φ < ∞} are operator ideals, which are usually
known as symmetrically-normed ideals. Notice that this type of operator ideals are proper. The
p-Schatten ideals for 1 ≤ p ≤ ∞ are particular cases of the symmetrically-normed ideals associated
with the symmetric norming functions Φp = ∥ · ∥ℓp . For every symmetric norming function Φ, we
have the following estimates involving the operator norm and the ideal norm:

∥A∥ ≤ ∥A∥Φ, A ∈ SΦ, (2)

∥ABC∥Φ ≤ ∥A∥∥B∥Φ∥C∥, B ∈ SΦ, A, C ∈ B(H). (3)

In particular, the norm ∥ · ∥Φ is sub-multiplicative, i.e. ∥B1B2∥Φ ≤ ∥B1∥Φ∥B2∥Φ, B1, B2 ∈ SΦ.
The proofs of these facts and other examples of symmetrically-normed ideals for specific symmetric

4



norming functions Φ can be found in [29]. For further examples of operator ideals such as Lorentz
ideals, Marcinkiewicz ideals and Orlicz ideals we refer to [22].

Given two compact operators A, B ∈ K we say that s(A) = {sn(A)}n≥1 submajorizes s(B) =
{sn(B)}n≥1, denoted s(B) ≺w s(A), if for every n ≥ 1 we have that

s1(B) + . . .+ sn(B) ≤ s1(A) + . . .+ sn(A) .

An operator ideal J is called arithmetic mean closed if the following property holds: if B ∈ B(H)
and A ∈ J are such that s(B) ≺w s(A) then B ∈ J . The symmetrically-normed ideals SΦ are
arithmetic mean closed (see [29, p.82]). Moreover, in this case the norm ∥ · ∥Φ is Schur-convex in
the sense that if A, B ∈ J are such that s(B) ≺w s(A) then ∥B∥Φ ≤ ∥A∥Φ. We further say ∥ · ∥Φ
is strictly Schur-convex (equivalently, the symmetric norming function Φ is strictly Schur-convex)
if whenever A, B ∈ J are such that s(B) ≺w s(A) and ∥B∥Φ = ∥A∥Φ, then we have s(A) = s(B).
Notice that for 1 ≤ p ≤ ∞, Sp is arithmetic mean closed; while ∥ · ∥p is strictly Schur-convex for
1 < p < ∞. Elementary examples of non arithmetic mean closed operator ideals are given by F
and Sp for 0 < p < 1.

Denote by Gℓ(H) and U(H) the invertible group and the unitary group of the Hilbert space H,
respectively. Given an operator ideal J , we consider the restricted invertible group, i.e.

GℓJ := {G ∈ Gℓ(H) : G− I ∈ J },

and the restricted unitary group, i.e.

UJ := {U ∈ U(H) : U − I ∈ J }.

These types of groups are nontrivial and strictly smaller subgroups of the invertible group and the
full unitary group whenever J is a proper operator ideal. They can be studied from a geometrical
viewpoint for many operator ideals. For instance, if the operator ideal J admits a complete norm
∥ · ∥J stronger than the operator norm, then GℓJ and UJ turn out to be complex and real Banach-
Lie groups, respectively, in the topology defined by dJ (G1, G2) = ∥G1 − G2∥J , for G1, G2 ∈ GℓJ ,
or G1, G2 ∈ UJ (see [8, Prop. 9.28]). These conditions are satisfied by the p-Schatten ideals Sp for
1 ≤ p ≤ ∞, and more generally, by the symmetrically-normed ideals SΦ.

Essential codimension. Let P,Q ∈ B(H) be two (orthogonal) projections such that the operator
QP |R(P ) : R(P ) → R(Q) is Fredholm. In this case, (P,Q) is known as a Fredholm pair and the
index of this Fredholm operator

[P : Q] := Ind(QP |R(P ) : R(P ) → R(Q)) (4)

= dim(N(Q) ∩R(P ))− dim(R(Q) ∩N(P ))

is called the essential codimension. The notion of essential codimension was introduced in [10], and
studied in several works (see [1, 5]). Notice that when P −Q ∈ K, then (P,Q) is a Fredholm pair.

Remark 2.1. We list here some helpful properties of the essential codimension.

i) [P : Q] = −[Q : P ].

ii) Let (Pi, Qi), i = 1, 2, be two Fredholm pairs. If P1P2 = 0 and Q1Q2 = 0, then (P1 +P2, Q1 +
Q2) is a Fredholm pair and [P1 + P2 : Q1 +Q2] = [P1 : Q1] + [P2 : Q2].

iii) If (P,Q) and (Q,R) are Fredholm pairs, and either Q−R or P −Q are compact, then (P,R)
is a Fredholm pair and [P : R] = [P : Q] + [Q : R].

Remark 2.2. We recall some previous results on the action of the J -restricted unitary groups using
the notion of essential codimension.

5



i) Let V1, V2 ∈ PI and let J be a proper operator ideal. Then there exists a unitary operator
U ∈ UJ such that UV1 = V2 if and only if N(V1) = N(V2) and V1 − V2 ∈ J (see [13, 15]).

ii) Let V1, V2 ∈ PI and let J be a proper operator ideal. The following assertions are equivalent
(see [13]):

a) There exist U,W ∈ UJ such that UV1W
∗ = V2;

b) V1 − V2 ∈ J and [V1V
∗
1 : V2V

∗
2 ] = 0;

c) V1 − V2 ∈ J and [V ∗
1 V1 : V

∗
2 V2] = 0.

iii) Let P , Q be orthogonal projections and let J be a proper operator ideal. Then there is a
unitary operator U ∈ UJ such that Q = UPU∗ if and only if P −Q ∈ J and [P : Q] = 0 (see
[26]).

3 Orbits of the restricted general linear group

In this section we study orbits of closed range operators under two actions defined by the group
GℓJ . The first action consists of left multiplication GℓJ ×CR → CR, G ·A = GA. For an operator
A ∈ CR, we consider the corresponding orbit, i.e.

LOJ (A) = {GA : G ∈ GℓJ }.

The other action is given by the group GℓJ×GℓJ , and it consists of both left and right multiplication.
More precisely, it is defined by the map (GℓJ × GℓJ ) × CR → CR, (G,K) · A = GAK−1, where
A ∈ CR and G,K ∈ GℓJ . For any A ∈ CR, the orbit given by this action is

OJ (A) = {GAK−1 : G,K ∈ GℓJ }.

3.1 Spatial characterizations

In what follows we will present several characterizations of the two orbits defined above.

Lemma 3.1. Let J be an operator ideal. Let A,B ∈ CR be such that A−B ∈ J . Then A†−B† ∈ J ,
PR(A) − PR(B) ∈ J and PN(A) − PN(B) ∈ J .

Proof. Note that A†−B† ∈ J follows immediately from Eq. (1), because we know that A−B ∈ J
and A∗−B∗ ∈ J . For the other statement, observe that one can write PR(A)−PR(B) = AA†−BB† =

A(A† −B†)− (B −A)B† ∈ J . Similarly, we have PN(A) − PN(B) ∈ J , since I − PN(A) = A†A and

I − PN(B) = B†B.

Corach, Maestripieri and Mbekhta established a relation between orbits of closed range operators
and unitary orbits of the (reverse) partial isometries of the polar decompositions of closed range
operators (see [19, Prop. 5.3]). This motivates our following results on the relation of orbits of
closed range operators and unitary orbits of their partial isometries in the polar decomposition, in
our setting of restricted orbits. Next, we recall a result by van Hemmen and Ando, and we then
apply it to give characterizations of the orbits of a closed range operator.

Proposition 3.2 ([2]). If A,B ≥ 0 and A1/2 + B1/2 ≥ µI ≥ 0, then for any symmetric norming
function Φ

∥A−B∥Φ ≥ µ∥A1/2 −B1/2∥Φ .

Lemma 3.3. Let J be an arithmetic mean closed operator ideal and let D, E ∈ CR be positive
operators such that N(D) = N(E) (or equivalently R(D) = R(E)) and D2 − E2 ∈ J . Then
D − E ∈ J .
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Proof. Notice that R(D2) = N(D2)⊥ = N(D)⊥ and that D2 ∈ CR. Similarly, R(E2) = N(E2)⊥ =
N(E)⊥ and that E2 ∈ CR. In particular, R(D) = R(E). We are going to apply Proposition
3.2 in the Hilbert space H0 := R(D) = R(E) with the operators A := E2|H0 ∈ B(H0) and
B := E2|H0 ∈ B(H0), which by the remarks in the previous paragraph are invertible on H0. We
thus get A1/2 + B1/2 ≥ µIH0 for some µ > 0. Consider the operator ideal on H0 defined by J0 :=
{PH0T |H0 : T ∈ J }, which is also arithmetic mean closed. Notice that by construction A−B ∈ J0.
Taking the symmetric norming functions Φn(x1, . . . , xn, xn+1, . . .) = |x1|+ . . .+ |xn|, n ≥ 1, then by
Proposition 3.2 we find that s1(A−B)+. . .+sn(A−B) ≥ µ (s1(A

1/2−B1/2)+. . .+sn(A
1/2−B1/2)),

for all n ≥ 1; that is, s(µ(A1/2 −B1/2)) ≺w s(A−B). This implies that A1/2 −B1/2 ∈ J0 because
J0 is arithmetic mean closed. Using again that H0 = R(D) = R(E), we obtain D − E ∈ J .

Proposition 3.4. Let A,B ∈ CR satisfying [PN(A) : PN(B)] = 0 and let J be an arithmetic mean
closed operator ideal. The following conditions are equivalent:

i) A−B ∈ J ;

ii) |A| − |B| ∈ J and VA − VB ∈ J .

Proof. i) → ii). If A−B ∈ J , then A∗ −B∗ ∈ J , so Lemma 3.1 shows that PR(A∗) − PR(B∗) ∈ J .
Thus, PN(A) − PN(B) = PR(B∗) − PR(A∗) ∈ J . Since [PN(A) : PN(B)] = 0 then, by item iii) in
Remark 2.2, we see that there exists U ∈ UJ such that N(B) = U N(A), and in this case, we get
that N(AU∗) = N(B). Notice that AU∗−B = A(U−I)∗+A−B ∈ J . The previous remarks show
that if we let C = AU∗, then C ∈ CR, N(|C|) = N(C) = N(B) = N(|B|) and C − B ∈ J so that
|C|2−|B|2 = C∗(C−B)+(C∗−B∗)B ∈ J . By Lemma 3.3 we conclude that |C|−|B| ∈ J . Now we
can use Lemma 3.1 to deduce that VC−VB = (|C|†−|B|†)C+|B|†(C−B) ∈ J . Since |A| = U∗|C|U ,
then |A|−|C| ∈ J . On the other hand, the identity C = AU∗ = (VAU

∗U |A|)U∗ = VAU
∗|C| together

with R(|C|) = UR(|A|) = N(VAU
∗)⊥ imply that VC = VAU

∗ by the characterization of the partial
isometry and positive operator in the polar decomposition. Hence VA−VC ∈ J . These last identities
show that |A| − |B| = (|A| − |C|) + (|C| − |B|) ∈ J and VA − VB = (VA − VC) + (VC − VB) ∈ J .

ii) → i). This follows from the fact that A−B = (VA − VB)|A|+ VB(|A| − |B|).

We first consider the orbit of a closed range operator A given by the left by multiplication of
operators in GℓJ .

Theorem 3.5. Let A,B ∈ CR and J be a proper operator ideal. Then the following conditions
are equivalent:

i) There exists G ∈ GℓJ such that GA = B;

ii) A−B ∈ J and N(A) = N(B).

If any of the conditions above hold, then [PR(A) : PR(B)] = 0.
Moreover, if we assume further that J is arithmetic mean closed, then the conditions above are

also equivalent to

iii) |A| − |B| ∈ J , VA − VB ∈ J and V ∗
AVA = V ∗

BVB, where A = VA|A| and B = VB|B| are the
polar decompositions of A and B, respectively.

Proof. i) → ii). Assume that B = GA, where G ∈ GℓJ . Then it is clear that N(A) = N(B). On
the other hand,

A−B = A−GA = (I −G)A ∈ J ,

since I −G ∈ J by assumption.
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ii) → i). Assume that A, B ∈ CR are such that N(A) = N(B) and A − B ∈ J . Notice that
PR(A∗) and PR(B∗) coincide with the orthogonal projection onto N(A)⊥ = N(B)⊥. Hence, if we let

D = BA†, then DA = BA†A = BPN(A)⊥ = B. In this case,

D − PR(A) = BA† −AA† = (B −A)A† ∈ J .

If we let K ∈ J be such that D = PR(A) +K, then

D∗D = (PR(A) +K)∗(PR(A) +K) = PR(A) +K∗PR(A) + PR(A)K +K∗K,

which shows that |D|2 − PR(A) ∈ J . Since A,B ∈ CR and N(A) = N(B), the operator D|R(A) :
R(A) → R(B) is invertible, and consequently, the operator |D||R(A) : R(A) → R(A) is also invert-
ible. Furthermore, R(D) = R(B) and R(A) = R(D∗). In particular, we see that

|D| − PR(A) = (|D|+ PR(A))
†(|D|2 − PR(A)) ∈ J ,

which implies |D|† − PR(A) ∈ J by Lemma 3.1. Consider the polar decomposition D = U |D|,
where U is a partial isometry with initial projection PR(A) and final projection PR(B). In this case,

U − PR(A) = (D − PR(A))|D|† + (|D|† − PR(A)) ∈ J .

Since N(U) = N(D) = N(PR(A)), then by Remark 2.2 i) we conclude that there exists Z ∈ UJ such
that ZPR(A) = U . In particular, we get ZPR(A)Z

∗ = UU∗ = PR(B), so that [PR(A) : PR(B) ] = 0
by Remark item 2.2 iii).

We now set Y = |D|+(I −PR(A)) and notice that Y ∈ GℓJ . Indeed, Y is invertible (recall that

N(|D|) = R(A)⊥ and |D||R(A) : R(A) → R(A) is an invertible operator) and I−Y = |D|−PR(A) ∈
J . Finally, notice that ZY A = Z|D|A = ZPR(A)|D|A = U |D|A = DA = B and ZY ∈ GℓJ .

Assume now that J is an arithmetic mean closed ideal. Notice that the equivalence between
items ii) and iii) follows from Proposition 3.4 and the fact that V ∗

AVA = I − PN(A) and similarly
for B.

The following is a direct consequence of Theorem 3.5.

Corollary 3.6. Let A ∈ CR and J be a proper operator ideal. Then,

LOJ (A) = {B ∈ CR : A−B ∈ J and N(A) = N(B)} .

Moreover, if we assume further that J is arithmetic mean closed, then

LOJ (A) = {B ∈ CR : |A| − |B| ∈ J , VA − VB ∈ J and V ∗
AVA = V ∗

BVB} .

Now we can derive a characterization of the orbit defined by multiplication on both sides.

Theorem 3.7. Let A,B ∈ CR and J be a proper operator ideal. The following conditions are
equivalent:

i) B = GAK−1, for some G,K ∈ GℓJ ;

ii) A−B ∈ J and [PN(A) : PN(B)] = 0;

iii) A−B ∈ J and PN(B) = UPN(A)U
∗, for some U ∈ UJ .

Moreover, if we assume further that J is arithmetic mean closed, then the conditions above are also
equivalent to

iv) |A| − |B| ∈ J , VA − VB ∈ J and [V ∗
AVA : V ∗

BVB] = 0.
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Proof. i) → ii). The fact that A−B ∈ J is a direct computation. By Theorem 3.5 and the identity
R(A∗G∗) = R(A∗) we get that [PN(A) : PN(B)] = −[PR(A∗) : PR(B∗) ] = 0.

ii) → iii). This is a consequence of Remark 2.2 iii) and Lemma 3.1.

iii) → i). Let A′ = AU∗ and notice that A′ − B = A′ − A + A − B = A(U∗ − I) + A − B ∈ J .
Moreover, N(A′) = U(N(A)) = N(B). By Theorem 3.5 we conclude that there exists G ∈ GℓJ
such that GA′ = B. In this case B = GA′ = GAU∗, and item i) holds with G ∈ GℓJ and
K = U ∈ UJ ⊂ GℓJ .

Assume now that J is an arithmetic mean closed ideal. Notice that the equivalence between
items ii) and iv) follows from Proposition 3.4, the fact that V ∗

AVA = I −PN(A) and similarly for B,
and item ii) in Remark 2.2.

Corollary 3.8. Let A ∈ CR and J be a proper operator ideal. Then,

OJ (A) = {B ∈ CR : A−B ∈ J and [PN(A) : PN(B)] = 0 } .

Moreover, if we assume further that J is arithmetic mean closed, then

OJ (A) = {B ∈ CR : |A| − |B| ∈ J , VA − VB ∈ J and [V ∗
AVA : V ∗

BVB] = 0 } .

3.2 Special representatives and optimal approximations

Let J be a proper operator ideal and let A ∈ CR. Observe that two orbits must be disjoint
or equal. That is, B ∈ LOJ (A) (resp. B ∈ OJ (A)) if and only if LOJ (A) = LOJ (B) (resp.
OJ (A) = OJ (B)). Our next result characterizes when there are partial isometries V or orthogonal
projections P that are representatives of LOJ (A) and OJ (A).

Theorem 3.9. Let J be a proper operator ideal and let A ∈ CR with polar decomposition A =
VA|A|. Then the following conditions are equivalent:

i) AA∗ − PR(A) ∈ J (equivalently (AA∗)† − PR(A) ∈ J );

ii) (A∗)† ∈ LOJ (A);

iii) There exists B ∈ LOJ (A) such that AB∗|R(A) = IR(A), BA∗|R(B) = IR(B);

iv) |A∗| − PR(A) ∈ J ;

v) VA ∈ LOJ (A);

vi) There is a partial isometry V ∈ LOJ (A);

vii) There is a partial isometry V ∈ OJ (A);

viii) There is a partial isometry V ∈ OJ (A
∗);

ix) There is an orthogonal projection P ∈ LOJ (A); in this case P = PR(A∗).

Proof. i) → ii). If AA∗ − PR(A) ∈ J , then by Lemma 3.1 (AA∗)† − PR(A) ∈ J ; hence (A∗)† =

(AA∗)†A = ((AA∗)† + PR(A)⊥)A, where (AA∗)† + PR(A)⊥ ∈ Gℓ is such that (AA∗)† + PR(A)⊥ − I =

(AA∗)† − PR(A) ∈ J .

ii) ↔ iii). The forward implication is clear; conversely, assume that B = GA for G ∈ GℓJ and
such that AB∗|R(A) = IR(A), BA∗|R(B) = IR(B). Then, AB∗A = A and hence A∗(GA)A∗ = A∗;

thus, PR(A)GPR(A) = (AA∗)†. If we let H = PR(A)GPR(A) + PR(A)⊥ , then H ∈ Gℓ(H), H − I =

PR(A)GPR(A) − PR(A) = PR(A)(G− I)PR(A) ∈ J and is such that HA = (AA∗)†A = (A∗)†.
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ii) → iv). If (A∗)† ∈ LOJ (A), then in particular, (A∗)† − A ∈ J . Thus, PR(A) − |A∗|2 = PR(A) −
AA∗ = ((A∗)† −A)A∗ ∈ J ; hence, PR(A) − |A∗| = (PR(A) + |A∗|)†(PR(A) − |A∗|2) ∈ J .

iv) → v). Lemma 3.1 shows that PR(A) − |A∗|† ∈ J . Now, using the identity A∗ = V ∗
A|A∗| we see

that A = |A∗|VA and hence VA = |A∗|†A = (|A∗|† + PR(A)⊥)A, where |A∗|† + PR(A)⊥ ∈ Gℓ is such

that |A∗|† + PR(A)⊥ − I = |A∗|† − PR(A) ∈ J .

v) → vi) and vi) → vii) are straightforward.

vi) → i). Suppose that V = GA is a partial isometry for someG ∈ GℓJ . Then, note thatA∗G∗GA =
V ∗V = PN(A)⊥ , or equivalently, PR(A)G

∗GPR(A) = (A∗)†A† = (AA∗)†. Since PR(A)G
∗GPR(A) −

PR(A) ∈ J , it follows that (AA∗)†−PR(A) ∈ J . Hence, by Lemma 3.1 we have that AA∗−PR(A) ∈ J .

vii) → i). Assume that GAK−1 = V is a partial isometry, for G, K ∈ GℓJ . Then, in this case,
V ∈ LOJ (AK−1). Using the implication vi) → i) that we have already proved, we now see
that AK−1(AK−1)∗ − PR(AK−1) = AK−1(AK−1)∗ − PR(A) ∈ J . Since K−1 ∈ GℓJ we get that
|(K−1)∗|2 − I ∈ J and then AA∗ −AK−1(AK−1)∗ = A(I − |(K−1)∗|2)A∗ ∈ J . The previous facts
show that

AA∗ − PR(A) = AA∗ −AK−1(AK−1)∗ +AK−1(AK−1)∗ − PR(A) ∈ J .

Notice that we have that i)− vii) are all equivalent.
vii) ↔ viii). Since GℓJ is closed under the adjoint operation, we see that the partial isometry
V ∈ OJ (A) if and only if the V ∗ ∈ OJ (A

∗).

viii) → ix). Notice that the equivalence of item i)− viii) allow us to replace the role of A by A∗ in
items i)− vii) above. In particular, replacing A by A∗ in iv), we get that |A| − PR(A∗) ∈ J . Since
P ∈ LOJ (A), then A − P ∈ J and N(P ) = N(A), and thus, P = PR(A∗). Hence, VA − PR(A∗) =
VA−A+A−PR(A∗) = VA(PR(A∗)−|A|)+(A−PR(A∗)) ∈ J and N(VA) = N(PR(A∗)). By Theorem
3.5 we see that PR(A∗) ∈ LOJ (VA) = LOJ (A), where the last equality follows from the fact that
viii) → v).

ix) → vi) is clear, since P is a partial isometry.

Corollary 3.10. Let J be a proper operator ideal and let A ∈ CR with polar decomposition A =
VA|A|. Then the following conditions are equivalent:

i) AA∗ ∈ GℓJ ;

ii) (A∗)† ∈ LOJ (A) and (A∗)†A∗ = I;

iii) There exists B ∈ LOJ (A) such that AB∗ = I, BA∗|R(B) = IR(B);

iv) |A∗| ∈ GℓJ ;

v) VA ∈ LOJ (A) and VAV
∗
A = I;

vi) There is a co-isometry V ∈ LOJ (A);

vii) There is a co-isometry V ∈ OJ (A);

viii) There is an isometry V ∈ OJ (A
∗).

Proof. The result is a straightforward consequence of Theorem 3.9.

In the next result, we make use of strictly Schur-convex functions. We point out that its proof
is based on several ideas from [14].
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Theorem 3.11. Let J = SΦ be a symmetrically-normed ideal and let A ∈ CR with polar decom-
position A = VA|A|.

1. If V ∈ OJ (A) and V ∈ PI, then ∥A− VA∥Φ ≤ ∥A− V ∥Φ.

2. If B ∈ LOJ (A) is such that AB∗|R(A) = IR(A), BA∗|R(B) = IR(B), then ∥A − (A∗)†∥Φ ≤
∥A−B∥Φ.

If we assume further that Φ is a strictly Schur-convex symmetric norming function and ∥A−VA∥Φ =
∥A− V ∥Φ, then V = VA. Similarly, if ∥A− (A∗)†∥Φ = ∥A−B∥Φ, then B = (A∗)†.

Proof. 1. We first assume that V ∈ LOJ (A). By Theorem 3.9 and the hypothesis we get that
VA ∈ LOJ (A), and hence the norms ∥A − VA∥Φ and ∥A − V ∥Φ are well defined. Since J = SΦ

is an arithmetic mean closed ideal then, by Corollary 3.6 we get VA − V ∈ J and V ∗
AVA = V ∗V .

Then, by item i) in Remark 2.2 we see that there exists U ∈ UJ such that V = UVA. In this case
A− V = VA|A| − UVA = U(U∗VA|A| − VA) and hence

s(A− V ) = s(U∗VA|A| − VA) = s(U∗VA|A|V ∗
A − VAV

∗
A) .

If we let C = VA|A|V ∗
A ∈ CR+, then VAV

∗
A = PR(C), s(A− V ) = s(U∗C − PR(C)) and C − PR(C) =

(A − VA)V
∗
A ∈ J . Since U∗ ∈ UJ then U∗C − PR(C) = (U∗ − I)C + C − PR(C) ∈ J ⊂ K. Using

the fact that C − PR(C) ∈ K is a self-adjoint compact operator, we conclude that there exists an
orthonormal basis {ui}i∈I for R(C) (here I = N or a finite set I = {1, . . . , d}) such that

C − PR(C) =
∑
i∈I

λi(C − PR(C))ui ⊗ ui ,

where the convergence is in the operator norm and {λi(C − PR(C))}i∈I is an enumeration of the
eigenvalues of (C−PR(C))|R(C) ∈ K(R(C)), counting multiplicities and such that (|λi(C−PR(C))|)i∈I
are arranged in non-increasing order. Also note that ui ⊗ ui stands for the rank-one orthogonal
projection associated with the vector ui. In this case, limi→∞ λi(C −PR(C)) = 0 if I = N. If we let
λi(C) = λi(C − PR(C)) + 1 for i ∈ I, then λ(C) = {λi(C)}i∈I is an enumeration of the eigenvalues
of the self-adjoint diagonalizable operator C|R(C) ∈ B(R(C)) such that C =

∑
i∈I λi(C)ui ⊗ ui,

where the convergence is in the strong operator topology. Furthermore, we also get that PR(C) =∑
i∈I ui ⊗ ui where the convergence is also in the strong operator topology. We can now express

U∗C − PR(C) =
∑
i∈I

λi(C)U∗ui ⊗ ui −
∑
i∈I

ui ⊗ ui =
∑
i∈I

(λi(C)U∗ui − ui)⊗ ui .

For k ≥ 1, we let Pk =
∑k

i=1 ui ⊗ ui. In this case,

k∑
i=1

(λi(C)U∗ui − ui)⊗ ui = (U∗C − PR(C))Pk −−−→
k→∞

U∗C − PR(C) , (5)

where the convergence is in the operator norm ([29, Chap. III, Thm. 6.3]). By construction
|(U∗C − PR(C))Pk| is a finite rank positive operator and we can apply Lidskii’s inequality for
singular values of matrices (see, e.g. [7]) and conclude that

{si(C − PR(C))}ki=1 = {|λi(C − PR(C))|}ki=1 = {|λi(C)− 1|}ki=1

= {(|si(U∗CPk)− si(Pk)|}ki=1)
↓ ≺w {si( (U∗C − P )Pk)}ki=1 ,

where we have used that {si(U∗CPk)}ki=1 is a re-arrangement of {λi(C)}ki=1, for k ≥ 1. By the
norm convergence in Eq. (5), the continuity of the singular values, and the previous submajorization
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relation we conclude that s(C − PR(C)) ≺w s(U∗C − PR(C)). By the Schur-convexity of Φ and the
unitary invariance of ∥ · ∥Φ we conclude that

∥A− VA∥Φ = ∥VA|A|V ∗
A − VAV

∗
A∥Φ = ∥C − PR(C)∥Φ ≤ ∥U∗C − PR(C)∥Φ = ∥A− V ∥Φ .

Assume further that Φ is a strictly Schur-convex norming function and ∥A−VA∥Φ = ∥A−V ∥Φ. Since
s(C−PR(C)) ≺w s(U∗C−PR(C)) we conclude that s(U

∗C−PR(C)) = s(C−PR(C)) = {|λi(C)−1|}i∈I
(together with an infinite tail of zeros in case I is a finite set). Hence,

s2(U∗C−PR(C)) = s( (U∗C−PR(C))(U
∗C−PR(C))

∗) = s(
∑
i∈I

(λi(C)U∗ui−ui)⊗(λi(C)U∗ui−ui)) .

In this case it is well known (see [4, Thm. 5.1]) that the sequence of norms of a sequence of vectors
is submajorized by the singular values (eigenvalues) of their frame operator, i.e.

{∥λi(C)U∗ui − ui∥2}i∈I ≺w s
(∑

i∈I
(λi(C)U∗ui − ui)⊗ (λi(C)U∗ui − ui)

)
= {|λi(C)− 1|2}i∈I .

In particular, for k ∈ I,
k∑

i=1

∥λi(C)U∗ui − ui∥2 ≤
k∑

i=1

|λi(C)− 1|2 . (6)

On the other hand, for i ∈ I,

|λi(C)− 1|2 =
∣∣∥λi(C)U∗ui∥ − ∥ui∥

∣∣2 ≤ ∥λi(C)U∗ui − ui∥2 ,

with equality if and only if U∗ui = ui. The previous facts together with Eq. (6) imply that
U∗ui = ui for i ∈ I, and hence Uu = u for every u ∈ R(C) = R(A); in particular, V = UVA = VA.

We now consider the general case V ∈ OJ (A). Since J = SΦ is an arithmetic mean closed
ideal, then by Corollary 3.8 we get VA−V ∈ J and [V ∗

AVA : V ∗V ] = 0. Thus, by item ii) in Remark
2.2 we see that there exist U,W ∈ UJ such that V = UVAW . Hence, A − V = A − UVAW =
(AW ∗ −UVA)W so s(A− V ) = s(AW ∗ −UVA). Notice that AW ∗ = VAW

∗(W |A|W ∗) is the polar
decomposition of AW ∗ so by the first part of the proof we conclude that

∥A− VA∥Φ = ∥AW ∗ − VAW
∗∥Φ ≤ ∥AW ∗ − UVA∥Φ = ∥A− V ∥Φ .

If we assume further that Φ is a strictly Schur-convex norming function and ∥A−VA∥Φ = ∥A−V ∥Φ,
then the previous inequalities show that ∥AW ∗ − VAW

∗∥Φ = ∥AW ∗ −UVA∥Φ. By the first part of
the proof we get that VAW

∗ = UVA so then VA = UVAW = V .

2. Let B ∈ LOJ (A) be such that AB∗|R(A) = IR(A), BA∗|R(B) = IR(B). In this case Theorem 3.9

implies that (A∗)† ∈ LOJ (A), so the norms ∥A − B∥Φ and ∥A − (A∗)†∥Φ are well defined. The
identity AB∗|R(A) = IR(A) implies

PN(A)⊥B
∗PR(A) = A†AB∗PR(A) = A† .

In particular,

s(A− (A∗)†) = s(A− PR(A)BPN(A)⊥) = s(PR(A)(A−B)PN(A)⊥) ≺w s(A−B) ,

where the last submajorization relation follows from the fact that si(PR(A)(A − B)PN(A)⊥) ≤
si(A−B), for i ≥ 1. Hence, ∥A− (A∗)†∥Φ ≤ ∥A−B∥Φ.

Assume further that Φ is a strictly Schur-convex symmetric norming function and ∥A−(A∗)†∥Φ =
∥A − B∥Φ. Hence, in this case we get that s(PR(A)(A − B)PN(A)⊥) = s(A − (A∗)†) = s(A − B).
Since A−B ∈ K(H), then the last identity between singular values implies that R(A−B) ⊂ R(A)
and R(A∗ − B∗) = N(A − B)⊥ ⊂ N(A)⊥ = R(A∗) (see the comments in Remark 3.12 below).
This last inclusions show that R(B) ⊂ R(A) and N(B)⊥ = R(B∗) ⊂ R(A∗) = N(A)⊥ Hence
B = PR(A)BPN(A)⊥ = (A∗)†.
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Remark 3.12. Let T ∈ K and let P,Q be orthogonal projections such that s(PTQ) = s(T ). Then,
we have si(TT

∗) = si(PTQT ∗P ) ≤ si(PTT ∗P ) ≤ si(TT
∗) for i ≥ 1, so that s(TT ∗) = s(PTT ∗P ).

According to [29, Chap. II, Thm. 5.1], we get that PTT ∗P = TT ∗. Therefore, PTT ∗P (T ∗)† = T ,
which gives R(T ) ⊂ R(P ). Similarly, one can show that N(T )⊥ = R(T ) ⊂ R(Q).

4 Orbits of the restricted unitary group

In this section, we investigate the corresponding two types of orbits defined by the action of re-
stricted unitary groups. More precisely, let J be an operator ideal, and take A ∈ CR. We then
consider the corresponding restricted unitary orbits given by

LUJ (A) = {UA : U ∈ UJ } and UJ (A) = {UAW ∗ : U,W ∈ UJ }.

4.1 Spatial characterizations

We begin with the analog spatial characterizations for these unitary orbits.

Proposition 4.1. Let A,B ∈ CR with polar decompositions A = VA|A|, B = VB|B|, and let J be
a proper operator ideal. Then, the following are equivalent:

i) There exists U ∈ UJ such that UA = B;

ii) A−B ∈ J and |A| = |B|;

iii) VA − VB ∈ J and |A| = |B|. In this case, VB ∈ UJ (VA).

If any of the conditions above holds then VB ∈ UJ (VA) so [PR(A) : PR(B)] = 0.

Proof. i) → ii). If there exists U ∈ UJ such that UA = B then we have that A − B ∈ J and
B∗B = (UA)∗(UA) = A∗A. This implies that |A| = |B|.

ii) → iii). Assume that |A| = |B| and A−B ∈ J . Then,

VA − VB = A |A|† −B |B|† = A |A|† −B |A|† = (A−B) |A|† ∈ J .

iii) → i). Notice that N(VA) = N(A) = R(|A|)⊥ = R(|B|)⊥ = N(B) = N(VB). From item i)
in Remark 2.2 we see that there exists U ∈ UJ such that UVA = VB. Hence, we conclude that
UA = (UVA)|A| = VB|B| = B.

We can now state our first main result about the orbit of operators given by multiplication on
both sides by the group UJ .

Theorem 4.2. Let J be a proper operator ideal. Let A, B ∈ CR with polar decompositions A =
VA |A| and B = VB |B|. Then, the following are equivalent:

i) There exist U, W ∈ UJ such that UAW ∗ = B;

ii) There exist U, W, Z ∈ UJ such that W |A|W ∗ = |B| and UVAZ
∗ = VB;

iii) There exists W ∈ UJ such that W |A|W ∗ = |B| and VA − VB ∈ J , [PR(A) : PR(B) ] = 0.

Proof. i) → ii). If there exist U, W ∈ UJ such that UAW ∗ = B, then

VB |B| = UAW ∗ = (UVAW
∗)(W |A|W ∗) = V C

where V = UVAW
∗ is a partial isometry and C = W |A|W ∗ is a positive operator. Since R(V ∗) =

R(WV ∗
A) = R(W |A|W ∗) = R(C) then, by the uniqueness in the polar decomposition, we get that

UVAW
∗ = V = VB and W |A|W ∗ = C = |B|. That is, we see that item ii) holds with Z = W .
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ii) → i). Assume that there exist U, W, Z ∈ UJ such that W |A|W ∗ = |B| and UVAZ
∗ = VB. In

particular,

B = VB |B| = (UVAZ
∗)(W |A|W ∗) = U(VAZ

∗WV ∗
A)VA|A|W ∗ = U(VAZ

∗WV ∗
A)AW

∗ .

On the one hand, the identity W |A|W ∗ = |B| implies that

R(WV ∗
A) = WR(V ∗

A) = WR(|A|) = R(W |A|) = R(|B|) = R(V ∗
B) .

On the other hand, the identity UVAZ
∗ = VB implies that VAZ

∗|R(V ∗
B) = U∗VB|R(V ∗

B) : R(V ∗
B) →

R(U∗VB) = R(VAZ
∗) = R(VA) is a well defined isometric isomorphism between R(V ∗

B) and R(VA).
These last facts show that the restriction VAZ

∗WV ∗
A|R(VA) : R(VA) → R(VA) is an isometric iso-

morphism. Hence, if we let Y = VAZ
∗WV ∗

A + PN(A∗) ∈ B(H), then by construction Y ∈ U(H)
and

Y − I = VAZ
∗WV ∗

A + PN(A∗) − (VAV
∗
A + PN(A∗)) = VA(Z

∗W − I)V ∗
A ∈ J .

Finally, notice that Y A = (VAZ
∗WV ∗

A)A and hence, B = UY AW ∗, with UY, W ∈ UJ .

ii) ↔ iii). This is a consequence of item ii) in Remark 2.2.

4.2 Restricted diagonalization and block singular value decomposition

As we have observed in Remark 2.2 there has been interest in restricted unitary orbits of partial
isometries. These operators can be identified with operators with two singular values. Hence, it
is natural to consider the context of restricted unitary orbits of operators with a finite number
of singular values. More generally, we can consider the class of operators whose modulus are
diagonalizable operators.

Remark 4.3 (Block singular value decomposition for operators with diagonalizable modulus). Recall
that an operator T ∈ B(H) is diagonalizable if there exists an orthonormal basis {en}n≥1 of H such
that ⟨Ten, en⟩ = δnmλmn for some bounded sequence of complex numbers {λn}n≥1. For instance,
T is diagonalizable whenever T has finite spectrum.

Let A ∈ CR be such that |A| is diagonalizable. In this case, if we let σp(|A|) denote the point
spectrum of |A| and Pλ denote the spectral projection of |A| associated to λ ∈ σp(|A|),

|A| =
∑

λ∈σp(|A|)

λPλ =
∑

λ∈σp(|A|)\{0}

λPλ , I =
∑

λ∈σp(|A|)

Pλ and PR(|A|) =
∑

λ∈σp(|A|)\{0}

Pλ ,

where the series converges in the SOT. Let A = VA |A| be the polar decomposition of A (so that
R(V ∗

A) = R(|A|)). If we let Vλ = VA Pλ for λ ∈ σp(|A|) \ {0}, then {Vλ}λ∈σp(A)\{0} is a family of
partial isometries satisfying the following conditions:

1. A =
∑

λ∈σp(|A|)\{0} λVλ, where the series converges in the SOT;

2. {Vλ V
∗
λ }λ∈σp(|A|)\{0} (respectively {V ∗

λ Vλ}λ∈σp(|A|)\{0}) is a family of non-zero, mutually or-
thogonal projections;

3.
∑

λ∈σp(|A|)\{0} Vλ V
∗
λ = PR(A) and

∑
λ∈σp(|A|)\{0} V

∗
λ Vλ = PR(A∗).

Moreover, the previous properties completely determine the family {Vλ}λ∈σp(|A|)\{0}. Notice that
this last representation of A can be considered as a block singular value decomposition.

The following result is based on ideas from [15] and it will be needed in the proof of Theorems
4.5 and 4.7 below.
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Proposition 4.4. Let {Vj}Nj=1, {Wj}Nj=1 (with N ∈ N or N = ∞) be families of partial isometries
in B(H) such that each

{VjV
∗
j }Nj=1 , {V ∗

j Vj = W ∗
j Wj}Nj=1 and {WjW

∗
j }Nj=1

is a family of mutually orthogonal projections. Then the following conditions are equivalent:

i) There exists Z ∈ UJ such that ZVj = Wj, for j ∈ N;

ii) The series
N∑
j=1

(Wj − Vj)V
∗
j ∈ J and

N∑
j=1

(Vj −Wj)W
∗
j ∈ J , (7)

where the convergence is in the operator norm when N = ∞.

Proof. i) → ii). Assume that there exists Z ∈ UJ such that ZVj = Wj , for j ≥ 1. Put P =∑N
j=1 VjV

∗
j . Then,

N∑
j=1

(Wj − Vj)V
∗
j =

N∑
j=1

(ZVj − Vj)V
∗
j =

N∑
j=1

(Z − I)VjV
∗
j = (Z − I)P ∈ J ,

where the series converge in operator norm, since Z − I ∈ J ⊆ K and {VjV
∗
j }Nj=1 is a family of

mutually orthogonal projections. Similarly, one shows that
∑N

j=1(Vj − Wj)W
∗
j ∈ J . Hence, the

conditions in Eq. (7) are satisfied.

ii) → i). We denote VjV
∗
j = Pj , WjW

∗
j = Qj , j ≥ 1. We also take P =

∑N
j=1 Pj and Q =

∑N
j=1Qj .

Next, we consider the case N = ∞; the case N < ∞ follows similarly. If we let f ∈ H and n ∈ N,
then

∥
∑
j≥n

WjV
∗
j f∥2 =

∑
j≥n

∥∥WjV
∗
j f

∥∥2 ≤ ∑
j≥n

∥∥V ∗
j f

∥∥2 −−−→
n→∞

0 .

Hence, we set

S :=
∞∑
j=1

WjV
∗
j ,

where the series converges in the SOT. By hypothesis, we get that SVj = Wj y S∗Wj = Vj ,
j ≥ 1. On the other hand, using that S and S∗ are SOT-limits of the uniformly bounded sequences
Sn =

∑n
j=1WjV

∗
j and S∗

n respectively, and the fact that the product is SOT continuous on bounded
sets, we get that

S∗S =
∞∑
j=1

VjW
∗
j WjV

∗
j =

∞∑
j=1

VjV
∗
j = P

where we used that VjW
∗
j Wj = Vj , j ≥ 1. Similarly, we can show that SS∗ = Q. Hence, S is a

partial isometry with initial space R(P ) and final space R(Q). By Eq. (7) we have that

S − P =

∞∑
j=1

WjV
∗
j −

∞∑
j=1

VjV
∗
j =

∞∑
j=1

(Wj − Vj)V
∗
j ∈ J ,

Since the partial isometries S and P have the same null space and are such that S − P ∈ J
then, by item i) in Remark 2.2, we get that there exists Z ∈ UJ such that ZP = S. Therefore,
ZVj = ZPVj = SVj = Wj , for all j ≥ 1.

Theorem 4.5. Let A,B ∈ CR and J be a proper operator ideal. Assume that |A| is a diago-
nalizable operator and let {Vλ}λ∈σp(|A|)\{0} denote the partial isometries of the block singular value
decomposition of A. Then, the following are equivalent:
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i) There exists U ∈ UJ such that UA = B;

ii) |B| is diagonalizable, σp(|B|) = σp(|A|), and if we let {Wλ}λ∈σp(|A|)\{0} denote the partial
isometries of the block singular value decomposition of B, then V ∗

λ Vλ = W ∗
λWλ, for λ ∈

σp(|A|) \ {0}, ∑
λ∈σp(|A|)\{0}

(Wλ − Vλ)V
∗
λ ∈ J and

∑
λ∈σp(|A|)\{0}

(Vλ −Wλ)W
∗
λ ∈ J , (8)

where the convergence is in the operator norm.

Proof. i) → ii). Assume that there exists U ∈ UJ such that UA = B. By Proposition 4.1 and the
hypothesis above we see that |A| = |B| is a diagonalizable operator. Moreover, arguing as in the
proof of Proposition 4.1 we also see that UVA = VB, where A = VA|A| and B = VB|B| are the
polar decompositions of A and B, respectively. Hence, if we let {Pλ}λ∈σp(|A|) denote the spectral
projections of |A|, then by Remark 4.3 we get that

Wλ = VBPλ = UVAPλ = UVλ for λ ∈ σp(|A|) \ {0} .

Hence, V ∗
λ Vλ = W ∗

λWλ, for λ ∈ σp(|A|) \ {0} and the conditions in Eq. (8) are a consequence of
Proposition 4.4.

ii) → i). In this case we can apply Proposition 4.4 and conclude that there exists U ∈ UJ such that
UVλ = Wλ, for λ ∈ σp(|A|) \ {0} = σp(|B|) \ {0}. Using the block singular value representation for
A and B we see that

UA =
∑

λ∈σp(|A|)\{0}

λ UVλ =
∑

λ∈σp(|A|)\{0}

λWλ = B .

As opposed to the J -congruence class of a positive closed range operator, the J -restricted
unitary orbit of a positive closed range operator contains operators that have mutually strong
structural relations. To take advantage of these structural relations we consider the following
result, which is a consequence of [15] and it will be needed in the proof of Theorem 4.7.

Proposition 4.6. Let J be a proper arithmetic mean closed operator ideal. Let A, B ∈ B(H) be
normal operators, and assume that A is diagonalizable. Then, the following are equivalent:

i) There exists U ∈ UJ such that U∗AU = B;

ii) B is diagonalizable, σp(A) = σp(B), and if we let Pλ and Qλ denote the spectral projections
of A and B associated with λ ∈ σp(A), then∑

λ∈σp(A)

Pλ(I −Qλ) ∈ J and
∑

λ∈σp(A)

(I − Pλ)Qλ ∈ J , (9)

where the series converge weakly. Furthermore, [Pλ : Qλ] = 0, for λ ∈ σp(A).

Proof. i) → ii). In this case, B is also diagonalizable, since A is diagonalizable by assumption. Also,
in this case, we get that σp(A) = σp(B). Moreover, we have that U∗PλU = Qλ for every λ ∈ σp(A).
Hence, by [15, Corollary 3.15], we conclude that the condition in Eq. (9) holds; moreover, we also
get that [Pλ : Qλ] = 0, for λ ∈ σp(A).

ii) → i). Using Corollary [15, Corollary 3.15] we conclude that there exists U ∈ UJ such that
U∗PλU = Qλ for every λ ∈ σp(A). From this last fact, we see that

U∗AU = U∗

 ∑
λ∈σp(A)

λPλ

U =
∑

λ∈σp(A)

λU∗PλU =
∑

λ∈σp(B)

λQλ = B .
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Theorem 4.7. Let J be a proper arithmetic mean closed operator ideal. Let A, B ∈ CR be
operators with polar decompositions A = VA |A| and B = VB |B|. Assume that |A| is diagonalizable.
Then, the following are equivalent:

i) There exist U, W ∈ UJ such that UAW ∗ = B;

ii) The following two conditions hold:

a) |B| is diagonalizable, σp(|B|) = σp(|A|), and if we let Pλ and Qλ denote the spectral
projections of |A| and |B| associated with λ ∈ σp(|A|), then∑

λ∈σp(|A|)

Pλ(I −Qλ) ∈ J and
∑

λ∈σp(|A|)

(I − Pλ)Qλ ∈ J , (10)

where the series converge weakly and [Pλ : Qλ] = 0 for λ ∈ σp(|A|).
b) VA − VB ∈ J .

iii) The condition in item ii) a) holds, and if we let {Vλ}λ∈σp(|A|)\{0} and {Wλ}λ∈σp(|A|)\{0} denote
the partial isometries of the block singular decomposition of A and B, then∑

λ∈σp(|A|)\{0}

(Wλ − Vλ)V
∗
λ ∈ J and

∑
λ∈σp(|A|)\{0}

(Vλ −Wλ)W
∗
λ ∈ J , (11)

where the series converge in the operator norm.

Proof. i) → ii). Assume first that there exist U, W ∈ UJ such that UAW ∗ = B. Then from
Theorem 4.2 we get that W |A|W ∗ = |B| and UVAZ

∗ = VB. In particular, |B| is also diagonalizable
and σp(|B|) = σp(|A|). Taking into account that J is an arithmetic mean closed proper ideal, we
see that the conditions in item ii) a) follow from Proposition 4.6. On the other hand, the conditions
in item ii) b) follow from Remark 2.2 ii).

ii) → i). In this case we can apply Proposition 4.6 and conclude that there exists W ∈ UJ such
that W |A|W ∗ = |B|. In particular, PR(B∗) = PR(|B|) = WPR(|A|)W

∗ = WPR(A∗)W
∗. Hence,

[V ∗
AVA : V ∗

BVB] = [PR(A∗) : PR(B∗)] = 0. Since VA −VB ∈ J then item ii) in Remark 2.2 shows that
there exist U, Z ∈ UJ such that UVAZ

∗ = VB. Then, item i) follows from Theorem 4.2.

i) → iii). As in the first part of the proof, the conditions in item i) imply the conditions in item
ii) a). On the other hand, by hypothesis, we get that

B = UAW ∗ = U

 ∑
λ∈σp(|A|)\{0}

λ Vλ

W ∗ =
∑

λ∈σp(|A|)\{0}

λ UVλW
∗ .

By uniqueness of the block singular value decomposition (see Remark 4.3), we see that if we let
Ṽλ = VλW

∗, then Wλ = UṼλ, for λ ∈ σp(|A|) \ {0}. By Proposition 4.4 we conclude that∑
λ∈σp(|A|)\{0}

(Wλ − Ṽλ)Ṽ
∗
λ ∈ J and

∑
λ∈σp(|A|)\{0}

(Ṽλ −Wλ)W
∗
λ ∈ J ,

where the series converge in operator norm.
We claim that the conditions in Eq. (11) hold in this case. Indeed, since W ∈ UJ , there exists

K ∈ J such that W = I +K. In this case,∑
λ∈σp(|A|)\{0}

(Wλ − Ṽλ)Ṽ
∗
λ =

∑
λ∈σp(|A|)\{0}

WλK
∗ V ∗

λ +
∑

λ∈σp(|A|)\{0}

(Wλ − Vλ)V
∗
λ
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where the first series to the right converge in the operator norm. Indeed, first notice that

0 ≤

 ∑
λ∈σp(|A|)\{0}

WλK
∗ V ∗

λ

∗ ∑
λ∈σp(|A|)\{0}

WλK
∗ V ∗

λ

 ≤
∑

λ∈σp(|A|)\{0}

VλKK∗ V ∗
λ ∈ J 2

since K∗K ∈ J 2 and J 2 is (also) arithmetic mean closed, so that the pinching operator of elements
in J 2 lie in J 2 (see, e.g. [29]). Moreover, the convergence of the series is in the operator norm
since KK∗ is a compact operator and each of the sequences {VλV

∗
λ }λ∈σp(A) and {V ∗

λ Vλ}λ∈σp(A) have
mutually orthogonal elements. As a consequence, we see that

∑
λ∈σp(|S|)WλK V ∗

λ ∈ J , where the

series converges in the operator norm. This proves that the first condition in Eq. (11) holds; the
second condition follows by a similar argument.

iii) → i). Assume that the conditions in item ii) a) and Eq. (11) hold. Arguing as in the proof of
Proposition 4.6 we see that there exists W ∈ UJ such that WPλW

∗ = Qλ so R(W ∗Qλ) = R(Pλ),
for λ ∈ σp(|A|). Hence, if we let Ṽλ = VλW

∗ then Ṽλ is a partial isometry with Ṽ ∗
λ Ṽλ = WPλW

∗ =
Qλ = W ∗

λWλ, for λ ∈ σp(|A|) \ {0}. Arguing as in the proof of i) → iii) above, the previous facts
imply that ∑

λ∈σp(|A|)\{0}

(Wλ − Ṽλ)Ṽ
∗
λ ∈ J and

∑
λ∈σp(|A|)\{0}

(Ṽλ −Wλ)W
∗
λ ∈ J ,

where the series converge in the operator norm. Therefore, we can apply Proposition 4.4 and
conclude that there exists U ∈ UJ such that UṼλ = Wλ, for λ ∈ σp(|A|) \ {0}. Then, we get that

UAW ∗ = U

 ∑
λ∈σp(|A|)\{0}

λ Vλ

W ∗ =
∑

λ∈σp(|A|)\{0}

λ U Ṽλ =
∑

λ∈σp(|A|)\{0}

λ Wλ = B .

5 Restricted equivalences of frames

We now introduce the notion of J -equivalent and J -unitarily equivalent frames for subspaces, and
derive several characterizations. The notion of J -unitarily equivalence between frames naturally
extends the J -equivalent orthonormal bases described in [9]. We first consider the following el-
ementary facts about frame theory (for a detailed account see [12, 16]). As before, H denotes a
separable infinite-dimensional complex Hilbert space.

5.1 Frames for subspaces: elementary theory

Definition 5.1. Let S ⊂ H be a closed subspace of H and let F = {fn}n≥1 be a sequence in S.

1. We say that F is a frame for S if there exist constants 0 < α ≤ β such that

α∥f∥2 ≤
∑
n≥1

|⟨f , fn⟩|2 ≤ β∥f∥2 for every f ∈ S .

If the upper bound to the right holds for some β ≥ 0 then we say that F is a Bessel sequence.

2. If F is a Bessel sequence, then the synthesis operator of F , denoted by TF ∈ B(ℓ2(N),H), is
uniquely determined by

TF (en) = fn , n ≥ 1,

where {en}n≥1 is the canonical orthonormal basis of ℓ2(N). In this case T ∗
F ∈ B(H, ℓ2(N)) is

the analysis operator of F .
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3. If F is a Bessel sequence then we define its frame operator, denoted by SF ∈ B(H)+, and
given by SF := TFT

∗
F .

In the sequel, we will identify ℓ2(N) with H through some fixed orthonormal basis of H, that
we also denote {en}n≥1, by abuse of notation. Thus, we consider TF ∈ B(H).

Remark 5.2. Let S ⊂ H be a closed subspace of H and let F = {fn}n≥1 be a sequence in S. Then
F is a frame for S if and only if F is a Bessel sequence such that R(TF ) = S. Similarly, F is a
frame for S if and only if F is a Bessel sequence such that R(SF ) = S. In this case, TF and SF are
closed range operators and the restriction SF |S is a positive invertible operator acting on S.

One of the fundamental properties of a frame F for a subspace S is that it allows to represent
vectors f ∈ S as linear combinations of elements in F in a stable way. To formalize these facts we
recall the notion of oblique duality (for more details see [16, 17, 23]).

Definition 5.3. Let S, T ⊂ H be closed subspaces such that S + T ⊥ = H and S ∩ T ⊥ = {0}. Let
F = {fn}n≥1 and G = {gn}n≥1 be frames for S and T , respectively. We say that G is an oblique
dual of F if

f =
∑
n ≥1

⟨f, gn⟩fn and g =
∑
n≥1

⟨g, fn⟩gn for every f ∈ S , g ∈ T .

Equivalently, G is an oblique dual of F if

TFT
∗
G |S = IS and TGT

∗
F |T = IT .

Remark 5.4. Let S be a closed subspace of H and let F = {fn}n≥1 be a frame for S. Then F always

admits oblique dual frames. Indeed, take T = S and define F# = {f#
n }n≥1 given by f#

n = S†
Ffn,

for n ≥ 1. Notice that TF# = S†
FTF = (TFT

∗
F )

†TF = (T ∗
F )

† = (T †
F )

∗ and hence R(TF#) = S. Thus,
F# is a frame for S such that, for f ∈ S we have∑

n≥1

⟨f, f#
n ⟩fn = TF (T

∗
F#f) = TFT

†
Ff = PSf = f

and ∑
n≥1

⟨f, fn⟩f#
n = TF#(T ∗

Ff) = (T ∗
F )

†T ∗
Ff = PSf = f .

Notice that we have used the definitions of the synthesis and analysis operators of F and F# above.
We call F# the canonical dual of F ; F# has several structural properties related to F .

Remark 5.5. Consider the notation in Remark 5.3. Notice that to construct an oblique dual for F ,
we have to compute an inverse of the action of the synthesis/analysis operator of F . For example,
to compute the canonical dual F we have to compute the Moore-Penrose inverse of T ∗

F .

The comments in the previous remark motivate the introduction of a class of frames that are
self-duals as follows.

Definition 5.6. Let S ⊂ H be a closed subspace of H and let F = {fn}n≥1 be a frame for S. We
say that F is a Parseval frame for S if F is a (oblique) dual frame for F , i.e.

f =
∑
n≥1

⟨f, fn⟩ fn for every f ∈ S .

Equivalently, F is a Parseval frame for S if for every f ∈ S we have that ∥f∥2 =
∑

n≥1 |⟨f, fn⟩|2.

Remark 5.7. Let S ⊂ H be a closed subspace of H and let F = {fn}n≥1 be a frame for S. Then
F is a Parseval frame for S if TFT

∗
F |S = IS = IR(TF ). That is, if TF is a partial isometry. Given

an arbitrary frame G = {gn}n≥1 for S, then we define its associated Parseval frame, denoted by
G̃ = {g̃n}n≥1, given by g̃n = |T ∗

G |†gn, for n ≥ 1. Notice that TG̃ = |T ∗
G |†TG = VG , where TG = VG |TG |

is the polar decomposition of TG .
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5.2 Restricted equivalence between frames for subspaces

Next, we introduce the main concept of this section and develop some of its properties.

Definition 5.8. Let F = {fn}n≥1 and G = {gn}n≥1 be frames for closed subspaces S and T of H,
respectively. If J ⊂ B(H) is an operator ideal, then we introduce the following notions:

1. F and G are J -equivalent if there exists G ∈ GℓJ such that Ggn = fn, for all n ≥ 1.

2. F and G are J -unitarily equivalent if there exists U ∈ UJ such that Ugn = fn, for all n ≥ 1.

Remark 5.9. Notice J -equivalence and J -unitary equivalence are equivalence relations on the set
of frames for closed subspaces of H, and J -unitary equivalence refines J -equivalence. Moreover,
given a frame F = {fn}n≥1 for the closed subspace S, then observe that the equivalence class of F
with respect to J -equivalence can be described as

{G : G is a frame for a closed subspace of H and TG ∈ LOJ (TF )} .

Similarly, we can describe the equivalence class of F with respect to J -unitary equivalence as

{G : G is a frame for a closed subspace of H and TG ∈ LUJ (TF )} .

Hence, we can apply our results of Sections 3 and 4 for the description of these equivalence relations
among frames for closed subspaces of H.

Remark 5.10. At this point it is instructive to compare the restricted equivalence relations defined
above with previous notions in the literature.

1. In [6] R. Balan considered J -equivalence and J -unitary equivalence between frames for H, in
the particular case when J = B(H). For a proper ideal J , the equivalence relations considered
in Definition 5.8 are strict refinements of those considered in [6]. Notice that our approach not
only considers general operator ideals J , but it also applies in the context of frames for (possibly
proper) subspaces of the Hilbert space H.

2. Let E denote the set of epimorphisms (bounded surjective operators) of a Hilbert space H. In
[21] Corach, Pacheco and Stojanoff considered the right action of invertible operators on E , given
by

(G,T ) 7→ TG−1 for (G,T ) ∈ Gℓ(H)× E .

Since F 7→ TF is a bijective correspondence between the set of frames F = {fn}n≥1 for H and
elements in E , then the action considered in [21] induces an action of Gℓ(H) of the set of frames,
given by

(G,F = {fn}n≥1) 7→ {TF (G
−1en)}n≥1 for G ∈ Gℓ(H) .

Here {en}n≥1 is our fixed orthonormal basis (see Definition 5.1). Notice that this action can be
considered as a re-parametrization of the space of coefficients of the frame; in this sense, it is quite
different from the action considered in [6]. Indeed, since TF is an epimorphism, the roles of TF
and T ∗

F are not symmetric. Notice that our approach is more general in the sense that we deal
with closed range operators. Moreover, since the class of closed range operators and GℓJ are closed
under adjoints, then our approach developed in Sections 3 and 4 allows us to deal with an action
similar to that considered in [21] for general groups GℓJ . Indeed, for A ∈ CR if we let

ROJ (A) = {AG−1 : G ∈ GℓJ },

then
ROJ (A) = (LOJ (A

∗))∗ ,
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where N ∗ = {A∗ : A ∈ N} ⊂ B(H) for any set N ⊂ B(H). From the previous identities and the
results in Section 3 it is possible to derive several properties of the orbits ROJ (A), for an arbitrary
A ∈ CR. Similar remarks apply to the right action of UJ on CR and on the set of frames for closed
subspaces of H.

3. In [24] Frank, Paulsen and Tiballi consider another local notion of equivalence between frames
for subspaces. Indeed, given two frames F = {fn}n≥1 and G = {gn}n≥1 for the closed subspaces
S, T ⊂ H respectively, F is weakly similar to G if there exists a bounded invertible transformation
L : S → T such that L(fn) = gn, for n ≥ 1. In this case, given a sequence {αn}n≥1 ∈ ℓ2(N)
then

∑
n≥1 αnfn = 0 if and only if L(

∑
n≥1 αnfn) =

∑
n≥1 αngn = 0 and hence N(TF ) = N(TG)

in this case. Moreover, as a consequence of [6] we see that F is weakly similar to G if and only if
N(TF ) = N(TG). The authors considered this condition in their study of symmetric approximations
of frames (see item 1. in Examples 5.12 below).

The next result describes some characterizations of the J -equivalence between frames. We
abbreviate F − G = {fn − gn}n≥1.

Theorem 5.11. Let F = {fn}n≥1 and G = {gn}n≥1 be frames for closed subspaces S and T of H,
respectively. If J is a proper operator ideal, then the following statements are equivalent:

i) F and G are J -equivalent;

ii) The synthesis operator TF−G = TF − TG ∈ J and N(TF ) = N(TG);

iii) F and G are weakly similar and the synthesis operator TF−G = TF − TG ∈ J ;

iv) The canonical duals F# and G# are J -equivalent.

In this case, PS − PT ∈ J and [PS : PT ] = 0.

Moreover, if we assume further that J is arithmetic mean closed, then the conditions above are also
equivalent to the following:

v) The associated Parseval frames F̃ and G̃ are J -equivalent and SF − SG ∈ J .

Proof. i) → ii). Notice that TF−G = TF −TG . Assume that G ∈ GℓJ is such that Gfn = gn for n ≥
1; then, it is clear that GTF = TG . Hence, N(TF ) = N(TG) and TF−G = TF −TG = (I−G)TF ∈ J .

ii) ↔ iii). This follows from item 3. in Remark 5.10.

ii) → iv). If TF−G = TF − TG ∈ J , then we get that TFT
∗
F − TGT

∗
G ∈ J . By Lemma 3.1 we see

that (TFT
∗
F )

† − (TGT
∗
G)

† ∈ J ; then,

TF# − TG# = (TFT
∗
F )

†TF − (TGT
∗
G)

†TG = (TFT
∗
F )

†(TF − TG)− ((TGT
∗
G)

† − (TFT
∗
F )

†)TG ∈ J .

Since N(TF#) = N(TF ) = N(TG) = N(TG#), then by Theorem 3.5, we see that F# and G# are
J -equivalent.

iv) → i). Notice that TF# = (TFT
∗
F )

†TF = (T ∗
F )

† = (T †
F )

∗. Hence, TF# − TG# = (T †
F − T †

G)
∗ ∈ J

and then TF − TG ∈ J , by Lemma 3.1. Using the implication i) → ii) (that we have already
proved) we get that N(TF ) = N(TF#) = N(TG#) = N(TG). Then, by Theorem 3.5 we conclude
that there exists G ∈ Gℓ(H)J such that GTF = TG . If we evaluate the previous (operator) identity
in the elements of the orthonormal basis {en}n≥1, then we get that gn = TG en = GTF en = Gfn,
for n ≥ 1.

Assume further that J is an arithmetic mean closed proper operator ideal. By Remark 5.7 we
get that TF̃ = VF and TG̃ = VG , where TF = VF |TF | and TG = VG |TG | are the polar decompositions
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of TF and TG , respectively. Theorem 3.5 now shows that F̃ and G̃ are J -equivalent if and only if
N(TF ) = N(VF ) = N(VG) = N(TG) and VF − VG ∈ J .

i) → v). If F and G are J -equivalent, then in particular TF − TG ∈ J and N(TF ) = N(TG). By
Proposition 3.4 we get that VF − VG ∈ J ; by the previous paragraph we see that F̃ and G̃ are
J -equivalent. Moreover, SF − SG = TFT

∗
F − TGT

∗
G = TF (T

∗
F − T ∗

G) + (TF − TG)T
∗
G ∈ J .

v) → i). Conversely, if F̃ and G̃ are J -equivalent and SF − SG ∈ J then, as mentioned before,
VF − VG ∈ J and V ∗

FVF = PN(TF ) = PN(TG) = V ∗
G VG . On the other hand, since R(|T ∗

F |) =

N(TF )
⊥ = N(TG)

⊥ = R(|T ∗
G |) and |T ∗

F |2 − |T ∗
G |2 = SF − SG ∈ J then, by Lemma 3.3, we get that

|T ∗
F | − |T ∗

G | ∈ J . Hence, TF − TG = |T ∗
F |VF − |T ∗

G |VG = |T ∗
F |(VF − VG) + (|T ∗

F | − |T ∗
G |)VG ∈ J . The

previous facts together with Theorem 3.5 now show that F and G are J -equivalent.

Examples 5.12. Let F = {fn}n≥1 and G = {gn}n≥1 be frames for the closed subspaces S and T of
H, respectively. Assume further that N(TF ) = N(TG) (or equivalently, that F and G are weakly
similar). Then,

1. F and G are S2-equivalent if and only if

∥TF − TG∥22 =
∑
n≥1

∥(TF − TG)(en)∥2 =
∑
n≥1

∥fn − gn∥2 < ∞ .

This last conditions is also referred to as F and G being quadratically close (see [24] and the
references therein).

2. Recall that K denotes the ideal of compact operators. We have that F and G are K-equivalent
if and only if for every ϵ > 0 there exists m0 ≥ 1 such that if m ≥ m0, then

∥
∑
n≥1

cn (fn+m − gn+m)∥ ≤ ε ∥{cn}n≥1∥ℓ2(N) .

Remark 5.13. Let F = {fn}n≥1 be a frame for the closed subspace S and let J be a proper
operator ideal. Notice that J -equivalent frames with F preserve some structural properties of F
(as opposed to frames that are equivalent in the sense of [6, 24]): for example, if F is such that the
frame operator SF is a J -perturbation of PS (notice that in this case S = R(SF )), then any frame
G for a closed subspace T that is J -equivalent with F also satisfies that SG is a J -perturbation of
the corresponding projection PT . This is a consequence of a convenient interpretation of Theorem
3.9 and the fact that LOJ (TF ) = LOJ (TG).

Theorem 5.14. Let F = {fn}n≥1 and G = {gn}n≥1 be frames for the closed subspaces S and T of
H, respectively. If J is a proper operator ideal, then the following statements are equivalent:

i) F and G are J -unitarily equivalent;

ii) The associated Parseval frames F̃ and G̃ are J -unitarily equivalent and SF = SG;

iii) The canonical duals F# and G# are J -unitarily equivalent.

In this case, PS − PT ∈ J and [PS : PT ] = 0.

Proof. The proof follows from Definition 5.8 and a convenient re-interpretation of Theorem 4.1.
Indeed, if we let A = TF ∈ CR with polar decomposition A = VA |A| then TF̃ = VA, SF = |A∗|2
and TF# = (A∗)†, and similarly for B = TG . Also, F and G are J -unitarily equivalent if and only
if there exists U ∈ UJ such that B = UA. Thus, the equivalence of items i) and ii) follows from
Theorem 4.1. The equivalence of items ii) and iii) follows from the previous remarks and the fact
that ((UA)∗)† = (A∗U∗)† = U(A∗)† for any U ∈ UJ . The rest of the claims follow from Theorem
4.1.
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Remark 5.15 (Distances between J -equivalent frames). Let J = SΦ be a symmetrically-normed
ideal. Let F = {fn}n≥1 and G = {gn}n≥1 be frames for the closed subspaces S and T of H,
respectively. Assume further that F and G are J -equivalent. Then we can consider the following
distances:

1. Since TG = GTF for some G ∈ GℓJ , then TG − TF ∈ J and hence we can set

dJ (F ,G) = ∥TF − TG∥Φ .

Notice dJ is a distance function on the orbit LOJ (TF ) of all frames that are J -equivalent
with F . In case J = S2 the ideal of Hilbert-Schmidt operators, then the distance

dS2(F ,G) = ∥TF − TG∥2 =

∑
n≥1

∥fn − gn∥2
1/2

has been used to compute the symmetric approximations of frames (see [14, 24]).

2. Motivated by [6] we consider

dLJ (F ,G) = inf{log(1 + max{∥G− I∥J , ∥G−1 − I∥J }) : G ∈ GℓJ , GTF = TG} . (12)

Below we show that dLJ is a distance function on the orbit LOJ (TF ) of all frames that are
J -equivalent with F .

Proposition 5.16. Let J = SΦ be a symmetrically-normed ideal. Let F = {fn}n≥1 be a frame
for a closed subspace S. Then, the function dLJ defined in Eq. (12) is a distance function on the
orbit LOJ (TF ).

Proof. Clearly dLJ is non-degenerate and symmetric. Hence, we check the triangle inequality. With-
out loss of generality, we can consider F , G, H ∈ LOJ (TF ). In this case, there exist G, H ∈ GℓJ
such that TG = GTF and TH = H TG ; thus, HG ∈ GℓJ is such that HGTF = TH. We argue as in
the proof of [6, Thm. 2.7] and consider

∥HG− I∥Φ = ∥(H − I)(G− I) +H +G− 2∥Φ
≤ ∥H − I∥Φ∥G− I∥Φ + ∥H − I∥Φ + ∥G− I∥Φ
= (∥H − I∥Φ + 1)(∥G− I∥Φ + 1)− 1 .

We point out that in the previous inequalities, we have used that the norm ∥ · ∥Φ is sub-multiplicative.
Hence,

log(∥HG− I∥Φ + 1) ≤ log(∥H − I∥Φ + 1) + log(∥G− I∥Φ + 1) .

Similarly, log(∥(HG)−1 − I∥Φ + 1) ≤ log(∥H−1 − I∥Φ + 1) + log(∥G−1 − I∥Φ + 1). The previous
facts imply the triangle inequality for dLJ .

There are several problems associated with the previous metrics. On the one hand, it would be
interesting to obtain a closed form, or at least o more explicit variational formula for dLJ (F ,G). On
the other hand, it is natural to consider the problems of computing the distances between F and
some subsets of LOJ (TF ) (e.g. the set of Parseval frames in LOJ (TF ) or the class of oblique duals
of F in LOJ (TF ) ) with respect to the metrics dJ and dLJ . The following results deal with some
approximation problems associated with the distance dJ between frames for subspaces, induced by
a symmetric norming function Φ. We will deal with the case of dLJ elsewhere.

Theorem 5.17. Let let F = {fn}n≥1 be a frame for a closed subspace S ⊂ H. Let J a proper
operator ideal and let J0 = PSJ |S ⊂ B(S) be the compression of J to S. Then the following
conditions are equivalent:
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i) SF |S ∈ GℓJ0;

ii) F and F# are J -equivalent;

iii) F is J -equivalent to some of its oblique duals;

iv) F is J -equivalent to its associated Parseval frame F̃ ;

v) F is J -equivalent to some Parseval frame for a closed subspace of H.

Proof. The proof of the equivalences above follows from a convenient interpretation of the equiva-
lences in Theorem 3.9. Indeed, if we let A = TF ∈ CR with polar decomposition A = VA|A|, then
(A∗)† = TF# , VA = TF̃ . These remarks together with Theorem 3.9 show the equivalence of items
i), ii), iv) and v). Clearly, ii) implies iii). Finally, the fact that item iii) implies any of the other
items above follows from the second part of Definition 5.3 and Theorem 3.9.

Theorem 5.18. Let J = SΦ be a symmetrically-normed ideal and let F = {fn}n≥1 be a frame for
a closed subspace S ⊂ H.

1. Assume that F is J -equivalent to G1, where G1 is a Parseval frame for a closed subspace of
H. Then dJ (F , F̃) ≤ dJ (F ,G1), where F̃ is the Parseval frame associated to F .

2. Assume that F is J -equivalent to G2, where G2 is an oblique dual of F . Then dJ (F ,F#) ≤
dJ (F ,G2), where F# is the canonical dual of F .

Moreover, if Φ is a strictly Schur-convex symmetric norming function and dJ (F , F̃) = dJ (F ,G1)
then G1 = F̃ . Similarly, if dJ (F ,F#) = dJ (F ,G2), then G2 = F#.

Proof. The proof of the equivalences above is now an immediate consequence of Theorem 3.11.

Remark 5.19. Let J = SΦ be a symmetrically-normed ideal and let F = {fn}n≥1 be a frame for a
closed subspace S ⊂ H. Let G = {gn}n≥1 be a Parseval frame for a closed subspace T ⊂ H such
that G is weakly similar to F and TF − TG ∈ J . Then, N(TG) = N(TF ), so by Theorem 5.11 we
get that G ∈ LOJ (F). In this case Theorem 5.18 applies. If we consider the particular case where
Φ = ∥ · ∥2 is the 2-norm, which is a strictly Schur-convex symmetric norming function, we get that

dS2(F ,G)2 = ∥TF − TG∥22 =
∑
n≥1

∥fn − gn∥2 ≥
∑
n≥1

∥fn − f̃n∥2 = ∥TF − TF̃∥
2
2 = dS2(F , F̃)2 .

Moreover, equality holds if and only if G = F̃ . Thus, Theorem 5.18 extends [24, Theorem 2.3] to
symmetrically-normed ideals corresponding to strictly Schur-convex norming functions. Similarly,
using a convenient re-interpretation of Theorem 3.11 in the context of frame theory our results
extend [14, Theorem 4.6].
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